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�âà®ïâáï  ­ «¨â¨ç¥áª¨¥ à¥è¥­¨ï ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤-
­ë¬¨ ¢ á«ãç ¥, ª®£¤  ­ ç «ì­ë¥ ¤ ­­ë¥ ¤«ï à §­ëå äã­ªæ¨© § ¤ ­ë ­  à §­ëå ¯®¢¥àå­®áâïå ¨
¯®«ãç¨¢è ïáï § ¤ ç  ¨¬¥¥â ª®­ªà¥â­ãî ®á®¡¥­­®áâì ¢¨¤  u=x ¨«¨ x=u. �ª § ­ë ­¥®¡å®¤¨¬ë¥
¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¢ ¢¨¤¥
ä®à¬ «ì­ëå áâ¥¯¥­­ëå àï¤®¢,   â ª¦¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ íâ¨å àï¤®¢. �à¨¢¥¤¥­®
®¤­® ®¡®¡é¥­¨¥ à áá¬®âà¥­­ëå § ¤ ç, ª®â®à®¥ ­¥®¡å®¤¨¬® ¨áá«¥¤®¢ âì ¯à¨ ¯®áâà®¥­¨¨ â¥ç¥­¨©
¨¤¥ «ì­®£® £ § , ¢®§­¨ª îé¨å §  ®âà ¦¥­­®© ®â ®á¨ ¨«¨ æ¥­âà  á¨¬¬¥âà¨¨ ã¤ à­®© ¢®«­®©.

�«ï á¨áâ¥¬ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ å®à®è® ¨§ãç¥­  § ¤ ç  �®è¨ (§�), ¤«ï
ª®â®à®© ¢ á«ãç ¥  ­ «¨â¨ç­®áâ¨ ¢á¥å ¢å®¤­ëå ¤ ­­ëå á¯à ¢¥¤«¨¢  â¥®à¥¬  �®è¨-�®¢ «¥¢áª®©
(â��) ([1], á. 23; [2], á. 50). � áá¬®âà¥­  ®¡®¡é¥­­ ï §� (§� á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ­  à §­ëå
¯®¢¥àå­®áâïå) [3], [4] ¨ ¤®ª § ­ë á®®â¢¥âáâ¢ãîé¨¥ ®¡®¡é¥­¨ï â��. �«ï «¨­¥©­ëå ¨­â¥£à®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ®á®¡¥­­®áâìî à áá¬®âà¥­  § ¤ ç  �ãàá  ¨ ¤®ª § ­  ­ «®£ â��
[5]. �á«¨ ã ¯®áâ ¢«¥­­®© §� ®¡à é ¥âáï ¢ ­ã«ì ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, áâ®ïé¥© ¯¥à¥¤ ¢¥ªâ®à®¬
¢ë¢®¤ïé¨å ¯à®¨§¢®¤­ëå, â® ¢®§­¨ª ¥â ¬­®£® à §«¨ç­ëå á¨âã æ¨©. � ç áâ­®áâ¨, ¨¬¥¥â ¬¥áâ®
å à ªâ¥à¨áâ¨ç¥áª ï §�, ¤«ï ª®â®à®© ¤®ª § ­ á®®â¢¥âáâ¢ãîé¨©  ­ «®£ â�� [6]. � ¤ ­­®© à ¡®â¥
à áá¬®âà¥­ ®¤¨­ á¯¥æ¨ «ì­ë© á«ãç © §� á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ­  à §­ëå ¯®¢¥àå­®áâïå, ª®£¤ 
â ª¦¥ ®¡à é ¥âáï ¢ ­ã«ì ®¯à¥¤¥«¨â¥«ì á®®â¢¥âáâ¢ãîé¥© ¬ âà¨æë. �â®â á«ãç © íª¢¨¢ «¥­â¥­
­ «¨ç¨î ¢ § ¤ ç¥ ®á®¡¥­­®áâ¨ ¢¨¤  u=x ¨«¨ x=u.

� áá¬®âà¨¬ § ¤ çã �®è¨ á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ­  à §­ëå ¯®¢¥àå­®áâïå ¤«ï ª¢ §¨«¨­¥©-
­®© á¨áâ¥¬ë ¢ ¯à®áâ¥©è¥¬ á«ãç ¥ ¤¢ãå ­¥¨§¢¥áâ­ëå äã­ªæ¨©, § ¢¨áïé¨å ®â ¤¢ãå ­¥§ ¢¨á¨¬ëå
¯¥à¥¬¥­­ëå,

A

 
ux
vx

!
+ b

 
uy
vy

!
= ~C: (1)

�¤¥áì A, B | ¬ âà¨æë à §¬¥à­®áâ¨ 2 � 2, ~C 2 R2, ª®íää¨æ¨¥­âë ¬ âà¨æ A, B ¨ ª®¬¯®­¥­âë
¢¥ªâ®à  ~C ¥áâì äã­ªæ¨¨ ®â x, y, u, v. �  ¤¢ãå à §­ëå ªà¨¢ëå �i(x; y) = 0, i = 1; 2, ¯¥à¥á¥ª î-
é¨åáï ¢ â®çª¥ (x0; y0), ¯®áâ ¢¨¬ ¤«ï ­¥¨§¢¥áâ­ëå äã­ªæ¨© ¤¢  ­ ç «ì­ëå ãá«®¢¨ï

�i(x; y; u; v)
��
�i(x;y)=0

= 0; i = 1; 2: (2)

�¤¥áì �i, �i, i = 1; 2, | § ¤ ­­ë¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢,

�i(x0; y0) = 0; �i(x0; y0; u0; v0) = 0; x0; y0; u0; v0| const :

� ¤ ç  (1), (2) ¥áâì §� á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ­  à §­ëå ¯®¢¥àå­®áâïå ¤«ï ª¢ §¨«¨­¥©­®©
á¨áâ¥¬ë, ª®â®à ï ¤ «¥¥ ¤«ï ªà âª®áâ¨ ­ §ë¢ ¥âáï § ¤ ç¥© �.

