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�áá«¥¤®¢ ­¨ï á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á æ¨«¨­¤à¨ç¥áª¨¬ ä §®¢ë¬ ¯à®áâà ­-
áâ¢®¬ [1],  ââà ªâ®à  �®à¥­æ  [2], ®¯¨á ­¨¥ ¬®¤¥«¥© ¢¯®«­¥ à §¢¨â®© âãà¡ã«¥­â­®áâ¨ [3] ¯à¨-
¢®¤ïâ ª ¤¨­ ¬¨ç¥áª¨¬ á¨áâ¥¬ ¬ á® áâàãªâãà®© ª®á®£® ¯à®¨§¢¥¤¥­¨ï.

�§ãç¥­¨î ­¥¡«ã¦¤ îé¥£® ¬­®¦¥áâ¢  ¨ æ¥­âà  ­¥¯à¥àë¢­®£® ª®á®£® ¯à®¨§¢¥¤¥­¨ï ®â®¡à -
¦¥­¨© ¨­â¥à¢ «  á § ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ¢ ¡ §¥ ¯®á¢ïé¥­  à ¡®â  [4].
� [5] ¯®ª § ­®, çâ® ®á­®¢®¯®« £ îéãî à®«ì ¢ ¨áá«¥¤®¢ ­¨¨ ¤¨­ ¬¨ª¨ ª®á®£® ¯à®¨§¢¥¤¥­¨ï ®â®-
¡à ¦¥­¨© ¨­â¥à¢ «  ¨£à îâ á¯¥æ¨ «ì­ë¥ ¬­®£®§­ ç­ë¥ äã­ªæ¨¨. � [6] á ¨á¯®«ì§®¢ ­¨¥¬ ¬­®-
£®§­ ç­ëå äã­ªæ¨©, ¢¢¥¤¥­­ëå ¢ [5] ¨ [6], ­ ç â® ¨áá«¥¤®¢ ­¨¥ ­¥¡«ã¦¤ îé¥£® ¬­®¦¥áâ¢  ¨
æ¥­âà  C1-£« ¤ª®£® ª®á®£® ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© ¨­â¥à¢ « , ä ªâ®à-®â®¡à ¦¥­¨ï ¨ ®â®-
¡à ¦¥­¨ï, ¢ á«®ïå ª®â®à®£® ã¤®¢«¥â¢®àïîâáï ãá«®¢¨ï â¨¯  
-ãáâ®©ç¨¢®áâ¨.

�áâ¥áâ¢¥­­®¥ ¯à®¤®«¦¥­¨¥ áâ â¥© [5] ¨ [6] ¯à¨¢¥«® ª ­®¢ë¬ ¤®ª § â¥«ìáâ¢ ¬ à¥§ã«ìâ â®¢ [4],
¯ã¡«¨ªã¥¬ë¬ ¢ ¤ ­­®© à ¡®â¥. �ª ¦¥¬, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ® £«ã¡¨­¥ æ¥­âà  ­¥¯à¥-
àë¢­®£® ª®á®£® ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© ¨­â¥à¢ «  ¢ áâ âì¥ [4] ®âáãâáâ¢ã¥â. �®ª § â¥«ìáâ¢ 
®á­®¢ ­ë ­  ¨á¯®«ì§®¢ ­¨¨ ®à¨£¨­ «ì­ëå ¬­®£®§­ ç­ëå äã­ªæ¨©, £à ä¨ª¨ ª®â®àëå ¢ ä §®-
¢®¬ ¯à®áâà ­áâ¢¥ á®¢¯ ¤ îâ á à áá¬®âà¥­­ë¬¨ ¢ áâ âì¥ ®á­®¢­ë¬¨ ¯à¥¤¥«ì­ë¬¨ ¬­®¦¥áâ¢ ¬¨
¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

� áá¬®âà¨¬ ª®á®¥ ¯à®¨§¢¥¤¥­¨¥ ®â®¡à ¦¥­¨© ¨­â¥à¢ « 

F (x; y) = (f(x); gx(y)) ¤«ï ¢á¥å (x; y) 2 I; (1)

£¤¥ I = I1 � I2 | § ¬ª­ãâë© ¯àï¬®ã£®«ì­¨ª ­  ¯«®áª®áâ¨ (I1, I2 | § ¬ª­ãâë¥ ¯à®¬¥¦ãâª¨).
�¡®§­ ç¨¬ ç¥à¥§ T 0(I) (T 1(I)) ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå (C1-£« ¤ª¨å) ®â®¡à ¦¥­¨© ¢¨¤ 
(1) á C0-­®à¬®© (C1-­®à¬®©). � á¨«ã (1) ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n ¨ ¯à®¨§¢®«ì­®© â®çª¨
(x; y) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

F n(x; y) = (fn(x); gx;n(y)); £¤¥ gx;n = gfn�1(x) � � � � � gf(x) � gx: (2)

�¡®§­ ç¨¬ ç¥à¥§ egx ®â®¡à ¦¥­¨¥ gx;n, ¥á«¨ x | ¯¥à¨®¤¨ç¥áª ï â®çª  f (x 2 Per(f)),   n |
(­ ¨¬¥­ìè¨©) ¯¥à¨®¤ x.

� áâ âì¥ ¯à¨¢¥¤¥­® ­®¢®¥ ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï ¨§ [4].

�¥®à¥¬  1. �ãáâì ä ªâ®à-®â®¡à ¦¥­¨¥ f ª®á®£® ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© ¨­â¥à¢ « 

F 2 T 0(I) ¨¬¥¥â § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® Per(f). �®£¤  ­¥¡«ã¦¤ îé¥¥ ¬­®¦¥áâ¢® 
(F ) ®â®-
¡à ¦¥­¨ï F ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥


(F ) =
[

x2Per(f)

fxg �
(egx);
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(ª®¤ ¯à®¥ªâ  04-01-00457).
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£¤¥ 
(egx) | ­¥¡«ã¦¤ îé¥¥ ¬­®¦¥áâ¢® ®â®¡à ¦¥­¨ï egx.
� ­­ ï à ¡®â  á®¤¥à¦¨â ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥© â¥®à¥¬ë, ª®â®à ï â®«ìª® «¨èì áä®à-

¬ã«¨à®¢ ­ , ­® ­¥ ¤®ª § ­  ¢ [4].

