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� ¡®â  ¯®á¢ïé¥­  â®ç­ë¬ ¨ ¯à¨¡«¨¦¥­­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï ­¥«¨­¥©­®£® á¨­£ã«ïà­®£®
¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¢¨¤ 

Ax � �F (s; x(s)) + ��(s; x(s); J(h(x); s)) = y(s); (1)

£¤¥ á¨­£ã«ïà­ë© ¨­â¥£à «

J(h(x); s) =
1
2�

Z 2�

0

h(�; x(�)) ctg
� � s

2
d�; �1 < s <1; (2)

¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨{�¥¡¥£ã; §¤¥áì � ¨ � | ¯à®¨§¢®«ì­ë¥ ¢¥é¥-
áâ¢¥­­ë¥ ¯ à ¬¥âàë, F (s; u), h(s; u) ¨ �(s; u; v) | ¨§¢¥áâ­ë¥ ¢¥é¥áâ¢¥­­ë¥ ­¥¯à¥àë¢­ë¥ äã­ª-
æ¨¨ á¢®¨å  à£ã¬¥­â®¢, 2�-¯¥à¨®¤¨ç¥áª¨¥ ¯® ¯¥à¥¬¥­­®© s,   y(s) ¨ x(s) 2 L2(0; 2�) | á®®â¢¥â-
áâ¢¥­­® ¤ ­­ ï ¨ ¨áª®¬ ï äã­ªæ¨¨. �á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«ï¥âáï ª¢ ¤à âãà­ë¬ ¬¥â®¤ ¬ ª ª
­ ¨¡®«¥¥ ã¤®¡­ë¬ ¢ ¯à¨«®¦¥­¨ïå, ­® ¢ â® ¦¥ ¢à¥¬ï ª ª ­ ¨¡®«¥¥ âàã¤­ë¬ ¢ â¥®à¥â¨ç¥áª®¬
®¡®á­®¢ ­¨¨.

� ¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (1){(2) ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¨áá«¥¤®¢ ­­®£® ¢ à ¡®â¥ [1] ãà ¢­¥­¨ï,
®¤­ ª® §¤¥áì, ¢ ®â«¨ç¨¥ ®â [1], ¢ ®á­®¢ã ¨áá«¥¤®¢ ­¨© ¯®«®¦¥­  ¢ ¯¥à¢ãî ®ç¥à¥¤ì â¥®à¨ï ¬®­®-
â®­­ëå ®¯¥à â®à®¢ [2]. � á¢ï§¨ á íâ¨¬ ®â¬¥â¨¬, çâ® ¯®¤à®¡­ë© ®¡§®à ¨áá«¥¤®¢ ­¨© ¯® ¯à¨¡«¨-
¦¥­­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ­  ®á­®¢¥ â¥®à¨¨ ¬®­®â®­­ëå
®¯¥à â®à®¢ ¨¬¥¥âáï ¢ [3].

�«¥¤ã¥â â ª¦¥ ®â¬¥â¨âì, çâ® ç áâ­ë¥ á«ãç ¨ ãà ¢­¥­¨ï (1){(2) ¢áâà¥ç îâáï ¢ ¬­®£®ç¨á«¥­-
­ëå ¯à¨ª« ¤­ëå § ¤ ç å (­ ¯à., [4]{[11] ¨ ¡¨¡«¨®£à ä¨ï ¢ ­¨å), ¯®íâ®¬ã ¨áá«¥¤®¢ ­¨¥ â®ç­ëå
¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ à¥è¥­¨ï ãà ¢­¥­¨ï (1){(2) ¯à¥¤áâ ¢«ï¥â §­ ç¨â¥«ì­ë© ¨­â¥à¥á.

1. � áãé¥áâ¢®¢ ­¨¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï

�ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
(A) jF (s; u)� F (s; v)j �M1ju� vj

¤«ï «î¡ëå s; u; v 2 R ¨ ­¥ª®â®à®© ¯®áâ®ï­­®© M1 2 R+ ;
(�) �[F (s; u)� F (s; v)](u � v) � �m1ju� vj2

¤«ï «î¡ëå s; u; v 2 R ¨ ­¥ª®â®à®© m1 2 R;
(�) j�(s; u; v)� �(s; u1; v1)j �M2ju� u1j+M3jv � v1j

¤«ï «î¡ëå s; u; v; u1; v1 2 R ¨ ­¥ª®â®àëå M2 ¨ M3 2 R+ ;
(�) �[�(s; u; v)� �(s; u1; v)](u � u1) � �m2ju� u1j2

¤«ï «î¡ëå s; u; v; u1 2 R ¨ ­¥ª®â®à®© m2 2 R;
(�) jh(s; u) � h(s; v)j �M4ju� vj

¤«ï «î¡ëå s; u; v 2 R ¨ ­¥ª®â®à®© M4 2 R+ .
�à®¬¥ â®£®, ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®
(�)  (s) � �F (s; 0) + ��(s; 0; Jh(0)) = 0.
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�«ï ãà ¢­¥­¨ï (1){(2) ¢ ¢¥é¥áâ¢¥­­®¬ ¯à®áâà ­áâ¢¥ L2 = L2(0; 2�) ª¢ ¤à â¨ç­® áã¬¬¨àã¥-
¬ëå ¯® �¥¡¥£ã 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®© á®®â¢¥âáâ¢¥­-
­®

('; ) =
1
2�

Z 2�

0

'(s) (s)ds ('; 2 L2);

k'k =
�
1
2�

Z 2�

0

j'(s)j2ds
�1=2

(' 2 L2)
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (A){(�), £¤¥

M � j�jM1 + j�j(M2 +M3M4) <1; (3)

m � �m1 + �m2 � j�jM3M4 > 0: (4)

�®£¤  ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2(0; 2�) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2
L2(0; 2�) ¨

kx�k �m�1kyk: (5)

2. �â¥à æ¨®­­ë© ¬¥â®¤

�¥è¥­¨¥ ­¥«¨­¥©­®£® á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) ¬®¦­® ­ ©â¨ ã­¨¢¥àá «ì-
­ë¬ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬ ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¨â¥à æ¨®­­ëå ¯ à ¬¥âà®¢ á ¯®¬®éìî
ãá«®¢¨© (3) ¨ (4).