� ¡®â  ä¨­ ­á¨à®¢ « áì �®áã¤ àáâ¢¥­­ë¬ ª®¬¨â¥â®¬ �®áá¨©áª®© �¥¤¥à æ¨¨ ¯® ¢ëáè¥¬ã ®¡à §®¢ -

­¨î ç¥à¥§ £à ­â®¢ë© æ¥­âà ¯® ¨áá«¥¤®¢ ­¨ï¬ ¢ ®¡« áâ¨ ¬ â¥¬ â¨ª¨ ¯à¨ �®¢®á¨¡¨àáª®¬ £®áã¤ àáâ¢¥­­®¬

ã­¨¢¥àá¨â¥â¥.
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�¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå

x0 = �1(x; y); y0 = �2(x; y); u0 = �1(x; y; u; v); v0 = �2(x; y; u; v)

á ïª®¡¨ ­®¬ ¯à¥®¡à §®¢ ­¨ï

J = J1J2; J1 =
�����1x �1y
�2x �2y

���� ; J2 =
�����1u �1v

�2u �2v

���� :
�®«ãç¥­­ãî ¢ à¥§ã«ìâ â¥ íâ®© § ¬¥­ë á¨áâ¥¬ã ª¢ §¨«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
à §à¥è¨¬ ®â­®á¨â¥«ì­® ux, vy (§¤¥áì ¨ ¤ «¥¥ èâà¨å¨ ã ­®¢ëå ¯¥à¥¬¥­­ëå ¤«ï ®¡«¥£ç¥­¨ï ­ -
¯¨á ­¨ï ®¯ãé¥­ë). � ª¨¬ ®¡à §®¬, § ¤ çã (1), (2) ¯à¨¢¥«¨ ª ­®à¬ «ì­®¬ã ¢¨¤ã á ­ã«¥¢ë¬¨
­ ç «ì­ë¬¨ ¤ ­­ë¬¨, ¯®áâ ¢«¥­­ë¬¨ ­  ª®®à¤¨­ â­ëå ®áïå

ux = a(x; y; u; v)uy + b(x; y; u; v)vx + f(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx + g(x; y; u; v); (3)

u(0; y) = 0; v(x; 0) = 0:

�«ï ¢®§¬®¦­®áâ¨ ¯¥à¥å®¤  ®â ¢¨¤  (1), (2) ª ¢¨¤ã (3) ¤®áâ â®ç­® ¯®âà¥¡®¢ âì ®â«¨ç¨ï ®â
­ã«ï ¢ § ¤ ­­®© â®çª¥ ®¯à¥¤¥«¨â¥«¥© J1, J2 ¨ á®®â¢¥âáâ¢ãîé¥£® ®¯à¥¤¥«¨â¥«ï, á®áâ ¢«¥­­®£® ¨§
ª®íää¨æ¨¥­â®¢, áâ®ïé¨å ¯¥à¥¤ ¯à®¨§¢®¤­ë¬¨ ux, vy ¢ á¨áâ¥¬¥ (1) ¯®á«¥ ¯à®¢¥¤¥­¨ï ãª § ­­®©
§ ¬¥­ë. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® § ¤ ç  (3) ¨¬¥¥â ª®­ªà¥â­ãî ®á®¡¥­­®áâì

f(x; y; u; v) = f1(x; y; u; v)=x; g(x; y; u; v) = g1(x; y; u; v)=x:

�¥è¥­¨¥ § ¤ ç¨ (3) ¡ã¤¥¬ áâà®¨âì ¢ ª« áá¥  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ¨ ¯®íâ®¬ã ¯®âà¥¡ã¥¬ ¢ë-
¯®«­¥­¨ï ­¥®¡å®¤¨¬ëå ãá«®¢¨© à §à¥è¨¬®áâ¨ § ¤ ç¨ (3)

f1
��
x=0; u=0

= g1
��
x=0; u=0

= 0; (4)

ª®â®àë¥ ¯®«ãç îâáï, ¥á«¨ ãà ¢­¥­¨ï ¢ (3) ¤®¬­®¦¨âì ­  x ¨ ¯®«®¦¨âì x = u = 0. �®£¤  f1 ¨
g1 ¨¬¥îâ ¢¨¤

f1 = uf2(x; y; u; v) + xf3(x; y; u; v);

g1 = ug2(x; y; u; v) + xg3(x; y; u; v)

¨ § ¤ ç  (3) § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
u

x
f2(x; y; u; v) + f3(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v) +
u

x
g2(x; y; u; v) + g3(x; y; u; v); (5)

u(0; y) = 0; v(x; 0) = 0:

�¥®à¥¬  1. �ãáâì ¢ § ¤ ç¥ (5) äã­ªæ¨¨ a, b, c, d, f2, g2, f3, g3 ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨

¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ O(x = 0; y = 0; u = 0; v = 0). �¢¥¤¥¬ ª®­áâ ­âë

A0 = a(O); B0 = b(O); C0 = c(O); D0 = d(O);

f0 = f2(0); g0 = g2(0);

An = nA0=(n� f0); Bn = nB0=(n� f0); Cn = C0 +A0g0=(n� f0);

Dn = D0 +B0g0=(n� f0) (6)

¨ ¤¢¥ ç¨á«®¢ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n, �n ¯® ä®à¬ã« ¬

�0 = 1; �0 = 0; �n+1 = 1 +An+1Dn+1Bn�n=(Bn+1�n);

�n+1 = 1� Cn+2Bn+1�n+1; ¥á«¨ B0 6= 0;

�n = 1; �n = 1; n 2 N; ¥á«¨ B0 = 0: (7)
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�á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï

�n 6= 0; f0 6= n; n 2N; (8)

lim
n!1

�n = �1; j�1j < +1; lim
n!1

�n = �1 6= 0; j�1j < +1; (9)

jA0D0j=�2
1
< 1; (10)

â® ã § ¤ ç¨ (5) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ «®ª «ì­®  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥. �à¨ íâ®¬ ãá«®¢¨ï

(8) ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨

à¥è¥­¨ï ¢ ¢¨¤¥ ä®à¬ «ì­ëå áâ¥¯¥­­ëå àï¤®¢.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¥¦¤¥, ç¥¬ áâà®¨âì à¥è¥­¨¥ § ¤ ç¨ (5) ¢ ¢¨¤¥ ä®à¬ «ì­ëå
áâ¥¯¥­­ëå àï¤®¢,   § â¥¬ ¤®ª §ë¢ âì ¨å áå®¤¨¬®áâì, ¢ § ¤ ç¥ (5) ¤¥« ¥âáï § ¬¥­  ¯¥à¥¬¥­­ëå

x0 = "1x; y0 = "2y; "1; "2| const > 0;

£¤¥ "1 ¨ "2 ¢ë¡¨à îâáï á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨

jA0j < j�1j; jD0j < j�1j; (11)

