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� à ¡®â å [1], [2] á ¯®¬®éìî ¯®¤ç¨­¥­¨©
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� f0(�; �; 
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 2 (��=2; �=2); (0.1)

¤«ï à¥£ã«ïà­ëå ¢ E = f� : j�j < 1g äã­ªæ¨© f(�) = � + a3�
3 + a4�

4 + � � � ¯à¨ � + i� 2
� = f(�; �) 2 [�1; 1] � [�1; 1] : � + � > 0g ¢ë¤¥«¥­ë ¯®¤ª« ááë §¢¥§¤®®¡à §­ëå (
 = 0) ¨
á¯¨à «¥®¡à §­ëå äã­ªæ¨© á ¥¤¨­áâ¢¥­­®© ªà¨â¨ç¥áª®© â®çª®© � = 0 ª®­ä®à¬­®£® à ¤¨ãá 
R(f(E); f(�)) = jf 0(�)j(1 � j�j2). �¨¦¥ íâ¨ à¥§ã«ìâ âë à á¯à®áâà ­¥­ë ­  á«ãç © ª®¬¯«¥ªá­®£®
¯ à ¬¥âà  � = j�jei� , j�j 2 [0; 1], � 2 (��; �], ¤«ï à¥£ã«ïà­ëå äã­ªæ¨©

f(�) = � + an+1�
n+1 + an+2�

n+2 + : : : ; n � 2: (0.2)

�¥®à¥¬  1, ï¢«ïïáì ­¥ã«ãçè ¥¬®© ¯à¨ n = 2, à áè¨àï¥â ¬­®¦¥áâ¢® ¥¤¨­áâ¢¥­­®áâ¨ ­  ¯«®áª®-
áâ¨ �+ i� ¨§ [2]. �¥®à¥¬ë 1, 2 ¢ á«ãç ¥ n > 2 ­¥ ï¢«ïîâáï â®ç­ë¬¨, ®¤­ ª® â ª ­ §ë¢ ¥¬ë¥ íªá-
âà¥¬ «ì­ë¥ äã­ªæ¨¨ ¯®ª §ë¢ îâ, çâ® ¬­®¦¥áâ¢® äã­ªæ¨©, ¤«ï ª®â®àëå ª®­ä®à¬­ë© à ¤¨ãá
®¡« áâ¨ f(E) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî áâ æ¨®­ à­ãî â®çªã � = 0, ­¥ á®¢¯ ¤ ¥â á® ¢á¥¬ ¯®¤ª« áá®¬

-á¯¨à «¥®¡à §­ëå äã­ªæ¨©. � â¥®à¥¬¥ 3 ¨§ [1] ¨áª«îç «¨áì äã­ªæ¨¨ f(�), ®¯à¥¤¥«ï¥¬ë¥ ¨§
ãá«®¢¨ï �f 0(�)=f(�) = (1 + ��2)=(1 � ��2), ª®£¤  � + i� 2 @G2=3. �à¨¬¥­¥­­ë© ¢ ¤ ­­®© à ¡®â¥
¬¥â®¤ ®æ¥­®ª ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ªà¨â¨ç¥áª¨¥ â®çª¨ ª®­ä®à¬­®£® à ¤¨ãá  ¤«ï â ª¨å ®¡« -
áâ¥© f(E) (â¥®à¥¬  5), á ¯®¬®éìî ª®â®àëå ã¤ ¥âáï ¨áá«¥¤®¢ âì ¯®¢¥¤¥­¨¥ à¥è¥­¨© ¢­¥è­¥©
®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¢ á«ãç ¥ ­¥¥¤¨­áâ¢¥­­®áâ¨ (â¥®à¥¬  6).

1. �®áâ â®ç­ë¥ ãá«®¢¨ï ¥¤¨­áâ¢¥­­®áâ¨ ªà¨â¨ç¥áª¨å â®ç¥ª ª®­ä®à¬­®£®
à ¤¨ãá  ¢ ª« áá¥ 
-á¯¨à «¥®¡à §­ëå ®¡« áâ¥©

�.�.�ªá¥­âì¥¢ ¢ [3] ãáâ ­®¢¨«, çâ® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªáâà¥¬ã¬  ª®­ä®à¬­®£® à ¤¨ãá 
R(f(E); f(�)) ¢ E, § ¯¨á ­­®¥ ¢ ¢¨¤¥

f 00(�)
f 0(�)

=
2�

1� j�j2 ; (1.1)

ï¢«ï¥âáï ãà ¢­¥­¨¥¬ � å®¢  ¢ â¥®à¨¨ ®¡à â­ëå ªà ¥¢ëå § ¤ ç ¤«ï  ­ «¨â¨ç¥áª¨å äã­ªæ¨©.
�à¨ íâ®¬ ª ¦¤®¥ à¥è¥­¨¥ � = �k íâ®£® ãà ¢­¥­¨ï ¢å®¤¨â ª ª ¯ à ¬¥âà ¢ ®¯¥à â®à

Af � Fk(�) =
Z �

0

f 0(t)
�
1� �kt

t� �k

�2

dt; (1.2)

¤ îé¨© ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¢ ¯®áâ ­®¢ª¥
�.�. � å®¢  [4]. �¤¥áì ln f 0(�) ¢®ááâ ­ ¢«¨¢ ¥âáï ¯® ªà ¥¢ë¬ ãá«®¢¨ï¬ ¨ ï¢«ï¥âáï äã­ªæ¨¥©,
à¥£ã«ïà­®© ¢ E.
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�¥®à¥¬  1. �ãáâì à¥£ã«ïà­ ï äã­ªæ¨ï (0:2) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (0:1) ¨ ¢ë¯®«­¥­ë

®£à ­¨ç¥­¨ï

j�j+ nj�j=(n+ 1) � 1; (1.3)

j�+ �e�i2
 j � n=(n+ 1): (1.4)

�®£¤  ª®­ä®à¬­ë© à ¤¨ãá f(E) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ªà¨â¨ç¥áªãî â®çªã � = 0, ¥á«¨ ¯à¨ à -

¢¥­áâ¢¥ ¢ (1:4) ¨ n = 2 ¨áª«îç¨âì íªáâà¥¬ «ì­ë¥ ®¡« áâ¨ f(E), £¤¥ äã­ªæ¨¨ f(�) ®¯à¥¤¥«¥­ë
á®®â­®è¥­¨¥¬

�f 0(�)=f(�) = (1 + �e�i2
�2)=(1 � ��2):

�®ª § â¥«ìáâ¢®. �«ï äã­ªæ¨© (0.2) á ¯®¤ç¨­¥­¨¥¬ (0.1) (­ ¯à., [5], á. 357) áãé¥áâ¢ã¥â à¥-
£ã«ïà­ ï ¢ E äã­ªæ¨ï '(�) = bn�

n + bn+1�
n+1 + � � � , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

�f 0(�)=f(�) = [1 + �e�i2
'(�)]=[1 � �'(�)]; j'(�)j < 1:

�®£¤  ¢ á¨«ã â¥®à¥¬ 4, 5 ([5], á. 323) ¯®«ãç¨¬ á«¥¤ãîéãî æ¥¯ì ­¥à ¢¥­áâ¢:����� f 00(�)f 0(�)
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1 + j�j+ � � �+ j�jn�1 max
j'j<1

�
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j1� �'j +
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j1 + �e�i2
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 n(j�j)max
j'j<1


n('); (1.5)

¢ ¨â®£¥ á®¢¯ ¤ îéãî ¯à¨ n = 2 á á®®â¢¥âáâ¢ãîé¥© ®æ¥­ª®© ¨§ [2]. �¥¯¥àì ¤«ï ®¡®á­®¢ ­¨ï
â¥®à¥¬ë 1 ¤®áâ â®ç­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©.

�¥¬¬  1. �ã­ªæ¨ï

 n(t) =
tn�2 + tn�1

1 + t+ t2 + � � �+ tn�1
2 [0; 2=n)

ï¢«ï¥âáï ¬®­®â®­­®© ¯à¨ t 2 [0; 1) ¨ n > 2.

