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� ¯®á«¥¤­¥¥ ¢à¥¬ï p-¢¥àá¨ï ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© ¢â®-
à®£® ¯®àï¤ª  ¨­â¥­á¨¢­® ¨§ãç ¥âáï ª ª  ­ «¨â¨ç¥áª¨ [1]{[22], â ª ¨ ç¨á«¥­­® [23]{[26] á æ¥«ìî
¨áá«¥¤®¢ ­¨ï ¢®§¬®¦­®áâ¥© à §à ¡®âª¨ ¡®«¥¥ íää¥ªâ¨¢­®© â¥å­¨ª¨ ¨å à¥è¥­¨ï. �ª § ­­ë¥
¨áá«¥¤®¢ ­¨ï ã¡¥¤¨â¥«ì­® ¤¥¬®­áâà¨àãîâ ¬­®£¨¥ ¨§ ¤®áâ®¨­áâ¢ íâ¨å ¬¥â®¤®¢,   â ª¦¥ á®¤¥à-
¦ â ¬­®¦¥áâ¢® ª®¬¯ìîâ¥à­ëå ¯à®£à ¬¬, à §à ¡®â ­­ëå ¤«ï à §«¨ç­ëå á«®¦­ëå ¯à¨ª« ¤­ëå
§ ¤ ç. �«£®à¨â¬ë p-¢¥àá¨¨ ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ï¢«ïîâáï  «£®à¨â¬ ¬¨ â¨¯  ¬¥â®¤  ¤¥ª®¬¯®-
§¨æ¨¨ ®¡« áâ¨ (���),   ª ¦¤ë© í«¥¬¥­â ¢ëá®ª®£® ¯®àï¤ª  ¨«¨ ®¡ê¥¤¨­¥­¨¥ â ª¨å í«¥¬¥­â®¢
ï¢«ï¥âáï ¥¤¨­¨æ¥© ¥áâ¥áâ¢¥­­®© ¤¥ª®¬¯®§¨æ¨¨. � ª¨¬ ®¡à §®¬, çâ®¡ë ¯à¨¬¥­¨âì ­¥ª®â®àãî
â¥å­¨ªã �� ª á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ¯®«ãç ¥¬ëå ¯à¨ ¯®¬®é¨ p-¢¥àá¨¨, ¯à¨å®-
¤¨âáï à¥è âì § ¤ ç¨ ¤«ï ¯®¤®¡« áâ¥© à §¡¨¥­¨ï, á®¤¥à¦ é¨å ®¤¨­ ¨«¨ ­¥áª®«ìª® ª®­¥ç­ëå
í«¥¬¥­â®¢ ¢ëá®ª®£® ¯®àï¤ª . �ã¤ï ¯® á ¬ë¬ ¯®á«¥¤­¨¬ ç¨á«¥­­ë¬ íªá¯¥à¨¬¥­â ¬, íâ® á®áâ -
¢«ï¥â ®á­®¢­ãî ç áâì ®â ®¡é¥£® ®¡ê¥¬  ¢ëç¨á«¨â¥«ì­®© à ¡®âë. � ¤ ç  á®¯àï¦¥­¨ï, ¢®§­¨-
ª îé ï ¢ �¨à¨å«¥-�¨à¨å«¥ ¢ à¨ ­â¥ ���, íâ® á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ¬ âà¨æ 
ª®â®à®© ¥áâì á®®â¢¥âáâ¢ãîé¥¥ ¤®¯®«­¥­¨¥ �ãà . �¥è¥­¨¥ ãª § ­­®© á¨áâ¥¬ë, ¥á«¨ ­¥ ¯à¨-
¬¥­ïâì á¯¥æ¨ «ì­ëå ¯à®æ¥¤ãà, â ª¦¥ âà¥¡ã¥â §­ ç¨â¥«ì­®£® ®¡ê¥¬  ¢ëç¨á«¨â¥«ì­®© à ¡®âë.
� ª¨¬ ®¡à §®¬, ¤«ï ¯®«ãç¥­¨ï ¡ëáâàëå  «£®à¨â¬®¢ ��� ¤«ï p-¢¥àá¨¨, ®ç¥¢¨¤­®, ­¥®¡å®¤¨-
¬  à §à ¡®âª  íää¥ªâ¨¢­ëå ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥© ¤«ï ¬ âà¨æ ¦¥áâª®áâ¨ í«¥¬¥­â®¢ ¢ëá®ª®£®
¯®àï¤ª  ¨ á®®â¢¥âáâ¢ãîé¨å ¤®¯®«­¥­¨© �ãà .