â® "1 = "2 = 1, â. ¥. § ¬¥­  ­¥ ¯à®¨§¢®¤¨âáï. �á«¨ jA0j < j�1j � jD0j, â® "2 = 1,   §  "1 ¢ë¡¨à -
¥âáï «î¡®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ ¬ jA0j=j�1j < "1 < j�1j=jD0j. �â® ¢®§¬®¦­® ¢
á¨«ã (9), (10), ¯®áª®«ìªã 0 < j�1j � jD0j. �á«¨ ¦¥ jD0j < j�1j � jA0j, â® "1 = 1,   §  "2 ¢ë¡¨-
à ¥¬ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ ¬ jD0j=j�1j < "2 < j�1j=jA0j, çâ® â ª¦¥ ¢®§¬®¦­®
¯à¨ ãá«®¢¨ïå (9), (10). �«ãç © j�1j � jA0j, j�1j � jD0j ­¥¢®§¬®¦¥­ ¢ á¨«ã ãá«®¢¨ï (10). �
à¥§ã«ìâ â¥ â ª®© § ¬¥­ë § ¤ ç  (5) ¯¥à¥©¤¥â ¢ § ¤ çã

ux0 = a0uy0 + b0vx0 +
u

x0
f2 + f3;

vy0 = c0uy0 + d0vx0 +
u

x0
g2 + g3; (12)

u(0; y0) = 0; v(x0; 0) = 0;

£¤¥ ¢  à£ã¬¥­â å ã äã­ªæ¨© ­ ¤® § ¬¥­¨âì x, y ­  x0="1, y0="2 á®®â¢¥âáâ¢¥­­®. � ¯®«ãç¥­­®©
¢ à¥§ã«ìâ â¥ § ¬¥­ë § ¤ ç¨ (12), ª®â®à ï â ª¦¥ ï¢«ï¥âáï § ¤ ç¥© �, §­ ç¥­¨ï ª®­áâ ­â �0

n,
�0n, �

0

1
, �0

1
á®¢¯ ¤ îâ á® §­ ç¥­¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å ª®­áâ ­â (7) § ¤ ç¨ (5). �¤­ ª® §  áç¥â

¢ë¡®à  "1, "2 ¡ã¤ãâ ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢ 

ja0(O)j = j"2a(O)="1j < j�1j; jd0(O)j = j"1d(O)="2j < j�1j:

� «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® á®®â¢¥âáâ¢ãîé ï § ¬¥­  á¤¥« ­ , ã ­®¢®© § ¤ ç¨ � á æ¥«ìî
®¡«¥£ç¥­¨ï ­ ¯¨á ­¨ï èâà¨å¨ ®¯ãáª îâáï (â. ¥. á®åà ­ï¥âáï ­ ¯¨á ­¨¥ (5)) ¨, á«¥¤®¢ â¥«ì­®,
¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (11).

�¥è¥­¨¥ § ¤ ç¨ (5) ¡ã¤¥¬ áâà®¨âì ¢ ¢¨¤¥ àï¤®¢ (á¨¬¢®« w ¯à¨­¨¬ ¥â §­ ç¥­¨ï u, v)

w(x; y) =
X

k;l2N0

wk;lx
kyl=(k! l!); wk;l =

@k+lw

@xk@yl

����
x=y=0

: (13)

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï (á¨¬¢®« e ¯à¨­¨¬ ¥â §­ ç¥­¨ï a, b, c, d; á¨¬¢®« r | §­ ç¥­¨ï
p, q)

f4 = f2 � f0; g4 = g2 � g0; e0 = e(O) = const; e1 = e� e0;

p = (a1uy + b1vx)x+ uf4 + xf3; q = (c1uy + d1vx)x+ ug4 + xg3:
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�®¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨© á¨áâ¥¬ë ¨§ § ¤ ç¨ (5) ­  x. �® ¢¢¥¤¥­­ëå ¢ëè¥ ®¡®§­ ç¥­¨ïå
á¨áâ¥¬  ¯à¨¬¥â ¢¨¤

xvy = x(C0uy +D0vx) + ug0 + q;

xux = x(A0uy +B0vx) + uf0 + p:
(14)

�®«®¦¨¬

rk;l =
@k+lr

@xk@yl

����x=y=0
u=v=0

;

~wn = (wn;0;wn�1;1; : : : ;w0;n); ~r = (rn;0; rn�1;1; : : : ; r0;n):

�®áª®«ìªã e1(O) = 0, f4(O) = 0, g4(O) = 0, u(O) = 0, â® ¢ rk;l ¡ã¤ãâ ¢å®¤¨âì ª®¬¯®­¥­âë
¢¥ªâ®à®¢ ~wm ¯à¨ 0 � m � l + k � 1 ¨ ­¥ ¡ã¤ãâ ¢å®¤¨âì ª®¬¯®­¥­âë ¢¥ªâ®à®¢ ~w ¯à¨ m � l + k.

�®§¬®¦­®áâì ®¤­®§­ ç­®£® ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ àï¤®¢ (13) ¤®ª §ë¢ ¥âáï ¨­¤ãªæ¨¥©
¯® n = k + l. � á¨«ã ­ ç «ì­ëå ãá«®¢¨©

u0;l = vk;0 = 0 ¯à¨ ¢á¥å k; l 2N0 (15)

¨, ¢ ç áâ­®áâ¨, u0;0 = v0;0 = 0. �«¥¤®¢ â¥«ì­®, ~w0 ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ­ ç «ì­ë¬¨ ãá«®-
¢¨ï¬¨. �ãáâì ¢á¥ ~w0; : : : ; ~wn, n � 0, ­ ©¤¥­ë. �â®¡ë ­ ©â¨ ~wn+1, ãà ¢­¥­¨ï (14) ¤¨ää¥à¥­æ¨-
àãîâáï k + 1 à § ¯® x, n� k à § ¯® y, ¯®« £ îâáï x = y = u = v = 0 ¨ ãç¨âë¢ îâáï ­ ç «ì­ë¥
ãá«®¢¨ï ¢ ¢¨¤¥ (15). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á®®â­®è¥­¨ï

u0;n+1 = 0;

u1;n = A0u0;n+1 +B0v1;n + f0u1;n + p0;n+1;

v0;n+1 = C0u0;n+1 +D0v1;n + g0u1;n + q0;n+1;

: : :

(k + 1)uk+1; n�k = (k + 1)A0uk; n�k+1 + (k + 1)B0vk+1; n�k + f0uk+1; n�k + pk; n+1�k;

(k + 1)vk; n+1�k = (k + 1)C0uk; n+1�k + (k + 1)D0vk+1; n�k + g0uk+1; n�k + qk; n+1�k; (16)

: : :

(n+ 1)un+1;0 = (n+ 1)A0un;1 + (n+ 1)B0vn+1;0 + f0un+1;0 + p1;n;

(n+ 1)vn;1 = (n+ 1)C0un;1 + (n+ 1)D0vn+1;0 + g0un+1;0 + q1;n;

vn+1;0 = 0;

ª®â®àë¥ ï¢«ïîâáï á¨áâ¥¬®© «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����) ¤«ï ª®¬¯®­¥­â ¢¥ª-
â®à®¢ ~un+1, ~vn+1.