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s) 2 L2 ãà ¢­¥­¨ï (1) ¬®¦­®

­ ©â¨ ª ª ¯à¥¤¥« ¢ L2 ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

xi = xi�1 +
m

M 2
(y �Axi�1); i = 1; 2; : : : ; (6)

¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ x0 2 L2. �«ï ¯®£à¥è­®áâ¨ i{£® ¯à¨¡«¨¦¥­¨ï xi(t) á¯à -
¢¥¤«¨¢ë ®æ¥­ª¨

kx� � xik � qikx� � x0k � qi

1� q
kx1 � x0k; i = 1; 2; : : : ; (7)

£¤¥

q =
q
1� (m=M)2 < 1: (8)

3. �¡é¨© ¯à®¥ªæ¨®­­ë© ¬¥â®¤ ¨ ¥£® ç áâ­ë¥ á«ãç ¨

�®§ì¬¥¬ ¯®«­ãî ®àâ®­®à¬ «ì­ãî á¨áâ¥¬ã äã­ªæ¨© f'r(s)g11 ¢ L2(0; 2�); ¢ á¨«ã á¥¯ à ¡¥«ì-
­®áâ¨ L2(0; 2�) â ª ï á¨áâ¥¬  ¢á¥£¤  áãé¥áâ¢ã¥â. �¡®§­ ç¨¬ ç¥à¥§ Xn = L(f'rgn1 ) «¨­¥©­ãî
®¡®«®çªã, ­ âï­ãâãî ­  ¯¥à¢ë¥ n 2 N í«¥¬¥­â®¢ íâ®© á¨áâ¥¬ë; ¢ â®¬ á«ãç ¥, ª®£¤  ª ¦¤ ï
äã­ªæ¨ï 'r = 'r;n (r = 1; n), â. ¥. § ¢¨á¨â ®â n 2 N (­ ¯à., ¤«ï á¯« ©­®¢ëå ¡ §¨á®¢), áç¨â ¥¬,
çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤¯à®áâà ­áâ¢ fXng11 ¯à¥¤¥«ì­® ¯«®â­  ¢ ¯à®áâà ­áâ¢¥ L2. �¡®§­ -
ç¨¬ ç¥à¥§ Pn «¨­¥©­ë© ®¯¥à â®à ®àâ®£®­ «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï L2 ­  Xn. �®£¤  ãà ¢­¥­¨¥
(1) ¬®¦­®  ¯¯à®ªá¨¬¨à®¢ âì ª®­¥ç­®¬¥à­ë¬ ãà ¢­¥­¨¥¬

Anxn � PnAxn = Pny (xn; Pny 2 Xn); (9)

ª®â®à®¥ íª¢¨¢ «¥­â­® á¨áâ¥¬¥ ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

cr

�
A

nX
k=1

�k'k

�
= cr(y); r = 1; n; (10)
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¯®àï¤ª  n 2 N, £¤¥ cr(f) = (f; 'r) | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ f 2 L2 ¯® á¨áâ¥¬¥ ª®®à¤¨-
­ â­ëå äã­ªæ¨© 'r 2 L2. �ã­ªæ¨ï

x�n(s) =
nX

k=1

��k'k(s); n 2 N; (11)

¯à¨­¨¬ ¥âáï §  ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), £¤¥ ª®íää¨æ¨¥­âë ��k = ��k;n, k = 1; n,
®¡à §ãîâ à¥è¥­¨¥ ���� (10).

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ª ª ãà ¢­¥­¨¥ (9), â ª ¨ ���� (10) ®¤­®§­ ç­® à §à¥-
è¨¬ë ¯à¨ «î¡ëå n 2 N. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (11) áå®¤ïâáï ¢ L2 ª â®ç­®¬ã à¥è¥­¨î x�(s)
ãà ¢­¥­¨ï (1), ¯à¨ç¥¬ ¤«ï ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë x�(s) � x�n(s), s 2 R, n 2 N,

á¯à ¢¥¤«¨¢ë ­¥ã«ãçè ¥¬ë¥ ¯® ¯®àï¤ªã ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨

En(x
�) � kx� � x�nk � (M=m)En(x

�); n 2 N; (12)

£¤¥ En(x�) | ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ L2 äã­ªæ¨¨ x� 2 L2 ¢á¥¢®§¬®¦­ë¬¨ í«¥¬¥­â ¬¨

¨§ Xn.

� áá¬®âà¨¬ ­¥ª®â®àë¥ ç áâ­ë¥ á«ãç ¨ ®¡é¥£® ¯à®¥ªæ¨®­­®£® ¬¥â®¤  (9){(11).

3.1. �¥â®¤ à¥¤ãªæ¨¨. �®«®¦¨¬

n = 2r + 1; i =
p�1 ; 'k(�) = exp(ik�); k = 0;�1; : : : ;

xn(s) =
rX

k=�r

�ke
iks; �k = ��k 2 C ; r + 1 2 N; (13)

Pn = �n; �n(f ; s) =
rX

k=�r

ck(f)eiks; ck(f) =
1
2�

Z 2�

0

f(�)e�ik�d�; (14)

£¤¥ f 2 L2. �ç¥¢¨¤­®, �2
n = �n, ��n = �n. �®íâ®¬ã ¢ á¨«ã (13), (14) ¬¥â®¤ (9){(11) ¯à¥¤áâ ¢«ï-

¥â á®¡®© ¬¥â®¤ à¥¤ãªæ¨¨ (� «�¥àª¨­ ) à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥
äã­ªæ¨©. �®£¤  áå®¤¨¬®áâì ¨ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ íâ®£® ¬¥â®¤  ¤«ï ãà ¢­¥­¨ï (1) á«¥¤ãîâ ¨§
®¡é¥© â¥®à¥¬ë 3.

3.2. �¥â®¤ á¯« ©­{¯®¤®¡« áâ¥©. �ãáâì sr = 2r�=n, r = 0; n, n 2 N,   'k(s) | å à ªâ¥à¨áâ¨-
ç¥áª¨¥ äã­ªæ¨¨ ¨­â¥à¢ «®¢ (sk�1; sk], k = 1; n. �®«®¦¨¬

xn(s) =
nX

k=1

�k'k(s); �k 2 R; n 2 N; (15)

Pn = Sn; Sn(f ; s) =
nX

k=1

fk'k(s); fk =
1

sk � sk�1

Z sk

sk�1

f(�)d�; (16)

£¤¥ f 2 L2. �á­®, çâ® §¤¥áì S2n = Sn, S�n = Sn ¢ L2(0; 2�). �®íâ®¬ã ¢ á¨«ã (15){(16) ®¡é¨© ¯à®¥ª-
æ¨®­­ë© ¬¥â®¤ (9){(11) ¯¥à¥å®¤¨â ¢ ¬¥â®¤ á¯« ©­-¯®¤®¡« áâ¥© ­ã«¥¢®£® ¯®àï¤ª ; ®¡®á­®¢ ­¨¥
íâ®£® ¬¥â®¤  â ª¦¥ á«¥¤ã¥â ¨§ ®¡é¥© â¥®à¥¬ë 3.

