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1. �®áâ ®¢ª  § ¤ ç¨ ¨ ®á®¢ë¥ à¥§ã«ìâ âë

�«ï ãà ¢¥¨ï

Lu = uxx + sgn yuyy + �u = 0 (1)

¢ ®¡« áâ¨ D, ®£à ¨ç¥®© ¢ ¯®«ã¯«®áª®áâ¨ y > 0 ¤ã£®© ®ªàã¦®áâ¨ ¥¤¨¨ç®£® à ¤¨ãá 
BK = � (r = 1, 0 � ' � '0, 0 < '0 � �) ¨ ®âà¥§ª®¬ AK (' = '0, 0 < r < 1),   ¢ ¯®«ã-
¯«®áª®áâ¨ y < 0 ®£à ¨ç¥®© ®âà¥§ª®¬ AC ¯àï¬®© y = �k0x ¨ ®âà¥§ª®¬ CB å à ªâ¥à¨áâ¨ª¨
x� y = 1 ãà ¢¥¨ï (1), £¤¥ A(0; 0), B(1; 0), C( 1

k0+1
;� k0

k0+1
), à¥è ¥âáï

� ¤ ç  TN . � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) \ C1(D [AK [ �) \ C2(D+ [D�); (2)

Lu(x; y) = 0; (x; y) 2 (D+ [D�); (3)

@u

@N

���
AK

= 0; (4)

u(x; y) = 0; (x; y) 2 AC; (5)

@u

@N

���
�
= f('); (6)

£¤¥ @u=@N | ¯à®¨§¢®¤ ï ¯® ®à¬ «¨, D+ = D \ fy > 0g; D� = D \ fy < 0g.
�¡®¡é¥ ï § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (1) ¯à¨ � = 0 ¡ë«  ¨§ãç¥  ¢ [1],   ¢ [2] ¤«ï íâ®£®

ãà ¢¥¨ï à¥è¥  § ¤ ç  �à¨ª®¬¨{�¥©¬  . � áâ âì¥ [3] íâ  ¦¥ § ¤ ç  à áá¬®âà¥  ¢ ¤àã£®©
®¡« áâ¨. � ¤ ®© à ¡®â¥   ®á®¢ ¨¨ à¥§ã«ìâ â®¢ [1]{[3] ¬¥â®¤®¬ á¯¥ªâà «ì®£®   «¨§  ¯®-
áâà®¥® à¥è¥¨¥ á¬¥è ®© § ¤ ç¨ á ®âå®¤®¬ ®â å à ªâ¥à¨áâ¨ª¨ ¤«ï ãà ¢¥¨ï � ¢à¥âì¥¢ {
�¨æ ¤§¥ á ¯ à ¬¥âà®¬ ¯à¨ ¢á¥å � 6= �nm, £¤¥ �nm | á®¡áâ¢¥ë¥ § ç¥¨ï á®®â¢¥âáâ¢ãîé¥©
á¯¥ªâà «ì®© § ¤ ç¨.

2. � ¤ ç    á®¡áâ¢¥ë¥ § ç¥¨ï

� áá¬®âà¨¬ á¯¥ªâà «ìãî § ¤ çã, á®®â¢¥âáâ¢ãîéãî ®¡®¡é¥®© § ¤ ç¥ (2){(6), ª®â®àãî
 §®¢¥¬

� ¤ ç  TN�. � ©â¨ § ç¥¨ï ¯ à ¬¥âà  � ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ äãªæ¨¨ u(x; y), ã¤®¢«¥-
â¢®àïîé¨¥ ãá«®¢¨ï¬ (2){(5) ¨

@u

@N

���
�
= 0: (7)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

ª®ªãàá \�£¨¤¥«ì", £à â ò05.01.97913.
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� ®¡« áâ¨ D+, à §¤¥«ïï ¢ ãà ¢¥¨¨ (1) ¯¥à¥¬¥ë¥ u(x; y) = u(r cos'; r sin') = v(r; ') =
R(r)�('), á ãç¥â®¬ £à ¨çëå ãá«®¢¨© (4), (7) ¯®«ãç¨¬

r2R00(r) + rR0(r) + (�r2 � �2)R(r) = 0; R(0) = 0; R0(1) = 0;