�¨áâ¥¬  (16) à¥è ¥âáï ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­®£® ¨áª«îç¥­¨ï ­¥¨§¢¥áâ­ëå. �à¨ íâ®¬ \¯àï-
¬®© å®¤" á®áâ®¨â ¢ ¯®áâà®¥­¨¨ ¢¥«¨ç¨­ �n, �n ¯® ä®à¬ã« ¬ (7),   â ª¦¥ ¢¥«¨ç¨­ �n�k; k+1,
 n�k+1; k ¯® ä®à¬ã« ¬

 1;n = Q0;n=�0; �1;n = P0;n;

 k+1; n�k = (Ck+1�k; n+1�k +Qk; n�k)=�k; (17)

�k+1; n�k = Ak+1(Bk�k k+1; n�k + �k; n�k+1) + Pk; n�k; k = 1; : : : ; n:

�¤¥áì An, Bn, Cn, Dn § ¤ îâáï ä®à¬ã« ¬¨ (6),   ¢¥«¨ç¨­ë Pk; n�k, Qk; n�k | ­¨¦¥á«¥¤ãîé¨¬¨
ä®à¬ã« ¬¨:

Qk; n�k =
pk; n+1�k
k + 1� f0

+ qk; n+1�k; Pk; n�k =
pk; n+1�k
k + 1� f0

:
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\�¡à â­ë© å®¤" à¥è¥­¨ï ���� (16) â ª®¢

vn+1;0 = 0;

vn;1 =  n+1;0; un+1;0 = �n+1;0;

vn�1;2 =
Dn

�n�1

vn;1 +  n;1; un;1 = Bn�nvn;1 + �n;1; (18)

: : :

v0;n+1 =
D0

�0

v1;n +  1;n; u1;n = B1�1v1;n + �1;n:

� ª¨¬ ®¡à §®¬, ãá«®¢¨ï (8) áãâì ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¤­®§­ ç­®© à §à¥-
è¨¬®áâ¨ ���� (16) (¥á«¨ ¯à¨ ª ª®¬-â® n 2 N0 f0 = n + 1, n 2 N, â® un0+1;0 ­¥ ®¯à¥¤¥«ï¥âáï
®¤­®§­ ç­®). �à¨ íâ®¬ ¤«ï ­ å®¦¤¥­¨ï ~u1, ~v1 ­¥®¡å®¤¨¬®, çâ®¡ë f0 6= 1. �«ï ­ å®¦¤¥­¨ï ~u2, ~v2
­ã¦­ë ãá«®¢¨ï �1 6= 0, f0 6= 1, f0 6= 2. �«ï ­ å®¦¤¥­¨ï ~u3, ~v3 ¯®âà¥¡ã¥¬, çâ®¡ë �1 6= 0, �2 6= 0,
f0 6= 1, f0 6= 2, f0 6= 3. � ¢®®¡é¥, ¯à¨ ¯¥à¥å®¤¥ ®â ­ å®¦¤¥­¨ï ~un, ~vn ª ­ å®¦¤¥­¨î ~un+1, ~vn+1
ª à ­¥¥ ãª § ­­ë¬ ãá«®¢¨ï¬ �1 6= 0; : : : ;�n�1 6= 0, f0 6= 1; : : : ; f0 6= n ¤®¡ ¢«ïîâáï â®«ìª® ¤¢ 
ãá«®¢¨ï: �n 6= 0, f0 6= n+ 1.

�â ª, ãá«®¢¨ï (8) áãâì ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®-
áâ¨ ª®íää¨æ¨¥­â®¢ àï¤®¢ (13), ª®â®àë¥ ¬®¦­® ­ ©â¨ ¯® ä®à¬ã« ¬ (17), (18). �à¥¦¤¥, ç¥¬
¤®ª §ë¢ âì áå®¤¨¬®áâì àï¤®¢ (13), ¯¥à¥©¤¥¬ ®â ­¥ª®â®àëå à¥ªãàà¥­â­ëå ä®à¬ã« ª ï¢­ë¬

�1;n = P0;n;

�k+1; n�k =
� kX

i=1

�� kY
j=i

Aj+1

�j

�
Pi�1; n+1�i

�
+ Pk; n�k

�
+

+
� kX

i=1

�� kY
j=i

Aj+1

�j

�
Bi�iQi; n�i

��
; k = 1; : : : ; n; (19)

vn;1 =  n+1;0;

vk; n�k+1 =
nX

i=k+1

�� iY
j=k+1

Dj

�j�1

�
 i+1; n�i

�
+  k+1; n�k; k = 0; : : : ; n� 1: (20)

� ª¨¬ ®¡à §®¬, ¯à¨ ­¥¨§¢¥áâ­ëå ~Pn, ~Qn ¯®áâà®¥­¨¥ ~un+1, ~vn+1 ¬®¦­® ®áãé¥áâ¢¨âì á«¥¤ãî-
é¥© ¯à®æ¥¤ãà®©. �­ ç «¥ ¯® ä®à¬ã« ¬ (19) ç¥à¥§ ~Pn, ~Qn ®¯à¥¤¥«¨âì ~�n+1 = (�n+1;0; �n;1; : : : ; �1;n).
� â¥¬ ¨§ ç áâ¨ á®®â­®è¥­¨© (17) ­ ©â¨ ~ n+1 = ( n+1;0;  n;1; : : : ;  1;n) ç¥à¥§ ~�n+1, ~Qn. � «¥¥ ¯®
ä®à¬ã« ¬ (20) ®¯à¥¤¥«¨âì ~un+1 ç¥à¥§ ~ n+1. �, ­ ª®­¥æ, ¨§ ä®à¬ã« (18) ­ ©â¨ ~un+1 ç¥à¥§ ~vn+1,
~�n+1.