4. �à®¥ªæ¨®­­®-¨â¥à â¨¢­ë¥ ¬¥â®¤ë

�­ ç «  à áá¬®âà¨¬ ¯à®áâ®© ç áâ­ë© á«ãç ©. �§ â¥®à¥¬ 2 ¨ 3 á«¥¤ã¥â

�¥®à¥¬  4. �ãáâì ¢ ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï x0 2 L2 ¢ ¨â¥à æ¨®­­®¬ ¬¥â®¤¥

(6) ¡¥à¥âáï ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ x�n 2 Xn ãà ¢­¥­¨ï (1), ¯®áâà®¥­­®¥ ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤®¬

(9){(11). �®£¤  ¯®£à¥è­®áâì k-£® ¯à¨¡«¨¦¥­¨ï x� � xk ®æ¥­¨¢ ¥âáï ¯® ä®à¬ã«¥

kx� � xkk � (M=m)En(x
�)qk;

£¤¥ n ¨ k 2 N,   ç¨á«® q ®¯à¥¤¥«¥­® ¢ (8).
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�¥¯¥àì à¥è¥­¨¥ (11) ãà ¢­¥­¨ï (9) ¡ã¤¥¬ ¨áª âì ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬ ¢¨¤ 

xjn = xj�1n + (m=M 2)(Pny �Anx
j�1
n ); j; n 2 N; (17)

£¤¥ x0n | ¯à®¨§¢®«ì­®¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¨§ Xn. �®£¤  ¯à¨¬¥­¥­¨¥¬ â¥®à¥¬ë 1 ª ãà ¢­¥-
­¨î (9) «¥£ª® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  5. � ãá«®¢¨ïå â¥®à¥¬ë 1 à¥è¥­¨¥ x�n 2 Xn ãà ¢­¥­¨ï (9) ¬®¦­® ­ ©â¨ ª ª ¯à¥¤¥«

¢ L2 ¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (17), ¯à¨ç¥¬ ¤«ï «î¡®£® x0n 2 Xn á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kx�n � xjnk �
qj

1� q
kx1n � x�nk; n; j 2 N:

�§ â¥®à¥¬ 3 ¨ 5 á«¥¤ã¥â

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2 ãà ¢­¥­¨ï (1) ¬®¦­®

­ ©â¨ ª ª ¯à¥¤¥«

x� = lim
n!1

lim
j!1

xjn

¢ L2 ¯à®¥ªæ¨®­­®-¨â¥à â¨¢­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (17). �à¨ íâ®¬ ¤«ï «î¡ëå n; j 2 N ¨ x0n 2
Xn á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kx� � xjnk �
M

m
En(x�) +

qj

1� q
kx1n � x0nk; (18)

£¤¥ ç¨á«® q ®¯à¥¤¥«¥­® ¢ (8).

5. �¢ ¤à âãà­ë¥ ¬¥â®¤ë

� ¯à¨«®¦¥­¨ïå ¡®«ìè®¥ §­ ç¥­¨¥ ¨¬¥îâ ª¢ ¤à âãà­ë¥ ¬¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥-
£à «ì­ëå ãà ¢­¥­¨©, ®á­®¢ ­­ë¥ ­   ¯¯à®ªá¨¬ æ¨¨ á¨­£ã«ïà­ëå ®¯¥à â®à®¢ ª®­¥ç­®¬¥à­ë¬¨
®¯¥à â®à ¬¨, ¯®à®¦¤ ¥¬ë¬¨ ª¢ ¤à âãà­ë¬¨ ä®à¬ã« ¬¨.

5.1. �®«¨­®¬¨ «ì­ë© ¬¥â®¤ ª¢ ¤à âãà. �­ ç «  ¯à¨¢¥¤¥¬ ¢ëç¨á«¨â¥«ì­ë¥ áå¥¬ë íâ®£®
¬¥â®¤ , ãáâ ­ ¢«¨¢ ¥¬ë¥ ­  ®á­®¢¥ à ¡®â [1], [12]{[14].

�¢¥¤¥¬ ­  [0; 2�] à ¢­®®âáâ®ïé¨¥ ã§«ë

sj =
2j�
N

; j = 0; N; N 2 N; (19)

¨ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) á ­¥¯à¥àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
¯®«¨­®¬ 

x�n(s) =
2
N

NX
k=1

��k�n(s� sk); n =
���
N

2

���
; (20)

£¤¥

2�n(') =

8>><
>>:
sin

N'

2
cosec

'

2
¯à¨ N = 2n+ 1 (n+ 1 2 N);

sin
N'

2
ctg

'

2
¯à¨ N = 2n (n 2 N):

�à¨¡«¨¦¥­­ë¥ §­ ç¥­¨ï ��k = x�n(sk), k = 1; N , ¨áª®¬®© äã­ªæ¨¨ x�(s) ¢ ã§« å (19) ®¯à¥¤¥«ï¥¬
ª ª à¥è¥­¨¥ ����

�F (sj ; �j) + ��
�
sj ; �j ;

1
N

NX
k=1

�j�kh(sk; �k)
�
= y(sj); j = 1; N; (21)
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£¤¥

�j�k = �j�k(N) =

8>><
>>:
tg
j � k

2N
�; ¥á«¨ j � k ç¥â­®;

ctg
k � j

2N
�; ¥á«¨ j � k ­¥ç¥â­®;

(22)

¯à¨ N = 2n+ 1,

�j�k = �j�k(N) =

8><
>:
0; ¥á«¨ j � k ç¥â­®;

2 ctg
k � j

N
�; ¥á«¨ j � k ­¥ç¥â­®;

(23)

¯à¨ N = 2n.
�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1), (19){(23) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  7. �á«¨ y 2 C2�, â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (21) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥-

­¨¥ ��1; : : : ; �
�
N 2 R ¯à¨ «î¡ëå N 2 N,   ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ (20) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­-

áâ¢ ¬

kx�n(s)k �
�
1
N

NX
j=1

j��j j2
�1=2

� 1
m

�
1
N

NX
k=1

jy(sk)j2
�1=2

; N 2 N: (24)

�¥®à¥¬  8. �ãáâì ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ F (s; u), h(s; u), �(s; u; v) ¨ y(s) â ª®¢ë, çâ® ¢

ãá«®¢¨ïå â¥®à¥¬ë 1 à¥è¥­¨¥ x� 2 C2� ¨ äã­ªæ¨ï J(g; s) 2 C2�, £¤¥ g(s) = h(s; x�(s)). �®£¤ 
¬¥â®¤ ¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà (19){(23) áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ L2 á® áª®à®áâìî, ®¯à¥¤¥-
«ï¥¬®© ­¥à ¢¥­áâ¢®¬

kx� � x�nkL2
� 2En1(x

�)C2�
+
j�jM3

m

�
1
N

NX
j=1

jJ(g � Png; sj)j2
�1=2

;

n =
���
N

2

���
; n1 =

���
N � 1
2

���
; N 2 N;

(25)

£¤¥ En1(')C2�
| ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ ' 2 C2� âà¨£®­®¬¥âà¨ç¥áª¨¬¨

¯®«¨­®¬ ¬¨ ¯®àï¤ª  ­¥ ¢ëè¥ n1 2 N,   Pn | ®¯à¥¤¥«ï¥¬ë© ­¨¦¥ ®¯¥à â®à � £à ­¦ .