�¥®à¥¬  2. �ãáâì ®â®¡à ¦¥­¨¥ F 2 T 0(I) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 1. �®£¤ 
æ¥­âà C(F ) ®â®¡à ¦¥­¨ï F ¯à¥¤áâ ¢¨¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

C(F ) = 
(Fj
(F )) =
[

x2Per(f)

fxg � 
(egxj
(~gx));
£¤¥ Fj
(F ) (egxj
(~gx)) | áã¦¥­¨¥ ®â®¡à ¦¥­¨ï F (egx) ­  ¥£® ­¥¡«ã¦¤ îé¥¥ ¬­®¦¥áâ¢® 
(F )
(
(egx)).

�®ª § â¥«ìáâ¢  áä®à¬ã«¨à®¢ ­­ëå à¥§ã«ìâ â®¢ ®á­®¢ ­ë ­  ¨á¯®«ì§®¢ ­¨¨ ¬­®£®§­ ç­ëå
äã­ªæ¨© ¨§ [5] ¨ [6]. �ãáâì 2I2 ¥áâì ¯à®áâà ­áâ¢® ¢á¥å § ¬ª­ãâëå ¯®¤¬­®¦¥áâ¢ ®âà¥§ª  I2 á
íªá¯®­¥­æ¨ «ì­®© â®¯®«®£¨¥©.

�¯à¥¤¥«¥­¨¥ 1. 
-äã­ªæ¨¥© ®â®¡à ¦¥­¨ï F 2 T 0(I) ­ §ë¢ ¥âáï äã­ªæ¨ï � : 
(f) ! 2I2

â ª ï, çâ® ¯à¨ «î¡®¬ x 2 
(f) ¢ë¯®«­¥­® à ¢¥­áâ¢® �(x) = 
(F )(x), £¤¥ 
(F )(x) = fy 2 I2 :
(x; y) 2 
(F )g | áà¥§ ­¥¡«ã¦¤ îé¥£® ¬­®¦¥áâ¢  
(F ) ¯® x.

C-äã­ªæ¨¥© ®â®¡à ¦¥­¨ï F 2 T 0(I) ­ §ë¢ ¥âáï äã­ªæ¨ï �� : C(f) ! 2I2 â ª ï, çâ® ¯à¨
«î¡®¬ x 2 C(f) ¢ë¯®«­¥­® à ¢¥­áâ¢® ��(x) = C(F )(x), £¤¥ C(F )(x) = fy 2 I2 : (x; y) 2 C(F )g |
áà¥§ æ¥­âà  C(F ) ¯® x.

�ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥ ¢á¯®¬®£ â¥«ì­ë¥ ¬­®£®§­ ç­ë¥ äã­ªæ¨¨

�n : 
(f
n)! 2I2 ¨ ��n : C(f

n) = C(f)! 2I2 ;

¯®« £ ï ¯à¨ ¢á¥å n � 1 �n(x) = 
(gx;n), ª ª®¢® ¡ë ­¨ ¡ë«® x 2 
(fn), ¨ ��n(x) = C(gx;n), ª ª®¢®
¡ë ­¨ ¡ë«® x 2 C(f) á®®â¢¥âáâ¢¥­­®.

�à¨¢¥¤¥¬ ãâ¢¥à¦¤¥­¨ï ® á¢®©áâ¢ å ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© ®âà¥§ª  (¯à®áâà ­áâ¢® â ª¨å
®â®¡à ¦¥­¨© á C0-­®à¬®© ®¡®§­ ç¨¬ C0(I1)), ¨á¯®«ì§ãîé¨¥áï ¢ ¤®ª § â¥«ìáâ¢ å â¥®à¥¬ 1 ¨ 2.

�à¥¤«®¦¥­¨¥ 1. �á«¨ ¬­®¦¥áâ¢® ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª Per(f) ®â®¡à ¦¥­¨ï f 2 C0(I1)
§ ¬ª­ãâ®, â®

(a) T (f) = f1; 2; 22; : : : ; 2�g, £¤¥ T (f) | ¬­®¦¥áâ¢® ¯¥à¨®¤®¢ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª f , 0 �
� � +1 [7];

(b) ¤«ï ª ¦¤®© â®çª¨ x0 2 Per(f) ­ ©¤¥âáï ®ªà¥áâ­®áâì U1(x0) � I1 á® á¢®©áâ¢®¬

U1(x
0)
\

fn(U1(x
0)) 6= ;

¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ n ªà â­® ¯¥à¨®¤ã n(x0) = 2i0 â®çª¨ x0 [8].

�à¥¤«®¦¥­¨¥ 2. �«ï ®â®¡à ¦¥­¨ï f 2 C0(I1) á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

(a) ¬­®¦¥áâ¢® Per(f) ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª f § ¬ª­ãâ®,

(b) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  Per(f) = 
(f) = C(f), £¤¥ C(f) | æ¥­âà ®â®¡à ¦¥­¨ï f ,
(c) !-¯à¥¤¥«ì­®¥ ¬­®¦¥áâ¢® !f (x) ¯à®¨§¢®«ì­®© â®çª¨ x | ¯¥à¨®¤¨ç¥áª ï ®à¡¨â  [7], [9].

�à¥¤«®¦¥­¨¥ 3 ([9]). �«ï ®â®¡à ¦¥­¨ï f 2 C0(I1) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

C(f) = Per(f) = 
(fj
(f)):

�à¥¤«®¦¥­¨¥ 4. �á«¨ ¬­®¦¥áâ¢® ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ®â®¡à ¦¥­¨ï f 2 C0(I1) § ¬ª­ã-
â®,   ¯®á«¥¤®¢ â¥«ì­®áâì ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª f áå®¤¨âáï ª x0, â® ¯®á«¥¤®¢ â¥«ì­®áâì âà -

¥ªâ®à¨© íâ¨å â®ç¥ª áå®¤¨âáï ª âà ¥ªâ®à¨¨ â®çª¨ x0 [10].

�ã¤¥¬ ¨á¯®«ì§®¢ âì ¤ «¥¥ ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï ® á¢®©áâ¢ å ®â®¡à ¦¥-
­¨© ¨§ T 0(I), ¨¬¥îé¨¥áï ¢ [4].
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�¥¬¬  1. �ãáâì ¯¥à¨®¤¨ç¥áª¨¥ â®çª¨ ä ªâ®à-®â®¡à ¦¥­¨ï f : I1 ! I1 ®â®¡à ¦¥­¨ï

F 2 T 0(I) ®¡à §ãîâ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®. �®£¤ , ¥á«¨ x0 | ¯¥à¨®¤¨ç¥áª ï â®çª  f ¯¥à¨®¤ 

n(x0) = 2i0 (i0 � 1), â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

(a) (x0; y0) 2 
(F ), (b) (x0; y0) 2 
(F n(x0)).