�å®¤¨¬®áâì àï¤®¢ (13) ¤®ª ¦¥¬ ª« áá¨ç¥áª¨¬ ¬¥â®¤®¬ ¬ ¦®à ­â. �ã­ªæ¨ï

W (x; y) =
X

k;l2N0

Wk;lx
kyl=(k! l!) (21)

¬ ¦®à¨àã¥â äã­ªæ¨î w(x; y) (W � w), ¥á«¨ Wk;l � jwk;lj. �®£¤  ¨§ áå®¤¨¬®áâ¨ àï¤  (21) ¢
­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ (x = 0; y = 0) ¢ëâ¥ª ¥â áå®¤¨¬®áâì ¢ íâ®© ¦¥ ®ªà¥áâ­®áâ¨ àï¤ 
(13). �¨¦¥ ¯®­ ¤®¡ïâáï á«¥¤ãîé¨¥ á¢®©áâ¢  ¬ ¦®à ­â. �á«¨ ã äã­ªæ¨¨

W �(t) =
1X
n=0

W �

nt
n=n! (22)

ª®­áâ ­âë W �

n â ª®¢ë, çâ® W �

n � max
k+l=n

jWk;lj, â® W �(x + y) � W (x; y). �®£¤  ¨§ áå®¤¨¬®áâ¨

¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ t = 0 àï¤  (21) á«¥¤ã¥â, çâ® àï¤ (21) áå®¤¨âáï ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ â®çª¨ (x = 0; y = 0). �á«¨  ­ «¨â¨ç¥áª¨¥ ¢ ®ªà¥áâ­®áâ¨ â®çª¨ O äã­ªæ¨¨ F1,
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F2 ®â ª®­¥ç­®£® ç¨á«  ¯¥à¥¬¥­­ëå ¬ ¦®à¨àãîâ ­ã«ì ¨ F1(O) < F 0 = const, â® äã­ªæ¨¨ F3 =
F1 + F2, F4 = F1F2, F5 = 1=(F 0 � F1) â ª¦¥ ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨, ¬ ¦®à¨àãîé¨¬¨ ­ã«ì
äã­ªæ¨ï¬¨.

�«ï § ¤ ç¨ (5) ¬ ¦®à ­â­ ï § ¤ ç  áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬. �­ ç «¥ ¢ë¡¨à îâáï
¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë M , � â ª¨¥, çâ®¡ë äã­ªæ¨ï

R =M

�
1�

x+ y + U + V

�

��1
[(x+ y + U + V )(Uy + Vx) + 1]

¬ ¦®à¨à®¢ «  äã­ªæ¨¨

P =
1X

k;l=0

Pk;lx
kyl=(k! l!); Q =

1X
k;l=0

Qk;lx
kyl=(k! l!):

�â® ¢®§¬®¦­® ¯à¨ ãá«®¢¨¨, çâ® U � u, V � v ¢ á¨«ã  ­ «¨â¨ç­®áâ¨ äã­ªæ¨© a1, b1, c1, d1, f2,
g2, f3, g3. �§ ãá«®¢¨© (9), (10) ¨ ¨å á«¥¤áâ¢¨© | ­¥à ¢¥­áâ¢ (11) | á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ
ª®­áâ ­âë M1, M2, q� â ª¨¥, çâ® ¯à¨ ¢á¥å k; l 2 N0

M1 � 1; M2 � 1; 0 < q� < 1;
k+nY
i=n

jAi+1j

j�ij
�M1q

k
�
;

n+kY
i=n

jDi+1j

j�ij
�M1q

k
�
;

1
j�kj

�M2; jBn�nj �M2;

jCn+1j

j�nj
�M2; jAkj �M2:

�á«¨ ª®­áâ ­âë Uk;l, Vk;l áâà®¨âì ¯® ä®à¬ã« ¬

Vk;0 = U0;l = 0; V0;1 = U1;0 = R0;0;

Vn;1 = 	n+1;0; Vn�1;2 =M1(q�	n+1;0 +	n;1);

Vk; n+1�k =M1

nX
i=k+1

(qi�k
�

	1+i; n+i); k = n� 1; : : : ; 0;

Uk+1; n�k =M2Vk+1; n�k +Xk+1; n�k; k = 0; : : : ; n+ 1;

£¤¥

X1;n = R0;n;

Xk+1; n�k =M1

kX
i=1

(qk�i+1
�

Ri�1; n�i+1) +M1M2

kX
i=1

(qk�i+1
�

Ri;n�i); k = 1; : : : ; n;

	k+1; n�k =M2(Xk; n�k+1 +Rk; n�k); k = 1; : : : ; n;

â® â®£¤  Vk;l � jvk;lj, Uk;l � juk;lj ¨, á«¥¤®¢ â¥«ì­®,

V (x; y) =
X

k;l2N0

Vk;lx
kyl=(k! l!)� v(x; y);

U(x; y) =
X

k;l2N0

Uk;lx
kyl=(k! l!)� u(x; y):

�¢¥¤¥¬

R� =M

�
1�

t+W � +W �

�

��1
[(t+W � +W �)(W �

t +W �

t ) + 1]
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¨ ª®­áâ ­âë W �

n ¯®áâà®¨¬ ¯® ä®à¬ã« ¬

W �

0 = 0; W �

1 = V1;0 = U0;1 = R�0 > U0;1 = V0;1 = 0;

W �

n+1 =M6R
�

n; n = 1; 2; : : : ; (23)

£¤¥

R�n =
dnR�

dtn

����
t=W�=0

; n = 0; 1; 2; : : : ;

M6 =M2M5 +M3; M5 =M4[1 + 1=(1 � q�)];

M4 =M2(M3 + 1); M3 = 1 +M1q�(1 +M2)=(1 � q�):

�®£¤  W �

n � max
k+l=n

fUk;l;Vk;lg, ¨, á«¥¤®¢ â¥«ì­®, W (x; y) ¬ ¦®à¨àã¥â ª ª U(x; y), â ª ¨ V (x; y).

�®áâà®¥­¨¥ ª®íää¨æ¨¥­â®¢ àï¤  (22) ¯® ä®à¬ã« ¬ (23) à ¢­®á¨«ì­® à¥è¥­¨î §�

W �

t =M6M

�
1�

t+ 2W �

�

��1
[(t+ 2W �)2W �

t + 1]; W �(0) = 0:

�á«¨ ¯®á«¥¤­îî § ¤ çã § ¯¨á âì ¢ ­®à¬ «ì­®¬ ¢¨¤¥

W �

t = G3(t;W �); W �(0) = 0; (24)

â® ¯à ¢ ï ç áâì ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï | äã­ªæ¨ï G3(t;W �) | ï¢«ï¥âáï  ­ «¨â¨ç¥-
áª®© ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (t = 0; W � = 0) äã­ªæ¨¥©, ¬ ¦®à¨àãîé¥© ­ã«ì,

G3(t;W
�) = G2=(1� 2G1G2);

£¤¥

G1(t;W
�) = t+ 2W � � 0; G1(O) = 0;

G2(t;W �) =MM6=(1 �G1=�)� 0:

�® â¥®à¥¬¥ �®è¨-�®¢ «¥¢áª®© § ¤ ç  (24) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥  ­ «¨â¨ç¥áª®¥ ¬ ¦®à¨àãîé¥¥
­ã«ì à¥è¥­¨¥, § ¤ ¢ ¥¬®¥ áå®¤ïé¨¬áï àï¤®¬ (22), ª®íää¨æ¨¥­âë ª®â®à®£® ­ å®¤ïâáï ¯® ä®à-
¬ã« ¬ (23). �§ á¯®á®¡  ¯®áâà®¥­¨ï § ¤ ç¨ (24) á«¥¤ã¥â, çâ® ®­  ï¢«ï¥âáï ¬ ¦®à ­â­®© ¤«ï
§ ¤ ç¨ (5): W �(x + y) ¬ ¦®à¨àã¥â u(x; y), v(x; y), ¯®íâ®¬ã ¨§ áå®¤¨¬®áâ¨ àï¤  (22) á«¥¤ã¥â
áå®¤¨¬®áâì àï¤®¢ ¤«ï U , V , çâ® ®¡¥á¯¥ç¨¢ ¥â áå®¤¨¬®áâì àï¤®¢ (13), à¥è îé¨å § ¤ çã (5).

