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� ¡  å®¢®©  «£¥¡à¥ EndX «¨¥©ëå ®£à ¨ç¥ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¡¥áª®¥ç-
®¬¥à®¬ ª®¬¯«¥ªá®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X, ¢ë¤¥«ï¥âáï ¥áª®«ìª® ª« áá®¢ ®¯¥à â®à®¢,
§ ¬ªãâëå ®â®á¨â¥«ì® â ª¨å ®¯¥à æ¨©, ª ª á«®¦¥¨¥, ã¬®¦¥¨¥ ¨ ã¬®¦¥¨¥   ç¨á«®.
�á®¢ë¥ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ ¤ ®© áâ âì¥, á¢ï§ ë á § ¬ªãâ®áâìî à áá¬ âà¨¢ ¥¬ëå
ª« áá®¢ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ¢§ïâ¨ï ®¡à â®£® ®¯¥à â®à  (¢ íâ®¬ á«ãç ¥ £®¢®àïâ ®  ¯®«¥-
®áâ¨ à áá¬ âà¨¢ ¥¬®£® ª« áá ). �®£¨¥  á¯¥ªâë íâ®© ¯à®¡«¥¬ë ®á¢¥é¥ë ¢ à ¡®â å [1]{[3].

� ®á®¢¥ ¢ª«îç¥¨ï ®¯¥à â®à®¢ ¢ ª« áá «¥¦ â á¢®©áâ¢  ¨å ¬®£®¬¥àëå ¬ âà¨æ, ®¯à¥¤¥-
«¥¨¥ ª®â®àëå ¢¢®¤¨âáï ç¥à¥§ ¤¨§êîªâãî ¯®á«¥¤®¢ â¥«ì®áâì ¯à®¥ªâ®à®¢ Pj (j 2 S, £¤¥ S
| áç¥â®¥ ¯®¤¬®¦¥áâ¢® ¨§ Zn) ¨§ ¡  å®¢®©  «£¥¡àë EndX. �â®á¨â¥«ì® à áá¬ âà¨¢ ¥¬®©
á¨áâ¥¬ë ¯à®¥ªâ®à®¢ á¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï.

1. �ï¤
P
k2S

Pkx ¡¥§ãá«®¢® áå®¤¨âáï ª x ¤«ï x 2 X.

2. sup
�k2C; j�kj=1

P
k2S

�kPk

 = 1 (¨§ ¯à¥¤¯®«®¦¥¨ï 1, ¢ ®¡é¥¬ á«ãç ¥, á«¥¤ã¥â ª®¥ç®áâì ¤ ®©

¢¥«¨ç¨ë).
3. �«ï «î¡ëå ª®¥çëå ¯®¤¬®¦¥áâ¢ �1, �2, �1, �2 ¨§ ¬®¦¥áâ¢  S, ®¡« ¤ îé¨å á¢®©áâ¢®¬

�1 \ �2 = ;, �1 \�2 = ; ¨ ¤«ï «î¡®£® ®¯¥à â®à  A ¨§ EndX ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® X
i2�1; j2�1

PiAPj +
X

i2�2; j2�2

PiAPj

 = max
� X

i2�1; j2�1

PiAPj

;
 X
i2�2; j2�2

PiAPj


�
:

�â¬¥â¨¬, çâ® á¢®©áâ¢® 3 ¢ë¯®«¥® ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ X = H, ¥á«¨ Pj (j 2 S) |
¯®á«¥¤®¢ â¥«ì®áâì ®àâ®¯à®¥ªâ®à®¢.

�á¯®«ì§ãï â ªãî á¨áâ¥¬ã ¯à®¥ªâ®à®¢, ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã ®¯¥à â®àã A ¨§
EndX ¬ âà¨æã A = (Aij) (i; j 2 S), á®áâ ¢«¥ãî ¨§ ®¯¥à â®àëå ¡«®ª®¢ Aij = PiAPj 2 EndX.