�00(') + �2�(') = 0; �0('0) = 0;

£¤¥ � | ¯®áâ®ï ï à §¤¥«¥¨ï ¯¥à¥¬¥ëå.
�¥è¥¨ï ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ R(0) = 0 ¨ �0('0) = 0, ¨¬¥îâ ¢¨¤

u��(x; y) = A+
��J�(

p
�r) cos(�('0 � ')); Re� > 0; (8)

£¤¥ J�(�) | äãªæ¨ï �¥áá¥«ï ¯¥à¢®£® à®¤  ¯®àï¤ª  �, A+
�� | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. � ©¤¥¬

§ ç¥¨¥ äãªæ¨¨ u��(x; y) ¨ ¥¥ ¯à®¨§¢®¤®© ¯® y   ®âà¥§ª¥ AB ®á¨ y = 0

u��(x; 0 + 0) = A�� cos�'0J�(
p
�x); 0 � x � 1; (9)

@u��(x; 0 + 0)
@y

=
A���J�(

p
�x)

x
sin�'0; 0 < x < 1: (10)

� áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨¥ (1) ¢ ®¡« áâ¨ D�. �¢¥¤¥¬ § ¬¥ã ¯¥à¥¬¥ëå x = p ch �, y =
p sh �. �®« £ ï u(x; y) = v(p; �) = P (p)�(�), à §¤¥«¨¬ ¢ íâ®¬ ãà ¢¥¨¨ ¯¥à¥¬¥ë¥. �®£¤  á
ãç¥â®¬ £à ¨ç®£® ãá«®¢¨ï (5) ¯®«ãç¨¬

p2P 00(p) + pP 0(p) + (�p2 � �2)P (p) = 0; jP (0)j < +1;

�00(�)� �2�(�) = 0; �(� arth k0) = 0;

£¤¥ � | ¯®áâ®ï ï à §¤¥«¥¨ï ¯¥à¥¬¥ëå.
�«¥¤®¢ â¥«ì®, à¥è¥¨ï ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (5), ®¯à¥¤¥«ïîâáï ¯®

ä®à¬ã«¥
u��(x; y) = C��J�(

p
��)(e�� �K�e���);

£¤¥ C�� | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥, K = (1� k0)=(1 + k0). �âáî¤  ¯à¨ y = 0  ©¤¥¬

u��(x; 0� 0) = v��(�; 0) = C��J�(
p
�x)(1 �K�); 0 � x � 1; (11)

@u��(x; 0� 0)
@y

=
C���J�(

p
�x)

x
(1 +K�); 0 < x < 1: (12)

� á¨«ã (2), ¯à¨à ¢¨¢ ï á®®â¢¥âáâ¢¥® à ¢¥áâ¢  (9) ¨ (11), (10) ¨ (12), ¯®«ãç¨¬ ãà ¢¥¨¥
¤«ï  å®¦¤¥¨ï ¯®áâ®ï®© � = �

tg �'0 =
1 +K�

1�K�
: (13)

�à ¢¥¨¥ (13) ¨¬¥¥â áç¥â®¥ ¬®¦¥áâ¢® ª®à¥©, ª®â®àë¥ ®¡®§ ç¨¬ ç¥à¥§ �n, ¨ ®¨ à á¯®-
«®¦¥ë ¢ ¨â¥à¢ « å (n� 3=4)�='0 < �n < (n� 1=2)�='0, n = 1; 2; : : :

�¤®¢«¥â¢®àïï à¥è¥¨ï (8) ãà ¢¥¨ï (1) £à ¨ç®¬ã ãá«®¢¨î (7),  ©¤¥¬

R0(1)�(') = 0:

� ç¨â, R0��n(1) =
p
�J 0�n(

p
�) = 0. �§ â¥®à¨¨ ¡¥áá¥«¥¢ëå äãªæ¨© [4] ¨§¢¥áâ®, çâ® äãªæ¨¨

zJ 0�(z) ¯à¨ � > �1 ¨¬¥îâ â®«ìª® ¢¥é¥áâ¢¥ë¥ ã«¨. �®£¤  ®¡®§ ç ï ç¥à¥§ �nm m-© ª®à¥ì
¯®á«¥¤¥£® ãà ¢¥¨ï, ¯®«ãç¨¬ á®¡áâ¢¥ë¥ § ç¥¨ï § ¤ ç¨ TN�

�nm = �2nm; n = 1; 2; : : : ; m = 1; 2; : : :

�¥¯¥àì ¯à¨ � = �nm  ©¤¥¬ á®¡áâ¢¥ë¥ äãªæ¨¨ § ¤ ç¨ TN�. � ãç¥â®¬ â®£®, çâ® ¢ ®¡« áâ¨
D�  à£ã¬¥â � = 1

2
ln
�
x+y
x�y

�
, ¨¬¥¥â ¬¥áâ®
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�¥®à¥¬  1. �®¡áâ¢¥ë¬ § ç¥¨ï¬ �nm =
p
�nm, ï¢«ïîé¨¬áï m-¬¨ ª®àï¬¨ ãà ¢¥¨ïp

�J 0�n(
p
�) = 0, £¤¥ n;m = 1; 2; : : : , á®®â¢¥âáâ¢ã¥â á¨áâ¥¬  á®¡áâ¢¥ëå äãªæ¨©

unm(x; y) = CnmJ�n(
p
�nmr) cos(�n('0 � ')); (x; y) 2 D+;

unm(x; y) =
Cnm(�1)np
2(1 +K2�n)

J�n(
q
�nm(x2 � y2))

��
x+ y

x� y

��n
2

�K�n

�
x� y

x+ y

��n
2
�
; (x; y) 2 D�:

�¥¬¬  1. �¨áâ¥¬  äãªæ¨© f�n(')g = fcos(�n('0 � '))g1n=1 ®¡à §ã¥â ¡ §¨á ¢ L2(0; '0).

�®ª § â¥«ìáâ¢®. � «®£¨ç® [1] à áá¬®âà¨¬ á¨áâ¥¬ã äãªæ¨©

�n(') = cos�n
'0

�
�; � =

�('0 � ')
'0

; � 2 (0; �); n = 1; 2; : : :

�®§ì¬¥¬ à §«®¦¥¨¥ ¢ L2(0; �) ¥ª®â®à®© äãªæ¨¨ f(�) ¯® § ¤ ®© á¨áâ¥¬¥ äãªæ¨© f�n(�)g1n=1

f(�) =
1X
n=1

Cn cos�n
'0

�
� =

1X
n=1

Cn�n(�): (14)

�á¯®«ì§ãï à¥§ã«ìâ âë à ¡®âë [5], à áá¬®âà¨¬ á¨áâ¥¬ã hk(�), ¡¨®àâ®£® «ìãî á¨áâ¥¬¥ á¨-
ãá®¢ fsin((n� 3=4)� + �=2)g1k=1. �¬®¦ ï (14)   hk(�) ¨ ¨â¥£à¨àãï ®â 0 ¤® �, ¯®«ãç¨¬

Z �

0

f(�)hk(�)d� =
Z �

0

1X
n=1

Cn�n(�)hk(�)d�:

�ãáâì
�R
0

f(�)hk(�)d� = fk, â®£¤  fk = Ck +
1P
n=1

Cn

�R
0

�n(�)hk(�)d� � Ck ¨«¨

fk = Ck +
1X
n=1

Cn

Z �

0

�n(�)hk(�)d� �
1X
n=1

Cn

Z �

0

cos((n� 3=4)�)hk(�)d�:

�âáî¤ 

fk = Ck +
1X
n=1

Cnakn; (15)

£¤¥

akn =
Z �

0

(�n(�)� cos((n� 3=4)�))hk(�)d� =
Z �

0

In(�)hk(�)d�;