�§¢¥áâ­® (á¬., ­ ¯à., ®æ¥­ª¨ ¢ [12]), çâ® à ¢­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ ã§«®¢ « £à ­¦¥¢ëå í«¥-
¬¥­â®¢ ¯à¨¢®¤¨â ª íªá¯®­¥­æ¨ «ì­®¬ã à®áâã ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨ ®â­®á¨â¥«ì­® p ¨ ¯®â®¬ã
­¥¯à¨¥¬«¥¬® ¤«ï ¡®«ìè¨å p (á¬. â ª¦¥ ç¨á«¥­­ë¥ à¥§ã«ìâ âë ¢ [12], [24], [26]). �à¥¤« £ «¨áì
­¥ª®â®àë¥ á¯®á®¡ë ¯à¥¤®¡ãá« ¢«¨¢ ­¨ï ¤«ï ª¢ ¤à â­ëå « £à ­¦¥¢ëå í«¥¬¥­â®¢ á ­¥à ¢­®-
¬¥à­ë¬ à á¯à¥¤¥«¥­¨¥¬ ã§«®¢. � ­¥¤ ¢­¨å à ¡®â å [3], [8] ¯à¥¤«®¦¥­® ¨á¯®«ì§®¢ âì í«¥¬¥­âë
á ã§« ¬¨, á®¢¯ ¤ îé¨¬¨ á ã§« ¬¨ ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá {�®¡ ââ®{�¥¦ ­¤à . �®ª -
§ ­®, çâ® ¯ïâ¨â®ç¥ç­ë© (¢ ¤¢ã¬¥à­®¬ á«ãç ¥) á¥â®ç­ë© ®¯¥à â®à � ¯« á  ­  ¯àï¬®ã£®«ì­®©
á¥âª¥ á â ª¨¬¨ ã§« ¬¨ | å®à®è¨© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì, ª®â®àë© ®¡¥á¯¥ç¨¢ ¥â ®æ¥­ªã O(1)
¤«ï ®¡®¡é¥­­®£® ç¨á«  ®¡ãá«®¢«¥­­®áâ¨. �á­®, çâ® ¯à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¯à¨ ¯®¬®é¨ á¥â®ç­®-
£® ®¯¥à â®à  � ¯« á  á á¨«ì­® ­¥à ¢­®¬¥à­®© á¥âª®© âà¥¡ã¥â, ¢®-¯¥à¢ëå, ¡ëáâà®© ¯à®æ¥¤ãàë
à¥è¥­¨ï ãà ¢­¥­¨© á â ª¨¬¨ á¥â®ç­ë¬¨ ®¯¥à â®à ¬¨ ¨, ¢®-¢â®àëå, íää¥ªâ¨¢­®£® ¯à¥¤®¡ãá« -
¢«¨¢ ­¨ï ¤®¯®«­¥­¨ï �ãà .

�¥à¢ ï ç áâì à ¡®âë ¢ª«îç ¥â x1{x4; x5{x7 á®¤¥à¦ âáï ¢® ¢â®à®© ç áâ¨ à ¡®âë, ¯ã¡«¨ªã¥¬®© ®â¤¥«ì-
­®.
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�á¯®«ì§®¢ ­¨¥ ¨¥à àå¨ç¥áª¨å ¡ §¨á®¢ ¢ p-¢¥àá¨¨ ¤ ¥â ­¥áª®«ìª® ®ç¥¢¨¤­ëå ¯à¥¨¬ãé¥áâ¢,
®á®¡¥­­®, ¥á«¨ ­¥®¡å®¤¨¬®,   íâ® ç áâ® ¯à¨å®¤¨âáï ¤¥« âì, à¥è âì § ¤ çã ¤«ï ­¥áª®«ìª¨å §­ -
ç¥­¨© p. �«ï ª¢ ¤à â­ëå í«¥¬¥­â®¢ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ ¢ë¡¨à îâáï ç é¥ ¢á¥£® ¢ ¢¨¤¥
¨­â¥£à¨à®¢ ­­ëå ¯®«¨­®¬®¢ �¥¦ ­¤à . � ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥âáï ¨¬¥­­® íâ®â ¢ à¨ ­â
p-¢¥àá¨¨. �à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¤«ï ¤ ­­®£® ¢¨¤  p-¢¥àá¨¨ à ­¥¥ ¯®¤à®¡­® ­¥  ­ «¨§¨à®¢ «®áì.
� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¯®ª § ­®, çâ® ¤«ï ¤®áâ â®ç­® ®¡é¨å ªà¨¢®«¨­¥©­ëå í«¥¬¥­â®¢,  áá®-
æ¨¨à®¢ ­­ëå á â ª¨¬¨ ¡ §¨á­ë¬¨ í«¥¬¥­â ¬¨, ¢ ª ç¥áâ¢¥ á¯¥ªâà «ì­® íª¢¨¢ «¥­â­®£® ¯à¥¤®¡-
ãá« ¢«¨¢ â¥«ï ¬ âà¨æë ¦¥áâª®áâ¨ í«¥¬¥­â  ¬®¦­® ¨á¯®«ì§®¢ âì ¬ âà¨æã,  ­ «®£¨ç­ãî ¯ïâ¨-
â®ç¥ç­®© à §­®áâ­®©. � ®â«¨ç¨¥ ®â ã¯®¬ï­ãâ®£® ¢ëè¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¤«ï « £à ­¦¥¢ëå
í«¥¬¥­â®¢ íâ  ¬ âà¨æ  ¯®à®¦¤ ¥âáï á¥â®ç­ë¬  ­ «®£®¬ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¢â®à®£®
¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ­¥®£à ­¨ç¥­­ë¬¨ ­  £à ­¨æ¥ ¥¤¨­¨ç­®£® ª¢ ¤à â ,
¯®áâà®¥­­ë¬ ­  à ¢­®¬¥à­®© á¥âª¥. �­ «¨§¨àãîâáï â ª¦¥ ­¥ª®â®àë¥ á¯®á®¡ë ¯à¥¤®¡ãá« ¢«¨-
¢ ­¨ï ¤®¯®«­¥­¨ï �ãà .

