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�¨­¥©­ë¥ ¯® ä §®¢®¬ã á®áâ®ï­¨î § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¯à¨ ­ «¨ç¨¨
â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© ï¢«ïîâáï â¨¯¨ç­ë¬ ®¡ê¥ªâ®¬ ç¨á«¥­­®£®  ­ «¨§  ¢ â¥®à¨¨ ¨ ¯à¨-
«®¦¥­¨ïå ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï [1]{[4]. �«ï à¥è¥­¨ï íâ®£® ª« áá  § ¤ ç ¯à¥¤¯®çâ¥­¨¥, ª ª
¯à ¢¨«®, ®â¤ ¥âáï ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤ ¬, ª®â®àë¥ á¢®¤ïâ ¢ à¨ æ¨®­­ãî ¯à®¡«¥¬ã ª ª®­¥ç­®-
¬¥à­®© § ¤ ç¥ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï ®â­®á¨â¥«ì­® ¬­®¦¨â¥«¥© � £à ­¦ . �« â®© § 
áâ®«ì í«¥£ ­â­ãî à¥¤ãªæ¨î ï¢«ï¥âáï ®âáãâáâ¢¨¥ á¢®©áâ¢  ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ æ¥«¥¢®© äã­ª-
æ¨¨ ¢ ¤¢®©áâ¢¥­­®© § ¤ ç¥.

� ¤ ­­®© à ¡®â¥ «¨­¥©­ ï § ¤ ç  á ®£à ­¨ç¥­¨ï¬¨ à áá¬ âà¨¢ ¥âáï ¢ ª ­®­¨ç¥áª®© ä®à¬¥
(¡¥§ ä §®¢ëå ¯¥à¥¬¥­­ëå) á ¯®¬®éìî ­ ¡®à  ¨­â¥£à «ì­ëå äã­ªæ¨®­ «®¢, § ¢¨áïé¨å â®«ìª®
®â ã¯à ¢«¥­¨ï. �  ®á­®¢¥ ¬¥â®¤  ¯ à ¬¥âà¨§ æ¨¨ æ¥«¥¢®© äã­ªæ¨¨ [5] § ¤ ç  á¢®¤¨âáï ª ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ á¯¥æ¨ «ì­ëå § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (â¨¯  ¬¨­¨¬ã¬  ­®à¬ë ª®­¥ç­®£®
á®áâ®ï­¨ï) ¡¥§ â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨©. �«ï à¥è¥­¨ï ª¢ ¤à â¨ç­®© ¢á¯®¬®£ â¥«ì­®© § ¤ -
ç¨ à §à ¡®â ­ íª®­®¬¨ç­ë© ¬¥â®¤ ­¥«®ª «ì­®£® å à ªâ¥à  (ª ¦¤®¥ ã«ãçè¥­¨¥ | ®¤­  § ¤ ç 
�®è¨), ¯®à®¦¤ îé¨© ¬¨­¨¬¨§¨àãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨©.

1. �®áâ ­®¢ª  § ¤ ç¨. �®¤å®¤ ª à¥è¥­¨î

� áá¬®âà¨¬ ¨­â¥£à «ì­ãî § ¤ çã á ®£à ­¨ç¥­¨ï¬¨
Z
T

g0(u(t); t)dt! min; u 2 V;
Z
T

gi(u(t); t)dt = ai; i = 1;m;
(1)

­  ¬­®¦¥áâ¢¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©

V = fu 2 Lr

1
(T ) : u(t) 2 U; t 2 T = [t0; t1]g:

�¤¥áì ®¡à §ãîé¨¥ äã­ªæ¨¨ gi(u; t), i = 0;m, ­¥¯à¥àë¢­ë ¯® u 2 U , ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¯®
t 2 T ¨ ¬­®¦¥áâ¢® U � Rr ª®¬¯ ªâ­®.