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë äã­ªæ¨¨ h(s; u) (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå) ¨ x�(s)
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

x�; h 2W rH� (r + 1 2 N; 0 < � � 1):

�®£¤  ¬¥â®¤ ª¢ ¤à âãà (19){(23) áå®¤¨âáï ¢ áà¥¤­¥¬ ¨ à ¢­®¬¥à­® á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥­­®

kx� � x�nkL2
= O(N�r��); r + � > 0; (26)

kx� � x�nkC2�
= O(N�r��+1=2); r + � > 1=2: (27)

5.2.�¥â®¤ë á¯« ©­-ª¢ ¤à âãà. � áá¬®âà¨¬ ¥é¥ ¤¢¥ áå¥¬ë ¬¥â®¤  ª¢ ¤à âãà. �ãáâì á­ ç « 
¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (1) á ­¥¯à¥àë¢­ë¬¨ ª®íää¨æ¨-
¥­â ¬¨ ¨é¥âáï ¢ ¢¨¤¥ á¯« ©­  ­ã«¥¢®© áâ¥¯¥­¨

xN(s) =
NX
k=1

�k k(s); N 2 N; (28)

£¤¥

 k(s) = f1 ¯à¨ s 2 (sk�1; sk]; 0 ¯à¨ s =2 (sk�1; sk]g; sk =
2k�
N

:
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�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �k = xN(sk) 2 R ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

�F (sj ; �j) + ��
�
sj ; �j ;

NX
k=1

h(sk; �k)
j�k

�
= y(sj); j = 1; N; (29)

£¤¥

sj =
2j � 1
N

� = sj�1=2; 
j�k =
1
2�

ln
����sin sk�j+1=2sin sk�j�1=2

����: (30)

�¥®à¥¬  9. � ãá«®¢¨ïå â¥®à¥¬ë 7 ���� (29){(30) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå N 2
N,   ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (28) ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã

kxNk =
�
1
N

NX
j=1

j�j j2
�1=2

� 1
m

�
1
N

NX
j=1

jy(sj)j2
�1=2

; N 2 N:

�¥¯¥àì ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« ©­  ¯¥à¢®© áâ¥¯¥­¨

exN(s) = NX
k=1

�k'k(s); N 2 N; (31)

£¤¥ f'k(s)gN0 { äã­¤ ¬¥­â «ì­ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ á¯« ©­ë ¯¥à¢®© áâ¥¯¥­¨ ¤«ï á¥âª¨ ã§«®¢
(19):

'k(s) =
n
0 ¯à¨ s � sk�1 ¨ s � sk+1;

s� sk�1
�

¯à¨ sk�1 � s � sk;

sk+1 � s

�
¯à¨ sk � s � sk+1

o
; � =

2�
N
:

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �1; �2; : : : ; �N ®¯à¥¤¥«¨¬ ¨§ ����

�F (sj ; �j) + ��
�
sj ; �j ;

NX
k=1

�j�kh(sk; �k)
�
= g(sj); j = 1; N; (32)

£¤¥

�j�k =
2�
N

Z 1

0

�
ctg(j � k + s)

�

N
+ ctg(j � k � s)

�

N

�
(s� 1)ds: (33)

�¥®à¥¬  10. � ãá«®¢¨ïå â¥®à¥¬ë 7 ���� (32){(33) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �1,
�2; : : : ; �N 2 R ¯à¨ «î¡ëå N 2 N ¨ ¤«ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (31) á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kexNk �
�
1
N

NX
j=1

�2j

�1=2
� 1
m

�
1
N

NX
j=1

jy(sj)j2
�1=2

; N 2 N:

6. �¢ ¤à âãà­®-¨â¥à æ¨®­­ë¥ ¬¥â®¤ë

�«¥¤ã¥â ®â¬¥â¨âì, çâ® á¨áâ¥¬  ­¥«¨­¥©­ëå ãà ¢­¥­¨© (21){(23) ¬®¦¥â ¡ëâì à¥è¥­  á«¥¤ã-
îé¨¬ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬

�ij = �i�1j +
m

M 2

�
y(sj)� �F (sj ; �i�1j )� ��(sj ; �i�1j ;

1
N

NX
k=1

�j�kh(sk; �
i�1
k ))

�
; j = 1; N; i = 1; 2; : : : ;

(34)

£¤¥ ��1; �
�
2; : : : ; �

�
N | ¯à®¨§¢®«ì­®¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥.
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�¥®à¥¬  11. � ãá«®¢¨ïå â¥®à¥¬ë 7 ¨â¥à æ¨®­­ë© ¬¥â®¤ (34) áå®¤¨âáï ª ¥¤¨­áâ¢¥­­®-

¬ã à¥è¥­¨î ��1; �
�
2; : : : ; �

�
N á¨áâ¥¬ë ãà ¢­¥­¨© (21), ¯à¨ç¥¬ ¤«ï i-£® ¯à¨¡«¨¦¥­¨ï á¯à ¢¥¤«¨¢ë

®æ¥­ª¨�
1
N

NX
j=1

j��j � �ij j2
�1=2

� qi
�
1
N

NX
j=1

j��j � ��j j2
�1=2

� qi

1� q

�
1
N

NX
j=1

j�1j � ��j j2
�1=2

; i = 1; 2; : : : ;
(35)

£¤¥ ¯®áâ®ï­­ ï q ®¯à¥¤¥«¥­  ¢ (8).