�«ï ®¡®á®¢ ¨ï ª®àà¥ªâ®áâ¨ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  á ¯®¬®éìî á¢®¥© ¬ âà¨æë ¢ ¦®
ãáâ ®¢¨âì á¨«ìãî ¨ ¡¥§ãá«®¢ãî áå®¤¨¬®áâì ®¯¥à â®à®£® àï¤ 

P
i�j=k

Aij (i; j 2 S) ª ¥ª®-

â®à®¬ã ®¯¥à â®àã Ak 2 EndX (k 2 Zn) ¨ ¢®§¬®¦®áâì ¯®áâà®¥¨ï ®¯¥à â®à  A c ¯®¬®éìî
®¯¥à â®à®¢ Ak ¢ ¢¨¤¥ A =

P
k2Zn

Ak.

�®ª § â¥«ìáâ¢® á¨«ì®© ¨ ¡¥§ãá«®¢®© áå®¤¨¬®áâ¨ ®¯¥à â®à®£® àï¤ 
P

i�j=k
Aij (i; j 2 S)

á¢®¤¨âáï ª ¨áá«¥¤®¢ ¨î àï¤  �ãàì¥ ¯®áâà®¥®© ¯® ®¯¥à â®àã A 2 EndX á¨«ì® ¥¯à¥àë¢®©
®¯¥à â®à®§ ç®© äãªæ¨¨ �A : Rn ! EndX

�A(t) = P (t)AP (�t);

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ¯à®£à ¬¬ë �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨á-

á«¥¤®¢ ¨©, ¯à®¥ªâ 95-00032a.
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£¤¥ P : Rn ! EndX | ¯¥à¨®¤¨ç¥áª®¥ á¨«ì® ¥¯à¥àë¢®¥ ¨§®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥

P (t)x =
X
k2S

ei(k;t)Pkx; t 2 Rn; ei(k;t) = ei(k1t1+���+kntn):

� á¨«ã ¯à¥¤¯®«®¦¥¨© 2, 3 ®â®á¨â¥«ì® ¤¨§êîªâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à®¥ªâ®à®¢ Pj
(j 2 S) ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

kAkk = sup
i�j=k

kAijk;

¨ ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ª« ááë ®¯¥à â®à®¢, ¤«ï ª®â®àëå àï¤ A =
P

k2Zn

Ak  ¡á®-

«îâ® áå®¤¨âáï.
�«ï å à ªâ¥à¨áâ¨ª¨ ¤¨ £® «¥© ¬ âà¨æë (¯®   «®£¨¨ á á«ãç ¥¬ n = 1) ¢¢¥¤¥¬ ¢¥«¨ç¨ë

dA(k) (dA(k) = sup
i�j=k

kAijk, ¥á«¨ k ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ k = i� j (i; j 2 S) ¨ 0 ¨ ç¥) ¨, ¨á¯®«ì-

§ãï íâ¨ ¢¥«¨ç¨ë, ¢ë¤¥«¨¬ ¨áá«¥¤ã¥¬ë¥ ª« ááë ®¯¥à â®à®¢. �à¨ ®¯¨á ¨¨ ª« áá®¢ ®¯¥à â®à®¢
á¨¬¢®« e ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¤«ï ®¡®§ ç¥¨ï n-¬¥à®£® ¢¥ªâ®à  e = (1; 1; : : : ; 1), á¨¬¢®« jkj
| ¤«ï áã¬¬ë jkj = jk1j+ � � �+ jknj, á¨¬¢®« mk | ¤«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï n-¬¥àëå ¢¥ªâ®-
à®¢ m ¨ k, § ª � | ¤«ï ®¡®§ ç¥¨ï ®â®è¥¨ï ç áâ¨ç®£® ¯®àï¤ª    ¬®¦¥áâ¢¥ n-¬¥àëå
¢¥ªâ®à®¢, ®â®á¨â¥«ì® ª®â®à®£® k � m â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  8i = 1; n ki � mi.