�¥¬¬  2. �á«¨ F 2 T 0(I), â® (a) 
(f) = pr
(F ), (b) C(f) = pr(C(F )), §¤¥áì pr(�) |

¯à®¥ªæ¨ï ¬­®¦¥áâ¢  ­  ®áì  ¡áæ¨áá.

� á¨«ã «¥¬¬ë 2 ¨ ®¯à¥¤¥«¥­¨ï 1 ­¥¡«ã¦¤ îé¥¥ ¬­®¦¥áâ¢® 
(F ) ¨ æ¥­âà C(F ) ®â®¡à ¦¥­¨ï
F 2 T 0(I) á«ã¦ â £à ä¨ª ¬¨ ¬­®£®§­ ç­ëå 
-äã­ªæ¨¨ ¨ C-äã­ªæ¨¨ á®®â¢¥âáâ¢¥­­® ¢ ä §®¢®¬
¯à®áâà ­áâ¢¥ I ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë (1).

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¨¬¥à

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 à §®¡ì¥¬ ­  àï¤ è £®¢, à áá¬®âà¥­­ëå ¢ «¥¬¬ å 3 ¨ 4. �ã¤¥¬
¨á¯®«ì§®¢ âì 
-äã­ªæ¨î ¨ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨ �n. �ª ¦¥¬, çâ® ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2
®â®¡à ¦¥­¨ï �n ®¯à¥¤¥«¥­ë ­  ¬­®¦¥áâ¢¥ Per(f).

�ãáâì Per(f; n) ®§­ ç ¥â ¬­®¦¥áâ¢® ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ä ªâ®à-®â®¡à ¦¥­¨ï f , ¯¥à¨®¤ë
ª®â®àëå ¤¥«ïâ n.

�¥¬¬  3. �á«¨ ¬­®¦¥áâ¢® Per(f) ä ªâ®à-®â®¡à ¦¥­¨ï f ®â®¡à ¦¥­¨ï F 2 T 0(I) § -

¬ª­ãâ®, â® ¢¥à­® à ¢¥­áâ¢®

Ls
n!+1

�njPer(f;n) =
[

x2Per(f)

fxg � 
(egx); (3)

£¤¥ f�njPer(f;n)gn�1 | ¯®á«¥¤®¢ â¥«ì­®áâì £à ä¨ª®¢ äã­ªæ¨© �njPer(f;n) ¢ I, Ls(�) | ¢¥àå­¨©

¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬­®¦¥áâ¢.

�®ª § â¥«ìáâ¢®. �ãáâì z0(x0; y0) 2 Ls
n!+1

�njPer(f;n). �â® íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î ¯®-

á«¥¤®¢ â¥«ì­®áâ¨ â®ç¥ª zni(xni ; yni) 2 �nijPer(f;ni) â ª®©, çâ®

z0 = lim
i!+1

zni ;

£¤¥ n1 < n2 < � � � < ni : : : ([11], £«. 2, ¯. 29, III). �§ ®¯à¥¤¥«¥­¨ï £à ä¨ª  äã­ªæ¨¨ �ni á«¥¤ã¥â,
çâ® zni(xni ; yni) 2 �nijPer(f;ni) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ xni 2 Per(f; ni), ni = 2�ipi (§¤¥áì 2�i

| ¯¥à¨®¤ xni), ¨ yni 2 
(egpixni ) (i � 1). � ª ª ª 
(egpixni ) � 
(egxni ) (ª ª ¯®ª § ­® ¢ [12], à ¢¥­áâ¢®

(egpixni ) = 
(egxni ) ¤«ï ¯à®¨§¢®«ì­®£® ­¥¯à¥àë¢­®£® ®â®¡à ¦¥­¨ï egxni ¬®¦¥â ­¥ ¢ë¯®«­ïâìáï),

â® ¯®«ãç ¥¬ z0(x0; y0) 2
S

x2Per(f)

fxg � 
(egx). � ª¨¬ ®¡à §®¬, Ls
n!+1

�njPer(f) �
S

x2Per(f)

fxg � 
(egx).
�¡à â­®, ¯ãáâì z0(x0; y0) 2

S
x2Per(f)

fxg � 
(egx). �®£¤  ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª

fzn(xn; yn)gn�1 �
S

x2Per(f)

fxg � 
(egx) â ª ï, çâ® lim
n!+1

zn = z0.

� ª ª ª Per(f) | § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®, â® ¢®§¬®¦­ë á«¥¤ãîé¨¥ á«ãç ¨:

(i) ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¨¬¥­ìè¨å ¯¥à¨®¤®¢ â®ç¥ª xn ä¨­ «ì­® ¯®áâ®ï­­ ;
(ii) áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fxnigi�1 � fxngn�1, á®áâ®ïé ï ¨§ ¯¥à¨®¤¨ç¥áª¨å â®-

ç¥ª f , ­ ¨¬¥­ìè¨¥ ¯¥à¨®¤ë ª®â®àëå 2�i ®¡à §ãîâ áâà®£® ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì-
­®áâì.

� ¯¥à¢®¬ á«ãç ¥ ¯®«®¦¨¬ ni = 2�0(2(i+ n0)� 1), §¤¥áì 2�0 | ¯¥à¨®¤ ¯à®¨§¢®«ì­®© â®çª¨ xn
¯à¨ ¢á¥å n � n0 ¤«ï ­¥ª®â®à®£® n0 � 1, ¢® ¢â®à®¬ | ni = 2�i , i � 1. � ¨á¯®«ì§®¢ ­¨¥¬ [12] ¯®«ã-
ç ¥¬, çâ® �nijPer(f;ni)(xni) = 
(egxni ) ¯à¨ «î¡®¬ i � 1. �«¥¤®¢ â¥«ì­®, z0(x0; y0) 2 Ls

n!+1
�njPer(f;n),

¨ á¯à ¢¥¤«¨¢® ¯à®â¨¢®¯®«®¦­®¥ ¢ª«îç¥­¨¥
S

x2Per(f)

fxg � 
(egx) � Ls
n!+1

�njPer(f;n). � ¢¥­áâ¢® (3)

ãáâ ­®¢«¥­®.
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�¥¬¬  4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 3. �®£¤ 

� = Ls
n!+1

�njPer(f;n);

£¤¥ �njPer(f;n) (n � 1), � | £à ä¨ª¨ á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨© ¢ I.

�®ª § â¥«ìáâ¢®. � á¨«ã à ¢¥­áâ¢  (3) ¢¥à­® ¢ª«îç¥­¨¥

Ls
n!+1

�njPer(f;n) � �: (4)

�áâ ­®¢¨¬ á¯à ¢¥¤«¨¢®áâì ¯à®â¨¢®¯®«®¦­®£® ¢ª«îç¥­¨ï

� � Ls
n!+1

�njPer(f;n): (5)

�ã¤¥¬ ¨á¯®«ì§®¢ âì ¬­®¦¥áâ¢® � = Per(f)� I2.

�ãáâì �� =
+1T
n=0

F n(�). �®£¤  F : �� ! �� | áîàê¥ªæ¨ï.

1. �¡¥¤¨¬áï á­ ç « , çâ®

�Fj� = Ls
n!+1

�njPer(f;n): (6)

� ¢¥­áâ¢® (6) á¯à ¢¥¤«¨¢®, ¥á«¨

Ls
n!+1

�njPer(f;n) = lim
n!+1

F n(�) =
+1\
n=0

F n(�) = ��:

�®íâ®¬ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¤ «¥¥, çâ®

Ls
n!+1

�njPer(f;n) 6= ��: (7)

�®§ì¬¥¬ ¯à®¨§¢®«ì­® â®çªã

z0(x0; y0) 2 �� n Ls
n!+1

�njPer(f;n): (8)

�®ª ¦¥¬, çâ® z0 =2 �Fj� . �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¢ I "-®ªà¥áâ­®áâì U"(z0) â®çª¨ z0 ¨ "-®ªà¥áâ­®áâì
U"( Ls

n!+1
�njPer(f;n)) ¬­®¦¥áâ¢  Ls

n!+1
�njPer(f;n) ¢ë¡à ­ë â ª, çâ®

U"(z0)
\

U"( Ls
n!+1

�njPer(f;n)) = ;: (9)

�¡®§­ ç¨¬ ç¥à¥§ n0 = 2�0 ¯¥à¨®¤ â®çª¨ x0 2 Per(f). �á¯®«ì§ãï à ¢­®¬¥à­ãî ­¥¯à¥àë¢­®áâì
®â®¡à ¦¥­¨ï gx;n0 , ¯® ç¨á«ã "

2
> 0 ãª ¦¥¬ � > 0 â ª, çâ® ¤«ï «î¡ëå x; x0 2 I1, y; y0 2 I2,

ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ jx� x0j < �, jy � y0j < �, ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

jgx;n0(y)� gx0;n0(y
0)j <

"

2
: (10)

�§ ãâ¢¥à¦¤¥­¨ï (b) ¯à¥¤«®¦¥­¨ï 1 á«¥¤ã¥â, çâ® ­ ©¤¥âáï ¨­â¥à¢ « U1(x0) � (x0 � �; x0 + �), ¢
ª®â®à®¬ ¤«ï ¢á¥å x 2 U1(x0)

T
Per(f) á¯à ¢¥¤«¨¢®

fn0j(x) 2 (x0 � �; x0 + �); j � 0: (11)

�ë¤¥«¨¬ ¤¢  á«ãç ï: (a) ¨ (b).
(a). �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â � � "

2
, ¤«ï ª®â®à®£® ¨¬¥¥â ¬¥áâ® (10). �®£¤  ¢ á¨«ã (10)

¨ (11) ¤«ï «î¡®© â®çª¨ (x; y), £¤¥ x 2 U1(x0)
T
Per(f), jy � y0j < "

2
, ¨ «î¡®£® j � 1 á¯à ¢¥¤«¨¢®

jgx;n0j(y)� gx0;n0j(y
0)j = jgx;n0j(y)� egjx0(y0)j < "

2
: (12)
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� ª ª ª ¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ j0 = j0(U2; "2
(
(egx0))), ­¥ § ¢¨áïé¥¬ ®â y0, ¢ë¯®«­¥­® ­¥à -

¢¥­áâ¢®
+1X
j=0

�A1
(egjx0(y0)) � j0

(§¤¥áì U2; "2
(
(egx0)) | "

2
-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  ­¥¡«ã¦¤ îé¨å â®ç¥ª 
(egx0) ¢ I2, �A1

| å à ªâ¥-

à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢ A1 = I2nU2; "2
(
(egx0))), â® ¨§ (2) ¨ (12) á«¥¤ã¥â +1P

j=0
�A2

(gx;n0j(y)) �

j0, £¤¥ �A2
| å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢ 

A2 = �� n U"( Ls
n!+1

�njPer(f;n)):

�â® ¢¬¥áâ¥ á (9) ¢«¥ç¥â z0 =2 
(F n0
j�). �á¯®«ì§ãï «¥¬¬ã 1, ¯®«ãç ¥¬ ®âáî¤  z0 =2 �Fj� .

(b). � áá¬®âà¨¬ á«ãç ©, ª®£¤  ­¥à ¢¥­áâ¢® (10) ¢ë¯®«­¥­® «¨èì ¤«ï � < "
2
. �®§ì¬¥¬ ¯à®-

¨§¢®«ì­® ¨ § ä¨ªá¨àã¥¬ ®âà¨æ â¥«ì­ãî ¯®«ãâà ¥ªâ®à¨î â®çª¨ y0 ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ïegx0 = gx0;n0 . � ª ª ª z0 2 ��,   F : �� ! �� | áîàê¥ªæ¨ï, â® ®âà¨æ â¥«ì­ ï ¯®«ãâà ¥ªâ®à¨ï
â®çª¨ y0 ®â­®á¨â¥«ì­® egx0 ª®àà¥ªâ­® ®¯à¥¤¥«¥­ . �ãáâì â®çª¨ fy�jgj�0 ®¡à §ãîâ ¢ë¤¥«¥­­ãî
®âà¨æ â¥«ì­ãî ¯®«ãâà ¥ªâ®à¨î â®çª¨ y0, §¤¥áì gx0;n0j(y

�j) = egjx0(y�j) = y0. �®£¤  ¤«ï «î¡®©
â®çª¨ (x; y) 2 �� ¨ «î¡®£® j � 1, £¤¥ x 2 U1(x0)

T
Per(f), jy � y�j j < �, ¢¥à­® ­¥à ¢¥­áâ¢®

jgx;n0j(y)� gx0;n0j(y
�j)j = jgx;n0j(y)� egjx0(y�j)j < "

