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�ãáâì B = (bjk) | ¢¥é¥áâ¢¥­­ ï r � n-¬ âà¨æ , bj1 = 1, ljcy �
nP

k=1
bjky

(n�k)(c), j = 1; r;

Tn(B; a; b;�; �) (a � � < � � b) | ª« áá â ª¨å ®¯¥à â®à®¢ L = dn=dxn +
n�1P
k=0

pk(�)dk=dxk á

áã¬¬¨àã¥¬ë¬¨ ­  [a; b] ª®íää¨æ¨¥­â ¬¨, çâ® ¯à¨ «î¡ëå cj , j = 1; r, � � c1 � � � � � cr � �,
ª ¦¤®¥ à¥è¥­¨¥ y(x) 6� 0 ãà ¢­¥­¨ï Ly = 0, ã¤®¢«¥â¢®àïîé¥¥ «î¡ë¬ � ¨§ ªà ¥¢ëå ãá«®¢¨©
ljcjy = 0, j = 1; r, ¨¬¥¥â ­  [a; b] ­¥ ¡®«¥¥ n� �� 1 ­ã«¥© á ãç¥â®¬ ªà â­®áâ¨ 8�, � = 1; r.

�«¥¤ãï [1], äã­ªæ¨î K(x; s) ¡ã¤¥¬ ­ §ë¢ âì §­ ª®à¥£ã«ïà­ë¬ ¢ [a; b]� (a; b) ï¤à®¬, ¥á«¨ ¢á¥
®â«¨ç­ë¥ ®â ­ã«ï ®¯à¥¤¥«¨â¥«¨ K ( x1 ::: xk

s1 ::: sk ) = det(K(xi; sj))n1 ¤«ï ª ¦¤®£® k ¨¬¥îâ ®¤¨­ ¨ â®â
¦¥ §­ ª "k 8xi; si, i = 1; k, a � x1 < � � � < xk � b, a < s1 < � � � < sk < b, k = 1; 2; : : : �á«¨ ª â®¬ã
¦¥ K(x; s) 6= 0 ¢ [a; b]� (a; b) ¨ K ( s1 ::: sk

s1 ::: sk ) 6= 0 8si, i = 1; k, a < s1 < � � � < sk < b, k = 1; 2; : : : , â®
§­ ª®à¥£ã«ïà­®¥ ï¤à® ­ §ë¢ ¥âáï á¨«ì­® §­ ª®à¥£ã«ïà­ë¬ [1]. �à¨ "k = 1, k = 1; 2; : : : , â ª®¥
ï¤à® ­ §ë¢ ¥âáï ï¤à®¬ �¥««®£  (®áæ¨««ïæ¨®­­ë¬) ([2], [3]).

� [4] ¯®ª § ­®, çâ® ¥á«¨ ¯à¨ ãá«®¢¨¨

L 2 Tn(B; a; b; c1; cr) (1)

áãé¥áâ¢ã¥â ¯¥à¥áâ ­®¢ª  (j1; : : : ; jr) ¬­®¦¥áâ¢  f1; 2; : : : ; rg, ¤«ï ª®â®à®©

j� < j�+k; k = 2; r � �; � = 1; r � 2; (2)

B

�
j� : : : j�+�

1 : : : �+ 1

�
> 0; � = 1; r � �; � = 1; r � 1; (3)

â® §­ ª äã­ªæ¨¨ �à¨­  G(x; s) ªà ¥¢®© § ¤ ç¨

Ly = 0; (4)

ljcjy = 0; j = 1; r; a � c1 � � � � � cr � b; (5)

y(�i)(ai) = 0; �i = 0; ki � 1; i = 1;m; a � a1 < � � � < am � b (6)

(k1 + � � � + km = n � r, a = minfc1; a1g, b = max fcr; amg, ¯à¨ m = 0 ãá«®¢¨ï (6) ®âáãâáâ¢ãîâ ¨
r = n) ®¯à¥¤¥«ï¥âáï ­¥à ¢¥­áâ¢®¬

K(x; s) = G(x; s)�(s)=!(x) > 0 ¢ [a; b]� ((a; b) n fcjg
r
1); (7)

£¤¥ !(x) = (x � a1)k1 : : : (x � am)km ¯à¨ r < n ¨ !(x) � 1 ¯à¨ r = n,   �(x) = sign((l�+1 � l�)(x �
c1) : : : (x� cr)) ¢ ¨­â¥à¢ «¥ ¬¥¦¤ã cl� ¨ cl�+1 , � = 0; r, l0 = 0, lr+1 = r + 1, c0 = a, cr+1 = b. �à®¬¥
â®£®, ®ª § «®áì [5], [6], çâ® ¥á«¨ ¯à¨ íâ®¬

l� = �; � = 1; r; (8)
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â® K(x; s), ¤®®¯à¥¤¥«¥­­ ï ¯à¨ s = cj , j = 1; r, ¯® ­¥¯à¥àë¢­®áâ¨ á ®¤­®© ¨§ áâ®à®­, ï¢«ï¥âáï
®áæ¨««ïæ¨®­­ë¬ ï¤à®¬. �¤­ ª® ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ¯à¨ ãá«®¢¨ïå (1){(3), ­® ¯à¨ ­¥¢ë-
¯®«­¥­¨¨ (8), ï¤à® (7) ¬®¦¥â ­¥ ¡ëâì ­¥ â®«ìª® ®áæ¨««ïæ¨®­­ë¬, ­® ¤ ¦¥ ¨ §­ ª®à¥£ã«ïà­ë¬.
� ª®¢® ï¤à® (7) ¤«ï § ¤ ç¨

y000 � y0 = 0; y00(c1)� y0(c1) = 0; y00(c2) + y0(c2) = 0; y00(c3)� y(c3) = 0;

£¤¥ c1, c2, c3 | ª®à­¨ ¬­®£®ç«¥­®¢ 5x4 � 20x3 � 15x2 + 30x + 4, 5x4 + 20x3 � 15x2 � 30x + 4 ¨
x5 � 25x3 + 34x á®®â¢¥âáâ¢¥­­®, �1;327 < c1 < �1;326; 0;126 < c2 < 0;127; 1;201 < c3 < 1;202.
�àã£®© ¯à¨¬¥à ¯à¨¢¥¤¥­ ¢ [6].

� ¤ ­­®© áâ âì¥ ¢ëï¢«ï¥âáï á«ãç ©, ª®£¤  ¯à¨ ãá«®¢¨ïå (1){(3) ¨ ­¥¢ë¯®«­¥­¨¨ (8) ï¤à® (7)
§­ ª®à¥£ã«ïà­®,   ¨¬¥­­®, ¤®ª §ë¢ ¥âáï, çâ® â ª®¢ á«ãç ©, ª®£¤ 

jq = q + 1; jq+1 = q; (9)

cj = a; j = 1; q; cj = b; j = q + 1; r; (10)

â. ¥. ãá«®¢¨ï (5) ¨¬¥îâ ¢¨¤

ljay = 0; j = 1; q; ljby = 0; j = q + 1; r; 1 � q � r � 1; r � 2: (11)

� ª ª ª ¢á¥ ¨­â¥à¢ «ë (cj ; cj+1), j = 0; q � 1 ¨ j = q + 1; r ¯ãáâë, â® ¯¥à¥áâ ­®¢ª¨ ¬­®¦¥áâ¢
f1; : : : ; q � 1g ¨ fq + 2; : : : ; rg ­¥ ¬¥­ïîâ á¢®©áâ¢ § ¤ ç¨ (4), (6), (11) ¨ ¯®íâ®¬ã ¢ á«ãç ¥ (3), (9)
¬®¦­® ¯¥à¥­ã¬¥à®¢ âì ªà ¥¢ë¥ ãá«®¢¨ï ljay = 0, j = 1; q � 1, ljby = 0, j = q + 2; r, â ª, çâ®¡ë
­¥à ¢¥­áâ¢  (3) ¡ë«¨ ¢ë¯®«­¥­ë ¤«ï

(j1; : : : ; jr) = (1; : : : ; q � 1; q + 1; q; q + 2; : : : ; r): (12)

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® â ª ï ¯¥à¥­ã¬¥à æ¨ï ¯à®¨§¢¥¤¥­ .