�¥®à¥¬  12. � ãá«®¢¨ïå â¥®à¥¬ 1 ¨ 8 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® ­ ©â¨

ª ª ¯à¥¤¥«

x�(s) = lim
k!1

lim
n!1

xkn(s)

¢ L2(0; 2�) ª¢ ¤à âãà­®-¨â¥à æ¨®­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«¨­®¬®¢

xin(s) =
2
N

NX
j=1

�ij�n(s� sj); n =
���
N

2

���
; i = 1; 2; : : : ; N = 1; 2; : : : ;

£¤¥ �ij ®¯à¥¤¥«¥­ë ¢ (34). �à¨ íâ®¬ ¤«ï «î¡ëå N; i 2 N á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kx� � xinkL2
� 2En1(x

�)C2�
+
j�jM3

m

�
1
N

NX
j=1

jJ(g � Png; sj)j2
�1=2

+
qi

1� q

�
1
N

NX
j=1

j�1j � ��j j2
�1=2

;

n =
���
N

2

���
; n1 =

���
N � 1
2

���
;

£¤¥ q; g; �1j ¨ �
�
j ®¯à¥¤¥«¥­ë ¢ â¥®à¥¬ å 2 ¨ 8.

7. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢  ¡ã¤¥¬ ¯à®¢®¤¨âì á ¯®¬®éìî à¥§ã«ìâ â®¢ â¥®à¨¨ ¬®­®â®­­ëå ®¯¥à â®à®¢
(­ ¯à., [2] ¨ ¡¨¡«¨®£à ä¨ï ¢ ­¥©) ¨ à¥§ã«ìâ â®¢ â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨© ¨ ®¯¥à â®à®¢,
¨§«®¦¥­­ëå ¢ [1], [8], [9], [11]{[14].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � á¨«ã ãá«®¢¨© (A), (�) ¨ «¨­¥©­®áâ¨ ®¯¥à â®à  J ¨§ (2) ¤«ï
«î¡ëå s 2 R ¨ x; z 2 L2 ­ å®¤¨¬

jA(x; s)�A(z; s)j � j�jM1jx� zj+ j�j[M2jx� zj+M3jJ [h(x) � h(z); s]j]: (36)

�®áª®«ìªã

kJk = 1; J : L2 ! L2; (37)

â® ¢ á¨«ã ãá«®¢¨ï (�) ¤«ï «î¡ëå x; z 2 L2 ¨¬¥¥¬
kJ [h(x) � h(z)]k �M4kx� zk: (38)

�§ á®®â­®è¥­¨© (36){(38) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

kAx�Azk �Mkx� zk (x; z 2 L2); (39)

£¤¥ ¯®áâ®ï­­ ï M ®¯à¥¤¥«¥­  ¢ (3).
�«ï «î¡ëå s 2 R ¨ x; z 2 L2 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

Ax�Az = �[F (s; x)�F (s; z)] +�[�(s; x; Jh(x))��(s; z; Jh(x))] +�[�(s; z; Jh(x))��(s; z; Jh(z))]:

�âáî¤  ¢ á¨«ã ãá«®¢¨© (�) ¨ (�) ­ å®¤¨¬

(Ax�Az)(x� z) � �m1jx� zj2 + �m2jx� zj2 � j�jM3jJ [h(x) � h(z)]j jx � zj (s 2 R;x; z 2 L2):
(40)
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�§ ­¥à ¢¥­áâ¢  (40) á ãç¥â®¬ (37), (38) ­ å®¤¨¬

(Ax�Az; x� z) � mkx� zk2 (x; z 2 L2); (41)

£¤¥ ¯®áâ®ï­­ ï m ®¯à¥¤¥«¥­  ¢ (4).
� ª¨¬ ®¡à §®¬, ®¯¥à â®à A : L2 ! L2, ®¯à¥¤¥«ï¥¬ë© «¥¢®© ç áâìî ãà ¢­¥­¨ï (1), ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ¯®áâ®ï­­®© M ¨ á¨«ì­® ¬®­®â®­¥­ á ¯®áâ®ï­­®© m, ¯à¨¢¥¤¥­­ë¬¨
¢ (3) ¨ (4) á®®â¢¥âáâ¢¥­­®. �®£¤  ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [2] ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥
â¥®à¥¬ë 1 á ®æ¥­ª ¬¨ (5).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �à ¢­¥­¨¥ (1) íª¢¨¢ «¥­â­® § ¤ ­­®¬ã ¢ L2 ®¯¥à â®à­®¬ã
ãà ¢­¥­¨î

x =
�
E � m

M 2
A

�
x+

m

M 2
y (x; y 2 L2); (42)

£¤¥ ®¯¥à â®à ¯¥à¥å®¤  B = E � m
M2
A : L2 ! L2 ¢ á¨«ã ãá«®¢¨© (39) ¨ (41) ï¢«ï¥âáï á¦¨¬ îé¨¬

®¯¥à â®à®¬ á ª®íää¨æ¨¥­â®¬ á¦ â¨ï q, ®¯à¥¤¥«¥­­ë¬ ¢ (8). �®£¤  ã­¨¢¥àá «ì­ë© ¨â¥à æ¨-
®­­ë© ¬¥â®¤ (6) à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï (1) ï¢«ï¥âáï ¬¥â®¤®¬ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï
¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (42). �âáî¤  á ¯®¬®éìî ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ (­ ¯à., [2], [15]) ¯®
¯®á«¥¤­¥¬ã ¬¥â®¤ã ­ å®¤¨¬ ®æ¥­ª¨ (7), ®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¯¥à â®à Pn : L2 ! Xn � L2, ¨á¯®«ì§®¢ ­­ë© ¢ â¥®à¥¬¥ 3,
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

P 2

n = Pn; P �n = Pn; kPnk = 1; n 2 N: (43)

�®íâ®¬ã ¢ á¨«ã (39), (41) ¨ (43) ¤«ï «î¡ëå xn; zn 2 Xn ­ å®¤¨¬ á®®â­®è¥­¨ï

kAnxn �Anznk = kPn(Axn �Azn)k � kAxn �Aznk �Mkxn � znk (xn; zn 2 Xn); (44)

(Anxn �Anzn; xn � zn) = (Pn(Axn �Azn); xn � zn) =

= (Axn �Azn; P
�
n(xn � zn)) = (Axn �Azn; xn � zn) � mkxn � znk2 (xn; zn 2 Xn); (45)

£¤¥ ¯®áâ®ï­­ë¥M ¨m ®¯à¥¤¥«¥­ë ¢ (3) ¨ (4) á®®â¢¥âáâ¢¥­­®. �¥¯¥àì, ¯à¨¬¥­ïï ª ãà ¢­¥­¨î (9)
â¥®à¥¬ã 1, ¢ á¨«ã ­¥à ¢¥­áâ¢ (44) ¨ (45) ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ¯¥à¢®© ç áâ¨ ãâ¢¥à¦¤¥-
­¨ï â¥®à¥¬ë 3; ¤«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¤®áâ â®ç­® ¯®ª § âì
á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢ (12). �¥¢ ï ç áâì íâ¨å ­¥à ¢¥­áâ¢ ®ç¥¢¨¤­  ¢ á¨«ã x�n 2 Xn,   ¤«ï
¤®ª § â¥«ìáâ¢  ¯à ¢®© ç áâ¨ ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬

(Ax� �Ax�n; x
� � x�n) = (Ax� �Ax�n; x

� � Pnx
�);

£¤¥ x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (9). �âáî¤ , ª ª ¨ ¢ ([2], á. 103), ­ å®¤¨¬

kx� � x�nk � (M=m)En(x�); n 2 N;

®âªã¤  á ãç¥â®¬ ®¯à¥¤¥«¥­¨ï En(x�) ¢ ¯à®áâà ­áâ¢¥ L2 á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.
� ¤®ª § â¥«ìáâ¢ å â¥®à¥¬ 4{6 ãª § ­® ¢ à §¤¥«¥ 4. �¤¥áì ®â¬¥â¨¬ â®«ìª® â®, çâ® ¢ë¡®à®¬

¢ (18) ­®¬¥à  ¨â¥à æ¨¨ j 2 N (¯ à ¬¥âà  ¤¨áªà¥â¨§ æ¨¨ n 2 N) ª ª äã­ªæ¨¨ ®â n (á®®â¢¥âáâ¢¥­-
­® ®â j) ¯®£à¥è­®áâì ¯à®¥ªæ¨®­­®{¨â¥à â¨¢­®£® ¬¥â®¤  (17) ¬®¦¥â ¡ëâì ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥
([8], £«. 2, x 7) ¬¨­¨¬¨§¨à®¢ ­ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 7. �ãáâì RN | ¯à®áâà ­áâ¢® N -¬¥à­ëå ¢¥ªâ®à®¢ á ®¡ëç­ë¬¨
áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®© á®®â¢¥âáâ¢¥­­®

(x; y) =
1
N

NX
k=1

�k�k (x = f�kgN1 2 R
N ; y = f�kgN1 2 R

N );

kxk =
�
1
N

NX
k=1

j�kj2
�1=2

; x 2 R
N ; N 2 N:
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�¨áâ¥¬ã ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (21){(23) § ¯¨è¥¬ ¢ ¢¨¤¥ ®¯¥à â®à­®£® ãà ¢­¥-
­¨ï

Ax = y (x; y 2 R
N ); (46)

£¤¥ x = f�kgN1 , y = fy(sk)gN1 ; Ax = � = f�kgN1 ,  

�j = �F (sj ; �j) + ��
�
sj ; �j ;

1
N

NX
k=1

�j�kh(sk; �k)
�
; j = 1; N: (47)

�®ª ¦¥¬, çâ® ¤«ï «î¡ëå x = fakgN1 ¨ z = fbkgN1 ¬ âà¨ç­ë© ®¯¥à â®à A : RN ! R
N ã¤®¢«¥-

â¢®àï¥â ­¥à ¢¥­áâ¢ ¬

kAx�Azk �Mkx� zk; (48)

(Ax�Az; x� z) � mkx� zk2; (49)

£¤¥ ¯®áâ®ï­­ë¥ M ¨ m ¯à¨¢¥¤¥­ë ¢ â¥®à¥¬¥ 1,   áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬  ®¯à¥¤¥«¥­ë
¢ ¯à®áâà ­áâ¢¥ RN .

�§ (29), (46), (47) á ãç¥â®¬ ãá«®¢¨© (A) ¨ (�) ¤«ï «î¡ëå x; z 2 R
N ­ å®¤¨¬

kAx�Azk � j�j
�
1
N

NX
j=1

jF (sj ; aj)� F (sj ; bj)j2
�1=2

+

+ j�j
�
1
N

NX
j=1

�����
�
sj ; aj ;

1
N

NX
k=1

�j�kh(sk; ak)
�
� �

�
sj; bj ;

1
N

NX
k=1

�j�kh(sk; bk)
�����

2�1=2
�

� j�jM1

�
1
N

NX
j=1

jaj � bj j2
�1=2

+ j�jM2

�
1
N

NX
j=1

jaj � bj j2
�1=2

+

+ j�jM3

�
1
N

NX
j=1

���� 1N
NX
k=1

�j�k[h(sk; ak)� h(sk; bk)]
����
2�1=2

=

= (j�jM1 + j�jM2)kx� yk+ j�jM3�N ; (50)

£¤¥

�N =
�
1
N

NX
j=1

���� 1N
NX
k=1

�j�k[h(sk; ak)� h(sk; bk)]
����
2�1=2

: (51)

�®«®¦¨¬

xn(s) =
2
N

NX
k=1

ak�n(s� sk); ak = xn(sk); (52)

zn(s) =
2
N

NX
k=1

bk�n(s� sk); bk = yn(sk); (53)

Pn('; s) =
2
N

NX
k=1

'(sk)�n(s� sk); ' 2 C2�; n =
���
N

2

���
; (54)

£¤¥ äã­ªæ¨ï �n(t) ¨ ã§«ë sk ®¯à¥¤¥«¥­ë ¢ëè¥.
�§¢¥áâ­® ([1], á. 6{8; [8], £«. 3), çâ®

�N =
�
1
N

NX
j=1

jJ(Pn ; sj)j2
�1=2

�
�
1
N

NX
j=1

j (sj)j2
�1=2

; (55)
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£¤¥  (s) = h(s; xn(s)) � h(s; zn(s)),   ®¯¥à â®à J ®¯à¥¤¥«¥­ ¢ (2). �®£¤  ¨§ (51){(55) á ãç¥â®¬
ãá«®¢¨ï (�) ­ å®¤¨¬

�N �
�
1
N

NX
j=1

jh(sj ; xn(sj))� h(sj ; zn(sj))j2
�1=2

�M4

�
1
N

NX
j=1

jaj � bj j2
�1=2

=M4kx� zk: (56)

�§ (50), (51), (56) á«¥¤ã¥â

kAx�Azk � (j�jM1 + j�jM2 + j�jM3M4)kx� zk =Mkx� zk (x; z 2 R
N );

â. ¥. ­¥à ¢¥­áâ¢® (48) ¤®ª § ­®.
�«ï «î¡ëå x = fakgN1 ¨ z = fbkgN1 2 R

N ¨§ (46), (47) ­ å®¤¨¬

(Ax�Az; x� z) = �
1
N

NX
j=1

[F (sj ; aj)� F (sj ; bj)](aj � bj) +

+
�

N

NX
j=1

�
�
�
sj ; aj ;

1
N

NX
k=1

�j�kh(sk; ak)
�
� �

�
sj ; bj ;