� á¢ï§¨ á ¤ ­­®© ¯®áâ ­®¢ª®© á«¥¤ã¥â ®â¬¥â¨âì, çâ® áâ ­¤ àâ­ ï «¨­¥©­ ï ¯® á®áâ®ï­¨î
§ ¤ ç  á â¥à¬¨­ «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨

hc0; x(t1)i ! min; u 2 V; hci; x(t1)i = �i; i = 1;m;

_x = A(t)x+ b(u; t); x(t0) = x0;

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò99-01-400).
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í«¥¬¥­â à­® á¢®¤¨âáï ª ª ­®­¨ç¥áª®© ä®à¬¥ (1) ­  ®á­®¢¥ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï áª -
«ïà­ëå ¯à®¨§¢¥¤¥­¨© á ¯®¬®éìî á®¯àï¦¥­­®© á¨áâ¥¬ë

hci; x(t1)i =
Z
T

h i(t); b(u(t); t)idt + hci; x(t0)i;

 i(t) : _ = �A(t)T ;  (t1) = ci; i = 0;m:

�à¥¤áâ ¢¨¬ § ¤ çã (1) ¢ ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬¥, ¨á¯®«ì§ãï ä §®¢ë¥ ¯¥à¥¬¥­­ë¥

yi(t) =
Z

t

t0

gi(u(�); �)d�; i = 0;m:

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¤¨­ ¬¨ç¥áª¨© ¢ à¨ ­â § ¤ ç¨ (1)

_yi(t) = gi(u; t); yi(t0) = 0; i = 0;m;

y0(t1)! min; yi(t1) = ai; i = 1;m;

u 2 V:
�ãáâì D � Rm+1 | ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ y-á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t1 (¢ë¯ãª«ë©

ª®¬¯ ªâ). � ¯à®áâà ­áâ¢¥ Rm+1 ¯¥à¥¬¥­­ëå z = (z0; z1; : : : ; zm) § ¤ ç  ¯à¥¤áâ ¢«ï¥âáï ¢ ª®­¥ç-
­®¬¥à­®© ä®à¬¥

z0 ! min; zi = ai; i = 1;m; z 2 D: (2)

�«ï ç¨á«¥­­®£® à¥è¥­¨ï ¤ ­­®© § ¤ ç¨ ¢®§ì¬¥¬ §  ®á­®¢ã ¬¥â®¤ ¯ à ¬¥âà¨§ æ¨¨ æ¥«¥¢®©
äã­ªæ¨¨ ([5], c. 185). �à¨¢¥¤¥¬ ®á­®¢­ë¥ á®®â­®è¥­¨ï ¬¥â®¤ .

�ãáâì z� = (z�0 ; z
�

1 ; : : : ; z
�

m
) | à¥è¥­¨¥ § ¤ ç¨ (2). �¡à §ã¥¬ äã­ªæ¨î-á¢¥àâªã á ¯ à ¬¥âà®¬ �

Q(z; �) = (z0 � �)2 +
mX
i=1

(zi � ai)
2

¨ áä®à¬ã«¨àã¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ¯à®¥ªâ¨à®¢ ­¨ï ­  ¬­®¦¥áâ¢® D

Q(z; �)! min; z 2 D: (3)

�ãáâì z(�) = (z0(�); z1(�); : : : ; zm(�)) | à¥è¥­¨¥ íâ®© § ¤ ç¨, �� | ¬¨­¨¬ «ì­®¥ �, ¯à¨
ª®â®à®¬ §­ ç¥­¨¥ § ¤ ç¨ (3) Q(z(�); �) à ¢­® ­ã«î.

