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1. �à ¥¢ë¥ § ¤ ç¨ ­  ¯à®áâà ­áâ¢¥­­ëå á¥âïå (£¥®¬¥âà¨ç¥áª¨å £à ä å) ¢®§­¨ª îâ ¯à¨ ¨§-
ãç¥­¨¨ ¯à®æ¥áá®¢ ¨ ï¢«¥­¨© ¢ á ¬ëå à §«¨ç­ëå à §¤¥« å ¥áâ¥áâ¢®§­ ­¨ï | ®â á«®¦­ëå ¬®«¥-
ªã« ¤® ­¥©à®­­ëå á¨áâ¥¬ [1]. �¤­  ¨§ ­ ¨¡®«¥¥ ­ £«ï¤­ëå à¥ «¨§ æ¨© â ª¨å § ¤ ç | ã¯àã£¨¥
¤¥ä®à¬ æ¨¨ á¥âª¨, á¢ï§ ­­®© ¨§ ­ âï­ãâëå áâàã­. � §¢¨âë¥ ¢®à®­¥¦áª¨¬¨ ¬ â¥¬ â¨ª ¬¨ ¬¥-
â®¤ë ¯®§¢®«¨«¨ ®¯¨áë¢ âì â ª¨¥ § ¤ ç¨ ¢ â¥à¬¨­ å ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-
­¨ï, ¯®áâà®¨¢ ¤«ï ­¨å â®ç­ë©  ­ «®£ â¥®à¨¨ �âãà¬ {�¨ã¢¨««ï, ¢ª«îç ï â¥®à¨î áà ¢­¥­¨ï
�âãà¬  ¨ ®áæ¨««ïæ¨®­­ë¥ á¯¥ªâà «ì­ë¥ á¢®©áâ¢  [2]. �®á«¥¤­¨¥ á¢®©áâ¢  á¢¨¤¥â¥«ìáâ¢ãîâ
­ á«¥¤®¢ ­¨¥ á¥âª®© ¢ ¦­¥©è¨å á¢®©áâ¢ ¥¥ ª®¬¯®­¥­â | ®â¤¥«ì­ëå à¥¡¥à-áâàã­. � ¤àã£®© áâ®-
à®­ë, ¯«®áª ï á¥âª  ¨§ áâàã­ ï¢­® ­¥ ï¢«ï¥âáï ®¤­®¬¥à­ë¬ ®¡ê¥ªâ®¬ ¨ ¯à¨ ¤®áâ â®ç­® ¬¥«ª¨å
ïç¥©ª å ¤®«¦­  ®¡­ àã¦¨¢ âì à®¤áâ¢¥­­®áâì á ¬¥¬¡à ­®©. �®¯à®á ® áå®¤áâ¢¥ ¨å á¯¥ªâà®¢, ¢®§-
­¨ªè¨© ¡®«¥¥ ¤¥áïâ¨ «¥â ­ § ¤, ã¦¥ ¯à¨ ¯®áâ ­®¢ª¥ á®¯à®¢®¦¤ «áï á¥àì¥§­ë¬¨ á®¬­¥­¨ï¬¨
ä¨§¨ç¥áª®© ¯à¨à®¤ë | à¥ ªæ¨ï ¬¥¬¡à ­ë ¨ ¯àï¬®ã£®«ì­®© á¥âª¨ ­  â®ç¥ç­®¥ ¢®§¤¥©áâ¢¨¥ ª -
ç¥áâ¢¥­­® à §«¨ç­ë: ¬¥¬¡à ­  ¯à®â¨¢®¤¥©áâ¢ã¥â ¯® ª®­â¨­ãã¬ã ­ ¯à ¢«¥­¨©,   á¥âª  | ¢á¥£®
«¨èì ¯® ç¥âëà¥¬ (¥á«¨ ãá¨«¨¥ á®áà¥¤®â®ç¥­® ¢ ã§«¥) ¨«¨ ¤ ¦¥ ¯® ¤¢ã¬ ­ ¯à ¢«¥­¨ï¬.

� à ¡®â¥ ­  ¯à¨¬¥à¥ ª¢ ¤à â­®© ®¤­®à®¤­®© ¬¥¬¡à ­ë ¯®ª §ë¢ ¥âáï, çâ® ¯¥à¥å®¤ ª ¤®áâ -
â®ç­® £ãáâ®© á¥âª¥ ¨§ áâàã­ ­¥ ¬¥­ï¥â á¯¥ªâà  ¢ £« ¢­®¬.