�¥©áâ¢¨â¥«ì­®, ­¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®  0n(t) > 0 ¯à¨ n > 2 ¤«ï ¢á¥å
t 2 (0; 1).

�¥¬¬  2. �ãáâì


n(�) =
1� �

1� j�j� +
n(1� �)

(1� j�j�)(1 � j�j�)
¨ ¯ à ¬¥âàë �, �, n á¢ï§ ­ë ­¥à ¢¥­áâ¢®¬ (1:3). �®£¤ 

max
�2[0;1)


n(�) = 
n(0) = n+ 1: (1.6)
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�®ª § â¥«ìáâ¢®. �«ï ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨

!n(j�j; j�j; �) = a0(j�j; j�j)�2 + a1(j�j; j�j)� + a2(j�j; j�j);
a0(j�j; j�j) = j�j(j�j j�j + nj�j � j�j); a1(j�j; j�j) = j�j[2 � 2(n+ 1)j�j];

a2(j�j; j�j) = (n+ 1)j�j + nj�j � n� 1;

®¯à¥¤¥«ï¥¬®© á®®â­®è¥­¨¥¬



0

n(�) =
!n(j�j; j�j; �)

(1� j�j�)2(1� j�j�)2 ;

¯®«ãç¨¬ !n(j�j; j�j; 1) = (j�j � 1)(j�j � n� 1)(j�j � 1) � 0; !n(j�j; j�j; 0) = (n+ 1)j�j + nj�j � n� 1;
!0n(j�j; j�j; 1) = 2j�j(j�j � 1)(j�j � 1) � 0; !0n(j�j; j�j; 0) = 2 � 2(n + 1)j�j. �á«¨ a0(j�j; j�j) � 0, â®
¯à¨ !n(j�j; j�j; 0) � 0 á¯à ¢¥¤«¨¢® (1.6), â. ª. !n(j�j; j�j; 1) � 0 ¯à¨ (j�j; j�j) 2 [0; 1] � [0; 1]. �á«¨
a0(j�j; j�j) < 0, â® ãá«®¢¨¥ (1.6) â ª¦¥ ¡ã¤¥â ¢ë¯®«­¥­®, â. ª. !0n(j�j; j�j; 1) � 0 ­  [0; 1] � [0; 1],  
!0n(j�j; j�j; 0) > 0 ¢ á¨«ã â®£®, çâ® !00n(j�j; j�j; �) = 2a0(j�j; j�j) < 0. �­ ç¨â, äã­ªæ¨ï !n(j�j; j�j; �)
ï¢«ï¥âáï ­¥ã¡ë¢ îé¥© ¯® � 2 (0; 1), ¯®íâ®¬ã ¨§ ­¥à ¢¥­áâ¢  !n(j�j; j�j; 1) � 0 á«¥¤ã¥â (1.6).

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® § ¬¥â¨âì, çâ® 
n(') � 
n(j'j) ¨ 
n(0) =

n(0). �®£¤  ®æ¥­ª  (1.5) ¯à¨ n > 2 ¯à¨¬¥â ¢¨¤

����� f 00(�)f 0(�)

���� < 2j�j2
1� j�j2 j�+ �e�i2
 j(n+ 1)=n: (1.7)

�­ ç¨â, ¯à¨ j�+ �e�i2
 j(n+ 1)=n � 1 ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = 0.
�â¬¥â¨¬, çâ® íªáâà¥¬ «ì­ë¥ äã­ªæ¨¨, á¢ï§ ­­ë¥ á ¯à¨¬¥­¥­¨¥¬ â¥®à¥¬ 4, 5 (á¬. [5], á. 323),

ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨î

�f 0(�)=f(�) = (1 + �e�i2
�n)=(1 � ��n): (1.8)

�«ï íâ¨å äã­ªæ¨© ãà ¢­¥­¨¥ (1.1) ¡ã¤¥â ¨¬¥âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¤ ¦¥ ¯à¨ à ¢¥­áâ¢¥ ¢
(1.4) ¨ n > 2. �á«¨ n = 2, â® ¢ (1.7) ¡ã¤¥â ­¥áâà®£®¥ ­¥à ¢¥­áâ¢®, ¯®íâ®¬ã ¯à¨ ¢ë¯®«­¥­¨¨
à ¢¥­áâ¢  ¢ (1.4) ­ã¦­® ¨áª«îç¨âì íªáâà¥¬ «ì­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«ï¥¬ë¥ (1.8).

�á«®¢¨¥ (0.1), ¢®®¡é¥ £®¢®àï, ¢ë¢®¤¨â f(�) ¨§ ª« áá  
-á¯¨à «¥®¡à §­ëå äã­ªæ¨©, â. ª.
f0(�; �; 
;E) = fw : jw � aj < Rg, £¤¥ a = [ei
 + �e�i
�]=(1 � �2), R = jei
� + �e�i
 j=(1 � �2),
¯à¨­ ¤«¥¦ â ¯®«ã¯«®áª®áâ¨ Rew > 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

cos 
 + �j�j cos(� � 
)�
q
�2 + j�2j+ 2�j�j cos(� � 2
) > 0: (1.9)

�®ª ¦¥¬, çâ® ¯à¨ á¯¥æ¨ «ì­®¬ ¢ë¡®à¥

� = (� cos 
 � i� sin
)ei
 ; �+ i� 2 �; (1.10)

â. ¥. � = cei2
 ¢ ®¡®§­ ç¥­¨ïå ¨§ [2], ãá«®¢¨¥ (1.9) ¡ã¤¥â ¢ë¯®«­¥­® ¤«ï ª ¦¤®£® 
. �¥©áâ¢¨â¥«ì­®,
¢ íâ®¬ á«ãç ¥ a = (1 + ��) cos 
=(1 � �2) + i, R = (� + �) cos 
=(1 � �2), ¯®íâ®¬ã Re a � R =
(1 � �) cos 
=(1 + �) � 0. � à ¡®â¥ [2] ¯à¨ â ª¨å � ¨ n = 2 ¡ë«® ¯®«ãç¥­® ¤®áâ â®ç­®¥ ãá«®¢¨¥
¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï � å®¢  ¯à¨ ¡®«¥¥ ¦¥áâª®¬ ®£à ­¨ç¥­¨¨ j�j + j�j � 1, ç¥¬
(1.3).

�§ï¢ ¯à¨§¬ã � = f(�; �; 
) 2 [�1; 1] � [�1; 1] � (��=2; �=2) : � + � > 0g, ¬®¦­® ®¯¨á âì
¬­®¦¥áâ¢  En


 , T
n

 , ã¤®¢«¥â¢®àïîé¨¥ ®£à ­¨ç¥­¨ï¬ (1.3), (1.4), ª®£¤  ¯ à ¬¥âà � § ¤ ­ á®®â-

­®è¥­¨¥¬ (1.10). �®£¤  ­¥à ¢¥­áâ¢  (1.3), (1.4) ¯à¨¬ãâ ¢¨¤ (n + 1)j�j + nj� cos 
 � i� sin
j �
n + 1, (� + �) cos 
 � n=(n + 1). �­®¦¥áâ¢® T n


 =
�
(�; �) 2 [�1; 1] � [�1; 1] : � + � > 0,

(� + �) cos 
 � n=(n + 1)
	
¯à¥¤áâ ¢«ï¥â âà ¯¥æ¨î ¢ á¥ç¥­¨¨ � ¯«®áª®áâìî 
 = const, ¥á«¨


 2 (��; �), � = arccos[n=[2(n+ 1)]], ¨ ï¢«ï¥âáï âà¥ã£®«ì­¨ª®¬ �, ¥á«¨ 
 2 (��=2;��] [ [�; �=2).
�à ­¨æ  ¬­®¦¥áâ¢  En