�à¨¢¥¤¥­­®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì á«¥¤ãîéãî â¥à¬¨­®«®£¨î.
�á«®¢¨ï (8) ¬®¦­® ­ §¢ âì ãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ­¨ï ®¤­®§­ ç­®£® ®¯¥à â®à  à¥è¥­¨ï § ¤ ç¨
(5), â. ª. ®­¨ ®¡¥á¯¥ç¨¢ îâ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ä®à¬ «ì­®£® à¥è¥­¨ï. �á«®¢¨ï (9)
| ãá«®¢¨ï ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à  à¥è¥­¨ï, ¯®áª®«ìªã ¯®§¢®«ïîâ ¢ë¡à âì ª®­áâ ­âë ¤«ï
®æ¥­®ª. �à¨ ¯¥à¥å®¤¥ ®â ~wn ª ¯®áâà®¥­¨î ~wn+1 ®á­®¢­ãî à®«ì ¨£à ¥â ã¬­®¦¥­¨¥ ­  ª®­áâ ­âë
Ak+1=�k, Dk+1=�k, ¨ ¡« £®¤ àï ãá«®¢¨î (10) ¬®¤ã«¨ íâ¨å ª®­áâ ­â ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å k
¬®¦­® ®æ¥­¨âì ¢¥«¨ç¨­®© ¬¥­ìè¥ ¥¤¨­¨æë. �®íâ®¬ã (10) | ãá«®¢¨¥ á¦¨¬ ¥¬®áâ¨ ®¯¥à â®à 
à¥è¥­¨ï.

�«ï â®£® çâ®¡ë ¡ë«® ã¤®¡­® ¯®«ì§®¢ âìáï â¥®à¥¬®© 1, áä®à¬ã«¨àã¥¬ ­¥ª®â®àë¥ ãá«®¢¨ï,
¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå ¢ë¯®«­ïîâáï ãá«®¢¨ï (7), (8). � áá¬®âà¨¬ ¯ àã ¯®á«¥¤®¢ â¥«ì­®áâ¥©
sn, zn, n 2 N, ¢ëç¨á«ï¥¬ëå ¯® ¯à ¢¨«ã

s1 = 1; z1 = B1; sn+1 = (sn � Cn+1zn)=Dn+1;

sn+1 = An+1zn +Bn+1sn+1 = [Bn+1zn + (An+1Dn+1 �Bn+1Cn+1)sn]:
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�¥¬¬  1. �á«¨ Dn 6= 0, n 2 N, â®

sn+1 =
nY

k=1

�k

Dk+1

; n = 1; 2; : : : (25)

�¥¬¬  2. �ãáâì Dn > 0, 1 > Bn > 0, (1�Cn)(1�Bn) > AnDn > �Bn(1�Cn), n 2 N. �®£¤ 

sn > zn > 0, n 2 N.

�¥®à¥¬  2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2 ¨ f0 6= n 2 N, â® ¬®¦­® ¯®áâà®¨âì à¥è¥­¨¥

§ ¤ ç¨ (5) ¢ ¢¨¤¥ ä®à¬ «ì­ëå àï¤®¢ ¯® áâ¥¯¥­ï¬ x ¨ y.

�®ª § â¥«ìáâ¢  «¥¬¬ 1, 2 ¨ â¥®à¥¬ë 2 §¤¥áì ­¥ ¯à¨¢®¤ïâáï.
�¥¯¥àì ¢ â¥à¬¨­ å ª®­áâ ­â A0, B0, C0, D0 áä®à¬ã«¨àã¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨

àï¤®¢ (13). �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

�0 = A0D0; �0 = B0C0; 
0 = 1 + �0 � �0;

¥á«¨ Cn 6= 0; â® �n = Cn+1AnDn=Cn;

¥á«¨ Cn = 0; â® �n = AnDn;


n = 1 + �n � Cn+1Bn:

�¥¬¬  3. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì �n áå®¤¨âáï, â® 4�0 � 
20 . � ®¡à â­®, ¥á«¨ 4�0 < 
20 ,
�0 6= 0, �n 6= 0, n 2 N, â® ¯®á«¥¤®¢ â¥«ì­®áâì �n áå®¤¨âáï.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2 ¨ ãá«®¢¨ï


20 > 4�0 6= 0; f0 6= n 2 N; jC0j < 1; (jB0j+ j�0 � �0j)2 > j�0j:

�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ «®ª «ì­®  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (5).

�®ª § â¥«ìáâ¢  «¥¬¬ë 3 ¨ â¥®à¥¬ë 3 §¤¥áì â ª¦¥ ­¥ ¯à¨¢®¤ïâáï.
�ä®à¬ã«¨à®¢ ­­ë¥ ¢ â¥®à¥¬¥ 3 ¤®áâ â®ç­ë¥ ãá«®¢¨ï  ­ «¨â¨ç¥áª®© à §à¥è¨¬®áâ¨ § ¤ ç¨

(5) ï¢«ïîâáï ­¥áª®«ìª® £à®¬®§¤ª¨¬¨, çâ® ¢ë§¢ ­®, ¢ ¯¥à¢ãî ®ç¥à¥¤ì, â¥å­¨ª®© ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë.