2. �¯¥ªâà � ®¤­®à®¤­®© ¬¥¬¡à ­ë, ­ âï­ãâ®© ­  ª¢ ¤à â Q = [0; l] � [0; l], ®¯à¥¤¥«ï¥âáï
§ ¤ ç¥©

��u+ ��u = 0; (1)

uj@Q = 0; (2)

£¤¥ � (= const) | ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¬ áá ¨ � (= const) | ¢­ãâà¥­­¥¥ ­ ¯àï¦¥­¨¥¬¥¬¡à -
­ë, ®¡¥á¯¥ç¨¢ ¥¬®¥ à ¢­®¬¥à­ë¬ ¥¥ ­ âï¦¥­¨¥¬. �¯¥ªâà �, ®ç¥¢¨¤­®, ¢¥é¥áâ¢¥­, ¯®«®¦¨â¥«¥­
¨ á®áâ®¨â ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨

�k =
�2�

l2�
k (3)

¯à¨ â ª¨å ­ âãà «ì­ëå k, ª®â®àë¥ ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨¥ k = n2 + m2 á æ¥«ë¬¨ n, m.
�®«¨ç¥áâ¢® â ª¨å ¯à¥¤áâ ¢«¥­¨© ¯à¨ ª ¦¤®¬ k ®¯à¥¤¥«ï¥â ªà â­®áâì á®®â¢¥âáâ¢ãîé¥£® �k.

� áá¬®âà¨¬ ­  â®¬ ¦¥ ª¢ ¤à â¥ Q = [0; l]� [0; l] á¥âªã �h ¨§ áâàã­ á ª¢ ¤à â­ë¬¨ ïç¥©ª ¬¨
h�h, § ªà¥¯«¥­­ãî ¢ ã§« å, «¥¦ é¨å ¢ @Q (¨å á®¢®ªã¯­®áâì ®¡®§­ ç¨¬ @�h). �¡®§­ ç¨¬ ç¥à¥§
�h ¯«®â­®áâì áâàã­,   ç¥à¥§ �h | ¨å ­ âï¦¥­¨¥. �ã¤¥¬ áç¨â âì, çâ® ¢ ã§« å �h, ­¥ «¥¦ é¨å ­ 
£à ­¨æ¥ @Q, â. ¥. ­¥ ¯®¯ ¢è¨å ¢ @�h (¨å á®¢®ªã¯­®áâì ®¡®§­ ç¨¬ ç¥à¥§ I(�h)), ¯®¬¥é¥­ë £àã§ë
á ¬ áá ¬¨ mh. �á«¨ §­ ç¥­¨ï mh, �h ¨ �h á¢ï§ âì á ¯ à ¬¥âà ¬¨ �, � ¬¥¬¡à ­ë à ¢¥­áâ¢ ¬¨

� =
2�h +mh

h2
; � =

�h

h
; (4)

� ¡®â  ¯®¤¤¥à¦ ­  �¨­¨áâ¥àáâ¢®¬ ¢ëáè¥£® ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨ (�®­ªãàá­ë© æ¥­âà
� ­ªâ-�¥â¥à¡ãà£áª®£® £®áã¤ àáâ¢¥­­®£® ã­¨¢¥àá¨â¥â , £à ­â ò97-0-1.8-100).
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â® â ªãî á¥âªã ¬®¦­® áç¨â âì ä¨§¨ç¥áª®© ¤¨áªà¥â¨§ æ¨¥© ¨áå®¤­®© ¬¥¬¡à ­ë ¨ ­ ®¡®à®â,
¬¥¬¡à ­ã| ®áà¥¤­¥­¨¥¬ â ª®© á¥âª¨. � §®¢¥¬ â ªãî á¥âªã ¨§ áâàã­ ¤«ï § ¤ ç¨ (1), (2) \âª ­®©
¬¥¬¡à ­®©". �ª §ë¢ ¥âáï, ¥¥ á¯¥ªâà ¯à¨ ¬ «ëå h  ¤¥ª¢ â¥­ \­ ç «ã" �0; �1; �2; : : : ; �n á¯¥ªâà 
� á® áª®«ì ã£®¤­® ¡®«ìè¨¬ n. �®ç­¥¥ £®¢®àï, ¢¥à­ 