In(�) = �n(�) � cos((n� 3=4)�): (16)

�æ¥¨¬ â¥¯¥àì ¤¢®©®© àï¤

1X
n;k=1

a2kn =
1X
n=1

1X
k=1

�Z �

0

In(�)hk(�)d�
�2

�M
1X
n=1

�Z �

0

I2n(�)d�
�
; (17)

£¤¥ M | ¯®áâ®ï ï ¨§ ¥à ¢¥áâ¢  �¥áá¥«ï

1X
k=1

(F; hk)2 �MkFk2; (18)
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ª®â®à®¥ á¯à ¢¥¤«¨¢®, â. ª. á¨áâ¥¬  fsin((n � 3=4)� + �=2)g1n=1 ®¡à §ã¥â ¡ §¨á �¨áá  [5]. �æ¥¨¬
ª®íää¨æ¨¥âë ¯®«ãç¥®£® àï¤  (17)

I2n =
�
cos�n

'0

�
�� cos((n� 3=4)�)

�2

�
�
2 sin

�n
'0
�
�� (n� 3=4)�

2

�2

�

�
�
2(�n

'0
�
�� (n� 3=4)�)

2

�2

� K2�n � K2(n�3=4)�='0 : (19)

�á¨«¨¢ ï ¥à ¢¥áâ¢® (17), á ¯®¬®éìî ®æ¥ª¨ (19) ¯®«ãç¨¬

1X
n;k=1

a2nk �M�
1X
n=0

K2(n+1=4)�='0 =M�K�=2'0(1�K2�='0)�1: (20)

�§ (20) ¢¨¤®, çâ® ¥á«¨ ç¨á«® k0 ¤®áâ â®ç® ¡«¨§ª® ª ¥¤¨¨æ¥, â®
1P

k;n=1
a2kn < 1. �®íâ®¬ã ¡¥áª®-

¥ç ï á¨áâ¥¬  ãà ¢¥¨© (15) ®¤®§ ç® à §à¥è¨¬  ®â®á¨â¥«ì® Ck, ¯à¨ç¥¬

1X
k=0

C2
k <1: (21)

�®ª ¦¥¬ â¥¯¥àì áå®¤¨¬®áâì àï¤  (14) ¢ L2(0; �), § ¯¨á ¢ ¥£® á ãç¥â®¬ à ¢¥áâ¢  (16) ¢ ¢¨¤¥

1X
n=1

Cn�n(�) =
1X
n=1

Cn sin((n� 3=4)� + �=2) +
1X
n=1

CnIn(�): (22)

�¥à¢ë© àï¤ ¢ ¯à ¢®© ç áâ¨ (22) áå®¤¨âáï ¢ L2(0; �) ¢ á¨«ã ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë á¨ãá®¢.
�®á«¥¤¨© ¢ ¯à ¢®© ç áâ¨ (22) àï¤ ®æ¥¨¬ ¯® ªà¨â¥à¨î �®è¨, ¨á¯®«ì§ãï ®æ¥ªã (19),

Z �

0

�m+NX
n=m

CnIn(�)
�2

d� �
m+NX
n=m

C2
n

m+NX
n=m

Z �

0

I2n(�)d� �
m+NX
n=m

C2
n

m+NX
n=m

�K2(n�3=4)�='0 :

�§ ¯®«ãç¥®£® ¥à ¢¥áâ¢  ïá®, çâ® ¯à¨ k0, ¤®áâ â®ç® ¡«¨§ª®¬ ª ¥¤¨¨æ¥, àï¤ (22),   á«¥¤®¢ -
â¥«ì®, ¨ àï¤ (14) áå®¤ïâáï ¢ L2(0; �). �ï¤ (14) áå®¤¨âáï ª äãªæ¨¨ f(�), â. ª. ¥á«¨ à ¢¥áâ¢® (14)
ã¬®¦¨âì   hk(�) ¨ ¯à®¨â¥£à¨à®¢ âì ¯® ¨â¥à¢ «ã (0; �), â® á ãç¥â®¬ (15) ¯®«ãç¨¬ § ç¥¨¥
fk. � á¨«ã ¯®«®âë á¨áâ¥¬ë hk(�) àï¤ (14) áå®¤¨âáï ª äãªæ¨¨ f(�).