�à¥¤« £ ¥¬ë¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ��� à §à ¡®â ­ë ¤«ï à¥è¥­¨ï á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨© p- ¨ h-p-¢¥àá¨© ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¢ ¯à®¨§¢®«ì­®© ¤¢ã-
¬¥à­®© ®¡« áâ¨ á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥© ¯à¨ ®¤­®à®¤­ëå £à ­¨ç­ëå ãá«®¢¨ïå �¨à¨å«¥.
�¯¥æ¨ «ì­®¥ à §¡¨¥­¨¥ ®¡« áâ¨ ­  ç¥âëà¥åã£®«ì­¨ª¨, ªà¨¢®«¨­¥©­ë¥ ¢¡«¨§¨ £à ­¨æë,   â ª¦¥
á¯¥æ¨ «ì­ë¥ ®â®¡à ¦¥­¨ï ª¢ ¤à â­ëå ¡ §¨á­ëå í«¥¬¥­â®¢ ­  íâ¨ ç¥âëà¥åã£®«ì­¨ª¨ ¯®§¢®«ï¥â
¯®«ãç¨âì ¬¥â®¤ ª®­¥ç­ëå í«¥¬¥­â®¢, ¢ ª®â®à®¬ â®ç­® ¢®á¯à®¨§¢®¤ïâáï £à ­¨æ  ¨ ®¤­®à®¤­ë¥
£à ­¨ç­ë¥ ãá«®¢¨ï �¨à¨å«¥. �à¨¬¥­ï¥¬ë¥ ®â®¡à ¦¥­¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬, ª®â®àë¥ ¬ë
­ §ë¢ ¥¬ ®¡®¡é¥­­ë¬¨ ãá«®¢¨ï¬¨ ª¢ §¨à ¢­®¬¥à­®áâ¨. �â¨å ãá«®¢¨© ¤®áâ â®ç­®, çâ®¡ë ®¡¥á-
¯¥ç¨âì â¥ ¦¥ ¯®àï¤ª¨ áå®¤¨¬®áâ¨ ¨ â¥ ¦¥ ç¨á«  ®¡ãá«®¢«¥­­®áâ¨, çâ® ¨ ¢ á«ãç ¥ à ¢­®¬¥à­®©
ª¢ ¤à â­®© á¥âª¨ ª®­¥ç­ëå í«¥¬¥­â®¢. � ª¨¬ ¦¥ á¯®á®¡®¬ ¬®¦­® ¯®áâà®¨âì ¨ p-¢¥àá¨î ¬¥â®-
¤  ª®­¥ç­ëå í«¥¬¥­â®¢ á ªãá®ç­®-¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¥© £à ­¨æë, ¤«ï ª®â®à®© ¢á¥
à¥§ã«ìâ âë ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨.

�á®¡®¥ ¢­¨¬ ­¨¥ ã¤¥«¥­® ¤¢ã¬ å®à®è® ¨§¢¥áâ­ë¬ [1], [27] ª¢ ¤à â­ë¬ ¡ §¨á­ë¬ í«¥¬¥­â ¬.
� §¨á ®¤­®£® ¨§ ­¨å ¥áâì (bLij(x) = bLi(x1)bLj(x2), 0 � i; j � p), £¤¥ L0, L1 | ®¡ëç­ë¥ \ã§«®¢ë¥"
«¨­¥©­ë¥ äã­ªæ¨¨ bLk = �k eLk ¤«ï k � 2, �k | ­®à¬¨àãîé¨¥ ¬­®¦¨â¥«¨,   eLk | ¨­â¥£à « ®â
¯®«¨­®¬  �¥¦ ­¤à  Lk�1 áâ¥¯¥­¨ k � 1. � §¨á ¤àã£®£® | (bLi;j(x) ¤«ï 2 � i; j; (i + j) � p, ¤«ï
i = 0; 1, j = 2; 3; : : : ; p ¤«ï i = 2; 3; : : : ; p, j = 0; 1 ¤«ï i; j = 0; 1). �â¨ ¯à®áâà ­áâ¢  ç áâ® ¨á-
¯®«ì§ãîâáï ¢ p-¢¥àá¨¨, ª ª ¢ ¯à¨«®¦¥­¨ïå, â ª ¨ ¢ â¥®à¥â¨ç¥áª¨å ¨áá«¥¤®¢ ­¨ïå ¨ ­ §ë¢ îâáï
®¡ëç­® â¥­§®à­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ á¥à¥­¤¨¯®¢ë¬¨ ¯à®áâà ­áâ¢ ¬¨ á®®â¢¥âáâ¢¥­­®. �à¥¨¬ã-
é¥áâ¢  ¢â®à®£® ¡ §¨á­®£® í«¥¬¥­â  ­ ¤ ¯¥à¢ë¬ ¨ ­ ¤ ¡ §¨á­ë¬¨ « £à ­¦¥¢ë¬¨ í«¥¬¥­â ¬¨
á®áâ®¨â ¢ â®¬, çâ® ¯à¨ ¥£® ¨á¯®«ì§®¢ ­¨¨ áãé¥áâ¢¥­­® á­¨¦ ¥âáï ª®«¨ç¥áâ¢® ­¥¨§¢¥áâ­ëå ¢ p-
¢¥àá¨¨ ¡¥§ ã¬¥­ìè¥­¨ï áª®à®áâ¨ áå®¤¨¬®áâ¨. �¡áã¤¨¬ ¢ªà âæ¥ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ ¤ ­-
­®© à ¡®â¥ ¤«ï ¯¥à¢®£® ¨§ íâ¨å ¡ §¨á­ëå í«¥¬¥­â®¢. �¥§ã«ìâ âë ¤«ï ¢â®à®£® í«¥¬¥­â  á« ¡¥¥, ¢
 á¯¥ªâ¥, á¢ï§ ­­®¬ á® á¯¥æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ ¯à®¤®«¦¥­¨ï. �â® ¢«¨ï¥â ­  íää¥ªâ¨¢­®áâì
¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¤®¯®«­¥­¨ï �ãà  ¨ £«®¡ «ì­®£® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ���.