 = f(�; �) 2 [�1; 1]�[�1; 1] : �+� > 0, (n+1)j�j+nj� cos 
�i� sin
j � n+1g
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á®¤¥à¦¨â ¢¥â¢¨ £¨¯¥à¡®«ë ¯à¨ ä¨ªá¨à®¢ ­­ëå n, 
, ¨¡® íâ® ®£à ­¨ç¥­¨¥ à ¢­®á¨«ì­® ­¥à ¢¥­-
áâ¢ã �

j�j � (n+ 1)2

1 + 2n+ n2 cos2 


�2 (1 + 2n+ n2 cos2 
)2

(n+ 1)2n2 sin2 

� �2 cos2 
(1 + 2n+ n2 cos2 
)

(n+ 1)2 sin2 

� 1

¢ âà¥ã£®«ì­¨ª¥ �. �¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¢¥â¢¨ £¨¯¥à¡®« ¯à¨ ¢á¥å 

¯¥à¥á¥ª îâ áâ®à®­ã �+� = 0 ¢ â®çª å (n+1)(1� i)=(2n+1) ¨ (n+1)(�1+ i)=(2n+1),   á¥ç¥­¨¥
En

0 ¥áâì ¯ïâ¨ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ ¢ â®çª å (n+1)(1� i)=(2n+1), 1, 1=(1+n)+ i, �1=(n+1)+ i,
(n+ 1)(�1 + i)=(2n+ 1). � ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ 
 = 0 ¨ n � 2 â¥®à¥¬  1 ­¥ ¤ ¥â ¢®§¬®¦­®áâ¨
®¯¨áë¢ âì ¯®¤ª« áá ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï � å®¢ , ª®£¤  �+ i� ¯à¨­ ¤«¥¦¨â «¨¡®
âà¥ã£®«ì­¨ªã �(1)

1 á ¢¥àè¨­ ¬¨ ¢ â®çª å 1� i, 1, (n+1)(1� i)=(2n+1), «¨¡® âà¥ã£®«ì­¨ªã �(2)
3 á

¢¥àè¨­ ¬¨ ¢ â®çª å �1+i, (n+1)(�1+i)=(2n+1), �1=(n+1)+i. �®®â¢¥âáâ¢ãîé¨¥ ¨áá«¥¤®¢ ­¨ï
¯à¨ n = 2 ¯à®¢¥¤¥­ë ¢ [1], ¨ íâ¨ à¥§ã«ìâ âë ¬®¦­® à á¯à®áâà ­¨âì ­  á«ãç © n > 2.

�¥¬¬  3. �ãáâì �+ i� 2 � ¨


n(') =
1� j'j
j1� �'j +

n(1� j'j)
j1� �'j j1 + �'j :

�®£¤  «¨­¨ï¬¨ ãà®¢­ï äã­ªæ¨¨ (�+�)max
j'j<1


n(')=n=m ï¢«ïîâáï ¯àï¬ë¥ «¨­¨¨ (�+�)(n+1) =

mn, m 2 (0; 2(n + 1)=n], ¥á«¨ � + i� ¯à¨­ ¤«¥¦ â ¯ïâ¨ã£®«ì­¨ªã á ¢¥àè¨­ ¬¨ ¢ â®çª å

(n+ 1)(1 � i)=(2n+ 1), 1, 1 + i, �1=(n+ 1) + i, (n+ 1)(�1 + i)=(2n + 1);
ªà¨¢ë¥ Ln

m á ãà ¢­¥­¨¥¬

� = �� (n+ 1 + �)2 � 2(1 + �)nm+ 2n2m+ n2m2

(n+ 1 + �)2 � 2(1 + �)(n+ 1)nm� 2�n2m+ n2m2
;

m 2 (0; (n+ 1)=n), ¥á«¨ �+ i� 2 �(1)
1 � �;

ªà¨¢ë¥ Ln
m á ãà ¢­¥­¨¥¬

� = �� (n+ 1� �)2 + 2n(1� �)m� 2n2m+ n2m2

(n+ 1� �)2 + 2n(n+ 1)(1� �)m� 2n2�m+ n2m2
;

m 2 (0; 1), ¥á«¨ �+ i� 2 �(2)
3 .

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® ¬­®¦¥áâ¢® â®ç¥ª f' : j1� �'j j1 +
�'j = a2� constg ï¢«ï¥âáï ®¢ «®¬ � áá¨­¨ [6] á ä®ªãá ¬¨ ¢ â®çª å ' = 1=�, ' = �1=�, ¯®íâ®¬ã
min

�2(��;�]
j1���ei�j j1 + ��ei�j = (1���)(1 + ��), ¥á«¨ �+ i� 2 �1 = f(�; �) 2 � : � � 0, � < 0g ¨«¨

�+ i� 2 �(1)
2 = f(�; �) 2 � : � � 0, � � 0, � �� � 0g. � á«ãç ¥, ª®£¤  �+ i� 2 �3 = f(�; �) 2 � :

� < 0, � � 0g, á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® min
�2(��;�]

j1� ��ei�j j1 + ��ei�j = (1 + ��)(1 � ��).

� ª¨¬ ®¡à §®¬,

max
�2(��;�]


n(�e
i�) =

1� �

1� ��
+

n(1� �)
(1� ��)(1 + ��)

� 
n(�e
i0);

¥á«¨ �+ i� 2 �1 [�(1)
2 , ¨

max
�2(��;�]


n(�e
i�) =

1� �

1 + ��
+

n(1� �)
(1 + ��)(1 � ��)

� 
n(�e
i�);

¥á«¨ � + i� 2 �3,   ¯à¨ �+ i� 2 �(2)
2 = f(�; �) 2 � : � � 0, � > 0, � � � > 0g ¤®áâ â®ç­® ­ ©â¨

­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ ¬ ¦®à ­âë


n(Re') =
1� jRe'j
1� �Re'

+
n(1� jRe'j)

(1� �Re')(1 + �Re')
� 
n('); j'j < 1:
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�®£¤ , ¯®¢â®à¨¢ ®¡®á­®¢ ­¨¥ â¥®à¥¬ë 2 ¨§ [1], ¯à®¢¥¤¥­­®¥ ¤«ï 
2(Re'), ¯®«ãç¨¬ âà¥¡ã¥¬®¥. �

�¢¥¤¥¬, ª ª ¨ ¢ [1], ¬­®¦¥áâ¢® Gn
m ¨§ �, ®£à ­¨ç¥­­®¥ ªà¨¢ë¬¨ Lnm, L

n
m ¨ ¯àï¬ë¬¨ �+� = 0,

(� + �)(n + 1) = mn, ¥á«¨ m 2 (0; 1); ¯àï¬ë¬¨ � + � = 0, � = 1, (� + �)(n + 1) = mn ¨ ªà¨¢®©
Ln
m, ¥á«¨ m 2 [1; (n + 1)=n); ¯àï¬ë¬¨ � + � = 0, � = 1, (� + �)(n + 1) = mn, � = 1, ¥á«¨

m 2 [(n+ 1)=n; 2(n + 1)=n].

�¥®à¥¬  2. �«ï äã­ªæ¨© (0:2), ã¤®¢«¥â¢®àïîé¨å ¯®¤ç¨­¥­¨î

�f 0(�)=f(�) � (1 + ��)=(1� ��) (1.11)

¯à¨ �+ i� 2 Gn
1 , n > 2, ãà ¢­¥­¨¥ (1:1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¢ ®æ¥­ª¥ (1.5) ¯à¨ � + i� 2 Gn
1 ¨ n > 2 ¢ á¨«ã «¥¬¬ 1, 3

¨¬¥¥â ¬¥áâ® áâà®£®¥ ­¥à ¢¥­áâ¢®

j�f 00(�)=f 0(�)j < 2j�j2=(1� j�j2); � 2 E n f0g;
¯®íâ®¬ã ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = 0.