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¯®«®¦¨â¥«ì­®¥ ç¨á«® � ¡ë«® â®çª®© á¯¥ªâà  ®¯¨á ­­®©

\âª ­®© ¬¥¬¡à ­ë" �h, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë � ã¤®¢«¥â¢®àï«® ®¤­®¬ã ¨§ ãà ¢-

­¥­¨©

2 cos
�h

l
i+ 2 cos

�h

l
j = 4 cos h

r
�
�h

�h
�mh

s
�

�h�h
sinh

r
�
�h

�h
(i; j = 1; N � 1); (5)

�
sinh

r
�
�h

�h

�N2
�1

= 0; (6)

£¤¥ Nh = l.

�®ç­®¥ ®¯¨á ­¨¥ (5), (6) á¯¥ªâà  �h ®¯à¥¤¥«ï¥â ªà â­®áâì ª ¦¤®© â®çª¨ á¯¥ªâà . � ª, à¥è¥-
­¨ï ãà ¢­¥­¨ï (6) ¨¬¥îâ ªà â­®áâì (N 2� 1). �¥è¥­¨ï ãà ¢­¥­¨© (5) ¯à¨ ä¨ªá¨à®¢ ­­®© áã¬¬¥
i2 + j2 á«¨¢ îâáï ¯à¨ h ! 0, çâ® ®¯ïâì ¦¥ ®¯à¥¤¥«ï¥â ªà â­®áâì ®¡é¥£® à¥è¥­¨ï ª ª â®çª¨
á¯¥ªâà . �§ (6) ¢¨¤­®, çâ® à¥è¥­¨ï � íâ®£® ãà ¢­¥­¨ï ¯à¨ ¬ «ëå h ª ª ã£®¤­® ¤ «¥ª¨ ®â ­ã«ï.
�®íâ®¬ã \­ ç «® á¯¥ªâà " �h ¬¥¬¡à ­ë �h ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨ (5), ¨§ ª®â®àëå á«¥¤ã¥â,
çâ®

�hk = �k +O(h); (7)

£¤¥ �0; �1; : : : | á¯¥ªâà ¬¥¬¡à ­ë, â. ¥. ¯®á«¥¤®¢ â¥«ì­®áâì (3),   �h0 ; �
h
1 ; : : : | á¯¥ªâà á¥âª¨ �h,

à á¯®«®¦¥­­ë© ¯® ¢®§à áâ ­¨î.

3. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®¯¨è¥¬ á­ ç «  á®®â¢¥âáâ¢ãîéãî \âª ­®© ¬¥¬¡à ­¥" �h
¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ª®«¥¡ ­¨©. �  ª ¦¤®¬ à¥¡à¥ ïç¥©ª¨ à §¬¥à  h (¥á«¨ ®­® ­¥ «¥¦¨â ­ 
£à ­¨æ¥ @Q) ¤«ï áâàã­ë á¯à ¢¥¤«¨¢® ®¡ëç­®¥ á®®â­®è¥­¨¥

�hu
00 + ��hu = 0; (8)

£¤¥ ¯à®¨§¢®¤­ë¥ ¡¥àãâáï ¢¤®«ì à¥¡à  ïç¥©ª¨. �¡®§­ ç¨¬ ç¥à¥§ aij ã§¥« á¥âª¨ �h á ª®®à¤¨­ â -
¬¨ (ih; jh) ¯à¨ i; j = 0; N . �®à¨§®­â «ì­®¥ à¥¡à® á¥âª¨, á®¥¤¨­ïîé¥¥ á®á¥¤­¨¥ ¢¥àè¨­ë aij ¨
ai+1j , ®¡®§­ ç¨¬ ç¥à¥§ 
1ij ,   ¢¥àâ¨ª «ì­®¥ à¥¡à® ¬¥¦¤ã aij ¨ aij+1 | ç¥à¥§ 
2ij . �«ï äã­ªæ¨¨
u(x), § ¤ ­­®© ­  �h, áã¦¥­¨ï ­  à¥¡à  
kij ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ukij . �î¡®¥ ¨§ íâ¨å áã¦¥-
­¨© ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (8). � áá¬ âà¨¢ ¥¬ë¥ äã­ªæ¨¨ u(x) : �h ! R ­¥¯à¥àë¢­ë ¢®
¢á¥å ¢­ãâà¥­­¨å ã§« å ¨, ªà®¬¥ â®£®, ¢ íâ¨å ã§« å ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãá«®¢¨î ¡ « ­á 
­ âï¦¥­¨©, çâ® ®§­ ç ¥â