�à¥¦¤¥ ¢á¥£® ¯®ª § ­®, çâ® ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë ¬ áá,   ¯à¨ ­¥ª®â®àëå ¯à¥¤¯®-
«®¦¥­¨ïå ¨ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë ¦¥áâª®áâ¨ íâ¨å í«¥¬¥­â®¢ ¨¬¥îâ ¯®àï¤ª¨ p4 ¨ p2

á®®â¢¥âáâ¢¥­­®.
�á«¨ í­¥à£¨ï ®¯à¥¤¥«¥­  ¨­â¥£à «®¬ �¨à¨å«¥, â® ¬ âà¨æ  ¦¥áâª®áâ¨ ¡ §¨á­®£® í«¥¬¥­â 

¨¬¥¥â ¯à®áâãî ä®à¬ã. �à¨ £à ­¨ç­ëå ãá«®¢¨ïå �¨à¨å«¥ ¥¥ ¬®¦­® ã¯à®áâ¨âì ¤® á¯¥ªâà «ì­®-
íª¢¨¢ «¥­â­®© ¬ âà¨æë bA1;0 á ¯ïâ¨â®ç¥ç­ë¬ è ¡«®­®¬. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© ®¡®¡é¥­­®©
ª¢ §¨®¤­®à®¤­®áâ¨ íâ  ¬ âà¨æ  ¬®¦¥â á«ã¦¨âì ¢ ª ç¥áâ¢¥ á¯¥ªâà «ì­®-íª¢¨¢ «¥­â­®£® ¯à¥¤®¡-
ãá« ¢«¨¢ â¥«ï ¢­ãâà¥­­¨å ¬ âà¨æ ¦¥áâª®áâ¨ ªà¨¢®«¨­¥©­ëå í«¥¬¥­â®¢. �«ï ¯à®áâ®âë ¯à¥¤¯®-
« £ ¥¬, çâ® ¢ ��� â¨¯  �¨à¨å«¥-�¨à¨å«¥ ¯®¤®¡« áâï¬¨ ¤¥ª®¬¯®§¨æ¨¨ á«ã¦ â á ¬¨ ª®­¥ç­ë¥
í«¥¬¥­âë. � íâ®¬ á«ãç ¥ à¥è¥­¨¥ § ¤ ç �¨à¨å«¥ ­  ¯®¤®¡« áâïå ¯à¨ ¯®¬®é¨ ¯à¥¤®¡ãá« ¢«¨¢ -
â¥«ï bA1;0 ­¥ ¢ë§ë¢ ¥â § âàã¤­¥­¨©. �â¬¥â¨¬, çâ® á¯¥æ¨ «ì­®¥ ­®à¬¨à®¢ ­¨¥ ¨­â¥£à¨à®¢ ­­ëå
¯®«¨­®¬®¢ � £à ­¦  ¯à¨¬¥­ï¥âáï ¤«ï ®¡¥á¯¥ç¥­¨ï ®¯¨á ­­ëå ¢ëè¥ á¢®©áâ¢ ¬ âà¨æë bA1;0.
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�¥á¬®âàï ­  â®, çâ® ¢ ­ è¨å à áá¬®âà¥­¨ïå ¨áª«îç¥­¨¥ ¢­ãâà¥­­¨å ­¥¨§¢¥áâ­ëå ­¥ ¯à¥¤¯®-
« £ ¥âáï ­¨ ­  ª ª®¬ ¨§ íâ ¯®¢  «£®à¨â¬ , ¯à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¤®¯®«­¥­¨ï �ãà  | ®á­®¢­®©
è £ ¯à¨ ¯®áâà®¥­¨¨ £«®¡ «ì­®£® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ���. �à¥¤« £ îâáï ­¥áª®«ìª® á¯®á®¡®¢
¯à¥¤®¡ãá« ¢«¨¢ ­¨ï ¤®¯®«­¥­¨ï �ãà . �á¥ ®­¨ ®á­®¢ ­ë ­  ¯à¥¤®¡ãá« ¢«¨¢ ­¨¨ ¤®¯®«­¥­¨ï
�ãà  ¡ §¨á­®£® í«¥¬¥­â  ¨ ®¯à¥¤¥«ïîâ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ¢ ä ªâ®à¨§®¢ ­­®¬ ¢¨¤¥, ª®â®-
àë¥ «¥£ª® à¥ «¨§ãîâáï ç¨á«¥­­® ¨ ®¡¥á¯¥ç¨¢ îâ å®à®è¥¥ ¨«¨ ®¯â¨¬ «ì­®¥ ®¡®¡é¥­­®¥ ç¨á«®
®¡ãá«®¢«¥­­®áâ¨. �®ç­¥¥ £®¢®àï, ¯à¥¤«®¦¥­® âà¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï, ¯à¥¤áâ ¢«¥­­ëå ¢ ¢¨¤¥
¯à®¨§¢¥¤¥­¨©, ¢ª«îç îé¨å ¤¨ £®­ «ì­ë¥ ¨ âà¥ã£®«ì­ë¥ ¬ âà¨æë, ¨«¨ ¬ âà¨æë, ¯à¥¤¯®« £ -
îé¨¥ ¨á¯®«ì§®¢ ­¨¥ ¡ëáâà®£® ¤¨áªà¥â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥. �â¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨
®¡¥á¯¥ç¨¢ îâ ¨§¬¥­¥­¨¥ ®¡®¡é¥­­ëå ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨ ¤®¯®«­¥­¨ï �ãà  ¢ ¯à¥¤¥« å ®â
O(log2 p) ¤® O(1). �¥ «¨§ æ¨ï p-¢¥àá¨¨ ¯à¨ ¯®¬®é¨ ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¨ ¬¥â®¤  á®-
¯àï¦¥­­ëå £à ¤¨¥­â®¢ ¢ åã¤è¥¬ á«ãç ¥ âà¥¡ã¥â O((log p)3=2 log �) ¨â¥à æ¨©. � á«ãç ¥ £« ¤ª¨å
ª®íää¨æ¨¥­â®¢ ­  ª ¦¤®© ¨â¥à æ¨¨ ¯à¨ íâ®¬ ¯à¨å®¤¨âáï à¥è âì £«®¡ «ì­ãî á¨áâ¥¬ã ®â­®-
á¨â¥«ì­® ­¥¨§¢¥áâ­ëå ¢ ¢¥àè¨­ å í«¥¬¥­â®¢, ­¥§ ¢¨á¨¬ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ®â­®á¨â¥«ì­®
¢­ãâà¥­­¨å ­¥¨§¢¥áâ­ëå ¤«ï ª ¦¤®£® í«¥¬¥­â  á ®¤­®© ¨ â®© ¦¥ ¬ âà¨æ¥© ¤«ï ¢á¥å á¨áâ¥¬ ¨ ­¥-
§ ¢¨á¨¬ë¥ § ¤ ç¨ á®¯àï¦¥­¨ï ¤«ï ª ¦¤®© ¯ àë á®á¥¤­¨å í«¥¬¥­â®¢ á ®¤­®© ¨ â®© ¦¥ ¬ âà¨æ¥©
¤«ï ¢á¥å ¯ à. �â  ¬ âà¨æ  ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨ ã¯®¬ï­ãâ®£® ¢ëè¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï
¤®¯®«­¥­¨ï �ãà  ¤«ï ¡ §¨á­®£® í«¥¬¥­â  ¨ á¯¥æ¨ «ì­ëå ®¯¥à â®à®¢ ¯à®¤®«¦¥­¨ï.