2. � ç¨á«¥ à¥è¥­¨© ãà ¢­¥­¨ï � å®¢  ¤«ï íªáâà¥¬ «ì­ëå äã­ªæ¨©

�«ï äã­ªæ¨©

f�;�;
(�) = �(1� ��n)�; � = �(�e�i2
 + �)=(n�); (2.1)

®¯à¥¤¥«ï¥¬ëå ¨§ (1.8), ãà ¢­¥­¨¥ (1.1) ¯à¨¬¥â ¢¨¤

n�e�i
�n cos 

1 + �e�i
�n cos 


+ �e�i
�n cos 
 =
2j�j2

1� j�j2 ;

¥á«¨ � § ¤ ­® à ¢¥­áâ¢®¬ (1.10) ¨ �! 0. �®íâ®¬ã à¥è¥­¨ï¬¨ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¬®£ãâ ¡ëâì
«¨¡® � = � exp i
+2�k

n
, «¨¡® � = � exp i
+(2k+1)�

n
. �®£¤  ¤«ï ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà  � ¯®«ãç¨¬

®¤­® ¨§ á®®â­®è¥­¨©:

��n cos 

1 + ��n cos 


(n+ 1 + ��n cos 
) =
2�2

1� �2
; (2.2)

��n cos 

1� ��n cos 


(��n cos 
 � n� 1) =
2�2

1� �2
:

�®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¬®¦¥â ¨¬¥âì â®«ìª® ®¤­® à¥è¥­¨¥ � = 0, â. ª. ¥£® «¥¢ ï ç áâì ®âà¨æ â¥«ì­ 
¢ ¯à¨§¬¥ � ¯à¨ �2 2 (0; 1) ¢ á¨«ã ãá«®¢¨ï � > 0 ¯à¨ � = 0.

�®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ (2.2) ¨¬¥¥â âà¨ à¥è¥­¨ï ¯à¨ n = 2 ¨ ãá«®¢¨¨ 
 2 [� arccos(2=3),
arccos(2=3)], à ¢­®á¨«ì­®¬ ¯à¨­ ¤«¥¦­®áâ¨ � 2 [2=(3 cos 
); 1], ¨ çâ® � = 0 ï¢«ï¥âáï ¥¤¨­áâ¢¥­-
­ë¬ ª®à­¥¬, ¥á«¨ n � 3 ¨ 
 2 [� arccos[n=(n+ 1)]; arccos[n=(n+ 1)]], â. ¥. � 2 [n=[(n+ 1) cos 
]; 1].

�¥©áâ¢¨â¥«ì­®, ¯à¨ n = 2 ãà ¢­¥­¨¥ (2.2) à ¢­®á¨«ì­® �2!2(0; �; 
; �2) = 0 á !2(0; �; 
; �2) =
��2 cos2 
�4 + � cos 
(� cos 
 � 5)�2 + 3� cos 
 � 2,   ¤«ï äã­ªæ¨¨ !2(0; �; 
; t) á¯à ¢¥¤«¨¢ë ­¥à -
¢¥­áâ¢  !2(0; �; 
; 0) = 3� cos 
 � 2 � 0; !2(0; �; 
; 1) = �2(� cos 
 + 1) < 0. �®íâ®¬ã ãà ¢­¥­¨¥
!2(0; �; 
; t) = 0 ¨¬¥¥â à¥è¥­¨¥

t = (� cos 
 � 5 +
q
(� cos 
 + 1)2 + 16)=(2� cos 
) 2 (0; 1);

ª®£¤  � 2 (2=(3 cos 
); 1] ¨ 
 2 [� arccos(2=3); arccos(2=3)].
�®®â­®è¥­¨¥ (2.2) ¯à¨ n � 3 ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥ �n!n(0; �; 
; �) = 0, £¤¥ !n(0; �; 
; �) =

�2 cos2 
�2n�2(1� �2) + (n+ 1)��n�2(1� �2) cos 
 � 2� 2��n cos 
.

�¥¬¬  4. �ã­ªæ¨ï !n(0; �; 
; �) ï¢«ï¥âáï ®âà¨æ â¥«ì­®© ¯à¨ ¢á¥å � 2 (0; 1), � 2 (0; 1) ¨

 2 (��=2; �=2).
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, äã­ªæ¨¨

'1(n) = max
�2(0;1)

[�2n�2(1� �2)] = n�1(1� 1=n)n�1;

'2(n) = max
�2(0;1)

[(n+ 1)�n�2(1� �2)] = 2(1 + 1=n)(1 � 2=n)(n�2)=2

¬®­®â®­­® ã¡ë¢ îâ ¯à¨ n � 3, ¨¡® ¯®«®¦¨â¥«ì­ë¥ ¬­®¦¨â¥«¨ 1=n, 1+1=n ¬®­®â®­­® ã¡ë¢ îâ,
  «®£ à¨ä¬¨ç¥áª¨¥ ¯à®¨§¢®¤­ë¥ ¢â®àëå ¬­®¦¨â¥«¥© ¡ã¤ãâ ¨¬¥âì ¢¨¤

[(n� 1) ln(1� 1=n)]0n = ln(1� 1=n) + 1=n < 0;

[(n=2� 1) ln(1� 2=n)]0n = (1=2) ln(1� 2=n) + 1=n < 0:

� ª¨¬ ®¡à §®¬, max
n�3

'1(n) = '1(3), max
n�3

'2(n) = '2(3). �®£¤  !n(0; �; 
; �) � �2'1(n) cos2 
 +

�'2(n) cos 
�2�2��n cos 
 � �2 cos2 
max
n�3

'1(n)+� cos 
max
n�3

'2(n)�2�2� cos 
�n = �2'1(3) cos2 
+

�'2(3) cos 
 � 2� 2��n cos 
 � �0;25 � 2� cos 
�n < 0, ª®£¤  � 2 (0; 1).

�¥¯¥àì ïá­®, çâ® ãà ¢­¥­¨¥ (2.2) ¯à¨ n � 3 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = 0. �ä®à¬ã«¨àã¥¬
¯®«ãç¥­­ë© à¥§ã«ìâ â.

�¥®à¥¬  3. �«ï äã­ªæ¨©

f0;�;
(�) = � expf� cos 
e�i
�n=ng
ãà ¢­¥­¨¥ (1:1) ¨¬¥¥â âà¨ à §­ëå à¥è¥­¨ï :

�0 = 0; �1;2 = �
r
(� cos 
 � 5 +

q
(� cos 
 + 1)2 + 16)=(2� cos 
);

¥á«¨ n = 2, � 2 (2=(3 cos 
); 1], 
 2 [� arccos(2=3); arccos(2=3)], ¨ � = 0 ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬

à¥è¥­¨¥¬ (1:1) ¯à¨ n � 3, � 2 (0; 1), 
 2 (��=2; �=2).
�¥¯¥àì ¨áá«¥¤ã¥¬ ¢®¯à®á ® ç¨á«¥ ª®à­¥© ãà ¢­¥­¨ï (1.1) ¤«ï äã­ªæ¨© (2.1) ¯à¨ 
 = 0,

�+ i� 2 �. �«ï ®¯à¥¤¥«¥­¨ï à¥è¥­¨© (1.1) ¯®«ãç¨¬ ®¤­® ¨§ á®®â­®è¥­¨©:

n��n

1 + ��n
+
(�+ � + n�)�n

1� ��n
=

2�2

1� �2
; (2.3)

�n��n
1� ��n

� (�+ � + n�)�n

1 + ��n
=

2�2

1� �2
; (2.4)

¥á«¨

f�;�;0(�) = �(1� ��n)�(�+�)=(n�): (2.10)

�¥¢ ï ç áâì ãà ¢­¥­¨ï (2.4) ®âà¨æ â¥«ì­  ¯à¨ � 2 (0; 1), ¯®íâ®¬ã � = 0 ï¢«ï¥âáï ¥¤¨­-
áâ¢¥­­ë¬ ¥£® ª®à­¥¬. �à ¢­¥­¨¥ (2.3) ¯à¥®¡à §ã¥¬ ª ¢¨¤ã !n(�; �; 0; �) = 0, £¤¥ !n(�; �; 0; �) =
�(� � �)�2n + �(� + �)�2n�2 � [(n � 1)� + (n + 3)�]�n + (n + 1)(� + �)�n�2 � 2 ã¤®¢«¥â¢®àï¥â
á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨ï¬: !n(�; �; 0; 0) = �2 < 0; !n(�; �; 0; 1) = 2(� + 1)(� � 1) < 0, ¯®íâ®¬ã
¢®¯à®á ® ­ «¨ç¨¨ ª®à­¥© ãà ¢­¥­¨ï !n(�; �; 0; �) = 0 ­  ¨­â¥à¢ «¥ (0,1) ®áâ ¥âáï ®âªàëâë¬.
�®¯®«­¨â¥«ì­® ¯à¥¤¯®«®¦¨¬, çâ® � = 0, ¨ ¨§ ãà ¢­¥­¨ï !0n(�; 0; 0; �) = 0 ­ ©¤¥¬ ª®à­¨ �1 = 0,
�2 =

p
1� 2=[n(n� 1)]. �­ ç¨â,

max
�2(0;1)