�â®¡ë â¥¯¥àì ¨§ ä®à¬ã«ë (14) ¯®«ãç¨âì à §«®¦¥¨¥ ¢ L2(0; '0) ¥ª®â®à®© äãªæ¨¨ f(') =
1P
n=1

Cn cos�n('0 � '), ¢®á¯®«ì§ã¥¬áï ¯®¤áâ ®¢ª®© � = �('0�')

'0
. �®£¤  ª®íää¨æ¨¥âë Cn à §«®-

¦¥¨ï ¢ L2(0; '0) ®¯à¥¤¥«ïâáï ¨§ á¨áâ¥¬ë ãà ¢¥¨© (15), £¤¥ ç¨á«  fk, akn ¢ëç¨á«ïîâáï ¯®
ä®à¬ã« ¬

fk =
�

'0

Z '0

0
f(')hk

�
�('0 � ')

'0

�
d'; (23)

akn =
�

'0

Z '0

0

�
cos�n('0 � ')� cos

�
(n� 3=4)

�('0 � ')
'0

��
hk

�
�('0 � ')

'0

�
d'; (24)

�
hk
��('0�')

'0

�	
| ¡¨®àâ®£® «ì ï á¨áâ¥¬  ª á¨áâ¥¬¥ á¨ãá®¢ fsin((n� 3=4)�('0�')

'0
+ �=2)g.

�¥¬¬  2. �á«¨ f(') 2 C�[0; '0], 0 < � � 1, â® àï¤ (14) à ¢®¬¥à® áå®¤¨âáï ª äãªæ¨¨

f(')   [0; '0].

�á¯®«ì§ãï (15), § ¯¨è¥¬ àï¤ (14) ¢ ¢¨¤¥
1X
k=1

Ck�k(�) =
1X
k=1

fk�k(�)�
1X
k=1

�k(�)
1X
n=1

Cnakn:
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�à¨¬¥ïï ¯®¤áâ ®¢ªã � = �('0�')

'0
, ¯®«ãç¨¬

1X
k=1

Ck cos�k('0 � ') =
1X
k=1

fk cos�k('0 � ')�
1X
k=1

cos�k('0 � ')
1X
n=1

Cnakn:

�æ¥¨¬ â¥¯¥àì àï¤

1X
k=1

cos2(�k('0 � ')) =
1X
k=1

�
(�1)k+1

2
p
1 +K2�k

(sin�k'+ cos�k'+K�k(� cos�k'+ sin�k'))
�2

�

�
1X
k=1

fsin�k'+ cos�k'+K�k(� cos�k'+ sin�k')g2 =

=
1X
k=1

fsin�k'+ cos�k'+ 1
2
sin[�k'� arccosK�k ] + 1

2
sin[�k'+ arccosK�k ]�

� 1
2
cos[��k'+ arccosK�k ]� 1

2
cos[�k'+ arccosK�k ]g2 �

�
1X
k=1

�
� sin

�
arccosK�k

2

�
+ 2 cos

�
arccosK�k

2

��2

+ 2
1X
k=1

�
cos

�
arccosK�k

2

�
+

+ sin
�
arccosK�k

2

��2

= 2
1X
k=1

�s
1 +K�k

2
�
s
1�K�k

2

�2

+

+ 2
1X
k=1

�s
1 +K�k

2
+

s
1�K�k

2

�2

= 4
1X
k=1

K2�k

2 + 2
p
1�K2�k

+ 4
1X
k=1

K2�k

2� 2
p
1�K2�k

:

�§ íâ®© ®æ¥ª¨ ¨ á«¥¤ã¥â à ¢®¬¥à ï áå®¤¨¬®áâì àï¤ 
1P
k=1

cos2(�k('0 � ')). �ç¨âë¢ ï â¥¯¥àì

¥à ¢¥áâ¢®
1P
k=1

f 2k �Mkfk2,   â ª¦¥ áå®¤¨¬®áâì àï¤ 
1P
n=1

aknCn, ãáâ ®¢¨¬, çâ® àï¤ (15) â ª¦¥

à ¢®¬¥à® áå®¤¨âáï.