�®¦­® ¨§¡¥¦ âì ¯®ï¢«¥­¨ï log p ¢ ®æ¥­ª¥ ç¨á«  ¨â¥à æ¨©, ¥á«¨ ¯à¨¬¥­¨âì á¯¥æ¨ «ì­ë©
á¯®á®¡ ¯à¥¤®¡ãá« ¢«¨¢ ­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï. �â® ®â­®á¨âáï ¯à¥¦¤¥ ¢á¥£® ª p-¢¥àá¨¨ á ¡ §¨á-
­ë¬ í«¥¬¥­â®¬, ª®â®àë© ¬ë ­ §ë¢ ¥¬ §¤¥áì ª®¬¡¨­¨à®¢ ­­ë¬. �£® ¢­ãâà¥­­¨¥ ª®®à¤¨­ â­ë¥
äã­ªæ¨¨ á®¢¯ ¤ îâ á â ª¨¬¨ äã­ªæ¨ï¬¨ ¤«ï ¯à¥¤ë¤ãé¨å ¡ §¨á­ëå í«¥¬¥­â®¢,   ª®®à¤¨­ â­ë¥
äã­ªæ¨¨ £à ­¨ç­ëå â®ç¥ª ¨ ¢¥àè¨­ ã§«®¢ë¥. �®®â¢¥âáâ¢ãîé¨¥ ã§«ë ï¢«ïîâáï ã§« ¬¨ ª¢ ¤à -
âãà­®© ä®à¬ã«ë � ãáá {�®¡ ââ®{�¥¡ëè¥¢ . �à¨ íâ®¬ ®ª §ë¢ ¥âáï, çâ® ¤®¯®«­¥­¨¥ �ãà  ¤«ï
¯®¤¬ âà¨æë, á®®â¢¥âáâ¢ãîé¥© ¢­ãâà¥­­¨¬ ­¥¨§¢¥áâ­ë¬, á¯¥ªâà «ì­®-íª¢¨¢ «¥­â­® å®à®è® ¨§-
¢¥áâ­®¬ã ¯à¥¤®¡ãá« ¢«¨¢ â¥«î â¨¯  �àë¨ [28] ­  à ¢­®¬¥à­®© á¥âª¥. �â®â ¯®¤å®¤ ¯®§¢®«ï¥â
¯®«ãç¨âì ®¯â¨¬ «ì­ë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï § ¤ ç¨ á®¯àï¦¥­¨ï, ã¤®¡­ë© ¤«ï ¯ à ««¥«ì-
­ëå ¢ëç¨á«¥­¨©. �à®¬¥ â®£®, ¬ë ¯à¥¤« £ ¥¬ ¨ ¤àã£®© ¢ à¨ ­â ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ��� ¤«ï
p-¢¥àá¨¨ á ¨¥à àå¨ç¥áª¨¬ ¡ §¨á®¬, ®¯¨á ­­ë¬ ¢ëè¥. �­ ¯®§¢®«ï¥â ã«ãçè¨âì ®æ¥­ªã ®¡®¡é¥­-
­®£® ç¨á«  ®¡ãá«®¢«¥­­®áâ¨ §  áç¥â ­¥¡®«ìè®£® ãá«®¦­¥­¨ï  «£®à¨â¬ , ­® ¡¥§ ã¢¥«¨ç¥­¨ï ¯®-
àï¤ª  ç¨á«  ®¯¥à æ¨© ­  ª ¦¤®© ¨â¥à æ¨¨.