1. End1X =
n
A 2 EndX :

P
k2Zn

dA(k) <1
o
;

2. End�X =
�
A 2 EndX :

P
k2Zn

dA(k)�(k) < 1, £¤¥ � : Zn ! R+ | ¥ã¡ë¢ îé¨© áã¡íªá-

¯®¥æ¨ «ìë© ¢¥á, â.¥. äãªæ¨ï �, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ 1) �(k) � 1, 2) �(k1 + k2) �

�(k1)�(k2), 3) lim
jkj!1

ln�(k)

jkj
= 0

�
;

3. End�X =
�
A 2 EndX : sup

k2Zn

dA(k)�(k) < 1; £¤¥ � : Zn ! R+ | ¢¥á®¢ ï äãªæ¨ï,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬: 1)
P

k2Zn

1
�(k)

<1; 2) lim
jkj!1

ln�(k)

jkj
= 0; 3)

P
j2Zn

1
�(j)�(k�j)

< c(�) 1
�(k)

¤«ï

¥ª®â®à®© c(�) > 0; 4) lim
m!1

sup
k2Zn

[ k 6=�e; k��ek 6=e; k�e

P
j�m�e
j��m+e

�(k)

�(mk+j)
= 0

�
;

4. End X =
n
A 2 EndX : dA(k) � MA

jkj = MA
jk1j
1 � � � jknjn ¤«ï ¥ª®â®àëå MA = M(A),

i = i(A), i 2 (0; 1), (i = 1; n)
o
;

5. End0X =
�
A 2 End X : dA(k) = 0 ¤«ï

�
k 6= �e; k � �e
k 6= e; k � e

�
.

� ¦¤ë© ¨§ à áá¬ âà¨¢ ¥¬ëå ª« áá®¢ ï¢«ï¥âáï «¨¥©ë¬ ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢ 
EndX. �à®áâ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ¢ ¯®¤¯à®áâà áâ¢ å End1X, End�X, End�X ¬®¦®
¢¢¥áâ¨ á«¥¤ãîé¨¥ ®à¬ë:

kAk1 =
X
k2Zn

dA(k); kAk� =
X
k2Zn

dA(k)�(k); kAk� = c(�) sup
k2Zn

dA(k)�(k):

�à®¬¥ â®£®, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  1. �®¤¯à®áâà áâ¢  End1X, End�X, End�X, End X § ¬ªãâë ®â®á¨â¥«ì®

®¯¥à æ¨¨ ã¬®¦¥¨ï ®¯¥à â®à®¢, â.¥. ï¢«ïîâáï ¯®¤ «£¥¡à ¬¨  «£¥¡àë EndX.

�®ª § â¥«ìáâ¢® ¤ ®© â¥®à¥¬ë ®á®¢ ®   ®æ¥¨¢ ¨¨ ª®íää¨æ¨¥â®¢ �ãàì¥ á¨«ì® ¥-
¯à¥àë¢®© ®¯¥à â®à®§ ç®© äãªæ¨¨ �BA(t) = �B(t)�A(t), £¤¥ äãªæ¨ï �A(t) ã¦¥ ¡ë«  ®¯¨-
á   ¢ëè¥.
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� «ìè¥ ¡ã¤ãâ áä®à¬ã«¨à®¢ ë ç áâ¨ç® ¡¥§ ¤®ª § â¥«ìáâ¢ , ç áâ¨ç® á á®ªà é¥ë¬ ¤®-
ª § â¥«ìáâ¢®¬ ®á®¢ë¥ â¥®à¥¬ë ®  ¯®«¥®áâ¨ ¯®¤ «£¥¡à End1X, End�X, End�X, EndX
¨ ¯à¨¢¥¤¥ë ª®ªà¥âë¥ ®æ¥ª¨ ¤«ï ®à¬ ®¡à âëå ®¯¥à â®à®¢ ¢ íâ¨å ¯®¤ «£¥¡à å.

�®¤ «£¥¡à  End0X ¥ ï¢«ï¥âáï  ¯®«¥®© ¯®¤ «£¥¡à®© ¢ EndX, ® ¤«ï ¥¥ á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �á«¨ ®¯¥à â®à A 2 End0 X ¨ ®¡à â¨¬, â® ®¡à âë© ®¯¥à â®à A�1 2 End X,

¯à¨ç¥¬

kA�1k1 � 2 � kA�1k
�

n
p
1 + 2 � 3n�(A) + n

p
2 � 3n�(A)

n
p
1 + 2 � 3n�(A)� n

p
2 � 3n�(A)

�n
;

£¤¥ �(A) = kAk � kA�1k | ç¨á«® ®¡ãá«®¢«¥®áâ¨ ®¯¥à â®à  A.