!n(�; 0; 0; �) = !n(�; 0; 0; �2) =
2�(n� 1)
n� 2

�
1� 2

n(n� 1)

�n=2
� 2:

�§ ãá«®¢¨ï !n(�; 0; 0; �2) = 0 ®¯à¥¤¥«¨¬

�n = (1� 1=(n� 1))f1 � 2=[n(n� 1)]g�n=2 2 (0; 1); (2.5)
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¯®íâ®¬ã ¯à¨ � 2 (�n; 1) ãà ¢­¥­¨¥ !n(�; 0; 0; �) = 0 ¨¬¥¥â ¤¢  à §­ëå à¥è¥­¨ï ­  (0; 1); ¯à¨
� = �n ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¨ ­¥ ¨¬¥¥â ª®à­¥©, ª®£¤  � 2 (0; �n).

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  4. �à ¢­¥­¨¥ � å®¢  ¤«ï äã­ªæ¨© f�;0;0(�) ¨§ (2:10) ¨¬¥¥â n+ 1 ª®à­¥©:

�0 = 0; �k =
q
1� 2=[n(n� 1)]ei2�k=n; k = 0; n� 1;

¥á«¨ � = �n; 2n + 1 ª®à­¥©, ¥á«¨ � 2 (�n; 1); ¥¤¨­áâ¢¥­­ë© ª®à¥­ì �0 = 0, ¥á«¨ � 2 (0; �n), £¤¥
�n ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (2:5).

�¥®à¥¬  2 ¯à¨ n = 2 á®¢¯ ¤ ¥â á ®á­®¢­ë¬¨ ãâ¢¥à¦¤¥­¨ï¬¨ ¨§ [1], ¥á«¨ ¯à¨ � + i� 2 @G2
1

¨áª«îç¨âì íªáâà¥¬ «ì­ë¥ äã­ªæ¨¨

f�;�(�) = �(1� ��2)�(�+�)=(2�); (2.100)

ª®£¤  �+ i� 2 � nG2
1, £¤¥ G

2
1 | ®âªàëâ ï âà ¯¥æ¨ï á ®¤­®© ªà¨¢®«¨­¥©­®© ¡®ª®¢®© áâ®à®­®©

L2
1 =

�
(�; �) 2 �(1)

1 : � = �� (� + 1)2 + 16
(� � 7)2 � 48

; � 2 (�1;�1=5)
�

¨ á ¢¥àè¨­ ¬¨ ¢ â®çª å �1 + i, �1=3 + i, 13=15 � i=5, 1� i.
�ãáâì � + i� 2 (�1 + i; 1 + i]. �®£¤  f 0�;1(�) = (1 + �2)(1 � ��2)�(1+3�)=(2�) ¨¬¥¥â ­ã«¨ ¯¥à-

¢®£® ¯®àï¤ª  ¢ â®çª å � = �i. �­ ç¨â, ®¡à § ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ ¢ â®çª å f�;1(�i) ¨¬¥¥â
¢­ãâà¥­­¨¥ ã£«ë, à ¢­ë¥ 2�. �¥¯®áà¥¤áâ¢¥­­® ¬®¦­® ¯®ª § âì, çâ® ®¡à §ë ¤ã£ (�i; i) ¨ (i;�i)
¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ ¯¥à¥å®¤ïâ ¢ ¢ë¯ãª«ë¥ ªà¨¢ë¥, â. ¥. ¢ à¨ æ¨ï ã£«  ­ ª«®­  ª á â¥«ì­®©
ª ®¡à §ã �= f(@E) à ¢­ï¥âáï 6�.

�¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (1.1), íª¢¨¢ «¥­â­®£® ãà ¢­¥­¨î

2�2

1 + �2
+
(1 + 3�)�2

1� ��2
=

2�2

1� �2
;

ï¢«ïîâáï � = 0, ª®£¤  � 2 (�1;�1=3] ¨

�0 = 0; �1;2 = �
r
(�2 +

q
(1 + �)(5 � 3�))=(1 � �); (2.6)

â. ª. (1 + �)(5 � 3�) 2 (4; 16=3] ¯à¨ � 2 (�1=3; 1). �«ï äã­ªæ¨¨ f1�0;1(�) = �=(1 � �2) ãà ¢­¥­¨¥
(1.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = 0.

�à¨ � + i� 2 (�1=3 + i; 13=15 � i=5) ¤«ï äã­ªæ¨¨ f�;2=3��(�) = �(1 � ��2)�1=(3�) ãà ¢­¥­¨¥
(1.1) ¡ã¤¥â à ¢­®á¨«ì­® á®®â­®è¥­¨î �4[�2(�2�2 + 2�� 4=9) + (10=3)� � (26=9)] = 0, ¨¬¥îé¥¬ã
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ � = 0, ¥á«¨ � 2 (�1=3; 13=15], ¨ âà¨ à¥è¥­¨ï:

�0 = �0 = 0; �1;2 = ��1 = �
s

15� � 13
(3�� 1)(3� � 2)

2 (�1; 1); � 2 (13=15; 1): (2.7)

�á«¨ � + i� 2 �0 = f(�; �) 2 � : � + � > 2=3g, â® (1.1) ¤«ï íªáâà¥¬ «ì­ëå äã­ªæ¨© (2:10)
¯à¨ n = 2 ¡ã¤¥â à ¢­®á¨«ì­® ãà ¢­¥­¨î �2!2(�; �; 0; �) = 0, £¤¥ !2(�; �; 0; �) = �4(�� � �2) +
�2(�� + �2 ��� 5�) + 3(�+ �)� 2 ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ !2(�; �; 0; 0) = 3(�+ �)� 2 > 0;
!2(�; �; 0; 1) = 2(1 + �)(� � 1) � 0. �®£¤  ãà ¢­¥­¨¥ (1.1) ¤«ï äã­ªæ¨© (2:10) ¯à¨ � + i� 2 �0 ¨
n = 2 ¨¬¥¥â âà¨ à §­ëå à¥è¥­¨ï:

�0 = 0; �1;2 = �
q
(�(�� + �2 � �� 5�)�

p
D)=(2�(� � �)); (2.8)

£¤¥

D = (� + �)[�(�2 � 14� + 1) + �3 + 2�2 + 17�]: (2.9)
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�á«¨ â¥¯¥àì � + � < 2=3, â® ¤«ï äã­ªæ¨¨ !2(�; �; 0; �) ¡ã¤ãâ ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
!2(�; �; 0; 0) = 3(� + �) � 2 < 0; !2(�; �; 0; 1) = 2(1 + �)(� � 1) < 0 ¯à¨ � 6= 1, ¯®íâ®¬ã ¢®-
¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¨ ç¨á«¥ à¥è¥­¨© ãà ¢­¥­¨ï !2(�; �; 0; �) = 0 ­  ¨­â¥à¢ «¥(0; 1) ®âªàëâ.