�®¤ç¥àª­¥¬ á¯¥æ¨ «ì­® ­¥ª®â®àë¥ ®á®¡¥­­®áâ¨ ¯®¤å®¤ , ¯à¥¤« £ ¥¬®£® ¢ ¤ ­­®© à ¡®â¥.
� è¥© ®á­®¢­®© æ¥«ìî ï¢«ï¥âáï ¯®áâà®¥­¨¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥© ��� ¤«ï £«®¡ «ì­ëå ¬ -
âà¨æ ¦¥áâª®áâ¨ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ¡¥§ ¯à®¢¥¤¥­¨ï ª ª¨å-«¨¡® ¯à¥®¡à §®¢ ­¨© á¨áâ¥-
¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ­ ¯à¨¬¥à, ¨áª«îç¥­¨ï ¢­ãâà¥­­¨å ­¥¨§¢¥áâ­ëå. � ª â®«ìª®
¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ®¯à¥¤¥«¥­, ®­ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¢ ­¥ª®â®à®© ¨â¥à æ¨®­­®© ¯à®-
æ¥¤ãà¥, ­ ¯à¨¬¥à, ¢ ¯à¥¤®¡ãá«®¢«¥­­®¬ ¬¥â®¤¥ á®¯àï¦¥­­ëå £à ¤¨¥­â®¢, ¯à¥¤®¡ãá«®¢«¥­­®¬
¬¥â®¤¥ ¯à®áâëå ¨â¥à æ¨© ¨ ¤à. (� ­­ë¥ ¢ à ¡®â¥ ®æ¥­ª¨ ®¡®¡é¥­­ëå ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨
­¥¯®áà¥¤áâ¢¥­­® ¯à¨¢®¤ïâ ª ®æ¥­ª ¬ ¨å áª®à®áâ¨ áå®¤¨¬®áâ¨.) �®áª®«ìªã ¢ ª ¦¤®© ¨§ íâ¨å
¨â¥à æ¨®­­ëå ¯à®æ¥¤ãà ¨á¯®«ì§ãîâáï «¨èì ®¯¥à â®àë, ®¡à â­ë¥ ª ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï¬, ¬ë
®¯à¥¤¥«ï¥¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ��� ç¥à¥§ ®¡à â­ë¥ ª ­¨¬. � á¢®î ®ç¥à¥¤ì ®¡à â­ë¥ ª £«®-
¡ «ì­ë¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï¬ ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¬®£ãâ ®¯à¥¤¥«ïâìáï ª ª áã¬¬ë
âà¥å ¨«¨ ¤¢ãå ¢á¯®¬®£ â¥«ì­ëå ¬ âà¨æ, ª ª, ­ ¯à¨¬¥à, ¢ (5.1) ¨«¨ (6.21). �á¯®¬®£ â¥«ì­ë¥ ¬ -
âà¨æë á®®â¢¥âáâ¢ãîâ ¢­ãâà¥­­¨¬ ­¥¨§¢¥áâ­ë¬, ­¥¨§¢¥áâ­ë¬ áâ®à®­ ¨ ­¥¨§¢¥áâ­ë¬ ¢¥àè¨­ ¨«¨
¢­ãâà¥­­¨¬ ¨ ®áâ «ì­ë¬ ­¥¨§¢¥áâ­ë¬ áâ®à®­ ¨ ¢¥àè¨­. � ª¨¬ ®¡à §®¬, ¬ë ¯®á«¥¤®¢ â¥«ì­®
®¯à¥¤¥«ï¥¬ íâ¨ ¢á¯®¬®£ â¥«ì­ë¥ ¬ âà¨æë ¨ ¯®ª §ë¢ ¥¬, çâ® ¨å ¨á¯®«ì§®¢ ­¨¥ ®¡¥á¯¥ç¨¢ ¥â
®¯â¨¬ «ì­ë¥ ¨«¨ ¯®çâ¨ ®¯â¨¬ «ì­ë¥ ®æ¥­ª¨ ®¡®¡é¥­­ëå ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨, ã¯à®é ¥â
¢ëç¨á«¥­¨ï ¨ ã¬¥­ìè ¥â ¨å ®¡ê¥¬. �à¥¤« £ ¥¬ë¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ¯à®áâë ¢ ¯à¨¬¥­¥­¨¨.
� ¯à¨¬¥à, ¢ x5 £«®¡ «ì­ë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¢ëà ¦ ¥âáï
ç¥à¥§ è¥áâì ®á­®¢­ëå áâ ­¤ àâ­ëå ¬ âà¨æ, ®¯à¥¤¥«¥­­ëå ¤«ï ¡ §¨á­®£® í«¥¬¥­â . �à®¬¥ â®£®,
á¡®àª  ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ­¥ ­ã¦­ , ¨ ®á­®¢­ ï ç áâì ®¯¥à æ¨© ¬®¦¥â ¡ëâì ¢ë¯®«­¥­  ¯®
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í«¥¬¥­â ¬ ¨ ¯® ¨å áâ®à®­ ¬ ¢ ¯ à ««¥«ì­®¬ à¥¦¨¬¥.
�âàãªâãà  áâ âì¨ â ª®¢ . � x1 ¯à¨¢®¤ïâáï ­¥®¡å®¤¨¬ë¥ ®æ¥­ª¨ ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨ ¤«ï