1. �ã«¥¢ë¬ ¬¥áâ®¬ ¨«¨ ®â¤¥«ì­ë¬ ­ã«¥¬ ­¥¯à¥àë¢­®© äã­ªæ¨¨ u(x) ­ §ë¢ ¥âáï ¢áï-
ª ï ª®¬¯®­¥­â  á¢ï§­®áâ¨ ¬­®¦¥áâ¢  ¥¥ ­ã«¥¢ëå â®ç¥ª. �ã«¥¢®¥ ¬¥áâ® [c; d] � (a; b) ­ -
§ë¢ ¥âáï ã§«®¬ (¯ãç­®áâìî), ¥á«¨ u(c � ")u(d + ") < 0 (> 0) ¤«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå
" > 0 [1], [2]. �«¥¤ãï [7], k-ªà â­®áâìî ¨§®«¨à®¢ ­­®£® ­ã«ï x0 äã­ªæ¨¨ u(x) ­ §®¢¥¬ ç¨-
á«® rk(u; x0) = max fi � k : u(x) = o(jx� x0j

i�1)g,   ¤«ï ­ã«¥¢®£® ¬¥áâ  
 ¤àã£®£® â¨¯  ¯®«®-
¦¨¬ rk(u;
) = k. �ãáâì rk(u;J ) | áã¬¬  k-ªà â­®áâ¥© ­ã«¥¢ëå ¬¥áâ u(x) ¢ ¯à®¬¥¦ãâª¥ J ,
rk(u) = rk(u; [a; b]); '(u) | ç¨á«® ­ã«¥© u(x) ­  [a; b] á ãç¥â®¬ ®¡ëç­®© ªà â­®áâ¨; ¤«ï ¨§¬¥à¨¬®©
äã­ªæ¨¨ u(x) S(u;J ) | ç¨á«® ¯¥à¥¬¥­ §­ ª  ­  J [1], [7], S(u) = S(u; [a; b]); sign1 u = signu(x)
(sign2 u = signu(x)) ­  J0 � [a; c], mesJ0 = c�a (J0 � [c; b], mesJ0 = b�c),   c 2 (a; b) â ª®¢®, çâ®
u(x) ­¥ ¨¬¥¥â ¯¥à¥¬¥­ §­ ª  ¨ u(x) 6� 0 ­  (a; c) ((c; b)) [1]; CkJ ( eCkJ ) | ¬­®¦¥áâ¢® ¢¥é¥áâ¢¥­-
­ëå äã­ªæ¨©, ¨¬¥îé¨å ¢ J ­¥¯à¥àë¢­ãî ( ¡á®«îâ­® ­¥¯à¥àë¢­ãî) k-î ¯à®¨§¢®¤­ãî, eC�1J
| ¬­®¦¥áâ¢® áã¬¬¨àã¥¬ëå ¢ J äã­ªæ¨©; C�[a; b] | ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ¢ [a; b] äã­ªæ¨©,
®¡« ¤ îé¨å â®«ìª® ¨§®«¨à®¢ ­­ë¬¨ ­ã«ï¬¨; �[a; b] | ¬­®¦¥áâ¢® ®¡®¡é¥­­ëå äã­ªæ¨© ¢¨¤ 

u(x) =
kX

i=1

Ai�(x� si); a < s1 < � � � < sk < b; Ai 6= 0; i = 1; k; k = 1; 2; : : : (13)

(�(x) | ¤¥«ìâ -äã­ªæ¨ï), ¤«ï ª®â®àëå S(u) ¡ã¤¥¬ ¯®­¨¬ âì ª ª ç¨á«® ¯¥à¥¬¥­ §­ ª  ¢ àï¤ã
ª®íää¨æ¨¥­â®¢ A1; : : : ; Ak,   sign1 u = signA1, sign2 u = signAk; B(i1 : : : i�) = B

�
i1 ::: i�
1 ::: �

�
|

¬¨­®àë ¬ âà¨æë B;

D(j1 : : : j�+1) =
B(j1 : : : j��1)B(j1 : : : j�+1)
B(j1 : : : j�)B(j1 : : : j��1j�+1)

; � = 2; r � 1; D(j1j2) = B(j1j2); (14)

I | ¥¤¨­¨ç­ë© ®¯¥à â®à; T k
n (a; b) | ª« áá â ª¨å «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ L

n-£® ¯®àï¤ª  á ª®íää¨æ¨¥­â ¬¨ ¨§ eCk�1[a; b], çâ® '(y) � n � 1 ¤«ï «î¡®£® à¥è¥­¨ï y(x) 6� 0
ãà ¢­¥­¨ï Ly = 0, T k

0 (a; b) = fIg; J | § ¬ëª ­¨¥J ; ¯à¨ � = 0 ¡ã¤¥¬ ¯®« £ âì (j� ; : : : ; j�+��1)=;,
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â ª çâ®, ­ ¯à¨¬¥à, ¯à¨ i0 = r ¨¬¥¥â ¬¥áâ® (1; : : : ; i0 � 1; i0 +1; : : : ; r) = (1; : : : ; r� 1),   ¯à¨ i0 = 1
¨¬¥¥â ¬¥áâ® (1; : : : ; i0 � 1; i0 + 1; : : : ; r) = (2; : : : ; r).

� á¨«ã â¥®à¥¬ 1 ¨ 2 à ¡®âë [8] ¯à¨ ãá«®¢¨¨

L 2 Tn(B; a; b; a; b) (15)

¤«ï ª ¦¤®© ¯¥à¥áâ ­®¢ª¨ (j1; : : : ; jr) ¬­®¦¥áâ¢  f1; 2; : : : ; rg ®¯¥à â®à L ¤®¯ãáª ¥â ¢ [a; b] à §«®-
¦¥­¨ï

L
j1:::j�
n�� =

�
d

dx
� �j1:::j�+1(x)I

�
L
j1:::j�+1
n���1 ; � = 0; r � 1; (16)

£¤¥ Lj1:::j�
n�� = L ¯à¨ � = 0, Lj1:::j�

n�� ­¥ § ¢¨á¨â ®â ¯®àï¤ª  ¨­¤¥ªá®¢ j1; : : : ; j�, � = 1; r,

Ln�r = Lj1:::jr
n�r 2 T r

n�r(a; b); (17)

(Lj
n�1y)(cj) = ljcjy 8y 2 Cn�1[a; b]; j = 1; r; (18)

�j1:::j�(x) ­¥ § ¢¨áïâ ®â ¯®àï¤ª  ¨­¤¥ªá®¢ j1; : : : ; j��1, � = 2; r,

�j1:::j�(x) 2 eC��2[a; b]; � = 1; r;

(�j1:::j�+1(x)� �j1:::j��1j�+1j�(x))D(j1 : : : j�+1) > 0 8x 2 [a; b]; � = 1; r � 1; (19)

  ¨§(17) á«¥¤ã¥â ä ªâ®à¨§ æ¨ï (á¬., ­ ¯à., [9])

Lk =
�
d

dx
� �k(x)I

�
Lk�1; �k(x) 2 eCn�k�1[a; b]; k = 1; n� r; L0 = I: (20)

�ç¥¢¨¤­®, ¯à¨ ãá«®¢¨¨ (15) áãé¥áâ¢ã¥â äã­ªæ¨ï �à¨­  G(x; s) § ¤ ç¨ (4){(6) 8cj, a � c1 �
� � � � cr � b.