�«ï ¯à®¨§¢®¤­®© !02(�; �; 0; �) ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

!02(�; �; 0; 0) = �� + �2 � �� 5� > 0; !02(�; �; 0; 1) = 3�� � �2 � �� 5� < 0:

�¥à¢®¥ ­¥à ¢¥­áâ¢® ¥áâì á«¥¤áâ¢¨¥ â®£®, çâ® ªà¨¢ ï á ãà ¢­¥­¨¥¬ �� + �2 � � � 5� = 0 ï¢«ï-
¥âáï ¤ã£®© £¨¯¥à¡®«ë, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ 0 + i0, 13=15 � i=5, 1 + (2 � p5)i, ¯®íâ®¬ã ¯à¨
� 2 (13=15; 1) ®­  ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ �0, â. ¥. á®åà ­ï¥âáï §­ ª !02(�; �; 0; 0) ¢

G2�
1 =

�
(�; �) 2 � : �+ � < 2=3; � > �� (� + 1)2 + 16

(� � 7)2 � 48
; � 6= 1

�
: (2.10)

�­ «®£¨ç­®, ªà¨¢ ï á ãà ¢­¥­¨¥¬ 3����2���5� = 0, ï¢«ïïáì ¤ã£®© £¨¯¥à¡®«ë, ¯à®å®¤¨â
ç¥à¥§ â®çª¨ 0+ i0, 3=5� i=5, 1� i ¨ ¯¥à¥á¥ª ¥â ªà¨¢ãî L2

1 ¢ â®çª å 0+ i0, 1� i, 3+3i, â¥¬ á ¬ë¬
§­ ª !02(�; �; 0; 1) ¢ G

2�
1 á®åà ­ï¥âáï.

� ª¨¬ ®¡à §®¬, ªà¨¢ ï ! = !2(�; �; 0; �) «¨¡® ¯¥à¥á¥ª ¥â ¨­â¥à¢ « (0; 1) ¢ ¤¢ãå â®çª å, «¨¡®
ª á ¥âáï íâ®£® ¨­â¥à¢ « , «¨¡® ­¥ ¯¥à¥á¥ª ¥â ¥£®.

�§ (2:8) á«¥¤ã¥â, çâ® ª á ­¨¥ ªà¨¢®© ! = !2(�; �; 0; �) à ¢­®á¨«ì­® ãá«®¢¨î D = 0,   íâ®
®§­ ç ¥â, çâ® ­  ªà¨¢®© L2

1 ãà ¢­¥­¨¥ (1.1) ¤«ï äã­ªæ¨© (2:1
0) ¨¬¥¥â âà¨ à §«¨ç­ëå à¥è¥­¨ï:

�0 = 0; �1;2 = �
q
�(�� + �2 � �� 5�)=(2�(� � �)): (2.11)

�á«¨ �+ i� 2 G2�
1 , â® D > 0 ¨ ¤«ï íâ¨å äã­ªæ¨© ¯®«ãç¨¬ ¯ïâì à §­ëå ª®à­¥©:

�0 = 0; �1;2 = �
q
(�(�� + �2 � �� 5�)�

p
D)=(2�(� � �));

�3;4 = �
q
(�(�� + �2 � �� 5�) +

p
D)=(2�(� � �));

(2.12)

£¤¥ D § ¤ ­® á®®â­®è¥­¨¥¬ (2.9).
�â¤¥«ì­® ®áâ ­®¢¨¬áï ­  á«ãç ¥ � + i� 2 (1 � i; 1 + i]. �®£¤  äã­ªæ¨¨ á¥¬¥©áâ¢  (2:10) ¯à¨

n = 2 ¯à¨¬ãâ ¢¨¤ f�(�) = �(1� �2)�(1+�)=2, � 2 (�1; 1].
�¡à §®¬ f�(E) ï¢«ï¥âáï ®¡« áâì, ®£à ­¨ç¥­­ ï ¤¢ãá¨¬¬¥âà¨ç­ë¬ ª®­âãà®¬, ¨¬¥îé¨¬ ¢

f(�i) =1 ¤¢  à ¢­ëå ã£«  á ¢¥«¨ç¨­®© (1 + �)�=2, ¢®£­ãâë¬, ª®£¤  � 2 [2 �p5; 1], á â®çª ¬¨
¯¥à¥£¨¡  f

�
e�i�1

�
, f
�
e�i(���1)

�
, ª®£¤  � 2 (�1; 2�p5), £¤¥ �1 = 1=2 arccos[(1 + 2� � �2)=(2�)].

�à ¢­¥­¨¥ (1.1) ¡ã¤¥â à ¢­®á¨«ì­® á®®â­®è¥­¨î �2[�2(�2 � �) + 1 + 3�] = 0, ¯®íâ®¬ã ªà¨â¨-
ç¥áª¨¬¨ â®çª ¬¨ ª®­ä®à¬­®£® à ¤¨ãá  ï¢«ïîâáï

�0 = 0; �1;2 = �
s
1 + 3�
� � �2

¯à¨ � 2 (�1;�1=3); (2.13)

¨ ¥¤¨­áâ¢¥­­ ï â®çª  �0 = 0, ¥á«¨ � 2 [�1=3; 1]. �¥¬ á ¬ë¬ ¤®ª § ­ 

�¥®à¥¬  5. �«ï íªáâà¥¬ «ì­ëå äã­ªæ¨© (2:100) ª®­ä®à¬­ë© à ¤¨ãá ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî

áâ æ¨®­ à­ãî â®çªã �0 = 0, ¥á«¨

�+ i� 2 (�1 + i;�1=3 + i] [ (�1=3 + i; 13=15 � i=5] [ [1� i=3; 1 + i];

áâ æ¨®­ à­ë¬¨ ¡ã¤ãâ

âà¨ â®çª¨ (2:8), ¥á«¨ �+ i� 2 �0;
âà¨ â®çª¨ (2:7), ¥á«¨ �+ i� 2 (13=15 � i=5; 1 � i=3);
âà¨ â®çª¨ (2:11), ¥á«¨ �+ i� 2 L2

1;
âà¨ â®çª¨ (2:13), ¥á«¨ �+ i� 2 (1� i; 1� i=3);
âà¨ â®çª¨ (2:6), ¥á«¨ �+ i� 2 (�1=3 + i; 1 + i);
¯ïâì â®ç¥ª (2:12), ¥á«¨ �+ i� 2 G2�

1 .
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�¤¥áì �0 = f(�; �) 2 � : �+ � > 2=3g.
� ª ç¥áâ¢¥ á«¥¤áâ¢¨ï íâ®£® ãâ¢¥à¦¤¥­¨ï áä®à¬ã«¨àã¥¬ ãâ®ç­¥­¨¥ â¥®à¥¬ë 3 ¨§ [1].

�¥®à¥¬  20. �á«¨ ¢ ¯®¤ç¨­¥­¨¨ (1:11) � + i� 2 G2
1 n L2

1, â® ª®­ä®à¬­ë© à ¤¨ãá ®¡« áâ¥©

f(E) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ªà¨â¨ç¥áªãî â®çªã � = 0,   ¯à¨ � + i� 2 L2
1 ¤«ï ®¡« áâ¥© f�;�(E),

£¤¥ f�;�(�) § ¤ ­ë á®®â­®è¥­¨¥¬ (2:100), áâ æ¨®­ à­ë¥ â®çª¨ ¡ã¤ãâ ¨¬¥âì ¢¨¤ (2:11).

�â¬¥â¨¬, çâ® â ª ¦¥, ª ª ¨ ¢ [7], [8], ¬®¦­® ¨áá«¥¤®¢ âì ¯®¢¥¤¥­¨¥ ª®­ä®à¬­®£® à ¤¨ãá 
íªáâà¥¬ «ì­ëå ®¡« áâ¥© ¢ ®ªà¥áâ­®áâ¨ ªà¨â¨ç¥áª¨å â®ç¥ª. � ¯à¨¬¥à, � = 0 ï¢«ï¥âáï â®çª®©
¬ ªá¨¬ã¬  ¯à¨ �+i� 2 (�1+i;�1=3+i], �1 ¨ �2 ¨§ (2.6) ¥áâì â®çª¨ ¬ ªá¨¬ã¬  ¨ � = 0| á¥¤«®¢ ï
â®çª  ¯®¢¥àå­®áâ¨ ª®­ä®à¬­®£® à ¤¨ãá  R(f�;1(E); f�;1(�)), ¥á«¨ �+ i� 2 (�1=3 + i; 1 + i).