�¢ï§ì ¬¥¦¤ã § ¤ ç ¬¨ (2), (3) ¢¯®«­¥ ®ç¥¢¨¤­ : z�
i
= zi(��), i = 0;m: �«ï ®âëáª ­¨ï ��

áâà®¨âáï ¯®á«¥¤®¢ â¥«ì­®áâì �l, l = 0; 1; : : : , á ãá«®¢¨ï¬¨

�l � �l+1 � ��; �l ! ��; l !1:

�¥«¨ç¨­  �0 ­ å®¤¨âáï ª ª §­ ç¥­¨¥ ¯à®áâ¥©è¥© § ¤ ç¨

z0 ! min; z 2 D
�Z

T

g0(u(t); t)dt! min; u 2 V
�
:

� «¥¥ ¤¥©áâ¢ã¥â ¨â¥à æ¨®­­ ï ä®à¬ã« 

�l+1 = �l +
q
Q(z(�l); �l); l = 0; 1; : : : (4)

� ª¨¬ ®¡à §®¬, ¨áå®¤­ ï § ¤ ç  (2) á¢®¤¨âáï ª ¯®á«¥¤®¢ â¥«ì­®¬ã à¥è¥­¨î § ¤ ç (3) ¤«ï
� = �l ¢ à ¬ª å ä®à¬ã«ë ¯¥à¥áç¥â  (4).

�®­ïâ­®, çâ® íää¥ªâ¨¢­®áâì ¬¥â®¤  ¢ æ¥«®¬ á¢ï§ ­  á ¢®§¬®¦­®áâìî \¡ëáâà®£®" à¥è¥­¨ï
§ ¤ ç¨ (3). �®áâà®¨¬ á¯¥æ¨ «ì­ë© ¬¥â®¤ ç¨á«¥­­®£® à¥è¥­¨ï íâ®© § ¤ ç¨, ®¡« ¤ îé¨© á¢®©-
áâ¢®¬ ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ¯® äã­ªæ¨®­ «ã ­  ª ¦¤®© ¨â¥à æ¨¨.
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2. �¢ ¤à â¨ç­ ï § ¤ ç . �à®æ¥¤ãà  ã«ãçè¥­¨ï

� ä¨ªá¨àã¥¬ ¯ à ¬¥âà � ¨ ¯à¥¤áâ ¢¨¬ § ¤ çã (3) ¢ ¤¨­ ¬¨ç¥áª®© ¯®áâ ­®¢ª¥ (á ¯®¬®éìî
ä §®¢ëå ¯¥à¥¬¥­­ëå yi(t) ¨ ã¯à ¢«¥­¨ï u(t)) á ª®àà¥ªâ¨àãîé¨¬ ¬­®¦¨â¥«¥¬ ¯à¨ äã­ªæ¨®­ «¥

S(u) =
1
2

�
(y0(t1)� �)2 +

mX
i=1

(yi(t1)� ai)
2

�
! min; u 2 V;

_yi = gi(u; t); yi(t0) = 0; i = 0;m:

�«ï ã¤®¡áâ¢  § ¯¨á¨ ¢¢¥¤¥¬ ¢¥ªâ®à­ë¥ ®¡ê¥ªâë

y = (y0; y1; : : : ; ym); g = (g0; g1; : : : ; gm); a = (�; a1; : : : ; am)

¨ áä®à¬ã«¨àã¥¬ § ¤ çã ¢ ¢¨¤¥

S(u) =
1
2
hy(t1)� a; y(t1)� ai ! min; u 2 V;
_y = g(u; t); y(t0) = 0:

(5)

�  ¯¥à¢®¬ íâ ¯¥ ¯®«ãç¨¬ ª®­áâàãªâ¨¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯à¨à é¥­¨ï äã­ªæ¨®­ «  S(u).
�«ï ¯ àë ã¯à ¢«¥­¨© u; v 2 V á á®®â¢¥âáâ¢ãîé¨¬¨ âà ¥ªâ®à¨ï¬¨ y(t; u), y(t; v) ¨¬¥¥¬

�vS(u) = hy(t1; u)� a;�y(t1)i+ 1
2
h�y(t1);�y(t1)i = S1 + S2:

�¤¥áì ¯à¨à é¥­¨¥ �y(t) = y(t; v)� y(t; u) ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬

� _y(t) = �v(t)g(u(t); t); �y(t0) = 0:

�«¥¤®¢ â¥«ì­®,

S1 =
Z
T

hy(t1; u)� a;�v(t)g(u(t); t)idt:
� «¥¥, à áá¬®âà¨¬ â®¦¤¥áâ¢®

d

dt
h�y(t);�y(t)i = 2h� _y(t);�y(t)i:

�®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç ¥¬

S2 =
Z
T

h�y(t);�v(t)g(u(t); t)idt:

� à¥§ã«ìâ â¥ âà¥¡ã¥¬ ï ä®à¬ã«  ¨¬¥¥â ¢¨¤

�vS(u) =
Z
T

hp(t; u; y(t; v));�v(t)g(u(t); t)idt; (6)

£¤¥ ¢á¯®¬®£ â¥«ì­ ï ¢¥ªâ®à-äã­ªæ¨ï p ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

p(t; u; y) = y(t1; u)� a+ y � y(t; u):

�®à¬ã«  (6) ¯®§¢®«ï¥â ®à£ ­¨§®¢ âì ¯à®æ¥¤ãàã ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u 2 V
­  ®á­®¢¥ ¬¨­¨¬¨§¨àãîé¥£® ã¯à ¢«¥­¨ï

u�(p; t) = argmin
w2U

hp; g(w; t)i:

�à®æ¥¤ãà  ã«ãçè¥­¨ï.
1) �ä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥ v�(y; t) = u�(p(t; u; y); t), y 2 Rm+1, t 2 T .
2) � ©¤¥¬ à¥è¥­¨¥ y(t) ä §®¢®© á¨áâ¥¬ë

_y = g(v�(y; t); t); y(t0) = 0;

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ v(t) = v�(y(t); t), t 2 T .
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�ëå®¤­®¥ ã¯à ¢«¥­¨¥ v(t) å à ªâ¥à¨§ã¥âáï á®®â­®è¥­¨¥¬ (y(t) = y(t; v))

v(t) = argmin
w2U

hp(t; u; y(t; v)); g(w; t)i

¨ á®£« á­® ä®à¬ã«¥ (6) ®¡¥á¯¥ç¨¢ ¥â á¢®©áâ¢® ã«ãçè¥­¨ï �vS(u) � 0.
�®¤ç¥àª­¥¬ íª®­®¬¨ç­®áâì ¯à®æ¥¤ãàë: ¢ëç¨á«¨â¥«ì­ë¥ § âà âë ­  ®¤­® ã«ãçè¥­¨¥ | ®¤­®

¨­â¥£à¨à®¢ ­¨¥ y-á¨áâ¥¬ë.

3. �â¥à æ¨®­­ë© ¬¥â®¤. �å®¤¨¬®áâì

�«ï ¯®áâà®¥­¨ï ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© á® á¢®©áâ¢®¬ áå®¤¨¬®áâ¨ ¯à®¢¥¤¥¬
¨â¥à â¨¢­ãî à¥£ã«ïà¨§ æ¨î æ¥«¥¢®£® äã­ªæ¨®­ «  ¢ § ¤ ç¥ (5).

�ãáâì k = 0; 1; : : : | ­®¬¥à ¨â¥à æ¨¨, (uk(t); yk(t)) | á®®â¢¥âáâ¢ãîé ï ¤®¯ãáâ¨¬ ï ¯ à .
�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë© äã­ªæ¨®­ «

S"(u; uk) = S(u) + "J(u; uk)

á ¯ à ¬¥âà®¬ à¥£ã«ïà¨§ æ¨¨ " � 0 ¨ ¨­â¥£à «ì­ë¬ áâ ¡¨«¨§ â®à®¬

J(u; uk) =
1
2

Z
T

ky(t; u)� yk(t)k2dt:

� ©¤¥¬ ã¯à ¢«¥­¨¥ uk+1 ¨§ ãá«®¢¨ï ã¬¥­ìè¥­¨ï äã­ªæ¨®­ «  S"(u; uk) : �S"(uk+1; uk) � 0. �à¨
íâ®¬ ¯®«ãç ¥¬ ®æ¥­ªã ã«ãçè¥­¨ï ¯® ¨áå®¤­®¬ã äã­ªæ¨®­ «ã

S(uk+1)� S(uk) � �"J(uk+1; uk): (7)

�«ï ¯®áâà®¥­¨ï ®ç¥à¥¤­®£® ¯à¨¡«¨¦¥­¨ï uk+1(t) ¯®«ãç¨¬ ä®à¬ã«ã ¯à¨à é¥­¨ï ¤«ï äã­ª-
æ¨®­ «  S"(u; uk) ­  ¯ à¥ uk, u. �®£« á­® ®¯à¥¤¥«¥­¨î

�S"(u; u
k) = �uS(u

k) + "J(u; uk):

�®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ «  S ¨¬¥¥â ¢¨¤ (6). � ©¤¥¬  ­ «®£¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï
J(u; uk).

�®«®¦¨¬ �yk(t) = y(t; u)� yk(t), t 2 T . �®£¤  ¢ë¯®«­ï¥âáï ãà ¢­¥­¨¥
� _yk(t) = �u(t)g(uk(t); t); �yk(t0) = 0:

�§ â®¦¤¥áâ¢ 
d

dt
h�yk(t);�yk(t)i = 2h� _yk(t);�yk(t)i; t 2 T;

¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® t 2 [t0; � ], � 2 T , ¯®«ãç ¥¬
1
2
h�yk(�);�yk(�)i =

Z
�

t0

h�yk(t);�u(t)g(uk(t); t)idt:

�âáî¤ 

J(u; uk) =
Z t1

t0

Z �

t0

h�yk(t);�u(t)g(u
k(t); t)idt d�:

�§¬¥­ïï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¯®«ãç ¥¬ ¨â®£®¢®¥ ¯à¥¤áâ ¢«¥­¨¥

J(u; uk) =
Z

t1

t0

Z
t1

t

d�h�yk(t);�u(t)g(uk(t); t)idt =
Z

t1

t0

(t1 � t)h�yk(t);�u(t)g(uk(t); t)idt:

�âáî¤  ¨ ¨§ (6) ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ¢ëà ¦¥­¨¥

�S"(u; u
k) =

Z
T

hp"(t; uk; y(t; u));�u(t)g(u
k(t); t)idt;

p"(t; u
k; y) = yk(t1)� a+ (1 + "(t1 � t))(y � yk(t)):
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� ­­®¥ ¯à¥¤áâ ¢«¥­¨¥ áà §ã ®¯à¥¤¥«ï¥â ¯à®æ¥¤ãàã ¨â¥à æ¨®­­®£® ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï uk ¯®
äã­ªæ¨®­ «ã S":
1) áä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥ vk(y; t) = u�(p"(t; uk; y); t), y 2 Rm+1, t 2 T ;
2) ­ ©¤¥¬ à¥è¥­¨¥ yk+1(t) ä §®¢®© á¨áâ¥¬ë

_y = g(vk(y; t); t); y(t0) = 0;

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ uk+1(t) = vk(yk+1(t); t), t 2 T .
�àã¤®¥¬ª®áâì ¨â¥à æ¨¨ | ®¤­  § ¤ ç  �®è¨ ¤«ï y-á¨áâ¥¬ë á íªáâà¥¬ «ì­ë¬ ã¯à ¢«¥­¨¥¬

vk. �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ®æ¥­ª  ã«ãçè¥­¨ï (7).
� áá¬®âà¨¬ ¢®¯à®á ® áå®¤¨¬®áâ¨ ¬¥â®¤ . �®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fukg ï¢«ï¥âáï