1
N

NX
k=1

�j�kh(sk; bk)
��
(aj � bj) =

=
�

N

NX
j=1

[F (sj ; aj)� F (sj ; bj)](aj � bj) +

+
�

N

NX
j=1

�
�
�
sj; aj ;

1
N

NX
k=1

�j�kh(sk; ak)
�
� �

�
sj; bj ;

1
N

NX
k=1

�j�kh(sk; ak)
��
(aj � bj) +

+
�

N

NX
j=1

�
�
�
sj; bj ;

1
N

NX
k=1

�j�kh(sk; ak)
�
� �

�
sj; bj ;

1
N

NX
k=1

�j�kh(sk; bk)
��
(aj � bj) =

= ��1 + ��2 + ��3; (57)

£¤¥ á¬ëá« áã¬¬ �i ®ç¥¢¨¤¥­.
� á¨«ã ãá«®¢¨ï (�) ¤«ï áã¬¬ë �1 ¨¬¥¥¬

��1 � �m1

1
N

NX
j=1

jaj � bj j2 = �m1kx� zk2 (x; z 2 R
N ): (58)

�­ «®£¨ç­®, ¢ á¨«ã ãá«®¢¨ï (�) ¤«ï áã¬¬ë �2 ¨¬¥¥¬

��2 � �m2

1
N

NX
j=1

jaj � bj j2 = �m2kx� zk2 (x; z 2 R
N ): (59)

�§ (57){(59) ¤«ï «î¡ëå x; z 2 RN ­ å®¤¨¬

(Ax�Az; x� z) � (�m1 + �m2)kx� zk2 � j�j j�3j; (60)

£¤¥ ¢ á¨«ã ãá«®¢¨ï (�) ¨ á®®â­®è¥­¨© (56) ¨¬¥¥¬

j�3j �
�
1
N

NX
j=1

�����
�
sj ; bj ;

1
N

NX
k=1

�j�kh(sk; ak)
�
�

� �
�
sj ; bj ;

1
N

NX
k=1

�j�kh(sk; bk)
�����

2�1=2� 1
N

NX
j=1

jaj � bj j2
�1=2

�

�M3kx� zk
�
1
N

NX
j=1

���� 1N
NX
k=1

�j�kh(sk; ak)� 1
N

NX
k=1

�j�kh(sk; bk)
����
2�1=2

=
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=M3kx� zk
�
1
N

NX
j=1

���� 1N
NX
k=1

�j�k (sk)
����
2�1=2

=

=M3kx� zk�N =M3kx� zk
�
1
N

NX
j=1

jJ(Pn ; sj)j2
�1=2

�M3M4kx� zk2 (x; z 2 R
N ): (61)

�§ (60) ¨ (61) ¤«ï «î¡ëå x; z 2 R
N ¯®«ãç ¥¬

(Ax�Az; x� z) � (�m1 + �m2 � j�jM3M4)kx� zk2 � mkx� zk2;
â¥¬ á ¬ë¬ ­¥à ¢¥­áâ¢® (49) ¤®ª § ­®.

� ª¨¬ ®¡à §®¬, ¬ âà¨ç­ë© ®¯¥à â®à A ¢ ¯à®áâà ­áâ¢¥ RN ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ 
á ¯®áâ®ï­­®©M ¨ ï¢«ï¥âáï á¨«ì­® ¬®­®â®­­ë¬ á ¯®áâ®ï­­®©m. �®íâ®¬ã ¨§ â¥®à¨¨ ¬®­®â®­­ëå
®¯¥à â®à®¢ [2] ¤«ï ãà ¢­¥­¨ï (46) á«¥¤ã¥â, çâ® á¨áâ¥¬  ãà ¢­¥­¨© (21){(23) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ ��1; : : : ; �

�
N ¨ ¤«ï ­¥£® ¢ á¨«ã ­¥à ¢¥­áâ¢  (53) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

kx�k =
�
1
N

NX
k=1

j��kj2
�1=2

� 1
m
kyk = 1

m

�
1
N

NX
j=1

jy(sk)j2
�1=2

: (62)

�§¢¥áâ­® (­ ¯à., [1], á. 6), çâ®

kxnkL2
= kxkRN ¯à¨ N = 2n+ 1; (63)

kxnkL2
� kxkRN �

p
2 kxnkL2

¯à¨ N = 2n; (64)

£¤¥ x = f�kgN1 ; �k = xn(sk),   ¬­®£®ç«¥­ xn(s) ®¯à¥¤¥«¥­ ¢ëè¥.
�§ (62){(64) á«¥¤ãîâ ®æ¥­ª¨ (24).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 8. � ¦¤®© äã­ªæ¨¨ '(s) 2 C2� ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ N -
¯¥à¨®¤¨ç¥áª¨© ¢¥ªâ®à ' = f'(sk)gN1 2 RN ¨ ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ (54). �®£¤  ïá­®, çâ®
Pn' = ' 2 RN ¤«ï «î¡®© ' 2 C2�.

� ¤®ª § ­­®¬ ¢ëè¥ ­¥à ¢¥­áâ¢¥ (49) ¯®«®¦¨¬ x = x� = f��kgN1 ¨ z = x� = fx�(sk)gN1 2 RN ,
£¤¥ x�(s) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1){(2),   ��

1; : : : ; �
�
N | à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (21){(23).

�®£¤  ¢ á¨«ã (1) ¨ (19){(23) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

Ax = Ax� � y = Ax� = f�F (sj ; x�(sj)) + ��(sj; x
�(sj); J(g; sj))gN1 ; (65)

Az = Ax� = f�F (sj ; x�(sj)) + ��(sj ; x
�(sj); J(Png; sj))gN1 ; (66)

£¤¥ g(�) = h(�; x�(�)),   y(s) 2 C2� | ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (1), y = fy(sk)gN1 2 RN . �®íâ®¬ã
¨§ ä®à¬ã« (49), (65), (66) ¯®«ãç ¥¬

kx� � x�kRN =
�
1
N

NX
j=1

j��j � x�(sj)j2
�1=2

� 1
m
kAx� �Ax�kRN =

=
j�j
m

�
1
N

NX
j=1

j�(sj ; x�(sj); J(g; sj))��(sj ; x
�(sj); J(Png; sj))j2

�1=2
: (67)