2
: (13)

� ª ª ª ¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ j1 = j1(U2;�(
(egx0))), ­¥ § ¢¨áïé¥¬ ®â y0, ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢®

+1X
j=0

�A3
(y�j) � j1

(§¤¥áì U2;�(
(egx0)) | �-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  ­¥¡«ã¦¤ îé¨å â®ç¥ª 
(egx0) ¢ I2, �A3
| å à ª-

â¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  A3 = I2 nU2;�(
(egx0))), â® ¨§ (13) á«¥¤ã¥â, çâ® ­ ©¤¥âáï ­ âã-
à «ì­®¥ ç¨á«® j2 � j1 â ª®¥, çâ® ¯à¨ ¢á¥å j � j2 ¤«ï j-£® ¯®«­®£® ¯à®®¡à §  ¢ �� ®â­®á¨â¥«ì­®
®â®¡à ¦¥­¨ï F n0

j��
"
2
-®ªà¥áâ­®áâ¨ U��

"

2
(z0) = U "

2
(z0)

T
�� ¢ �� â®çª¨ z0 á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

(F n0
j��)

�j(U��
"

2
(z0)) � ��

\
U"( Ls

n!+1
�njPer(f;n)):

�âáî¤ , ¨á¯®«ì§ãï (9), ¯®«ãç ¥¬ U��
"

2
(z0)

T
(F n0

j��)
�j(U��

"

2
(z0)) = ; ¯à¨ «î¡®¬ j � j2. �«¥¤®¢ â¥«ì-

­®, U��
"

2
(z0)

T
F n0j(U��

"

2
(z0)) = ; ª ª®¢® ¡ë ­¨ ¡ë«® j � j2. �®á«¥¤­¥¥ ¢¬¥áâ¥ á «¥¬¬®© 1 ¢«¥ç¥â

§  á®¡®© z0 =2 �Fj� . � ª ª ª ¤«ï z0 2 � n �� ¢ë¯®«­¥­® z0 =2 �Fj� , â® à ¢¥­áâ¢® (6) ¤®ª § ­®.
2. � ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® «¥¬¬ë 4.

�ãáâì I� =
+1T
n=0

F n(I). �®£¤  F áîàê¥ªâ¨¢­® ­  I�, ¨ � � I�. � ª ª ª ¤«ï «î¡®© â®çª¨ (x; y) 2

I� ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ !F ((x; y)) � ( Ls
n!+1

�njPer(f;n)) (£¤¥ !F ((x; y)) { !-¯à¥¤¥«ì­®¥ ¬­®¦¥áâ¢®

F -âà ¥ªâ®à¨¨ â®çª¨ (x; y)), â® ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï (c) ¯à¥¤«®¦¥­¨ï 2 «¥¬¬  4 á¯à ¢¥¤«¨¢ ,
¥á«¨ �� = Ls

n!+1
�njPer(f;n).

�ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (7). �®§ì¬¥¬ ¯à®¨§¢®«ì­® ¨ § ä¨ªá¨àã¥¬ â®çªã z0 â ª, çâ®¡ë
¢ë¯®«­ï«®áì (8). �®ª ¦¥¬, çâ® z0 =2 �.

�ãáâì "-®ªà¥áâ­®áâ¨ U"(z0) ¨ U"( Ls
n!+1

�njPer(f;n)) á®®â¢¥âáâ¢¥­­® â®çª¨ z0 ¨ ¬­®¦¥áâ¢ 

Ls
n!+1

�njPer(f;n) ¢ë¡à ­ë ¢ á¨«ã (9). �á¯®«ì§ãï à¥§ã«ìâ âë ¯. 1 ¨ â¥®à¥¬ã �¦.�¨àª£®ä  [13],

¤«ï ®ªà¥áâ­®áâ¨ U "

2
( Ls
n!+1

�njPer(f;n)) ¬­®¦¥áâ¢  Ls
n!+1

�njPer(f;n) ãª ¦¥¬ ­ âãà «ì­®¥ ç¨á«® n1 =
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n1(U "

2
( Ls
n!+1

�njPer(f;n))) â ª, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

+1X
n=0

�A4
(F n(x0; y0)) � n1; (14)

£¤¥ �A4
| å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  A4 = I nU "

2
( Ls
n!+1

�njPer(f;n)). �®á¯®«ì§ã¥¬áï

à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâìî ®â®¡à ¦¥­¨ï F ¨ ¯® ç¨á«ã "

2
> 0 ãª ¦¥¬ �0 > 0 â ª, çâ®¡ë ¤«ï

«î¡ëå x; x0 2 I1, y; y0 2 I2, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ jx�x0j < �0, jy�y0j < �0, ¢ë¯®«­ï«®áì

F (x0; y0) 2 U "

2
(F (x; y)); (15)

£¤¥ U "

2
(F (x; y)) | "

2
-®ªà¥áâ­®áâì â®çª¨ F (x; y) ¢ I.

�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â �0 � "
2
, ¤«ï ª®â®à®£® ¢ë¯®«­¥­® (15). �®£¤  ¯®«®¦¨â¥«ì-

­ ï ¯®«ãâà ¥ªâ®à¨ï â®çª¨ z0 fF n(z0)gn�0 \®âá«¥¦¨¢ ¥âáï" ¯®«®¦¨â¥«ì­®© ¯®«ãâà ¥ªâ®à¨¥©
fF n(x; y)gn�0 ¯à®¨§¢®«ì­®© â®çª¨ (x; y) 2 U�0(z0)

T
I� (U�0(z0) | �0-®ªà¥áâ­®áâì z0 ¢ I) á â®ç-

­®áâìî ¤® "
2
. �á¯®«ì§ãï ­¥à ¢¥­áâ¢® (14), ¯®«ãç ¥¬ ®âáî¤ 

+1P
n=0

�A5
(F n(x0; y0)) � n1, £¤¥ �A5

| å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  A5 = I n U"( Ls
n!+1

�njPer(f;n)). �®á«¥¤­¥¥ ¢¬¥áâ¥ á

¯à¥¤«®¦¥­¨¥¬ 2 ¢«¥ç¥â §  á®¡®© z0 =2 �.
�ãáâì (15) ¨¬¥¥â ¬¥áâ® «¨èì ¤«ï �0 < "

2
. �îàê¥ªâ¨¢­®áâì FjI� ¯®§¢®«ï¥â à áá¬ âà¨¢ âì ®âà¨-

æ â¥«ì­ë¥ ¯®«ãâà ¥ªâ®à¨¨ (®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï FjI�) â®ç¥ª ¬­®¦¥áâ¢  I�. �à®¢®¤ï  ­ -
«®£¨ç­ë¥ à ááã¦¤¥­¨ï ¤«ï ®âà¨æ â¥«ì­ëå ¯®«ãâà ¥ªâ®à¨© â®çª¨ z0 ¨ â®ç¥ª (x; y) 2 U "

2
(z0)

T
I�,

â ª¦¥ ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® z0 =2 �. � ª¨¬ ®¡à §®¬, ¢ª«îç¥­¨¥ (5) ãáâ ­®¢«¥­®. �¯à ¢¥¤«¨-
¢®áâì «¥¬¬ë 4 á«¥¤ã¥â ¨§ (4) ¨ (5).