3. �¢®©áâ¢  à¥è¥­¨© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¢ á«ãç ¥ ­¥¥¤¨­áâ¢¥­­®áâ¨

�¥®à¥¬  6. �ãáâì à¥£ã«ïà­ë¥ äã­ªæ¨¨ f�;1(�), � 2 [�1; 1], § ¤ ­ë á®®â­®è¥­¨¥¬ (2:100),
  ¯ à ¬¥âàë � = �k, k = 0; 1; 2, ¤«ï z = Fk(�), ¨¬¥îé¥© ¢¨¤ (1:2), ®¯à¥¤¥«¥­ë (2:6) ¯à¨

� 2 (�1=3; 1).
�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

1. �®­âãàë ��k = Fk(ei�), � 2 (��; �], ª®­¥ç­®© ¤«¨­ë ¨¬¥îâ ¤¢¥ ã£«®¢ë¥ â®çª¨ ­  ®á¨

á¨¬¬¥âà¨¨ á ¢­¥è­¨¬¨ ã£« ¬¨, à ¢­ë¬¨ 2�.
2. �¢ãá¨¬¬¥âà¨ç­ë©, ®á¥á¨¬¬¥âà¨ç­ë© ª®­âãà ��0 ï¢«ï¥âáï

 ) ¯à®áâë¬, ¥á«¨ � 2 [�1;�1=3),
¡) à §à¥§®¬ ¯® ®âà¥§ªã [�2i; 2i] ¯à¨ � = �1=3,
¢) á ¬®¯¥à¥á¥ª îé¨¬áï, ¥á«¨ � 2 (�1=3; 1),
£) ¨¬¥¥â ç¥âëà¥ â®çª¨ ¯¥à¥£¨¡  zj = F0(ei�j ), £¤¥ �j = �0;5 arccos� + �j 2 (��; �],  

¢à é¥­¨¥

a(��0 ) = 4
�
�

2
� 1 + 3�

�
arctg

�p
1� �2

�
(3.1)

áâà¥¬¨âáï ª 6� ¯à¨ �! �1.
3. �®­âãàë ��0 ¨ ��1 ¡ã¤ãâ áãé¥áâ¢¥­­® à §­ë¬¨.

�®ª § â¥«ìáâ¢®. 1. �¢®©áâ¢® 1 ¥áâì á«¥¤áâ¢¨¥ â®£®, çâ® äã­ªæ¨ï

F 0
k(�) = (1 + �2)(1 � ��2)�(1+3�)=(2�)(1� �k�)

2=(� � �k)2;

®â«¨ç­ ï ®â ­ã«ï ¢ E, ¨¬¥¥â ­ã«¨ 1-£® ¯®àï¤ª  ¢ â®çª å � = �i ¨

l(��k ) =
Z �

��

j1 + ei2�j j1� �ei2�j�(1+3�)=(2�) d� <1;

â. ª. ¯®¤¨­â¥£à «ì­ ï äã­ªæ¨ï ¯à¨­¨¬ ¥â ª®­¥ç­ë¥ §­ ç¥­¨ï ¯à¨ � 2 (�1; 1). � à ¬¥âàë äã­ª-
æ¨© F 0

k(�) ¢¥é¥áâ¢¥­­ë¥, ¯®íâ®¬ã ª®­âãàë ��k ®á¥á¨¬¬¥âà¨ç­ë,  

F 0
0(�) = ��2(1 + �2)(1� ��2)�(1+3�)=(2�) (3.2)

¯®à®¦¤ ¥â ¤¢ãá¨¬¬¥âà¨ç­ë© ª®­âãà ��0 .
2. �£®« ­ ª«®­  ª á â¥«ì­®© ª ª®­âãàã ��0


��
0

=

(

(�) + �=2; � 2 (��=2; �=2);

(�) + 3�=2; � 2 (��;��=2) [ (�=2; �);

£¤¥ 
(�) = 1+3�
2�

arctg � sin 2�
1�� cos 2�

, ¨ â®çª¨ ¯¥à¥£¨¡  ­ å®¤ïâáï ¨§ ãá«®¢¨ï 
0(�) = 0, â. ¥.
(1 + 3�)(cos 2� � �) = 0, ¯®íâ®¬ã ¤«ï a(��0 ) ¯®«ãç¨¬ á®®â­®è¥­¨¥ (3.1), â. ¥. ãâ¢¥à¦¤¥­¨¥ 2£)
¤®ª § ­®.

�«ï ®¡®á­®¢ ­¨ï á¢®©áâ¢  2 ) ¨á¯®«ì§ã¥âáï

46



�¥¬¬  5. �ãáâì ¯à¨ n = 2 ª®íää¨æ¨¥­âë c�1; cn�1; c2n�1; : : : äã­ªæ¨¨

F0(�) = c�1=� + cn�1�
n�1 + c2n�1�

2n�1 + � � � ; (3.3)

à¥£ã«ïà­®© ¢ E n f0g ¨ ­¥¯à¥àë¢­®© ¢¯«®âì ¤® ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨, ¢¥é¥áâ¢¥­­ë¥,  

F0(1) > 0, F0(�1) < 0| ã£«®¢ë¥ â®çª¨ ª®­âãà  ��0 = F0(ei�) á ¢­¥è­¨¬¨ ã£« ¬¨ 2��, � 2 [0; 1].
�á«¨ ImF0(ei�) = 0 â®«ìª® ¯à¨ � = 0, � = � ¨Z �

��

d arg dF0(ei�) =
Z �

��

d
��
0

= �2�; (3.4)

a(��0 ) =
Z �

��

jd arg dF0(e
i�)j �

(
2�(4� � 1); � 2 [1=2; 1];

2�(3 � 4�); � 2 [0; 1=2);
(3.5)

â® z = F0(�) ¡ã¤¥â ®¤­®«¨áâ­®© ¢ E.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ á¢ï§­ë¥ á¨¬¬¥âà¨ç­ë¥ á®áâ ¢«ïîé¨¥ �0, �00 ª®­âãà  ��0 ¯à®áâë¥, â®
¢ á¨«ã â¥®à¥¬ë 1 ¨§ [9], [10] äã­ªæ¨ï F0(�) ¡ã¤¥â ®¤­®«¨áâ­®© ¢ E. �à¥¤¯®«®¦¨¬, çâ® �0, �00

­¥¯à®áâë¥. �®£¤  ¢ á¨«ã (3.4) áãé¥áâ¢ãîâ \¯¥â«¨" �0 � �0, �00 � �00 (­ ¯à., [11]), £¤¥

¨§¬
�0(�) = ¨§¬
�00(�) < ��;
¯®íâ®¬ã ã£«ë ­ ª«®­  ª á â¥«ì­®© ¢ ­ ç «ì­®© â®çª¥ z+0 = F (ei�

0

) ¨ ¢ ª®­¥ç­®© â®çª¥ z�0 =
F (ei�

00

) \¯¥â«¨" ®â«¨ç îâáï ­  ¢¥«¨ç¨­ã, ¬¥­ìèãî ç¥¬ ��. � ª¨¬ ®¡à §®¬, äã­ªæ¨ï �
�0(�)
ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬: �
�0(0) = �=2, �
�0(+0) = ��, �
�0(�0) = �1�, �
�0(�00) =
�2� > �1� + �, �
�0(� � 0) = 2� � ��, �
�0(�) = 3�=2.