�®á«®¢­ë¬ ¯®¢â®à¥­¨¥¬ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1 ¨§ [10] á ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¥¬ë ¨§ [4]
¬®¦¥â ¡ëâì ¤®ª § ­ 

�¥¬¬  1. �à¨ ãá«®¢¨ïå (1){(3) ¤«ï äã­ªæ¨¨ �à¨­  § ¤ ç¨ (4){(6) @kiG(ai; s)=@xki 6= 0,
i = 1;m, s 2 (a; b) n fcjgr1.

�¨¦¥ ¢áî¤ã ¯à¥¤¯®« £ ¥âáï, çâ® cj , j = 1; r, ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (10). �ãáâì

�(x; s) =

(
(�1)r�q�1G(x; s)=!(x) ¯à¨ x 6= ai;

(�1)r�q�1(@kiG(ai; s)=@xki)=!(ki)(ai) ¯à¨ x = ai;
i = 1;m; a � x � b; a < s < b:

(21)

�à¨ m = 0 ¢ á¨«ã á¢®©áâ¢ äã­ªæ¨¨ �à¨­  �(x; s) ­¥¯à¥àë¢­  ¢ [a; b] � (a; b) ¨ áãé¥áâ¢ãîâ
à ¢­®¬¥à­ë¥ ª®­¥ç­ë¥ ¯à¥¤¥«ë �(x; a+ 0), �(x; b� 0). �à¨ m � 1 íâ® á¢®©áâ¢® �(x; s) ¤®ª § ­®
¢ [5], [10]. �à¨ s = a (s = b) ¤®®¯à¥¤¥«¨¬ �(x; s) ¨ G(x; s) ¯® ­¥¯à¥àë¢­®áâ¨ á¯à ¢  (á«¥¢ ). �
á¨«ã (7), (21) ¨ «¥¬¬ë 1 ¯à¨ ãá«®¢¨ïå (3), (12), (15)

�(x; s) > 0 8(x; s) 2 [a; b]� (a; b): (22)

�ãáâì

�z =
Z b

a

�(�; s)z(s)ds; y(x) = (�u)(x); (23)

v(x) = y(x)!(x); v0(x) = v0j1:::jr(x) = (Ln�rv)(x); (24)

vr��
j1:::j�

(x) =
�
d

dx
� �j1:::j�+1(x)I

�
vr���1
j1:::j�+1

(x) = (Lj1:::j�
n�� v)(x); � = 0; r � 1; (25)

â ª çâ® ¢ á¨«ã (16), (20) ¯à¨ � = 0

vr��
j1:::j�

(x) = vr(x) = (Lv)(x) = (�1)r�q�1u(x): (26)
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� á¨«ã (25) ¨ á¢®©áâ¢ ®¯¥à â®à®¢ L
j1:::j�
n�� äã­ªæ¨¨ vr��

j1:::j�
(x) ­¥ § ¢¨áïâ ®â ¯®àï¤ª  ¨­¤¥ªá®¢

j1; : : : ; j�, � = 1; r. �®íâ®¬ã ¨§ (25) á«¥¤ã¥â

vr��
j1:::j�

(x)� vr��
j1:::j��1j�+1

(x) = (�j1:::j��1j�+1j�(x)� �j1:::j�+1(x))v
r���1
j1:::j�+1

(x); � = 1; r � 1: (27)

�â¬¥â¨¬, çâ® ¯à¨ u(x) 2 C�[a; b] ¢á¥ ­ã«¨ y(x), v(x), (Lkv)(x), k = 1; n� r, vr��
j1:::j�

(x), � =

1; r ¢ [a; b] ¬®£ãâ ¡ëâì â®«ìª® ¨§®«¨à®¢ ­­ë¬¨ [11]. �ãáâì ¢ íâ®¬ á«ãç ¥ l = S(vr��
j1:::j�

), x(k)j1:::j�
,

k = 0; l � 1, | ã§«ë vr��
j1:::j�

(x) ¢ (a; b), § ­ã¬¥à®¢ ­­ë¥ ¢ ¯®àï¤ª¥ ã¡ë¢ ­¨ï, xj1:::j� = x
(0)
j1:::j�

,

xj1:::j� = x
(l�1)
j1:::j�

. �à¨ � = 0 x
(k)
j1:::j�

= x(k), k = 0; l � 1, ¨ x(0) = x, x(l�1) = x ¡ã¤¥¬ ¯®­¨¬ âì ª ª
ã§«ë u(x) ¢ (a; b).

� á¨«ã (11), (18), (21), (23){(25), (27)

vr��
�:::�+��1(a) = 0; � = 1; q � �+ 1; � = 1; q; (28)

vr��
�:::�+��1(b) = 0; � = q + 1; r � �+ 1; � = 1; r � q: (29)

�á«¨

u(x) 2 C�[a; b]; (30)

S(u) = p; (31)

sign1 u = 
; (32)

â® ¢ á¨«ã (25), (26), (28), (29), (32)

(�1)r�q�1
vr�1� (x) > 0; a < x � x; � = 1; q; (�1)r+p�q
vr�1� (x) > 0; (33)

x � x < b; � = q + 1; r;

®âªã¤  ¯® ¨­¤ãªæ¨¨

(�1)r�q�1
vr��
�:::�+��1(x) > 0; a < x � x�:::�+��2; � = 1; q � �+ 1; � = 1; q; (34)

(�1)r+p�q���1
vr��
�:::�+��1(x) > 0; x�+1:::�+��1 � x < b; � = q + 1; r � �+ 1; � = 1; r � q: (35)

� ¨§ (34), (35) ¢ á¨«ã (25), (26), (31) ¨ «¥¬¬ë 2 [11]

S(vr��
�:::�+��1) � r1(v

r��
�:::�+��1; (a; b]) � S(vr��+1

�:::�+��2) � � � �

� � � � S(vr�1� ) � S(u) � p; � = 1; q � �+ 1; � = 1; q; (36)

S(vr��
�:::�+��1) � r1(v

r��
�:::�+��1; [a; b)) � S(vr��+1

�+1:::�+��1) � � � �

� � � � p; � = q + 1; r � �+ 1; � = 1; r � q: (37)

�¥¬¬  2. �ãáâì y(x) 2 C[a; b],

v(x) = y(x)!(x) 2 Cn�r[a; b]; (38)

�®£¤  ¯à¨ ãá«®¢¨¨ (17)

r1(y) � r1(Ln�rv): (39)

� ¥á«¨ ¯à¨ íâ®¬ y(x) ¨¬¥¥â ­  [a; b] ­ã«¥¢®¥ ¬¥áâ® [c; d] � [a1; am] (¯à¨ m = 1 [a1; am] = fa1g),
  ¯à®ç¨¥ ­ã«¥¢ë¥ ¬¥áâ  y(x) áãâì ¨§®«¨à®¢ ­­ë¥ ¯à®áâë¥ ­ã«¨ «¨¡® r = n� 1, â® ¯à¨ a < c,
d < b

r1(y) � S(Ln�rv; (a; c)) + S(Ln�rv; (d; b)) + 1 � r1(Ln�rv; (a; b)); (40)

  ¯à¨ c = a (d = b)

r1(y; (d; b]) � S(Ln�rv) (r1(y; [a; c)) � S(Ln�rv)); (41)
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¢ ®áâ «ì­ëå ¦¥ á«ãç ïå ¯à¨ r < n

r1(y) � S(Ln�rv): (42)

�®ª § â¥«ìáâ¢®. � ª ª ª rn�r+1(v) � n�r+r1(y), â® ¢ á¨«ã «¥¬¬ë 2 [7] r1(y) � rn�r+1(v)�
n + r � r1(Ln�rv), â. ¥. ¯à¨ m � 1 ¢ë¯®«­ï¥âáï (39),   ¯à¨ m = 0 ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®
y(x) � v(x) � (Ln�rv)(x).