�h[(u
1
ij)

0(aij)� (u1i�1j)
0(aij) + (u2ij)

0(aij)� (u2ij�1)
0(aij)] + �mhuij(aij) = 0: (9)

� ªà¥¯«¥­¨¥ á¥âª¨ ­  £à ­¨æ¥ ª¢ ¤à â  Q ¯à¨¢®¤¨â ª  ­ «®£¨ç­ë¬ (2) ãá«®¢¨ï¬

uij(aij) = 0: (10)

� ¦¤®¥ à¥¡à® 
kij (k = 1; 2) ¯ à ¬¥âà¨§ã¥¬ ¢ ­ ¯à ¢«¥­¨¨ ®â aij áª «ïà®¬ t, ¬¥­ïîé¨¬áï ®â 0
¤® h. �¨¤ ãà ¢­¥­¨ï (8) ¤«ï äã­ªæ¨© ukij(t) á®åà ­¨âáï.

�¥è¥­¨¥ ukij(t) ãà ¢­¥­¨ï (8) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

ukij(t) = Ak
ij sin

s
��h

�h
t+Bk

ij cos

s
��h

�h
t; (11)
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£¤¥ Ak
ij , B

k
ij | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � á¨«ã ­¥¯à¥àë¢­®áâ¨ à¥è¥­¨© ¢ æ¥«®¬ ­  á¥âª¥

¤«ï ª ¦¤®£® ¨§ ¢­ãâà¥­­¨å ã§«®¢ aij §­ ç¥­¨ï uij ¢¤®«ì ¯à¨¬ëª îé¨å à¥¡¥à ¤®«¦­ë ¡ëâì
®¤¨­ ª®¢ë¬¨. �¡®§­ ç ï íâ® §­ ç¥­¨¥ ç¥à¥§ uij , ¨¬¥¥¬

uij = ukij(0) = u1i�1j(h) = u2ij�1(h)

¨«¨ á ãç¥â®¬ (11)

uij = Bk
ij ;

uij = A1
i�1j sinh

s
��h

�h
+B1

i�1j cos h

s
��h

�h
; (12)

uij = A2
ij�1 sinh

s
��h

�h
+B2

ij�1 cos h

s
��h

�h
:

�á«®¢¨ï ­  £à ­¨æ¥ (10) ¤®¯®«­ïîâ (12) á®®â­®è¥­¨ï¬¨

uij = 0 (¯à¨ aij 2 @�h): (13)

�®¤áâ ­®¢ª  (11) ¢ (9) ¯à¨¢®¤¨â, ¥á«¨ ¤«ï ã¯à®é¥­¨ï ®¡®§­ ç¨âì

sin
�
h

s
��h

�h

�
= s; cos

�
h

s
��h

�h

�
= c; (14)

ª á®®â­®è¥­¨ï¬

1
s

p
��h�h[(ui+1j � cuij)� c(uij � cui�1j) + s2ui�1j +

+ (uij+1 � cuij)� c(uij � cuij�1) + s2uij�1] + ��huij = 0;

ª®â®àë¥ ¯à¥®¡à §ãîâáï ª ¢¨¤ã

1
s

�
(ui�1j + ui+1j + uij�1 + uij+1)�

�
4c� smh

s
�

�h�h

�
uij

�
= 0: (15)

� ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®£® � ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (12), (13), (15), «¨­¥©­ëå ®â­®á¨-
â¥«ì­® Ak

ij , B
k
ij , uij . �ã«¨ ¯® � ®¯à¥¤¥«¨â¥«ï íâ®© á¨áâ¥¬ë ¤ îâ ¨áª®¬ë© á¯¥ªâà. �â®â ®¯à¥¤¥-

«¨â¥«ì á ãç¥â®¬ á¯¥æ¨ä¨ª¨ á¨áâ¥¬ë ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥����D1 D2

0 D3

���� ; (16)

£¤¥ áâà®ª¨ äà £¬¥­â  (D1 D2) á®áâ ¢«¥­ë ¨§ ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨© (12), (13), ¯à¨ç¥¬

D1 =

0BBBBBBBBBBB@

4N(N�1)z }| {
s c 0

1
. . .