�®ª § â¥«ìáâ¢®. �® ª ¦¤®¬ã ®¯¥à â®àã A 2 End0X áâà®¨âáï ¨¬¥îé ï  ¡á®«îâ® áå®¤ï-
é¨©áï àï¤ �ãàì¥ ®¯¥à â®à®§ ç ï äãªæ¨ï �A : �n ! EndX, �A(�) = P (�)AP (��1), £¤¥ �n

| ¯à®¨§¢¥¤¥¨¥ ®ªàã¦®áâ¥© �n = fz = (z1; : : : ; zn) 2 C n : jzij = 1; i = 1; ng, P (�) =
P
j2S

Pj�
j.

�  ï äãªæ¨ï ¤®¯ãáª ¥â £®«®¬®àä®¥ à áè¨à¥¨¥   ¬®¦¥áâ¢® G = fz = (z1; : : : ; zn) 2 C
n :

nQ
i=1

zi 6= 0g, ¨ áãé¥áâ¢ã¥â ®¡« áâì ¢ Cn ¢¨¤ 

K =
�
z = (z1; z2; : : : ; zn) : �i � jzij �

1
�i
; �i = n

s
1�

1
2 � 3n�(A) + 1

�
;

¢ â®çª å ª®â®à®© ®¯¥à â®àë �A(z) ®¡à â¨¬ë. � ®¡« áâ¨ K äãªæ¨ï �A�1 = (�A(z))�1 £®«®-
¬®àä , ¨ à¥§ã«ìâ â â¥®à¥¬ë ¯®«ãç ¥âáï §  áç¥â ®æ¥ª¨ ª®íää¨æ¨¥â®¢ ªà â®£® àï¤  �®à  

�A�1(z) =
P

k2Zn

Bkz
k, £¤¥ kBkk = dA�1(k) � 2kA�1k

�
1� 1

2�3n��(A)+1

� jkj
n

.

� «®£¨çë¬ ¯ãâ¥¬ ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï

�¥®à¥¬  3. �á«¨ ®¡à â¨¬ë© ®¯¥à â®à A ¯à¨ ¤«¥¦¨â End X (dA(k) � MA � jkj), â®
®¡à âë© ®¯¥à â®à A�1 ¯à¨ ¤«¥¦¨â End X; ¯à¨ç¥¬

dA�1(k) � 2kA�1k
nY
i=1

�
ci

c� 1 + i

�jkij
;

£¤¥ c = n

q
1

2n+1�MA�kA�1k�H
+ 1, H =

nQ
i=1

�
1

1�i

�
.

�¨¦¥ ¡ã¤ãâ ¯à¨¢¥¤¥ë âà¨ â¥®à¥¬ë, á¢ï§ ë¥ á  ¯®«¥®áâìî ¯®¤ «£¥¡à End1X, End�X,
End�X, ¤®ª § â¥«ìáâ¢® ª®â®àëå ®á®¢ ®   ¢¢¥¤¥¨¨ ®¢®© á¨áâ¥¬ë ¯à®¥ªâ®à®¢

Pj(m) =
X

l2S; l
j
�l�lj

Pl (j 2 Zn);

£¤¥ lj = ((j1 � 1)m1 + 1; : : : ; (jn � 1)mn + 1), lj = (j1m1; : : : ; jnmn), ¤«ï ¥ª®â®à®£® ¢¥ªâ®à 
m = (m1; : : : ;mn), ¢¢¥¤¥¨¨ ®â®á¨â¥«ì® íâ®© ®¢®© á¨áâ¥¬ë ¯à®¥ªâ®à®¢ ¯®¤ «£¥¡à End1;mX =
End1X, End�;mX = End�X, End�;mX = End�X c ®à¬ ¬¨ kAk1;m, kAk�;m, kAk�;m, íª¢¨¢ «¥â-
ë¬¨ á®®â¢¥âáâ¢¥® kAk1, kAk�, kAk� , ¨   ¯à¥¤áâ ¢«¥¨¨ ®¯¥à â®à  A ¢ ¢¨¤¥ A = C +D, £¤¥
®¯¥à â®à � =