�á«¨ ¯à¨ m � 1 ¨ r < n � 1 a1 ¨ am ­¥ ¯à¨­ ¤«¥¦ â ®¤­®¬ã ¨ â®¬ã ¦¥ ­ã«¥¢®¬ã ¬¥áâã

 äã­ªæ¨¨ y(x) ¨«¨ y(x) ¨¬¥¥â ªà â­ë© ­ã«ì, ®â«¨ç­ë© ®â 
, â® rn�r(v) � n � r + r1(y) ¨
r1(y) � rn�r(v)�n+r � r1(Ln�r�1v)�1, ®âªã¤  ¢¢¨¤ã (20) ¨ «¥¬¬ë 2 [11] r1(y) � r1(Ln�r�1v)�1 �
S(Ln�rv), â. ¥. ¢ë¯®«­ï¥âáï (42).

�á«¨ y(x) ¨¬¥¥â ­ã«¥¢®¥ ¬¥áâ® 
 = [c; d] � [a1; am] (â ª çâ® m � 1, r < n), â® ¢ á¨«ã (20),
(38) 
 ï¢«ï¥âáï â ª¦¥ ­ã«¥¢ë¬ ¬¥áâ®¬ Lkv, k = 0; n� r. � ª ª ª ¢ á¨«ã (20) ¨ ®¡®¡é¥­­®©
â¥®à¥¬ë �®««ï [12] ¬¥¦¤ã ¤¢ã¬ï ®â¤¥«ì­ë¬¨ ­ã«ï¬¨ Lk�1v «¥¦¨â å®âï ¡ë ®¤¨­ ã§¥« Lkv,
k = 1; n� r, â® ¢ á«ãç ¥ a < c, d < b r1(y) = r1(v) � S(L1v; (a; c)) + S(L1v; (d; b)) + 1 �
r1(L1v; (a; b)), â. ¥. ¯à¨ r = n � 1 ¨ á®®â¢¥âáâ¢¥­­® m = 1, k1 = 1 ¢¥à­® (40),   ¯à¨ r < n � 1
r1(Lk�1v; (a; b)) � S(Lkv; (a; c)) + S(Lkv; (d; b)) + 1 � r1(Lkv; (a; b)), k = 1; n� r, ®âªã¤  á«¥¤ã¥â
(40). �á«¨ ¦¥ a = c (b = d), â® r1(y; (d; b]) = r1(v; (d; b]) � S(L1v) � r1(L1v; (d; b]) (r1(y; [a; c)) =
r1(v; [a; c)) � S(L1v) � r1(L1v; [a; c))), â. ¥. ¯à¨ r = n � 1 ¢ë¯®«­ï¥âáï (41),   ¯à¨ r < n � 1
r1(Lk�1v; (d; b]) � S(Lkv) � r1(Lkv; (d; b]), k = 1; n� r (r1(Lk�1v; [a; c)) � S(Lkv) � r1(Lkv; [a; c)),
k = 1; n� r), ®âªã¤  á«¥¤ã¥â (41).

�¨¦¥ ¨á¯®«ì§ã¥âáï â ª¦¥ ®ç¥¢¨¤­ ï

�¥¬¬  3. �á«¨ �(x) 2 eC�1[c; d], y(x) 2 eC0[c; d], v(x) = y0(x)� �(x)y(x),   v(x) 6� 0 ­  [c; d] ¨
­¥ ¨¬¥¥â ¯¥à¥¬¥­ §­ ª , â® r1(y; [c; d]) � 1, ¨ ¥á«¨ ­ã«¥¢®¥ ¬¥áâ® y(x) ­¥ á®¤¥à¦¨â â®ç¥ª c ¨
d, â® ®­® ï¢«ï¥âáï ã§«®¬.

� ¬¥ç ­¨¥. �ãáâì lj = lja, j = 1; q, lj = ljb, j = q + 1; r. �á«¨

y(i)(a0) = 0 ¯à¨ ­¥ª®â®à®¬ a0 2 [a; b]; i = 0; h � 1; h � r � 2; (43)

â® äã­ªæ¨ï v(x) (24) ï¢«ï¥âáï à¥è¥­¨¥¬ «î¡®© ¨§ § ¤ ç

Lv = (�1)r�q�1u(x); (44)

ljv = 0 8j 2 f1; : : : ; rg n fj0; : : : ; j0 + l � 1g; 1 � j0 � r � l + 1; l � h; (45)

v(�i)(ai) = 0; �i = 0; ki � 1; i = 0;m; k0 = l ¯à¨ a0 6= ai; i = 1;m (46)

(v(�i)(ai) = 0; �i = 0; ki � 1; 8i 2 f1; : : : ;mg n fi0g; v(�i0 )(ai0) = 0;

�i0 = 0; ki0 + l � 1 ¯à¨ a0 = ai0 ; i0 2 f1; : : : ;mg): (47)

2. �¥®à¥¬  1. �à¨ ãá«®¢¨ïå (3), (12), (15), (30), (31) ¤«ï äã­ªæ¨© (23), (24)

r1(y) = r1(�u) � p; (48)

r1(v0) � p: (49)

�®ª § â¥«ìáâ¢®. � á¨«ã (27) ¨ ­¥§ ¢¨á¨¬®áâ¨ vr��
j1:::j�

(x) ®â ¯®àï¤ª  ¨­¤¥ªá®¢ j1 : : : j�

v11:::qq+2:::r(x)� v11:::q�1q+1:::r(x) = v1q+2:::r1:::q(x)� v1q+2:::r1:::q�1q+1(x) =

= (�q+2:::r1:::q�1q+1q(x)� �q+2:::r1:::q+1(x))v0(x); (50)

£¤¥ ¢ á¨«ã (3), (12), (14), (19) ¨ â¥®à¥¬ë �¥ª¥â¥

�q+2:::r1:::q�1q+1q(x)� �q+2:::r1:::q+1(x) > 0 8x 2 [a; b]: (51)
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�á«¨ y(x) 6= 0 8x 2 [a; b], â® r1(y) = 0 � p. �á«¨ ¦¥ r1(y) 6= 0, â. ¥. ¢ë¯®«­ï¥âáï (43), â®
á®£« á­® § ¬¥ç ­¨î v(x) = y(x)w(x) ï¢«ï¥âáï à¥è¥­¨¥¬ «î¡®© ¨§ § ¤ ç (44){(46) ¨«¨ (44), (45),
(47) ¯à¨ l = 1.

� ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 7 [11] ªà ¥¢ë¥ ãá«®¢¨ï (6) ­¥ ¨á¯®«ì§ãîâáï, â ª çâ® ®­  ¢¥à­  ¤«ï
«î¡®£® m � 0. � á¨«ã ¥¥ á«¥¤áâ¢¨ï ¯à¨ j0 = q + 1 (j0 = q), q < r � 1 (q > 1) r1(v11:::qq+2:::r) � p
(r1(v11:::q�1q+1:::r) � p),   ¯à¨ j0 = q + 1 = r (j0 = q = 1) ¢ á¨«ã (36), (37) r1(v11:::r�1; (a; b]) � p
(r1(v12:::r; [a; b)) � p).