3. �¡®¡é¥ ï § ¤ ç  TN

�«ï ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D à áá¬®âà¨¬ § ¤ çã (2){(6).

�¥®à¥¬  2. �á«¨ f(') 2 C�[0; '0], 0 < � � 1, � 6= �nm, f
0('0) = 0, â® áãé¥áâ¢ã¥â à¥è¥¨¥

§ ¤ ç¨ (2){(6) ¨ ®® ¨¬¥¥â ¢¨¤

u(x; y) =
1X
n=1

CnJ�n(
p
�r)p

�J 0�n(
p
�)

cos(�n('0 � ')); (x; y) 2 D+; (25)

u(x; y) =
1X
n=1

Cn(�1)n+1J�n(
p
�(x2 � y2))p

2(1 +K2�)
p
�J 0�n(

p
�)

��
x+ y

x� y

��n
2

�K�n

�
x� y

x+ y

��n
2
�
; (x; y) 2 D�; (26)

£¤¥ Cn | ª®íää¨æ¨¥âë à §«®¦¥¨ï äãªæ¨¨ f(') ¯® á¨áâ¥¬¥ äãªæ¨© fcos �n('0 � ')g ¨

®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë ãà ¢¥¨© (15),   ç¨á«  fk ¨ akn ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ (23) ¨
(24) á®®â¢¥âáâ¢¥®.

�¥©áâ¢¨â¥«ì®,   ®á®¢ ¨¨  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«ë ([6], c. 217) J�(z) = 1
�(�+1)

�
z
2

��
¯à¨

�!1 àï¤ (25) ¨ àï¤ë, ¯®«ãç¥ë¥ ¯®ç«¥ë¬ k-ªà âë¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¤ ®£® àï¤ 
¯® ¯¥à¥¬¥ë¬ r ¨ ', ¯à¨ r � r0 < 1 áå®¤ïâáï à ¢®¬¥à®, â. ª. ¤«ï ¤®áâ â®ç® ¡®«ìè¨å n

80



á¯à ¢¥¤«¨¢ë ®æ¥ª¨���� Cnp
�J 0�n(

p
�)

@(k)J�n(
p
�r)

@r(k)
cos(�n('0 � '))

���� � jCn�
k�1
n r�n�kj;

����CnJ�n(
p
�r)p

�J 0�n(
p
�)

@(k) cos(�n('0 � '))
@'(k)

���� � jCn�
k�1
n r�nj;

  ¯à¨ r = 1
����CnJ�n(

p
�)p

�J 0�n(
p
�)

cos(�n('0 � '))
���� �

����Cn

�n

����:
�à®¨§¢®¤ ï àï¤  (25) ¯® r ¯à¨ r = 1 ¥áâì à §«®¦¥¨¥ äãªæ¨¨ f(') ¯® á¨áâ¥¬¥ äãªæ¨©

�n('), ª®â®à®¥ à ¢®¬¥à® áå®¤¨âáï   [0; '0]. �á«¨ (x; y) 2 D�, â® ¯®áª®«ìªã 0 � (x+y
x�y

)
�n
2 � 1

¨ 0 < K�n(x�y
x+y

)
�n
2 < 1, â® àï¤ (26) ¢ £¨¯¥à¡®«¨ç¥áª®© ç áâ¨ ®¡« áâ¨ D� à ¢®¬¥à® áå®¤¨âáï.

�âáî¤  á«¥¤ã¥â à ¢®¬¥à ï áå®¤¨¬®áâì à¥è¥¨ï § ¤ ç¨ (2){(6) ¢ ®¡« áâ¨ D.
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