�¥¬¬ë 3 ¨ 4 ¢«¥ªãâ §  á®¡®© á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 1. �

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® áãé¥áâ¢¥­­ë¬ í«¥¬¥­â®¬ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4 ( , á«¥¤®¢ -
â¥«ì­®, ¨ â¥®à¥¬ë 1) ï¢«ï¥âáï ¢®§¬®¦­®áâì ®âá«¥¦¨¢ âì ¯®«®¦¨â¥«ì­ë¥ ¨«¨ ¢ë¤¥«¥­­ë¥ ®âà¨-
æ â¥«ì­ë¥ ¯®«ãâà ¥ªâ®à¨¨ â®ç¥ª ¢ á«®ïå ­ ¤ ¯¥à¨®¤¨ç¥áª¨¬¨ â®çª ¬¨ ä ªâ®à-®â®¡à ¦¥­¨ï á®-
®â¢¥âáâ¢¥­­® ¯®«®¦¨â¥«ì­ë¬¨ ¨«¨ ­¥ª®â®àë¬¨ ®âà¨æ â¥«ì­ë¬¨ ¯®«ãâà ¥ªâ®à¨ï¬¨ \¡«¨§ª¨å"
â®ç¥ª ¢  ­ «®£¨ç­ëå á«®ïå (®â¬¥â¨¬, çâ® ª« áá¨ç¥áª ï â¥®à¥¬  ® á¥¬¥©áâ¢ å "-âà ¥ªâ®à¨© [14]
­¥ ¯à¨¬¥­¨¬  ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥). � ¦­ãî à®«ì ¢ ­ å®¦¤¥­¨¨ â ª¨å ¯®«ãâà ¥ªâ®à¨©
¨£à ¥â á¢®©áâ¢® ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© ®âà¥§ª  á § ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬ ¯¥à¨®¤¨ç¥áª¨å
â®ç¥ª, ãª § ­­®¥ ¢ ¯à¥¤«®¦¥­¨¨ 4.

�§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢®


w(F ) = 
(F ) n
� [
x2Per(f)

fxg � 
(egx)�

ï¢«ï¥âáï £à ­¨ç­ë¬ ¢ 
(F ) ¨, ¥á«¨ ®­® ­¥ ¯ãáâ®, á®áâ®¨â ¨§ â®ç¥ª (x; y), ª ¦¤ ï ¨§ ª®â®àëå
¡«ã¦¤ ¥â ®â­®á¨â¥«ì­® á®¤¥à¦ é¥£® ¥¥ á«®ï fxg � I2.

�à¨¢¥¤¥¬ ¯à¨¬¥à C1-£« ¤ª®£® ®â®¡à ¦¥­¨ï F 2 T 1([0; 1]2) á § ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬ ¯¥à¨®-
¤¨ç¥áª¨å â®ç¥ª ¢ ¡ §¥ ¨ ­¥¯ãáâë¬ ¬­®¦¥áâ¢®¬ 
w(F ).

�®âà¥¡ãîâáï ¯àï¬®ã£®«ì­¨ª¨

�1 = (0; 1] �
�
1
8
;
1
8
+

x

16

�
; �2 = [0; 1] �

�
1
8
+

x

16
;
3
16

+
x

32

�
;

  â ª¦¥ ¨å ¢¥àå­ïï ¨ ­¨¦­ïï £à ­¨æë á®®â¢¥âáâ¢¥­­®

@l(�1) = [0; 1] �
�
1
8

�
; @u(�1) = [0; 1] �

�
1
8
+

x

16

�
;

@l(�2) = @u(�1); @u(�2) = [0; 1] �
�
3
16

+
x

32

�
:
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�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ áâà®£® ¬®­®â®­­ë¥ ¯® y äã­ªæ¨¨:

�x(y)�
1
4
=

8>><
>>:

x

4
exp

h
�

exp(�( 18�y)
�2)

( 18+
x

16�y)
2

i
; ¥á«¨ (x; y) 2 �1;

x
4
; ¥á«¨ (x; y) 2 @l(�1);

0; ¥á«¨ (x; y) 2 @u(�1);

�x(y)�
1
4
=

8>><
>>:
�A exp

h
�

exp(�( 3
16+

x

32�y)
�2)

( 18+
x

16�y)
2

i
; ¥á«¨ (x; y) 2 �2;

0; ¥á«¨ (x; y) 2 @l(�2);

�A; ¥á«¨ (x; y) 2 @u(�2);

£¤¥ A = 10�3,   â ª¦¥ ¯®«¨­®¬ 3-© áâ¥¯¥­¨

p(y) = �80y3 + 88y2 � 28y + 3:

�¡®§­ ç¨¬ ç¥à¥§ �3 ¯àï¬®ã£®«ì­¨ª [0; 1] � ( 3
16
+ x

32
; 1
4
].