�á«¨ S(v11:::qq+2:::r) < p ¨«¨ S(v11:::q�1q+1:::r) < p, â® ¢ á¨«ã (25) ¨ «¥¬¬ë 2 [11] ¢ë¯®«­ï¥âáï
(49). �á«¨ ¦¥

S(v11:::qq+2:::r) = S(v11:::q�1q+1:::r) = p; (52)

â® ¢ á¨«ã (32) ¨ á«¥¤áâ¢¨ï «¥¬¬ë 7 [11] ¯à¨ 1 < q < r � 1 ¨«¨ (35) ((34)) ¯à¨ q = 1 (q = r � 1)

(�1)p
v11:::qq+2:::r(b) > 0; sign2 v
1
1:::q�1q+1:::r = (�1)p�1
; (53)

®âªã¤  ¢¢¨¤ã (50), (51) (�1)p
v0(b) > 0, §­ ç¨â, ¢ á¨«ã (25), (53) (�1)p
v0(x) > 0, x1:::q�1q+1:::r �
x � b, çâ® á®£« á­® (25), (52) ¨ «¥¬¬¥ (2) [11] á­®¢  ¢«¥ç¥â (49).

�à¨ m = 0, r = n Ln�r = L0 = I, !(x) � 1, v0(x) � v(x) � y(x), â ª çâ® (48) á«¥¤ã¥â ¨§ (49).
� ¯à¨ m � 1 ¢ á¨«ã (49) ¨ «¥¬¬ë 2 r1(y) = r1(�u) � r1(Ln�rv) = r1(v0) � p.

�¥®à¥¬  2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (3), (12), (15), (30), (32) ¨

S(y) = S(�u) = S(u) = p; (54)

â® ¯à¨ p 6= 0

sign1 v0 = sign1 y = � sign1 u = �
; (55)

  ¯à¨ p = 0

sign1 y = sign1 u = 
: (56)

�®ª § â¥«ìáâ¢®. �ãáâì (54) ¢ë¯®«­¥­® ¯à¨ p 6= 0. � á¨«ã «¥¬¬ë 2 ¨ â¥®à¥¬ë 1 p = S(y) �
r1(y) � r1(Ln�rv) = r1(v0) � p, ®âªã¤ 

r1(v0) = r1(y) = S(y) = p 6= 0; (57)

§­ ç¨â, ¢á¥ ­ã«¨ y(x) ã§«®¢ë¥ ¨ y(a) 6= 0, y(b) 6= 0.
�ãáâì m = 1, y(a1) = 0, S(v0) 6= r1(v0), â. ¥.

S(v0) < r1(v0); (58)

¨ ¢á¥ ­ã«¨ y(x), ®â«¨ç­ë¥ ®â a1, ¯à®áâë¥ «¨¡® r = n� 1. �®£¤  a < a1 < b,

v(x) = y(x)(x� a1)n�r; (59)

  ¢ á¨«ã (57) ¨ «¥¬¬ë 2

S(v0; (a; a1)) + S(v0; (a1; b)) + 1 = r1(v0; (a; b)) = r1(v0) = p; (60)

â ª çâ®, ¢ ç áâ­®áâ¨,

v0(a) 6= 0; v0(b) 6= 0: (61)

� ª ª ª ¢ á¨«ã (59) rn�r+1(v; a1) = n � r + 1, â® (Lkv)(a1) = 0, k = 0; n� r, §­ ç¨â, v0(a1) = 0.
�®íâ®¬ã (58) ¢®§¬®¦­® ¢ á¨«ã (60) «¨èì, ¥á«¨ a1 | ¯ãç­®áâì v0(x), §­ ç¨â, ¢ á¨«ã (20), (24)
9C 6= 0, 9" > 0 : (�1)n�r�kCLkv > 0, a1 � " < x < a1, CLkv > 0, a1 < x < a1 + ", k = 0; n� r,
®âªã¤ 

(�1)n�rCv(x) > 0; a1 � " < x < a1; Cv(x) > 0; a1 < x < a1 + ": (62)
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�® a1 | ã§¥« y(x), â ª çâ® (62) ­¥¢®§¬®¦­® ¢ á¨«ã (59). �­ ç¨â, ¢ á«ãç ¥ (54) ¯à¨ m � 1 «¨¡®
S(v0) = r1(v0) ¨ â®£¤  ¢ á¨«ã (57)

r1(y) = S(y) = S(v0) = r1(v0) = p; (63)

«¨¡® m � 2, «¨¡® y(a1) 6= 0, «¨¡® y(x) ¨¬¥¥â ªà â­ë© ­ã«ì, ®â«¨ç­ë© ®â a1, «¨¡® r 6= n � 1.
� ¯®á«¥¤­¨å á«ãç ïå ¢ á¨«ã (24), (54), «¥¬¬ë 2 ¨ â¥®à¥¬ë 1 p = S(y) � r1(y) � S(Ln�rv) =
S(v0) � r1(v0) � p. � ª¨¬ ®¡à §®¬, ¯à¨ m 6= 0 ¨§ (54) ¢á¥£¤  á«¥¤ã¥â (63). � â®£¤  ¡ãª¢ «ì­®¥
¯®¢â®à¥­¨¥ ¢ëª« ¤®ª ¨§ ([11], á. 23) ¯à¨¢®¤¨â ª à ¢¥­áâ¢ã

sign1 y = sign1 v0: (64)

�à¨ m = 0 (64) á«¥¤ã¥â ¨§ à ¢¥­áâ¢  y(x) � v0(x).
�ãáâì r = 2, q = 1. � á¨«ã (33), (29)

vr�12 (b) = 0; (�1)p
vr�12 (x) < 0; x � x < b; (65)

â ª çâ®

x2 < x: (66)

� á¨«ã (27)

vr�11 (x)� vr�12 (x) = (�21(x)� �12(x))v0(x): (67)

�á«¨

sign1 v0 = 
; (68)

â® ¢ á¨«ã (63) ¨ á«¥¤ãîé¨å ¨§ ­¥£® ­¥à ¢¥­áâ¢ (61)

(�1)p
v0(b) > 0; (69)

®âªã¤  ¢¢¨¤ã (25), (65)

(�1)p
v0(x) > 0; x2 � x � b; (70)

â. ¥.

x12 < x2: (71)

�§ (69) ¢ á¨«ã (3), (12), (14), (19), (65), (67)

(�1)p
vr�11 (b) > (�1)p
vr�12 (b) = 0: (72)

�á«¨ x1 < x, â® ¢¢¨¤ã (31), (32), (72) x1 < x(1), â. ¥. ¢ á¨«ã (25), (31), (33) ¨ «¥¬¬ë 2 [11]
S(vr�11 ) � S(u)� 2 � p� 2, r1(v0) � S(vr�11 ) + 1 � p� 1, çâ® ¯à®â¨¢®à¥ç¨â (63). �­ ç¨â,

x � x1: (73)

�á«¨ x2 � x
(1)
1 , â® ¢¢¨¤ã (66), (73) x(1)1 � x2 < x1, â ª çâ® ¢ á¨«ã (3), (12), (14), (19), (67), (72)

(�1)p
v0(x2) � 0, çâ® ¯à®â¨¢®à¥ç¨â (70). �®íâ®¬ã x2 < x
(1)
1 , â. ¥. ¢ á¨«ã (25), (36), (71) ¨ «¥¬¬ë 2

[11] r1(v0) � S(vr�11 )� 1 � p� 1, çâ® ¯à®â¨¢®à¥ç¨â (63).
�â ª, ¢ á«ãç ¥ (54) ¯à¨ p 6= 0, r = 2, q = 1 à ¢¥­áâ¢® (68) ­¥¢®§¬®¦­®, â. ¥.

sign1 v0 = �
; (74)

®âªã¤  ¢ á¨«ã (64) á«¥¤ã¥â (55). � ª¨¬ ®¡à §®¬, ¯à¨ r = 2, p 6= 0 â¥®à¥¬  ¢¥à­ . �à¥¤¯®«®¦¨¬,
çâ® ¯à¨ p 6= 0 ®­  ¢¥à­  8r � r0, r0 � 2.