¬¨­¨¬¨§¨àãîé¥© ¢ § ¤ ç¥ (5): S(uk)! S(u�), k !1, £¤¥ u� 2 V | ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥.
�§ ¤®ª § â¥«ìáâ¢  ä®à¬ã«ë ¯à¨à é¥­¨ï (6) ¤«ï äã­ªæ¨®­ «  S á«¥¤ã¥â, çâ®

�vS(u) � S1 =
Z
T

hy(t1; u)� a;�v(t)g(u(t); t)idt:

�®« £ ï §¤¥áì u = uk, v = u�, ¯®«ãç ¥¬ ®æ¥­ªã á¢¥àåã

S(uk)� S(u�) �
Z
T

ha� yk(t1);�u�(t)g(uk(t); t)idt: (8)

�®£« á­® ¯®áâà®¥­¨î

uk+1(t) = argmin
u2U

hp"(t; uk; yk+1(t)); g(u; t)i; t 2 T;

â. ¥. ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®Z
T

hp"(t; uk; yk+1(t));�v(t)g(u
k+1(t); t)idt � 0; v(t) 2 U:

�®á¯®«ì§ã¥¬áï ®ç¥¢¨¤­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬

�vg(u
k+1; t) = �vg(u

k; t) + �ukg(u
k+1; t)

¨ ¯®«®¦¨¬ v = u�. �®£¤  á ãç¥â®¬ ä®à¬ã«ë ¯à¨à é¥­¨ï ¤«ï äã­ªæ¨®­ «  S" ¯à¥¤ë¤ãé¥¥
­¥à ¢¥­áâ¢® ¯à¨­¨¬ ¥â ¢¨¤Z

T

hp"(t; uk; yk+1(t));�u�(t)g(u
k(t); t)idt ��S"(u

k+1; uk) � 0:

�âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¢ëà ¦¥­¨ï ¤«ï p", S", ¯®«ãç ¥¬ ®æ¥­ªã á¢¥àåã ¤«ï ¯à ¢®© ç áâ¨
¨§ (8)
Z
T

ha� yk(t1);�u�(t)g(uk(t); t)idt �
Z
T

(1 + "(t1 � t))hyk+1(t)� yk(t);�u�(t)g(uk(t); t)idt +
+ S(uk)� S(uk+1)� "J(uk+1; uk) �

�
Z
T

(1 + "(t1 � t))kyk+1(t)� yk(t)k k�u�(t)g(u
k(t); t)kdt + S(uk)� S(uk+1):

� «¥¥, ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ ¢¥ªâ®à-äã­ªæ¨¨ g(u; t) ¯® u 2 U ¨ ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢  U
¨¬¥¥â ¬¥áâ® ®£à ­¨ç¥­­®áâì ¯à¨à é¥­¨ï: ¤«ï «î¡®© ¯ àë u; v 2 V

k�v(t)g(u(t); t)k � C1; t 2 T:
�«¥¤®¢ â¥«ì­®, ¯®á«¥¤­¨© ¨­â¥£à « ®æ¥­¨¢ ¥âáï á¢¥àåã ¢¥«¨ç¨­®©

C1(1 + "(t1 � t0))
Z
T

kyk+1(t)� yk(t)kdt:
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�à®¬¥ â®£®, ­  ®á­®¢ ­¨¨ ¨§¢¥áâ­®£® ­¥à ¢¥­áâ¢  ¤«ï ­®à¬Z
T

kyk+1(t)� yk(t)kdt � C2[J(u
k+1; uk)]

1

2 :

� á®¢®ªã¯­®áâ¨, ®â¯à ¢«ïïáì ®â ­¥à ¢¥­áâ¢  (8), ¯®«ãç ¥¬ ¨â®£®¢ãî ®æ¥­ªã ¢¨¤ 

S(uk+1)� S(u�) � C(1 + "(t1 � t0))[J(uk+1; uk)]
1

2 : (9)