�à¨¬¥à. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ F 2 T 1([0; 1]2), £¤¥

F (x; y) = (x; gx(y)):

�à¨ íâ®¬ á¥¬¥©áâ¢® ®â®¡à ¦¥­¨© ¢ á«®ïå § ¤ ¤¨¬ â ª, çâ®¡ë ®â®¡à ¦¥­¨¥ g0(y) 2 C1([0; 1])
¤®¯ãáª «® C1
-¢§àë¢ (§¤¥áì C1([0; 1]) | ¯à®áâà ­áâ¢® C1-£« ¤ª¨å ®â®¡à ¦¥­¨© ®âà¥§ª  [0; 1] ¢
á¥¡ï á C1-­®à¬®©). �®«®¦¨¬

gx(y) =

8>>>>>>>>><
>>>>>>>>>:

16(x+ 1)y( 1
4
� y); ¥á«¨ (x; y) 2 [0; 1] � [0; 1

8
);

�x(y); ¥á«¨ (x; y) 2 �1;

�x(y); ¥á«¨ (x; y) 2 �2;
1
4
+A sin 2�(8y�x)

2�x
; ¥á«¨ (x; y) 2 �3;

p(y); ¥á«¨ (x; y) 2 [0; 1] � ( 1
4
; 1
2
];

4y(1� y); ¥á«¨ (x; y) 2 [0; 1] � ( 1
2
; 1]:

� ¬¥â¨¬, çâ® f(0; (g0 j[0; 18 ))
�n( 1

8
))gn�0 � 
(F ) ¢ â® ¢à¥¬ï, ª ª «î¡ ï â®çª  ¨­â¥à¢ «  f0g �

(0; 1
4
) ï¢«ï¥âáï ¡«ã¦¤ îé¥© ®â­®á¨â¥«ì­® á«®ï f0g�[0; 1]. �«¥¤®¢ â¥«ì­®, ¢ ¯à¨¬¥à¥ 
w(F ) 6= ;.
�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ­¨ ®¤­  ¨§ â®ç¥ª ¬­®¦¥áâ¢  
w(F ) ®â®¡à ¦¥­¨ï ¨§ ¯à¨¬¥à 

­¥ ï¢«ï¥âáï !-¯à¥¤¥«ì­®©, ªà®¬¥ â®£®, §¤¥áì
S

(x;y)2I

!F ((x; y)) | ­¥§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢®.

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

� [4] ¤®ª § ­®, çâ® ¥á«¨ ¬­®¦¥áâ¢® Per(f) ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ä ªâ®à-®â®¡à ¦¥­¨ï f ®â®-
¡à ¦¥­¨ï F 2 T 0(I) § ¬ª­ãâ®, â® C(F ) = Per(F ). �âáî¤  á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¥¤«®¦¥­¨© 2 ¨ 3
¯®«ãç ¥¬, çâ® ¢ ¤ ­­®¬ á«ãç ¥

C(F ) =
[

x2Per(f)

fxg � C(egx) = [
x2Per(f)

fxg � 
(egxj
(~gx)): (16)

� ª¨¬ ®¡à §®¬, ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¤®áâ â®ç­® ã¡¥¤¨âìáï ¢ â®¬, çâ® C(F ) =

(Fj
(F )). �ã¤¥¬ ¨á¯®«ì§®¢ âì C-äã­ªæ¨î ¨ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨ ��n. �ª ¦¥¬, çâ® ¢ á¨«ã
¯à¥¤«®¦¥­¨ï 2 ®â®¡à ¦¥­¨ï ��n ®¯à¥¤¥«¥­ë ­  ¬­®¦¥áâ¢¥ Per(f). �®á¯®«ì§ã¥¬áï ¯®á«¥¤®¢ -
â¥«ì­®áâìî ­ âãà «ì­ëå ç¨á¥« jn = 2

n(n+1)
2 , n � 1.

�¥¬¬  5. �á«¨ ¬­®¦¥áâ¢® Per(f) ä ªâ®à-®â®¡à ¦¥­¨ï f ®â®¡à ¦¥­¨ï F 2 T 0(I) § -

¬ª­ãâ®, â® áãé¥áâ¢ã¥â ¯à¥¤¥« Lim
n!+1

��jnjPer(f;jn) ¯®á«¥¤®¢ â¥«ì­®áâ¨ £à ä¨ª®¢ äã­ªæ¨© ��jnjPer(f;jn)
¢ I, ¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

�� = Lim
n!+1

��jnjPer(f;jn);
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§¤¥áì �� | £à ä¨ª á®®â¢¥âáâ¢ãîé¥© äã­ªæ¨¨ ¢ I.

�¥©áâ¢¨â¥«ì­®, â. ª. ¯à¨ «î¡®¬ ­ âãà «ì­®¬ n ¨¬¥¥¬ C(egnx ) = C(egx), â® á¯à ¢¥¤«¨¢® ¢ª«î-
ç¥­¨¥

��jn jPer(f;jn)
� ��jn+1 jPer(f;jn+1)

; n � 1:

�âáî¤  ¯®«ãç ¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì £à ä¨ª®¢ äã­ªæ¨©

��jn jPer(f;jn)
=

[
x2Per(f;jn)

fxg � C(egx)
áå®¤¨âáï ¢ I, ¨ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Lim
n!+1

��jn jPer(f;jn)
=

[
x2Per(f)

fxg � C(egx): (17)

�§ à ¢¥­áâ¢ (16) ¨ (17) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì «¥¬¬ë 5.

�¥¬¬  6. �á«¨ ¬­®¦¥áâ¢® Per(f) ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ä ªâ®à-®â®¡à ¦¥­¨ï f ®â®¡à -

¦¥­¨ï F 2 T 0(I) § ¬ª­ãâ®, â® �� = �Fj
(F ) , £¤¥ �
�, �Fj
(F ) | £à ä¨ª¨ á®®â¢¥âáâ¢ãîé¨å äã­ª-

æ¨© ¢ I.

�®ª § â¥«ìáâ¢®. � á¨«ã à ¢¥­áâ¢  (16) ¨ «¥¬¬ë 5 á¯à ¢¥¤«¨¢®

�� � �Fj
(F ) : (18)

�®ª ¦¥¬ ¯à®â¨¢®¯®«®¦­®¥ ¢ª«îç¥­¨¥

�Fj
(F ) � ��: (19)

�ã¤¥¬ ¨á¯®«ì§®¢ âì ¬­®¦¥áâ¢® 
�(F ) =
+1T
n=0

F n(
(F )). �«ï ¤®ª § â¥«ìáâ¢  (19) ãáâ ­®¢¨¬ ¢ª«î-
ç¥­¨¥

�Fj
�(F ) � ��: (20)

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤¥âáï â®çª  z0(x0; y0) 2 �Fj
�(F )n
S

x2Per(f)

fxg � 
(egxj
(~gx)). �®§ì-
¬¥¬ ¯à®¨§¢®«ì­® ¨ § ä¨ªá¨àã¥¬ " > 0 â ª, çâ®¡ë ­¥ ¯¥à¥á¥ª «¨áì "-®ªà¥áâ­®áâ¨ ¢ I U"(z0) ¨
U"(