�ãáâì r = r0+1. � á¨«ã (54) ¢ë¯®«­ï¥âáï (43), â. ¥. v(x) ï¢«ï¥âáï à¥è¥­¨¥¬ «î¡®© ¨§ § ¤ ç
(44){(46) ¨«¨ (44), (45), (47), ¢ ª®â®àëå l = 1, ç¨á«® ªà ¥¢ëå ãá«®¢¨© (45) à ¢­® r0 = r � 1,
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à®«ì ®¯¥à â®à  Ln�r ¨£à ¥â Ln�r0 = L1:::j0�1j0+1:::r
n�r+1 , äã­ªæ¨ï v0(x) (24) § ¬¥­ï¥âáï äã­ªæ¨¥©ev0(x) = v11:::j0�1j0+1:::r(x),   ãà ¢­¥­¨¥ (44) ¯à¨­¨¬ ¥â ¢¨¤ Lv = (�1)r0�q�1eu(x), £¤¥ eu(x) � �u(x).

�à¨ q+1 � j0 � r (1 � j0 � q) ç¨á«® ªà ¥¢ëå ãá«®¢¨© (45) ¢ â®çª¥ a à ¢­® q0 = q (q0 = q�1),
  ¢ â®çª¥ b à ¢­® r�q�1 = r0�q0 (r�q = r0�q0) ¨ ¢ á¨«ã (3), (12), (15), (30), (32) ¨ ¨­¤ãªâ¨¢­®£®
¯à¥¤¯®«®¦¥­¨ï

sign1 ev0 = sign1 ev11:::j0�1j0+1:::r = � sign1 eu = sign1 u = 
 8j0; q + 1 < j0 � r; q < r � 1 (75)

(sign1 ev0 = sign1 v
1
1:::j0�1j0+1:::r

= � sign1 u = �
 8j0; 1 � j0 < q; q > 1): (76)

� ¯à¨ q = r � 1, j0 = r (q = j0 = 1) ¢ á¨«ã (34) ((35)) ¤«ï � = q (� = r � q)

sign1 ev0 = sign1 v
1
1:::r�1 = 
 (sign2 ev0 = sign2 v

1
2:::r = (�1)p�1
): (77)

� ª ª ª ¢ á¨«ã «¥¬¬ë 2 [11] ¯à¨ S(v1j1:::jr�1) < p � 1 ¡ë«® ¡ë S(v0) < p, â® ¢¢¨¤ã (63)
S(v1j1:::jr�1) � p� 1 ¤«ï «î¡®© ¯¥à¥áâ ­®¢ª¨ (j1 : : : jr) ¬­®¦¥áâ¢  f1; 2; : : : ; rg. �®íâ®¬ã ¥á«¨ ¯à¨
q = j0 = 1 S(ev0) = S(v12:::r) < p, â® S(v12:::r) = p � 1, ­® â®£¤  ¢ á¨«ã (25), (63) ¨ «¥¬¬ë 2 [11]
x2:::r � x1:::r < b,   ¢ á¨«ã (77) (�1)p
v0(b) < 0, â ª çâ® ¢¢¨¤ã (63) ¢ë¯®«­ï¥âáï (74). �á«¨ ¦¥
S(v12:::r) = p, â® ¢ á¨«ã (77)

sign1 ev0 = sign1 v
1
2:::r = �
: (78)

� á¨«ã (27)

v11:::r�1(x)� v12:::r(x) = v12:::r�11(x)� v12:::r(x) = (�2:::r1(x)� �2:::r�11r(x))v0(x); (79)

¢ á¨«ã (19)

(�2:::r1(x)� �2:::r�11r(x))D(2 : : : r1) > 0 8x 2 [a; b]; (80)

  ¢ á¨«ã (3), (12)

D(2 : : : r1) = �
B(2 : : : r � 1)B(1 : : : r)
B(2 : : : r)B(1 : : : r � 1)

< 0: (81)

� ª ª ª r = r0 + 1 > 2, â® ¨§ (79){(81) ¢ á¨«ã (75), (77) ¨ (76), (78) á«¥¤ã¥â (74). �­ ç¨â, ¢¢¨¤ã
(64) ¯à¨ r = r0+1 ¢ë¯®«­ï¥âáï (55). �âáî¤  ¯® ¨­¤ãªæ¨¨ á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë ¯à¨
p 6= 0 8r, 2 � r � n.

�á«¨ ¦¥ p = 0, â® (56) á«¥¤ã¥â ¨§ (22){(23).

�¡®§­ ç¨¬

Gjl(�; s) = L1:::j�1j+l:::r
n�r+l G(�; s); �jlu =

Z b

a

Gjl(�; s)u(s)ds; j = 1; r � l; l = 0; r � 2: (82)

�¥¬¬  4. �à¨ ãá«®¢¨ïå (3), (12), (15)

S(�u) � S(u); S(�10u) � S(u) 8u(x) 2 C[a; b] [ �[a; b]; (83)

  ¢ á«ãç ¥ (43)

S(�j0lu) � S(u) 8u(x) 2 C[a; b] [ �[a; b]; 1 � j0 � r � l; 0 � l � r � 2; (84)

£¤¥ l, j0 ®¯à¥¤¥«¥­ë ¢ (45){(47).
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�®ª § â¥«ìáâ¢®. �®£« á­® § ¬¥ç ­¨î äã­ªæ¨î v(x) (á¬. (23), (24)) ¬®¦­® à áá¬ âà¨-
¢ âì ª ª à¥è¥­¨¥ «î¡®© ¨§ § ¤ ç (44){(46) ¨«¨ (44), (45), (47), £¤¥ à®«ì Ln�r ¨ v0(x) ¨£à îâ
L1:::j0�1j0+l:::r

n�r+l ¨ vl1:::j0�1j0+l:::r(x), ¯à¨ç¥¬ ¨§ ãá«®¢¨© (3), (12), (15) ¢ëâ¥ª îâ  ­ «®£¨ç­ë¥ ãá«®¢¨ï
¤«ï íâ¨å § ¤ ç, â ª çâ® ª ­¨¬ ¯à¨¬¥­¨¬  â¥®à¥¬  1. (�à¨ r1(y) = 0 ¯®« £ ¥¬ l = 0, j0 = 1,  
ã¯®¬ï­ãâë¥ § ¤ ç¨ á®¢¯ ¤ îâ á (6), (11), (44).)

� á¨«ã (21), (23){(25), (82)

vl1:::j0�1j0+l:::r(�) = (L1:::j0�1j0+l:::r

n�r+l v)(�) = (�1)r�q�1

Z b

a

Gj0l(�; s)u(s)ds = (�1)r�q�1(�j0lu)(�): (85)

� [10] ¯®ª § ­®, çâ® Gjl(x; s) | äã­ªæ¨ï �à¨­  ªà ¥¢®© § ¤ ç¨ ¢¨¤  (4), (6), (11) ¯à¨ m = 0,
á«¥¤®¢ â¥«ì­®, ¬®¦¥â ¡ëâì ¤®®¯à¥¤¥«¥­  ¤® ­¥¯à¥àë¢­®© ¢ [a; b]� [a; b]. �¥¯à¥àë¢­®áâì �(x; s)
®â¬¥ç¥­  ¢ëè¥. �®íâ®¬ã ¢ á¨«ã (23), (85) «î¡ ï äã­ªæ¨ï u(x) 2 C[a; b] [ �[a; b] ¬®¦¥â ¡ëâì
 ¯¯à®ªá¨¬¨à®¢ ­  â ª¨¬¨ äã­ªæ¨ï¬¨ un(x) 2 C�[a; b], çâ® S(un) � S(u) 8n 2 N ¨ �un (�j0lun)
à ¢­®¬¥à­® áå®¤¨âáï ª �u (�j0lu), â ª çâ® 9n0 : S(�un) � S(�u), S(�j0lun) � S(�j0lu) 8n > n0.
�âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 S(�u) � S(�un) � r1(�un) � S(un) � S(u), S(�j0lu) � S(�j0lun) �
r1(�j0lun) � S(un) � S(u), 1 � j0 � r � l, 0 � l � r � 2.