� áá¬®âà¨¬ â¥¯¥àì § ¤ çã �®è¨ á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ­  à §­ëå ¯®¢¥àå­®áâïå ¢ á«ãç ¥,
ª®£¤  ¨¬¥¥âáï ¤àã£ ï, ¯® áà ¢­¥­¨î á (5), ®á®¡¥­­®áâì ¢ á¨áâ¥¬¥ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§-
¢®¤­ë¬¨

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
1
u
f1(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx +
1
u
g1(x; y; u; v); (26)

u(0; y) = 0; v(x; 0) = 0:

�®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï ­¥®¡å®¤¨¬ëå ãá«®¢¨© à §à¥è¨¬®áâ¨ § ¤ ç¨ (26)

f1
��
x=0; u=0

= g1
��
x=0; u=0

= 0:

�®£¤  f1 ¨ g1 ¨¬¥îâ ¢¨¤

f1 = uf2(x; y; u; v) + xf3(x; y; u; v);

g1 = ug2(x; y; u; v) + xg3(x; y; u; v)
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¨ § ¤ ç  (26) § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
x

u
f2(x; y; u; v) + f3(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx +
x

u
g2(x; y; u; v) + g3(x; y; u; v); (27)

u(0; y) = 0; v(x; 0) = 0:

�á«¨ áâà®¨âì à¥è¥­¨¥ § ¤ ç¨ (27) ¢ ¢¨¤¥ àï¤®¢ ¯® áâ¥¯¥­ï¬ x ¨ y ¢¨¤  (13), â® ¤«ï u1;0, v0;1
¯®«ãç¨¬ ¤¢  ãà ¢­¥­¨ï:

(u1;0)2 = f2(0) + u1;0f0;

u1;0v0;1 = g2(0) + u1;0g0:
(28)

�â®¡ë ­¥ ­ ª« ¤ë¢ âì ­  g2 ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ¨ ¤«ï ¯à®áâ®âë à áá¬®âà¥­¨ï
¯®âà¥¡ã¥¬ u1;0 6= 0. �®£¤  ¨§ ¢â®à®£® ãà ¢­¥­¨ï v0;1 ®¯à¥¤¥«¨âáï ®¤­®§­ ç­®. � á¢®î ®ç¥à¥¤ì ¨§
¯¥à¢®£® ãà ¢­¥­¨ï ¤¥©áâ¢¨â¥«ì­®¥ ®â«¨ç­®¥ ®â ­ã«ï §­ ç¥­¨¥ u0;1 ­ ©¤¥âáï, ¥á«¨

f 20 =4 + f2(0) � 0; jf0j+ jf2(0)j � 0: (29)

�®£¤ 

u1;0 = f2=2�
q
f 20 =4 + f2(0)

¨ å®âï ¡ë ®¤­® §­ ç¥­¨¥ u1;0 6= 0. �«ï ¯®áâà®¥­¨ï á«¥¤ãîé¨å ª®íää¨æ¨¥­â®¢ àï¤®¢ ¢ë¡¨à ¥âáï
®¤­® ª®­ªà¥â­®¥ ­¥­ã«¥¢®¥ §­ ç¥­¨¥ u1;0 ¨ ¤¥« ¥âáï § ¬¥­  ¯¥à¥¬¥­­ëå u0 = u=u1;0, v0 = v=v1;0.
�®£¤  u01;0 = 1 ¨ ����, ¨§ ª®â®àëå ®¯à¥¤¥«ïîâáï u0k;l, v

0

k;l, k + l � 2, á®¢¯ ¤ îâ á® ���� (16),
¤«ï ª®â®à®© ¢ ¢ëà ¦¥­¨ï p, q ¢¬¥áâ® f2, f3, g2, g3 ­ã¦­® ¯®¤áâ ¢¨âì á®®â¢¥âáâ¢¥­­® f2=(u1;0)2,
f3=u1;0, g2=(u1;0)2, g3=u1;0 ¨ ¢  à£ã¬¥­â å äã­ªæ¨© a, b, c, d, f2, f3, g2, g3 § ¬¥­¨âì u, v ­  u0u1;0,
v0u1;0. �®íâ®¬ã ¤«ï § ¤ ç¨ (27) á¯à ¢¥¤«¨¢ë â¥®à¥¬ë 1{4.

� ¬¥ç ­¨¥. �¥à¥¬¥­­ë¥ x, y ¬¥¦¤ã á®¡®© ¨ äã­ªæ¨¨ u, v ¬¥¦¤ã á®¡®© à ¢­®¯à ¢­ë. �®-
íâ®¬ã ãâ¢¥à¦¤¥­¨ï, áä®à¬ã«¨à®¢ ­­ë¥ ¤«ï x ¨ u á¯à ¢¥¤«¨¢ë ¤«ï y ¨ v, â. ¥. § ¤ ç 

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
v

y
f(x; y; u; v) + f2(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx +
v

y
g(x; y; u; v) + g2(x; y; u; v); (30)

u(0; y) = 0; v(x; 0) = 0;

¨ § ¤ ç 

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
y

v
f(x; y; u; v) + f2(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx +
y

v
g(x; y; u; v) + g2(x; y; u; v); (31)

u(0; y) = 0; v(x; 0) = 0;

à áá¬ âà¨¢ îâáï  ­ «®£¨ç­® § ¤ ç ¬ (5) ¨ (27) á®®â¢¥âáâ¢¥­­®.

� ¤ ç¨ (5), (27), (30), (31) ¬®¦­® ®¡®¡é âì à §«¨ç­ë¬ ®¡à §®¬. �¨¦¥ à áá¬®âà¥­® ®¤­®
ª®­ªà¥â­®¥ ®¡®¡é¥­¨¥ § ¤ ç¨ (5) | § ¤ ç  (32). �¬¥­­® íâã § ¤ çã ­¥®¡å®¤¨¬® ¨áá«¥¤®¢ âì
¤«ï ¯®áâà®¥­¨ï «®ª «ì­®  ­ «¨â¨ç¥áª¨å â¥ç¥­¨© ¨¤¥ «ì­®£® £ § , ¢®§­¨ª îé¨å §  ã¤ à­®©
¢®«­®©, ®âà ¦ îé¥©áï ®â ®á¨ ¨«¨ æ¥­âà  á¨¬¬¥âà¨¨ á ª®­¥ç­®© áª®à®áâìî. � ç áâ­®¬ á«ãç ¥
 ¢â®¬®¤¥«ì­ëå â¥ç¥­¨© ¯®¤®¡­ ï § ¤ ç  à¥è¥­  à ­¥¥ ([7], á. 227). � ¤ ç¨, â ª¦¥ ¡«¨§ª¨¥ ª
§ ¤ ç¥ (32), ¢®§­¨ª îâ ¯à¨ ®¯¨á ­¨¨ ¯à®áâà ­áâ¢¥­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ã¤ à­ëå ¢®«­ [8].
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�ãáâì ¢ § ¤ ç¥

ux = a(x; y; u; v)uy + b(x; y; u; v)vx +
u

w
f1(x; y; u; v) + f2(x; y; u; v);

vy = c(x; y; u; v)uy + d(x; y; u; v)vx +
u

w
g1(x; y; u; v) + g2(x; y; u; v);

wx = E1(u; v; w; z; x); (32)

zy = uE2zx +E3ux +E4uy +E5vx +E6vy +E7;

u(0; y) = w(0; y) = 0; v(x; 0) = z(x; 0) = 0;

fi, gi (i = 1; 2), Ej (j = 2; : : : ; 7) |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ¯¥à¥¬¥­­ëå x, y, u, v; w, z, E1 |
â ª¦¥  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢. �¢¥¤¥¬ ª®­áâ ­âë:

H0 = E1(0); A0 = a(O); D0 = d(O); B0 = b(O); C0 = c(O);

f0 = f1(0)=H0; g0 = g1(0)=H0;

An = nA0=(n� f0); Bn = nB0=(n� f0); Cn = C0 + a0g0=(n� f0);

Dn = D0 +B0g0=(n� f0);

�0 = A0D0; �0 = C0B0; 
0 = 1 + �0 � �0:

�¥®à¥¬  4. �ãáâì

H0 6= 0; f0 6= n 2 N; C0 < 1; 
20 > 4�0; (B0 + �0 � �0)
2 > j�0j > 0;

0 < Bn < 1; (1 �Bn)(1� Cn) > AnDn > �Bn(1� Cn); n 2 N:

�®£¤  § ¤ ç  (32) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ «®ª «ì­®  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 ¢ £« ¢­ëå ç¥àâ å ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®-
íâ®¬ã ®áâ ­®¢¨¬áï â®«ìª® ­  ®á­®¢­ëå ¬®¬¥­â å. �ã¤¥¬ áâà®¨âì à¥è¥­¨¥ ¢ ¢¨¤¥ àï¤®¢,  ­ «®-
£¨ç­ëå (13).

�§ £à ­¨ç­ëå ãá«®¢¨© ¨ ãà ¢­¥­¨© á¨áâ¥¬ë (32) ¨¬¥¥¬, çâ® w ®â y ­¥ § ¢¨á¨â, w0 = 0,
u0;l = vk;0 = zk;0 = 0, k; l 2 N.

�¥à¥¯¨è¥¬ § ¤ çã (32) ¢ ¢¨¤¥

wux=H0 = A0wuy=H0 +B0wvx=H0 + uf0 + p;

wvy=H0 = C0wuy=H0 +D0wvx=w0 + ug0 + q;

wx = E1(u; v; w; z; x); (33)

zy = uE2zx +E3ux +E4uy +E5vx +E6vy +E7;

u(0; y) = w(0; y) = 0; v(x; 0) = z(x; 0) = 0;

£¤¥

p = [(a�A0)uy + (b�B0)vx]w=H0 + f2w + (f=H � f0)u;

q = [(c �C0)uy + (d�D0)vx]w=H0 + g2Y + (g=H � g0)u:

�ã¤¥¬ ®¤­®¢à¥¬¥­­® ­ å®¤¨âì ª®íää¨æ¨¥­âë àï¤®¢, § ¤ îé¨å ¨áª®¬®¥ à¥è¥­¨¥, ã ª®â®àëå
®¤¨­ ª®¢  áã¬¬  ¨­¤¥ªá®¢ k + l = n. �à¨ n = 0 á®®â¢¥âáâ¢ãîé¨¥ ª®íää¨æ¨¥­âë ®¤­®§­ ç­®
®¯à¥¤¥«ïîâáï ¨§ ­ ç «ì­ëå ãá«®¢¨©. �ãáâì ¤«ï k + l = n ª®íää¨æ¨¥­âë ¨§¢¥áâ­ë. �«ï ­ å®-
¦¤¥­¨ï ª®íää¨æ¨¥­â®¢ á áã¬¬®© ¨­¤¥ªá®¢ n+1 ®¯à¥¤¥«¨¬ ¯à®¨§¢®¤­ë¥ n+1-£® ¯®àï¤ª  ¢ ­ã«¥.
�«ï wn+1, zk+l, k + l = n + 1, ¯®«ãç ¥¬ ï¢­ë¥ ä®à¬ã«ë ¯®á«¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ â®çª¥ O
á¨áâ¥¬ë (33). �«ï ­ å®¦¤¥­¨ï uk; n�k+1, vl+1; n�l, k; l = 0; : : : ; n, ¯®«ãç¨¬ ���� ¢¨¤  (16). �« -
£®¤ àï ãá«®¢¨ï¬ â¥®à¥¬ë ���� ®¤­®§­ ç­® à §à¥è¨¬ . �å®¤¨¬®áâì ¯®«ãç¥­­ëå ä®à¬ «ì­ëå
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àï¤®¢ â ª¦¥ ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬ ¬ ¦®à ­â. � ¦®à ­â­ ï § ¤ ç  ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

U�t =M7

�
1�

t+ 2U� +W � + Z�

�

��1
[(t+ 2U� +W � + Z�)4U�t + 1];

W �

t =M8

�
1�

t+ 2U� +W � + Z�

�

��1
; (34)

Z�t =M7

�
1�

t+ 2U� +W � + Z�

�

��1
[U�W �

t + 4U�t + 1];

U�(0) =W �(0) = Z�(0) = 0; �;Mi > 0 (i = 7; 8):

�¨áâ¥¬ã ¬®¦­® à §à¥è¨âì ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå ­¥¨§¢¥áâ­ëå äã­ªæ¨© ¨ § ¤ ç  (34) ¯¥-
à¥¯¨áë¢ ¥âáï ¢ á«¥¤ãîé¥¬ ­®à¬ «ì­®¬ ¢¨¤¥:

U�t = G1(t; U
�;W �; Z�); W �

t = G2(t; U
�;W �; Z�); Z�t = G3(t; U

�;W �; Z�); (35)

U�(0) =W �(0) = Z�(0) = 0;

£¤¥ Gi (i = 1; 3) |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢, ¬ ¦®à¨àãîé¨¥ ­ã«ì. �® â¥®à¥¬¥
�®è¨-�®¢ «¥¢áª®© áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (35), ¬ ¦®à¨àãî-
é¥¥ ­ã«ì. �à¨ ­ ¤«¥¦ é¥¬ ¢ë¡®à¥ ª®­áâ ­â M7, M8, � äã­ªæ¨¨ U(x + y) � u(x; y); v(x; y);
W (x+ y)� w(x), Z(x+ y)� z(x+ y).

�­ ç¨â, àï¤ë, § ¤ îé¨¥ à¥è¥­¨¥ (32), áå®¤ïâáï, ¨, á«¥¤®¢ â¥«ì­®, à¥è¥­¨¥ § ¤ ç¨ (32) áâà®-
¨âáï ®¤­®§­ ç­®.
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