0 s c

1

1CCCCCCCCCCCA
:

�«®ª D3 ¢ (16) á®áâ ¢«¥­ ¨§ ª®íää¨æ¨¥­â®¢ á®®â­®è¥­¨© (15),   ®¯à¥¤¥«¨â¥«ì D3 ¤®¯ãáª ¥â
¯à¥¤áâ ¢«¥­¨¥ (s)�(N�1)2 j eD3j, £¤¥ eD3 á®áâ ¢«¥­ ¨§ ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë ãà ¢­¥­¨©

(ui�1j + ui+1j + uij�1 + uij+1)� �uij = 0; � = 4c� smh

s
�

�h�h
:

25



� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¨â¥«ì (16) ®¡à é ¥âáï ¢ ­ã«ì «¨èì ¯à¨ sN
2
�1 = 0 (çâ® ¯à¨¢®¤¨â ª (6))

¨«¨ ¯à¨ j eD3j = 0.
�«¥¤ãîé¨© è £ ®¡ãá«®¢«¥­ ¯à¥¤áâ ¢«¥­¨¥¬ j eD3j = jG � �Ij, £¤¥ G | ¬ âà¨æ  á¬¥¦­®áâ¨

£à ä , ¯®«ãç¥­­®£® ¨§ �h ¢ë¡à áë¢ ­¨¥¬ £à ­¨ç­ëå ¢¥àè¨­ aij (2 @�h) ¨ à¥¡¥à, ª ­¨¬ ¯à¨¬ë-
ª îé¨å. �¥¬ á ¬ë¬ ­ã«¨ j eD3j = 0 á®¢¯ ¤ îâ á® á¯¥ªâà®¬  «£¥¡à ¨ç¥áª®£® £à ä  á ¬ âà¨æ¥©
á¬¥¦­®áâ¨ G. �â®â á¯¥ªâà (á®£« á­®, ­ ¯à., [3]) á®áâ®¨â ¨§ ç¨á¥« ¢¨¤  � = 2 cos �i

N
+ 2 cos �j

N

(i; j = 1; N � 1), â. ¥.

4c� smh

s
�

�h�h
= 2 cos

�ih

l
+ 2 cos

�jh

l
;

çâ® á ãç¥â®¬ (14) ¯à¨¢®¤¨â ª (5).

4. �®à¬ã«ë (5), (6) ¯®§¢®«ïîâ ¨§ãç¨âì á¯¥ªâà \âª ­®© ¬¥¬¡à ­ë" ¤®áâ â®ç­® ¯®¤à®¡­®. �®-
áâ â®ç­® ®ç¥¢¨¤­ë© ãå®¤ ¢ ¡¥áª®­¥ç­®áâì ¯à¨ h ! 0 à¥è¥­¨© ãà ¢­¥­¨ï (6) ®â¬¥ç «áï ¢ëè¥.
� ¢¨á¨¬®áâì à¥è¥­¨© (5) ®â h ¤®áâ â®ç­® ­¥âà¨¢¨ «ì­ , â. ª. ¬­®¦¥áâ¢® íâ¨å à¥è¥­¨© ¤«ï ª -
¦¤®© ¯ àë i, j ®¡à §ã¥â ­¥®£à ­¨ç¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì, â ª¨å ¯ à i, j ¯à¨ ä¨ªá¨à®¢ ­­®¬
h ª®­¥ç­®¥ ç¨á«®, ­¥®£à ­¨ç¥­­® ¢®§à áâ îé¥¥ ¯à¨ h ! 0. � áá¬®âà¨¬ ¢­ ç «¥ ¯®¢¥¤¥­¨¥ à¥-
è¥­¨© (5) ¯à¨ ä¨ªá¨à®¢ ­­ëå i, j. �­® ®á®¡¥­­® ¯à®áâ®, ¥á«¨ ¢á¥ mh = 0, â. ¥. § £àã§ª  ¬ áá ¬¨
¢ ã§« å á¥âª¨ ®âáãâáâ¢ã¥â. �®£¤  ãà ¢­¥­¨ï (5) ¯à¨­¨¬ îâ ¢¨¤

2 cos
�ih

l
+ 2 cos

�jh

l
= 4 cos h

s
��h

�h
;

çâ® ¤ ¥â ï¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨©

�hk =
�
� arccos

1
2

�
cos

�ih

l
+ cos

�jh

l

�
+ 2�k

�2
�h

h2�h
; k 2 Z:

� áá¬®âà¨¬ ®¡é¨© á«ãç © ­¥­ã«¥¢ëå mh. �®«®¦¨¬

� =
r
�
�h

�h
h; 
ij =

1
2

�
cos

�ih

l
+ cos

�jh

l

�
; g =

mh

2�hh
: (17)

�«ï � íª¢¨¢ «¥­â­®¥ (5) ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤

f(�) � 
ij � cos�+ g� sin� = 0: (18)

�â® ãà ¢­¥­¨¥ ¯à¨ ä¨ªá¨à®¢ ­­ëå i, j ¨¬¥¥â «¨èì ¯à®áâë¥ ª®à­¨. �«ï ¥£® «¥¢®© ç áâ¨ f(�)
á®á¥¤­¨¥ íªáâà¥¬ã¬ë ¨¬¥îâ ¯à®â¨¢®¯®«®¦­ë¥ §­ ª¨ (¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®). �®íâ®¬ã
­ã«¨ f ¯¥à¥¬¥¦ îâáï á íªáâà¥¬ã¬ ¬¨, çâ® ¯®§¢®«ï¥â ¤ ¢ âì ®æ¥­ª¨ ­ã«ï¬ f . �­ ç¥­¨ï i, j
¯®-¯à¥¦­¥¬ã ä¨ªá¨àã¥¬.

�ª¢¨¢ «¥­â­®¥ f 0(�) = 0 ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤ tg� = � g

g+1
� ¨ ¥£® à¥è¥­¨ï �0 < �1 < �2 < � � �

®æ¥­¨¢ îâáï â ª:

�

2
(2k � 1) � �k � �k; (19)

¯à¨ç¥¬ �0 = 0. �á«¨ ç¥à¥§ �0; �1; �2; : : : ®¡®§­ ç¨âì ¯®á«¥¤®¢ â¥«ì­®áâì ª®à­¥© ãà ¢­¥­¨ï (18)
¯à¨ ä¨ªá¨à®¢ ­­ëå i, j, â® ¨§ (19) áà §ã á«¥¤ã¥â, ­ ¯à¨¬¥à, çâ® 0 � �0 � �0 � � 1 � � ¨, ¢®®¡é¥,

�

2
(2k � 1) � �k � �k � �k+1 � �(k + 1):

�à¥§¢ëç ©­® ¢ ¦­® §¤¥áì, çâ® íâ¨ ®æ¥­ª¨ ­¥ § ¢¨áïâ ®â i, j. �âáî¤  á ãç¥â®¬ á¢ï§¨ (17) �k(h)
á �k(h) «¥£ª® ã¢¨¤¥âì, çâ® �1(h); �2(h); : : : ¯à¨ h ! 0 ãå®¤ïâ ¢ ¡¥áª®­¥ç­®áâì à ¢­®¬¥à­® ¯®
i, j. �«ï ®æ¥­ª¨ ¯®¢¥¤¥­¨ï ­ ¨¬¥­ìè¥£® (¯à¨ ä¨ªá¨à®¢ ­­ëå i, j) ª®à­ï �0(h) ãà ¢­¥­¨ï (5)
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¯à¥¤áâ ¢¨¬ (5) á ¯®¬®éìî à §«®¦¥­¨ï �¥©«®à  ¯® áâ¥¯¥­ï¬ h. � ãç¥â®¬ à ¢¥­áâ¢ (4) ¯®«ãç¨¬
�2

l2
(i2 + j2) = �

�
�+O(h2), çâ® ®§­ ç ¥â

� =
�2�

l2�
(i2 + j2) +O(h2):

�®¯®áâ ¢«¥­¨¥ íâ®£® à ¢¥­áâ¢  á (7) ¯à¨¢®¤¨â ª ®á­®¢­®¬ã à¥§ã«ìâ âã à ¡®âë.

�¥®à¥¬  2. �à¨ ª ª®¬ ã£®¤­® ¡®«ìè®¬ M á¯¥ªâà \âª ­®© ¬¥¬¡à ­ë" �h ¯à¨ ¤®áâ â®ç­®

¬ «ëå h ®â«¨ç ¥âáï ¢ ¯à¥¤¥« å j�j < M ®â á¯¥ªâà  ­¥¯à¥àë¢­®© ¬¥¬¡à ­ë «¨èì ­  O(h2).
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