�«¥¤áâ¢¨¥. �à¨ ãá«®¢¨ïå (3), (12), (15) �(x; s) | §­ ª®à¥£ã«ïà­®¥ ¢ [a; b]� (a; b) ï¤à®.

�®ª § â¥«ìáâ¢® ¢ á¨«ã (83) á«¥¤ã¥â ¨§ â¥®à¥¬ë 2 [1].

�¥¬¬  5. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (3), (12), (15). �á«¨ y(x) = (�u)(x) ¨¬¥¥â ­  [a; b]
­ã«¥¢®¥ ¬¥áâ® [a; d] � [a1; am] ([c; b] � [a1; am]),   ¯à®ç¨¥ ­ã«¥¢ë¥ ¬¥áâ  y(x) áãâì ¨§®«¨à®¢ ­­ë¥
¯à®áâë¥ ­ã«¨ «¨¡® r � n� 1, â®

r1(�u; (d; b]) � S(u) (86)�
á®®â¢. r1(�u; [a; c)) � S(u)

�
; (87)

¢ ®áâ «ì­ëå ¦¥ á«ãç ïå

r1(�u) � S(u) = p 8u(x) 2 C[a; b] [ �[a; b]: (88)

�®ª § â¥«ìáâ¢®. �ãáâì [a1; am] � 
 = [c; d] � [a; b] (§­ ç¨â, r < n), £¤¥ 
 | ­ã«¥¢®¥ ¬¥áâ®
y(x),   ¯à®ç¨¥ ­ã«¨ y(x) ¨§®«¨à®¢ ­­ë¥ ¯à®áâë¥ ¨«¨ r = n�1. � á¨«ã (24) k0 = rn�1(v;
) > n�r.
� ª ª ª v(x) 2 C l[a; b], l � n� 2, k0 � n� 1 ¨ r � 2, â® ¢ á¨«ã (20) 
 | â ª¦¥ ­ã«¥¢®¥ ¬¥áâ®
Lkv, k = 0; n� r ¨ L

j1:::jn�k
k v, k = n� r; k0 � 1.

�á«¨ a < c, d < b ¨ 
 | ã§¥« Ln�rv, â® S(Ln�rv; (a; c))+S(Ln�rv; (d; b))+1 = S(Ln�rv), ®âªã¤ 
¢ á¨«ã (40), (83) r1(y) � S(Ln�rv) = S(�10u) < S(u), â. ¥. ¢ë¯®«­ï¥âáï (88). �á«¨ ¯à¨ íâ®¬ 

| ¯ãç­®áâì Ln�rv, â® ¢ á¨«ã (25) L

j1:::jr�1
n�r+1 v ¤«ï «î¡®© ¯¥à¥áâ ­®¢ª¨ (j1; : : : ; jr) ¬­®¦¥áâ¢ 

f1; 2; : : : ; rg ¬¥­ï¥â §­ ª ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ 
, ¨ ¯®íâ®¬ã ¢ á¨«ã «¥¬¬ë 2 [11] r1(Ln�rv) �
S(Lj1:::jr�1

n�r+1 v; (a; c)) + S(Lj1:::jr�1
n�r+1 v; (d; b)) + 1 = S(Lj1:::jr�1

n�r+1 v), ®âªã¤  ¢ á¨«ã (39), (85) ¨ á¢®©áâ¢
L
j1:::j�
n�� , � = 0; r,

r1(�u) � r1(Ln�rv) � S(Lj1:::jr�1
n�r+1 v) = S(L1:::j�1j+1:::r

n�r+1 v) = S(�j1u) (89)

9j; max f2; qg � j � minfq + 1; r � 1g:

�§ (89) ¢ á¨«ã (84) ¯à¨ r > 2 á­®¢  á«¥¤ã¥â (88). � ¯à¨ r = 2

L
j1:::jr�1
n�r+1 v = Lj1

n�1v = vr�1j1
(�) = v1j1(�): (90)

�® ¢ á¨«ã (11), (18), (25), (26)

(vr�1j )0 � �j(x)vr�1j = (�1)r�q�1u(x); vr�1j (a) = 0; j = 1; q; vr�1j (b) = 0; j = q + 1; r; (91)

®âªã¤  ¯à¨ 
0 = (�1)r�q�1



0v
r�1
j (x) > 0 8x 2 (a; x]; j = 1; q; (�1)p
0v

r�1
j (x) < 0 8x 2 [x; b); j = q + 1; r; (92)
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â. ¥.

S(Lj
n�1v) = S(vr�1j ) � S(u); j = 1; r; (93)

â ª çâ® ¢ á¨«ã (89), (90) ¨ ¯à¨ r = 2 ¢ë¯®«­ï¥âáï (88).
�ãáâì â¥¯¥àì c = a. � ª ª ª 
 | ­ã«¥¢®¥ ¬¥áâ® L

j1:::jn�k
k v, k = n� r; k0 � 1, â® ¢ á¨«ã (25)

9B� : S(vr��+1
j1:::j��1

; (a; exj1:::j��1)) = 0, d < exj1:::j��1 ) B�v
r��
j1:::j�

(x) > 0, d < x � exj1:::j��1 , ®âªã¤ 
r1(L

j1:::j�
n�� v; (d; b]) = r1(v

r��
j1:::j�

; (d; b]) � S(Lj1:::j��1
n��+1 v) � r1(L

j1:::j��1
n��+1 v; (d; b]), � = n� k0 + 1; r, â ª çâ®

¢ á¨«ã (41)

r1(�u; (d; b]) � S(Ln�rv) � r1(Ln�rv; (d; b]) � S(L
j1:::jn�k0
k0

v): (94)

�à¨ k0 < n� 1 ¨§ (94) ¤«ï l = k0�n+ r, maxf2; q� l+1g � j � minfq+1; r� lg ¢ á¨«ã (84), (85)
r1(�u; (d; b]) � S(L1:::j�1j+l:::r

k0
v) = S(�jlu) � S(u)), â. ¥. ¢ë¯®«­ï¥âáï (86). �à¨ k0 = n � 1 ¨¬¥¥¬

L
j1:::jn�k0
k0

v = Lj1
n�1v = vr�1j1

(�) 8j1 2 f1; 2; : : : ; rg, â ª çâ® ¨§ (94) ¢ á¨«ã (93) á­®¢  á«¥¤ã¥â (86).
�­ «®£¨ç­ë¬ ®¡à §®¬ ¯à¨ d = b ¤®ª §ë¢ ¥âáï (87).
� «¥¥, ¯ãáâì r = n, â. ¥.

m = 0; w(x) � 1; y(x) � v(x) � v0(x); Ln�r = L0 = I: (95)

�à¨ S(u) = 0, u(x) 6� 0 ¢ á¨«ã (22), (23) r1(�u) = 0, â. ¥. ¤«ï r1(�u) = 0 ¨ r1(�u) = 1 ¢ë¯®«­ï¥âáï
(88).

�ãáâì r1(�u) � 2. �á«¨ ¢á¥ ­ã«¨ y = �u ã§«®¢ë¥, â® ¢ á¨«ã (83) r1(�u) = S(�u) � S(u), â. ¥.
®¯ïâì á¯à ¢¥¤«¨¢® (88).