�áâ ¥âáï § ¬¥â¨âì, çâ® ¨§ (7)

J(uk+1; uk) � 1
"
[S(uk)� S(uk+1)]; (10)

¯à¨ç¥¬ S(uk)� S(uk+1)! 0, k !1, ¢á«¥¤áâ¢¨¥ ¬®­®â®­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fS(uk)g.
� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì fukg ï¢«ï¥âáï ¬¨­¨¬¨§¨àãîé¥© ¢ § ¤ ç¥ (5) ¤«ï «î¡®£®

" > 0.
�â¬¥â¨¬, çâ® ¯à¨ " = 0 (¡¥§ à¥£ã«ïà¨§ æ¨¨) íâ® ãâ¢¥à¦¤¥­¨¥, ¢®®¡é¥ £®¢®àï, ­¥ ¨¬¥¥â ¬¥áâ .
� § ª«îç¥­¨¥ ®¡áã¤¨¬ ¢®¯à®á ® ¢ë¡®à¥ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ". � â®çª¨ §à¥­¨ï ­¥à -

¢¥­áâ¢  (9) ¬ «ë¥ §­ ç¥­¨ï " ï¢«ïîâáï ¯à¥¤¯®çâ¨â¥«ì­ë¬¨. � ¤àã£®© áâ®à®­ë, ­  ®á­®¢ ­¨¨
®æ¥­ª¨ (10) ¬ «®áâì " ¯à¨¢®¤¨â ª § ¬¥¤«¥­¨î áå®¤¨¬®áâ¨ J(uk+1; uk) ! 0, k ! 1, çâ® ¢ á¢®î
®ç¥à¥¤ì ­¥£ â¨¢­® ¢«¨ï¥â ­  áª®à®áâì áå®¤¨¬®áâ¨ ¯® äã­ªæ¨®­ «ã S. �ã¬ ¥âáï, çâ® ¢®¯à®á ®
à æ¨®­ «ì­®¬ ¢ë¡®à¥ ¯ à ¬¥âà  " á«¥¤ã¥â à¥è âì ¢ à ¬ª å ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â .

�¥¬ ­¥ ¬¥­¥¥, ­¥ª®â®à®¥ ª®¬¯à®¬¨áá­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  " ¬®¦­® ¯®«ãç¨âì, ¥á«¨ ®¡ê-
¥¤¨­¨âì ®æ¥­ª¨ (9), (10),

S(uk+1)� S(u�) � C'(")[S(uk)� S(uk+1)]
1

2 ;

'(") =
1 + "(t1 � t0)p

"
:

(11)

�«¥¤®¢ â¥«ì­®, § ¤ ç  ®¯â¨¬¨§ æ¨¨ ®æ¥­ª¨ ¨¬¥¥â ¢¨¤

'(")! min; " > 0:

�®áª®«ìªã '(") ! 1 ¯à¨ " ! 0, " ! 1, â® à¥è¥­¨¥¬ § ¤ ç¨ ï¢«ï¥âáï áâ æ¨®­ à­ ï â®çª 
äã­ªæ¨¨ '(") : " = (t1 � t0)�1. �â® §­ ç¥­¨¥ ¬®¦­® áç¨â âì â¥®à¥â¨ç¥áª®© à¥ª®¬¥­¤ æ¨¥© ¤«ï
¢ë¡®à  ". �£à ­¨ç¥­­®áâì íâ®£® ¢ë¡®à  á¢ï§ ­  á â¥¬, çâ® ¢ ®æ¥­ª¥ (11) ¢¥«¨ç¨­  ¯à¨à é¥­¨ï
S(uk)� S(uk+1) § ¢¨á¨â ®â ", ­® ­¥ ¬®¦¥â ¡ëâì ãçâ¥­  ¢ "-§ ¤ ç¥.
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