�ãáâì � � 1=2 ¨ �1� � ��. �®£¤  �2� > �1� + � � 2� � �� ¨

1
2
a(��0 ) = V �

0 [�
�0(�)] � min
�1����

�2�>�1�+�

��
�2� � �

2

�
+ (�2� � 2� + ��) +

3
2
� � 2� + ��

�
>

> min
�1����

[2�1� + 2�� � �] � 4�� � �:

�á«¨ �1� < ��, �1� > � � ��, â® �2� > 2� � �� ¨

1
2
a(��0 ) = V �

0 [�
�0(�)] � min
�1�>����
�1�<��

��
�� � �

2

�
+ (�� � �1�) +

+ (�2� � �1�) + (�2� � 2� + ��) +
�
3
2
� � 2� + ��

��
=

= min
�2�>�1�+�

[4�� + 2(�2� � �1�)� 3�] > 4�� � �:

� á«ãç ¥, ª®£¤  �1� < ��, �2� � 2� � ��, ¨¬¥¥¬

1
2
a(��0 ) = V �

0 [�
�0(�)] � min
�1�<��

�2��2����

��
�� � �

2

�
+ (�� � �1�) +

+ (�2� � �1�) + (2� � �� � �2�) +
�
3
2
� � 2� + ��

��
� min

�1�<����
[2�� � 2�1� + �] > 4�� � �:

�®«ãç¥­­ë¥ ­¥à ¢¥­áâ¢  ¯à®â¨¢®à¥ç â ¯¥à¢®¬ã ®£à ­¨ç¥­¨î ¨§ (3.5), §­ ç¨â, ­ è¥ ¯à¥¤¯®-
«®¦¥­¨¥ ¡ë«® ­¥¢¥à­ë¬. �­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯®§¢®«ïîâ ¤®ª § âì ®¤­®«¨áâ­®áâì F (�) ¢
E ¯à¨ ¢ë¯®«­¥­¨¨ ¢â®à®£® ®£à ­¨ç¥­¨ï ¢ (3.5). �

�â¬¥â¨¬, çâ® ¤ ­­®¥ ãâ¢¥à¦¤¥­¨¥ ï¢«ï¥âáï ¤®¯®«­¥­¨¥¬ ª ¨áá«¥¤®¢ ­¨ï¬ ¨§ [12], £¤¥ ®¤­®-
«¨áâ­®áâì äã­ªæ¨© (3.3) ¯à¨ n � 3 ®¡¥á¯¥ç¨¢ ¥âáï á ¯®¬®éìî a(��0 ) � 2�(n� 1).

� «¥¬¬¥ 5 ãá«®¢¨¥ ImF0(ei�) = 0 â®«ìª® ¯à¨ � = 0, � = � ¬®¦­® § ¬¥­¨âì ­  ­¥à ¢¥­áâ¢®
ImF0(i) < 0, ¥á«¨ ª®­âãà ��0 ¨¬¥¥â â®«ìª® ç¥âëà¥ â®çª¨ ¯¥à¥£¨¡ . �«ï äã­ªæ¨© (1.2), ª®£¤ 
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F 0
0(�) ¨§ (3.2), íâ® ®£à ­¨ç¥­¨¥ ¯à¨¬¥â ¢¨¤ F0(1) < 0,   F0(1) = 0 ¯à¨ � = �1=3, ¯®íâ®¬ã á¢®©áâ¢ 

2a) ¨ 2¡) ¡ã¤ãâ ¢ë¯®«­¥­ë.
�«ï ®¡®á­®¢ ­¨ï ãâ¢¥à¦¤¥­¨© 2¢) ¨ 3 ­¥®¡å®¤¨¬ 

�¥¬¬  6. �ãáâì F1(�) § ¤ ­® á®®â­®è¥­¨¥¬ (1:2) ¨

F1(�(!)) = �1=! + a1! + 2�1a2!
2 + � � � ;

£¤¥ �(!) = (! + �1)=(1 + �1!), � = �1 ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï � å®¢  ¤«ï à¥£ã«ïà­®© ¢ E
äã­ªæ¨¨ f(�). �®£¤ 

a1 =
1
2!
(1� j�1j2)ff(�1); �1g; a2 =

(1� j�1j2)2
3!

�
ff; �g0 � 2

f 00(�)
f 0(�)

ff; �g
����
�=�1

: (3.6)

�¤¥áì

ff(�); �g = f 000(�)
f 0(�)

� 3
2

�
f 00(�)
f 0(�)

�2

| ¯à®¨§¢®¤­ ï �¢ àæ  äã­ªæ¨¨ f(�).

�¥©áâ¢¨â¥«ì­®, ¯à¨ § ¬¥­¥ (� � �1)=(1 � �1�) = ! ¢ (1.2) ¤«ï á®®â­®è¥­¨ï

F 0
1(�(!))

f 0(�1)(1� j�1j2) =
1
!2

+ a1 + a2! + � � �
¯®«ãç¨¬

a1 =
1
2!
(1� j�1j2)

�
f 000(�1)
f 0(�1)

� 6�1f
00(�1)

(1� j�1j2)f 0(�1) +
6(�1)

2

(1� j�1j2)2
�
=

=
1
2!
(1� j�1j2)

�
f 000(�1)
f 0(�1)

� 3
�
f 00(�1)
f 0(�1)

�2

+
3
2

�
f 00(�1)
f 0(�1)

�2�
=

1
2!
(1� j�1j2)ff(�1); �1g;

¥á«¨ � = �1 | ª®à¥­ì ãà ¢­¥­¨ï (1.1).
�­ «®£ ¤ ­­®£® á®®â­®è¥­¨ï ¢¯¥à¢ë¥ ¡ë« ¯®«ãç¥­ ¢ [13] ¨ ¯à¨¬¥­¥­ ¯à¨ ®¡®á­®¢ ­¨¨ £¨¯®â¥-

§ë �.�.�ã¦¨­  ® áãé¥áâ¢®¢ ­¨¨ ­¥®¤­®«¨áâ­ëå à¥è¥­¨© ¢ á«ãç ¥ ­¥¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï
®¡à â­®© ªà ¥¢®© § ¤ ç¨ ([14], á. 55).

Eá«¨ �1 ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï � å®¢ , â®

a2 =
1

3!(1 � j�1j2)
�
f (IV)(�1)
f 0(�1)

(1� j�1j2)3 � 12
f 000(�1)
f 0(�1)

�1(1� j�1j2)2 +

+36(�1)
2 f

000(�1)
f 0(�1)

(1� j�1j2)� 24�
3

1

�
=
(1� j�1j2)2

3!

�
f (IV)(�1)
f 0(�1)

� 6
f 000(�1)
f 0(�1)

f 00(�1)
f 0(�1)

+

+9
�
f 00(�1)
f 0(�1)

�2

� 3
�
f 00(�1)
f 0(�1)

�3�
:

�®£¤ , ãç¨âë¢ ï à ¢¥­áâ¢®

ff; �g0 = f IV(�)
f 0(�)

� 4
f 000(�)f 00(�)
(f 0(�))2

+ 3
�
f 00(�)
f 0(�)

�3

;

¯®«ãç¨¬ (3.6). �

�¥¯®áà¥¤áâ¢¥­­ë© ¯®¤áç¥â ª®íää¨æ¨¥­â  a1 ¤«ï äã­ªæ¨¨ F0(�) ¯®ª §ë¢ ¥â, çâ® ja1j > 1 ¯à¨
� 2 (�1=3; 1), ¯®íâ®¬ã ¨¬¥¥â ¬¥áâ® 2¢) ¢ á¨«ã ¢­¥è­¥© â¥®à¥¬ë ¯«®é ¤¥© [5].

3. �á¥á¨¬¬¥âà¨ç­ë© ª®­âãà ��1 ­¥ ï¢«ï¥âáï ¤¢ãá¨¬¬¥âà¨ç­ë¬, ¨¡® a2 6= 0 ¯à¨ � = �1,
®¯à¥¤¥«ï¥¬®¬ á®®â­®è¥­¨¥¬ (2.6), §­ ç¨â, ª®­âãàë ��0 , �

�
1 áãé¥áâ¢¥­­® à §­ë¥.

�¢â®à ¨áªà¥­­¥ ¡« £®¤ à¨â ¯à®ä. �.�.�ªá¥­âì¥¢  §  ¯®áâ®ï­­®¥ ¢­¨¬ ­¨¥ ª ¨áá«¥¤®¢ ­¨ï¬
¨ ¯à®ä. �.�. �«¨§ à®¢  §  ­¥®æ¥­¨¬ãî ¯®¬®éì ¯à¨ ®ä®à¬«¥­¨¨ à¥§ã«ìâ â®¢.
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