�ãáâì n > 2 ¨ 
 | ­¥ã§«®¢®¥ ­ã«¥¢®¥ ¬¥áâ® y(x), a0 2 
. � ª ª ª v(x) � y(x) 2 Cn�2[a; b], â®
äã­ªæ¨ï y1(x) = y(x)=(x � a0) ¬®¦¥â ¡ëâì ¤®®¯à¥¤¥«¥­  ¤® ­¥¯à¥àë¢­®© ­  [a; b], ¯à¨ç¥¬

r1(y1; (d; b]) = r1(y; (d; b]); r1(y1; [a; c)) = r1(y; [a; c)): (96)

�®áª®«ìªã

v(a0) = 0; (97)

â® ¤«ï v(x) ª ª à¥è¥­¨ï § ¤ ç¨ (44), (45), (97) ¯à¨ l = 1 max f2; qg � j0 � min fq + 1; r � 1g,
w1(x) = x � a0, v(x) = y1(x)!1(x) ¯® ¤®ª § ­­®¬ã ¢ëè¥ ¯à¨ c = a (d = b) ¢ á¨«ã (23), (96)
r1(�u; (d; b]) = r1(y1; (d; b]) � S(u) (r1(�u; [a; c)) = r1(y1; [a; c)) � S(u)), â. ¥. ¢ë¯®«­ïîâáï (86),
((87)),   ¯à¨ a < c, d < b, ª®£¤  
 ¥áâì ¯ãç­®áâì y(x), r2(y; a0) = 2, y1(a0) = 0, r1(y) = r1(y1) �
S(u), â. ¥. ¢ë¯®«­ï¥âáï (88).

� ª®­¥æ, ¯à¨ n = r = 2 (â ª çâ® q = 1) ¢ á«ãç ¥ S(Lj
n�1v) = S(Lj

1v) < S(u) = p, j = 1 (j = 2),
¢ á¨«ã (95) ¨ «¥¬¬ë 2 [11] r1(�u) = r1(y) = r1(L0v) � S(Lj

1v) + 1 � S(u), j = 1 (j = 2), â. ¥.
¢ë¯®«­ï¥âáï (88), ¯à¨ S(Lj

n�1v) = S(Lj
1v) � p, j = 1; 2 ¢ á¨«ã (3), (12), (19), (25), (67), (92), (93)

¨ «¥¬¬ë 3 S(vr�1j ) = p, j = 1; 2, (�1)p
0v
r�1
1 (b) > 0, 
0v

r�1
2 (a) < 0, 
0v0(a) > 0, 
0v0(x) > 0

8x 2 [a; x1], £¤¥ x1 | sup ¯¥à¢®£® ã§«  vr�11 (x) ¢ (a; b]. �­ ç¨â, r1(�u) = r1(v0) � S(vr�11 ) = p, â. ¥.
â®¦¥ ¢ë¯®«­ï¥âáï (88).

�® ¢á¥å ®áâ «ì­ëå á«ãç ïå, ªà®¬¥ ¯¥à¥ç¨á«¥­­ëå, (88) á«¥¤ã¥â ¨§ (42) ¨ (83).

�  ®á­®¢¥ «¥¬¬ë 5, ¯®çâ¨ ¡ãª¢ «ì­® ¯®¢â®àïï ¤®ª § â¥«ìáâ¢® «¥¬¬ë 10 ¨§ [10] (á¬. â ª¦¥
[11]), ¤®ª §ë¢ ¥âáï

�¥¬¬  6. �à¨ ãá«®¢¨ïå (3), (12), (15) �(x; s) | á¨«ì­® §­ ª®à¥£ã«ïà­®¥ ¢ [a; b]� (a; b) ï¤à®.

�¥¬¬  7. �à¨ ãá«®¢¨ïå (3), (12), (15) 8p = 0; 1; : : : 9up(x) 2 C�[a; b] : S(�up) = S(up) = p.
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�®ª § â¥«ìáâ¢®. �à¨ p = 0 ¤®áâ â®ç­® ¢§ïâì u0(x) 2 C[a; b], u0(x) > 0 8x 2 [a; b]. �à¨
p > 0 ¢ á¨«ã «¥¬¬ë 6 á¨áâ¥¬ 

p+1X
j=1

Cj�(si; sj) = (�1)i�1; i = 1; p+ 1;

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (C1; : : : ; Cp+1)T 8p = 1; 2; : : : �ãáâì up(x) =
p+1P
j=1

Cj�(x� sj), â ª çâ®

�up =
p+1P
j=1

Cj�(�; sj), S(up) � p � S(�up). � ª ã¯®¬¨­ «®áì ¢ëè¥, up(x) ¬®¦­®  ¯¯à®ªá¨¬¨à®¢ âì

â ª¨¬¨ äã­ªæ¨ï¬¨ unp(x) 2 C�[a; b], çâ® ¢ á¨«ã â¥®à¥¬ë 1 p � S(�up) � S(�unp) � r1(�unp) �
S(unp) � S(up) � p 8n > n0, â. ¥. S(�unp) = S(unp) = p, p = 1; 2; : : :

3. �¥®à¥¬  3. �á«¨ q(x) áã¬¬¨àã¥¬  ­  [a; b] ¨ eq(x) = (�1)r�qq(x)w(x) > 0 ¯®çâ¨ ¢áî¤ã ¢

[a; b], â® ¯à¨ ãá«®¢¨ïå (3), (12), (15)
1) § ¤ ç  ¤«ï ãà ¢­¥­¨ï Ly = �q(�)y á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (6), (11) ¨¬¥¥â áç¥â­®¥ ¬­®¦¥-

áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨© �k, ª®â®àë¥ ï¢«ïîâáï ¢¥é¥áâ¢¥­­ë¬¨ ¯à®áâë¬¨,  ¯à¨ ¨å ­ã¬¥à -
æ¨¨ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï  ¡á®«îâ­ëå ¢¥«¨ç¨­ ¨ á®®â¢¥âáâ¢ãîé¥© ­ã¬¥à æ¨¨ á®¡áâ¢¥­­ëå

äã­ªæ¨© yk(x)

�1 < 0 < �2 < �3 < � � � ;

2) ª ¦¤ ï äã­ªæ¨ï 	k(x) = yk(x)=w(x) ¬®¦¥â ¡ëâì ¤®®¯à¥¤¥«¥­  ¤® ­¥¯à¥àë¢­®© ¢ [a; b],
¨¬¥¥â â ¬ à®¢­® k�1 ­ã«¥©, ¢á¥ ®­¨ ã§«®¢ë¥ ¨ «¥¦ â ¢ (a; b), k = 1; 2; : : : , ¯à¨ç¥¬ ­ã«¨ 	k(x)
¨ 	k+1(x) ¯¥à¥¬¥¦ îâáï, k = 2; 3; : : : ;

3) f	k(x)g11 | àï¤ � àª®¢  ¢ [a; b] [1], [2];

4) ¢áïª ï ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï 	kp(x) =
pP

i=k

Ci	i(x), 1 � k � p, ¨¬¥¥â ¢

[a; b] ­¥ ¬¥­¥¥ k � 1 ã§«®¢ ¨ ­¥ ¡®«¥¥ p� 1 ­ã«¥©, áç¨â ï ¯ãç­®áâì §  ¤¢  ­ã«ï.
� ¥á«¨ eq(x) 2 C[a; b], m � 2, a1 = a, am = b, â®
5) rl(	kp) � p� 1, £¤¥ l = min

i=1;m
(n� r � ki);

6) ­ã«¨ 	k(x) ¯à®áâë¥ 8k = 2; 3; : : :

�®ª § â¥«ìáâ¢® á¢®¤¨âáï ª ¯®¢â®à¥­¨î ¤®ª § â¥«ìáâ¢ â¥®à¥¬ë ¨§ [5] ¨ â¥®à¥¬ë 2 ¨§ [11].
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