�§ ­¥à ¢¥­áâ¢  (71) á ãç¥â®¬ ãá«®¢¨ï (�) ­ å®¤¨¬

�
1
N

NX
j=1

jx�(sj)� ��j j2
�1=2

� j�jM3

m

�
1
N

NX
j=1

jJ(g; sj)� J(Png; sj)j2
�1=2

=

=
j�jM3

m

�
1
N

NX
j=1

���� 12�
Z 2�

0

[h(�;x�(�)) � Pnh(�;x
�(�))] ctg

� � sj
2

d�

����
2�1=2

: (68)
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�§¢¥áâ­® (­ ¯à., [8], £«. 3), çâ®

kx� � Pnx
�kL2

� 2En1(x
�)C2�

; n1 =
���
N � 1
2

���
; x� 2 C2�; (69)

kPnx� � x�nkL2
= kPn(x� � x�n)kL2

� kx� � x�nkRN =
�
1
N

NX
j=1

jx�(sj)� ��j j2
�1=2

: (70)

�®áª®«ìªã kx��x�nk � kx��Pnx�k+kPnx��x�nk, £¤¥ x�(s) ¨ x�n(s) | â®ç­®¥ ¨ á®®â¢¥âáâ¢¥­­®
¯à¨¡«¨¦¥­­®¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1), â® ¨§ á®®â­®è¥­¨© (68){(70) á«¥¤ã¥â ®æ¥­ª  (25). � ª
ª ª En(x�)C2�

! 0, n !1, â® ¢ á¨«ã (25) ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­®
¯®ª § âì, çâ®

lim
N!1

�
1
N

NX
j=1

jJ(g � Png; sj)j2
�1=2

= 0; g(�) = h(�;x�(�)): (71)

�«ï «î¡®£® âà¨£®­®¬¥âà¨ç¥áª®£® ¯®«¨­®¬  Qn(s) ¯®àï¤ª  ­¥ ¢ëè¥ n � 1 2 N á¯à ¢¥¤«¨¢®
â®¦¤¥áâ¢®

J(g � Png) = J(E � Pn)(g �Qn); (72)

£¤¥ E | ¥¤¨­¨ç­ë© ®¯¥à â®à.
�ãáâì Qn(s) = Sn(g; s), £¤¥ Sn | ­¥ª®â®àë© (®¯à¥¤¥«ï¥¬ë© ­¨¦¥) âà¨£®­®¬¥âà¨ç¥áª¨© ¯®-

«¨­®¬¨ «ì­ë© ®¯¥à â®à, ¯¥à¥áâ ­®¢®ç­ë© á ®¯¥à â®à®¬ J . �®£¤  â®¦¤¥áâ¢® (72) ¯à¨­¨¬ ¥â
¢¨¤

J(g � Png) = (eg � Sneg)� JPn(g � Sng); eg = Jg: (73)

�§ â®¦¤¥áâ¢  (73) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢ 

kJ(g � Png)kRN � keg � SnegkRN + kJPn(g � Sng)kRN � keg � SnegkC2�
+ kJPn(g � Sng)kRN : (74)

�§¢¥áâ­® ([1], á. 6{8), çâ® ¤«ï «î¡®© '(s) 2 C2�

kJPn'kRN � k'kRN � k'kC2�
; N 2 N: (75)

�§ (73){(75) ¯à¨ ' = g � Sng á«¥¤ã¥â ­¥à ¢¥­áâ¢®�
1
N

NX
j=1

jJ(g � Png; sj)j2
�1=2

� kg � SngkC2�
+ keg � SnegkC2�

: (76)

�®« £ ï Sn = �n�1, £¤¥ �n�1(g; s) | áã¬¬  �¥©¥à  ¯®àï¤ª  n� 1 2 N ¤«ï äã­ªæ¨¨ g 2 C2�, ¨§
(76) ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ á®®â­®è¥­¨¥ (71).

�«ï ¤®ª § â¥«ìáâ¢  ®æ¥­ª¨ (26) ¢ ­¥à ¢¥­áâ¢¥ (76) §  ®¯¥à â®à Sn ¤®áâ â®ç­® ¯à¨­ïâì ®¯¥-
à â®à � ««¥{�ãáá¥­  ¯®àï¤ª  n�1 ¨«¨ ¦¥ ®¯¥à â®àë ®¡®¡é¥­­®£® áã¬¬¨à®¢ ­¨ï àï¤®¢ �ãàì¥
á ¯®¬®éìî â ª ­ §ë¢ ¥¬ëå �-¬ âà¨æ, ¢ â®¬ ç¨á«¥ ¬ âà¨æ � ¢ à  ¨ � ««¥{�ãáá¥­  (¯®¤à®¡­®-
áâ¨ ¬®¦­® ­ ©â¨., ­ ¯à., ¢ ([8], £«. 3, 4)). �æ¥­ª  (27) ®¡ëç­ë¬ á¯®á®¡®¬ ¢ë¢®¤¨âáï ¨§ ®æ¥­ª¨
(26).

�¥®à¥¬  8 ¨ ¥¥ á«¥¤áâ¢¨¥ ¤®ª § ­ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ 9 ¨ 10 ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 7 ¨ 8, ¯à¨ íâ®¬
§  ®á­®¢ã ¡¥àãâáï â¥®à¥¬ë 1.12 ¨ á®®â¢¥âáâ¢¥­­® 1.13 ¨§ ([11], £«. 4).

� á¢ï§¨ á â¥®à¥¬ ¬¨ 7{10 ®â¬¥â¨¬, çâ®  ­ «®£¨ç­ë¥ ãâ¢¥à¦¤¥­¨ï á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï
����

�F (sj ; �j) + ��
�
sj ; �j ;

1
N

NX
k=1
k 6=j

h(sk; �k) ctg
(k � j)�

N

�
= y(sj); sj =

2j�
N

; j = 1; N; N 2 N;
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 ¯¯à®ªá¨¬¨àãîé¥© ­¥«¨­¥©­®¥ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1){(2).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 11. �â¥à æ¨®­­ë© ¬¥â®¤ (35) íª¢¨¢ «¥­â¥­ ¬¥â®¤ã

xi = xi�1 +
m

M 2
(y �Axi�1); i = 1; 2; : : : ; x� = f��kgN1 2 R

N ; (77)

ï¢«ïîé¥¬ãáï ã­¨¢¥àá «ì­ë¬ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬ à¥è¥­¨ï ãà ¢­¥­¨ï (46). �®£¤ , ª ª ¨ ¢
â¥®à¥¬¥ 2, ­® á ãç¥â®¬ â¥®à¥¬ë 9, ­ å®¤¨¬, çâ® ¬ âà¨ç­ë© ®¯¥à â®à

B = E � m

M 2
A : RN ! R

N

ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï á ª®íää¨æ¨¥­â®¬ q 2 (0; 1), ®¯à¥¤¥«¥­­ë¬ ¢ (8). �âáî¤  ¨ ¨§ (77)
¢ë¢®¤¨âáï âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  12 ¢ë¢®¤¨âáï ¨§ â¥®à¥¬ 8 ¨ 11.
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