S
x2Per(f)

fxg � 
(egxj
(~gx))) â®çª¨ z0 ¨ ¬­®¦¥áâ¢ 
S

x2Per(f)

fxg � 
(egxj
(~gx)) á®®â¢¥âáâ¢¥­­®. �®á-
¯®«ì§ã¥¬áï à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâìî ®â®¡à ¦¥­¨ï F ¨ ¯® ç¨á«ã "

2
> 0 ãª ¦¥¬ �0 > 0

â ª, çâ®¡ë ¤«ï «î¡ëå x; x0 2 I1, y; y0 2 I2, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ jx � x0j < �0,
jy�y0j < �0, ¢ë¯®«­ï«®áì (15). �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ (15) á¯à ¢¥¤«¨¢® «¨èì ¤«ï �0 < "

2
. � ª

ª ª F : 
�(F ) ! 
�(F ) | áîàê¥ªæ¨ï,   z0 2 
�(F ), â® ª®àà¥ªâ­® ®¯à¥¤¥«¥­  ®âà¨æ â¥«ì­ ï
¯®«ãâà ¥ªâ®à¨ï â®çª¨ z0 ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï Fj
�(F ).

�ãáâì â®çª¨ fz�ngn�1 = f(x�n; y�n)gn�1 � 
�(F ) ®¡à §ãîâ ¢§ïâãî ¯à®¨§¢®«ì­® ¨ ä¨ªá¨à®-
¢ ­­ãî ®âà¨æ â¥«ì­ãî ¯®«ãâà ¥ªâ®à¨î â®çª¨ z0(x0; y0) ®â­®á¨â¥«ì­® Fj
�(F ), §¤¥áì fn(x�n) =
x0, gx�n;n(y�n) = y0. �®£¤  ¤«ï «î¡®© â®çª¨ (x; y) 2 
�(F ) ¨ «î¡®£® n � 1, ã¤®¢«¥â¢®àïîé¨å
­¥à ¢¥­áâ¢ ¬ jx� x�nj < �0, jy � y�nj < �0, ¢¥à­®

F n
j
�(F )(x; y) 2 U "

2
(F n

j
�(F )(x
�n; y�n)) = U "

2
(z0): (21)

� ª ª ª ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® ç¨á«  n�, ­¥ § ¢¨áïé¥£® ®â â®çª¨ z0, £¤¥ n� = n�(
S

x2Orb(x0)

fxg�

U2;�0(
(egxj
(egx)))), ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
+1P
n=0

�A6
(z�n) � n� (§¤¥áì ç¥à¥§ Orb(x0) ®¡®§­ ç¥­ 

¯¥à¨®¤¨ç¥áª ï ®à¡¨â , ¯®à®¦¤¥­­ ï â®çª®© x0, �A6
| å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥-

áâ¢  A6 = 
�(F ) n
� S
x2Orb(x0)

fxg � U2;�0(
(egxj
(~gx)))�, U2;�0(
(egxj
(~gx))) | �0-®ªà¥áâ­®áâì ¬­®¦¥-

áâ¢  
(egxj
(~gx)) ¢ I2), â® ¨§ (21) á«¥¤ã¥â, çâ® ­ ©¤¥âáï ­ âãà «ì­®¥ ç¨á«® n0� � n� â ª®¥, çâ®
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¯à¨ ¢á¥å n � n0� ¤«ï n-£® ¯®«­®£® ¯à®®¡à §  ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï Fj
�(F )
"
2
-®ªà¥áâ­®áâ¨

U

�(F )
"

2
(z0) = U "

2
(z0)

T

�(F ) ¢ 
�(F ) â®çª¨ z0 á¯à ¢¥¤«¨¢®

(Fj
�(F ))
�n(U
�(F )

"

2
(z0)) � 
�(F )

\
U"

� [
x2Per(f)

fxg � 
(egxj
(~gx))�:
� á¨«ã ¢ë¡®à  ®ªà¥áâ­®áâ¥© U"(z0) ¨ U"(

S
x2Per(f)

fxg � 
(egxj
(~gx))) ¯®«ãç ¥¬
U


�(F )
"

2
(z0)

\
(Fj
�(F ))

�n(U
�(F )
"

2
(z0)) = ;

¯à¨ «î¡®¬ n � n0�. �«¥¤®¢ â¥«ì­®, z
0 =2 �Fj
�(F ) . �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ á ¢ë¡®à®¬ â®çª¨

z0 ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì (20). � ¬¥â¨¬, çâ® �Fj
�(F ) = �Fj
(F ) . �¥©áâ¢¨â¥«ì­®, â. ª. £à ä¨ª
�Fj
(F ) § ¬ª­ãâ, â® ª ª®¢  ¡ë ­¨ ¡ë«  â®çª  z 2 
�(F ) n �Fj
�(F ) , á¯à ¢¥¤«¨¢® z 2 �Fj
(F ) ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ¥á«¨ z ¥áâì ¯à¥¤¥«ì­ ï â®çª  �Fj
(F ) . �®á«¥¤­¥¥ ­¥¢®§¬®¦­®, â. ª. ¢á¥ â®çª¨
¬­®¦¥áâ¢  �F n
�(F ) ¡«ã¦¤ îâ ®â­®á¨â¥«ì­® £à ä¨ª  �F (â. ¥. ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  
(F )).
� ª¨¬ ®¡à §®¬, ¢ª«îç¥­¨¥ (19) ¤®ª § ­®.

�¯à ¢¥¤«¨¢®áâì «¥¬¬ë 6 ¢ëâ¥ª ¥â ¨§ (18) ¨ (19).
�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2 á«¥¤ã¥â ¨§ «¥¬¬ë 6 ¨ à ¢¥­áâ¢  (16). �¥®à¥¬  2 ¤®ª § ­ .
� á¨«ã â¥®à¥¬ë 2 £«ã¡¨­  æ¥­âà  ¯à®¨§¢®«ì­®£® ®â®¡à ¦¥­¨ï F 2 T 0(I) á § ¬ª­ãâë¬ ¬­®-

¦¥áâ¢®¬ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ¢ ¡ §¥ ­¥ ¯à¥¢®áå®¤¨â 2.
�ª ¦¥¬ â ª¦¥, çâ® ®â®¡à ¦¥­¨¥ ¨§ ¯à¨¬¥à  ¨¬¥¥â ­¥¯ãáâ®¥ ¬­®¦¥áâ¢®

C(F ) n
� [
x2Per(f)

fxg � C(egx)�:

�¨â¥à âãà 
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