P
k2Zn; �e�k�e

Ak;m (®â®á¨â¥«ì® ®¢®© á¨áâ¥¬ë ¯à®¥ªâ®à®¢) ¨ ¤«ï ¥£®, ¢ á«ãç ¥

®¡à â¨¬®áâ¨, ¢ë¯®«¥  â¥®à¥¬  2.

�¥®à¥¬  4. �ãáâì A | ®¡à â¨¬ë© ®¯¥à â®à ¨§ End1X. �®£¤  ®¡à âë© ®¯¥à â®à A�1

¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã End1X ¨ á¯à ¢¥¤«¨¢  ®æ¥ª 

kA�1k1 � 2n+1MkA�1k

�
n
p
1 + 2 � 3n�(A) + n

p
2 � 3n�(A)

n
p
1 + 4 � 3n�(A)� n

p
4 � 3n�(A)

�n
;
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£¤¥ ¢¥«¨ç¨  M § ¢¨á¨â â®«ìª® ®â kAk ¨ kA�1k.

�¥®à¥¬  5. �á«¨ ®¡à â¨¬ë© ®¯¥à â®à A ¯à¨ ¤«¥¦¨â End�X, â® ®¡à âë© ®¯¥à â®à

A�1 ¯à¨ ¤«¥¦¨â End�X, ¯à¨ç¥¬ á¯à ¢¥¤«¨¢  ®æ¥ª 

kA�1k� � B � sup
k2Zn

�(k)
�
1�

1
1 + 4 � 3n�(A)

� jkj
n

;

£¤¥ ¢¥«¨ç¨  B § ¢¨á¨â â®«ìª® ®â kAk, kA�1k ¨ äãªæ¨¨ �.

�¥®à¥¬  6. �á«¨ ®¡à â¨¬ë© ®¯¥à â®à A ¯à¨ ¤«¥¦¨â End�X,   äãªæ¨ï � ã¤®¢«¥â¢®-

àï¥â ãá«®¢¨î

lim
jmj!1

sup
k2Zn

k<�e; k>e
�m+e�j�m�e

�(k)
�(mk + j)

= 0;

â® A�1 2 End� X ¨ ¨¬¥¥â ¬¥áâ® ®æ¥ª 

kA�1k� � L
X
k2Zn

�(k)
�
1�

1
1 + 4 � 3n�(A)

� jkj
n

;

£¤¥ ¢¥«¨ç¨  L § ¢¨á¨â â®«ìª® ®â kAk, kA�1k ¨ äãªæ¨¨ �.

�«ï ¢¥«¨ç¨ M , B, L ¨§ ¯®á«¥¤¨å âà¥å â¥®à¥¬ ¯®«ãç¥ë ª®ªà¥âë¥ § ç¥¨ï.

�¨â¥à âãà 

1. � áª ª®¢ �.�. �¡áâà ªâë© £ à¬®¨ç¥áª¨©   «¨§ ¨  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥ª¨ í«¥¬¥â®¢

®¡à âëå ¬ âà¨æ // � â¥¬. § ¬¥âª¨. { 1992. { �. 52. { ò 2. { �. 17{25.
2. � áª ª®¢ �.�. � á¯¥ªâà «ìëå á¢®©áâ¢ å ¥ª®â®àëå ª« áá®¢ «¨¥©ëå ®¯¥à â®à®¢ //

�ãªæ.   «¨§ ¨ ¥£® ¯à¨«®¦. { 1995. { �. 29. { ò2. { �. 62{64.
3. Demko S., Moss F., Smith W. Decay rates for inverses of band matrices // Math. Comput. { 1984.

{ V. 43. { P. 491{499.

�®à®¥¦áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 30.01.1995

77