®¤­®¬¥à­®£® á«ãç ï. � x2 ¯®«ãç¥­ë ®æ¥­ª¨ ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨ ¤«ï ¬ âà¨æ ¦¥áâª®áâ¨ ¨
¬ áá ª¢ ¤à â­ëå í«¥¬¥­â®¢, x3 ¯®á¢ïé¥­ ¯à¥¤®¡ãá« ¢«¨¢ ­¨î ¤®¯®«­¥­¨ï �ãà  ¤«ï ª¢ ¤à â-
­ëå ¡ §¨á­ëå í«¥¬¥­â®¢. �à¥¤«®¦¥­ë ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ¤®¯®«­¥­¨ï�ãà  ¤«ï ®¡®¨å â¨¯®¢
¡ §¨á­ëå í«¥¬¥­â®¢ (á ¨¥à àå¨ç¥áª¨¬¨ ¨ ª®¬¡¨­¨à®¢ ­­ë¬¨ ¡ §¨á ¬¨, áà. x3 ¨ x6), ®æ¥­¨¢ -
îâáï â ª¦¥ ®¡®¡é¥­­ë¥ ç¨á«  ®¡ãá«®¢«¥­­®áâ¨. � x4 ®¯¨á ­ ¬¥â®¤ ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï
í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¯à¨ £à ­¨ç­ëå ãá«®¢¨ïå �¨à¨å«¥ ¢ ¯à®¨§¢®«ì­®©
®¡« áâ¨ á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥©. �¥§ã«ìâ âë, ¯®«ãç ¥¬ë¥ ¢ ®áâ ¢è¥©áï ç áâ¨ à ¡®âë, ®â-
­®áïâáï ¨¬¥­­® ª íâ®© áå¥¬¥ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢. � x5 ¯à¥¤« £ ¥âáï ­ ¨¡®«¥¥ ¯à®áâ®©
¤«ï ¨á¯®«ì§®¢ ­¨ï ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ���. � x6 à áá¬ âà¨¢ îâáï ­¥ª®â®àë¥ ¡«¨§ª¨¥ ¯à¥¤®-
¡ãá« ¢«¨¢ â¥«¨, ¯®§¢®«ïîé¨¥ ã«ãçè¨âì à¥§ã«ìâ âë. � x7 ®¡áã¦¤ îâáï  «£®à¨â¬ë, ®á­®¢ ­­ë¥
­  ¯à¨¬¥­¥­¨¨ ¯à¥¤« £ ¥¬ëå ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥©.

�¥ª®â®àë¥ ¨§ ®á­®¢­ëå à¥§ã«ìâ â®¢ ¤ ­­®© áâ âì¨ ¯à¥¤áâ ¢«¥­ë ¢ ¯à¥¯à¨­â å [13], [14] ¨
áä®à¬ã«¨à®¢ ­ë ¢ [15].

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï, ¨á¯®«ì§ã¥¬ë¥ ¢ à ¡®â¥, I := (�1; 1), I? := (0; �), u := I � I; ªà®¬¥ â®£®,
I á à §«¨ç­ë¬¨ ¨­¤¥ªá ¬¨ ¨á¯®«ì§ã¥âáï ¤«ï ®¡®§­ ç¥­¨ï ¥¤¨­¨ç­ëå ¬ âà¨æ. Pp;x, P(p)

x | ¯à®-
áâà ­áâ¢  ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ p ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå ¨«¨ ¯® ª ¦¤®© ¯¥à¥¬¥­­®©
á®®â¢¥âáâ¢¥­­®, P [p]

x | ¯à®áâà ­áâ¢®, á®¤¥à¦ é¥¥ Pp;x ¨ ¯®«¨­®¬ë ¯¥à¢®© áâ¥¯¥­¨ ¯® ®¤­®© ¯¥-
à¥¬¥­­®© ¨ áâ¥¯¥­¨ p | ¯® ¤àã£®©. bE , bE0 bEm, bEm;0 | ¡ §¨á­ë¥ í«¥¬¥­âë, ª®â®àë¥ ¡ã¤ãâ â®ç­®
®¯à¥¤¥«¥­ë ¯®§¤­¥¥ (¢ xx 2, 6); Er | â¥ªãé¨© ª®­¥ç­ë© í«¥¬¥­â p-¢¥àá¨¨; H( bE), H( bE0), H(Er) |
¯à®áâà ­áâ¢ , ¯®à®¦¤ ¥¬ë¥ á®®â¢¥âáâ¢ãîé¨¬¨ í«¥¬¥­â ¬¨. Dq

xv := @jqjv=@xq11 @x
q2
2 , q = (q1; q2),

q1; q2 � 0, jqj = q1 + q2, (�; �)
, k � k
 = k � k0;
 | áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï ¨ ­®à¬ë ¢ L2(
), j � jk;
,
k � kk;
 | ¯®«ã­®à¬  ¨ ­®à¬  ¢ ¯à®áâà ­áâ¢¥ �®¡®«¥¢  W k

2 (
), â.¥.

jvj2k;
 =
X
jqj=k

Z


(Dq

xv)
2dx; kvk2k;
 = kvk20;
 +

kX
l=1

jvj2l;
:

o

W 1
2(
) | ¯®¤¯à®áâà ­áâ¢® äã­ªæ¨© ¯à®áâà ­áâ¢  W 1

2 (
), ¨¬¥îé¨å ­ã«¥¢ë¥ á«¥¤ë ­  @
;
k � k1=2;I , 0k � k1=2;I | ­®à¬ë ¢ ¯à®áâà ­áâ¢¥ W 1=2

2 (I) ¨ ¯®¤¯à®áâà ­áâ¢¥ 0W
1=2
2 (I) � W

1=2
2 (I)

äã­ªæ¨©, ¨¬¥îé¨å ­ã«¥¢ë¥ §­ ç¥­¨ï ¯à¨ x = �1 (®¯à¥¤¥«¥­¨ï á¬., ­ ¯à., ¢ [29]). �â¨ ­®à¬ë
¤«ï I� = (a; b) ¤ îâáï ¢ëà ¦¥­¨ï¬¨

kvk21=2;I� := kvk20;I� + jvj21=2;I� ;

jvj21=2;I� :=
Z b

a

Z b

a

�
v(x)� v(y)
x� y

�2

dxdy;

0kvk21=2;I� := kvk21=2;I� + 2
Z b

a

v2(x)
x� a

dx+ 2
Z b

a

v2(x)
b� x

dx:

�®à¬  k � k1=2;
i , £¤¥ 
i | áâ®à®­  u ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­® k � k1=2;I . � ¯à¨¬¥à, ª®£¤  
i ¥áâì
®¤­  ¨§ «¨­¨© x1 = c, c = �1,

kvk21=2;
i := kvk20;
i + jvj21=2;
i ;

jvj21=2;
i :=
Z 1

�1

Z 1

�1

�
v(c; t) � v(c; �)

t� �

�2

dt d�:

�®âà¥¡ã¥âáï â ª¦¥ ­®à¬ 

kvk21=2;@u =
4X

i=1

kvk21=2;
i +
4X

i=1

Z 1

0

(vj(i)(t)� vl(i)(t))
jtj

2

dt;
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£¤¥ uj(i) ®§­ ç ¥â áã¦¥­¨¥ u ­  
j(i), t| à ááâ®ï­¨¥ ¤® Vi ã£«®¢®© â®çª¨ u, ®¡é¥© ¤«ï 
j(i) ¨ 
l(i).
� ¦¤ãî ¢¥àè¨­ã Vi  áá®æ¨¨àã¥¬ c ¯à¥¤è¥áâ¢ãîé¥© áâ®à®­®© j(i) ¨ ¯®á«¥¤ãîé¥© áâ®à®­®© l(i)
¯à¨ ®¡å®¤¥ £à ­¨æë ®¡« áâ¨ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �®«®¦¨¬ jvj21=2;@u := kvk21=2;@u � kvk20;@u.
�¯à¥¤¥«¥­­ë¥ â ª¨¬ ®¡à §®¬ ­®à¬  ¨ ¯®«ã­®à¬  ¤«ï ¯à®áâà ­áâ¢  W

1=2
2 (@u) íª¢¨¢ «¥­â­ë

kvk1=2;@u := inf kwk1;u ¨ jvj1=2;@u := inf jwj1;u á®®â¢¥âáâ¢¥­­®, £¤¥ ¨­ä¨¬ã¬ ¡¥à¥âáï ¯® ¬­®¦¥áâ¢ã
äã­ªæ¨© w 2W 1

2 (u), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î w = v ­  @u. A+ | ¯á¥¢¤®®¡à â­ ï ¬ âà¨æ  ª
¬ âà¨æ¥ A. �(A), �min(A), �max(A) | á®¡áâ¢¥­­®¥ ç¨á«®, ¬¨­¨¬ «ì­®¥ ­¥­ã«¥¢®¥ ¨ ¬ ªá¨¬ «ì-
­®¥ á®¡áâ¢¥­­ë¥ ç¨á«  á¨¬¬¥âà¨ç­®© ­¥®âà¨æ â¥«ì­®© ¬ âà¨æë A. �¨¬¢®«ë �, �, � ®§­ ç îâ
®¤­®áâ®à®­­¨¥ ¨«¨ ¤¢ãáâ®à®­­¨¥ ­¥à ¢¥­áâ¢ , ¢ ª®â®àëå ®¯ãé¥­ë ­¥ª®â®àë¥  ¡á®«îâ­ë¥ ¯®-
áâ®ï­­ë¥.

1. �¤­®¬¥à­ë© ª®­¥ç­ë© í«¥¬¥­â á ¨­â¥£à¨à®¢ ­­ë¬¨ ¯®«¨­®¬ ¬¨

�¥¦ ­¤à  ¢ ª ç¥áâ¢¥ ª®®à¤¨­ â­ëå äã­ªæ¨©

� íâ®¬ ¯ à £à ä¥ ¯à¨¢®¤ïâáï ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë ¤«ï ®¤­®¬¥à­®£® á«ã-
ç ï. � áá¬®âà¨¬ ¡ §¨á, ¯à¥¤áâ ¢«ïîé¨© á®¡®© ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® 2N+1 äã­ªæ¨©, ®¯à¥-
¤¥«¥­­ëå ­  I,

fM =
�eLi j eL0 = L0; eL1 = L1; eLj =

Z x

�1
Lj�1(s)ds; j = 2; 3; : : : ; 2N

�
;

¨ á®¤¥à¦ é¨© ¤¢  ¯¥à¢ëå ¯®«¨­®¬  �¥¦ ­¤à ,   ¨¬¥­­®, ¯®áâ®ï­­ãî L0 � 1, «¨­¥©­ãî L1 = x,
äã­ªæ¨¨ ¨ ¨­â¥£à «ë ®â ¯®«¨­®¬®¢ �¥¦ ­¤à . � ª ¨§¢¥áâ­®,

kLik2 = 2=(2i + 1); i � 0; eLj(x) =
1

2j � 1
[Lj(x)� Lj�2(x)]; j � 2: (1.1)

�®«¨ç¥áâ¢® äã­ªæ¨© ¢ ¬­®¦¥áâ¢¥ fM ¯à¨­ïâ® à ¢­ë¬ 2N +1 â®«ìª® ¤«ï ã¤®¡áâ¢  ¨§«®¦¥­¨ï.
�á«¨ ¢§ïâì ¥£® à ¢­ë¬ 2N + 2, â® à¥§ã«ìâ âë á®åà ­ïîâáï. � ¤ «ì­¥©è¥¬ ã¤®¡­® ¡ã¤¥â ¨á-
¯®«ì§®¢ âì ¤àã£ãî ­®à¬¨à®¢ªã ¨ ¨­®£¤  ¤¥«¨âì fM ­  ¤¢  ¯®¤¡ §¨á  ¤«ï ­¥ç¥â­ëå ¨ ç¥â­ëå
­®¬¥à®¢ á®®â¢¥âáâ¢¥­­®, á á®®â¢¥âáâ¢ãîé¨¬ à §¡¨¥­¨¥¬ à áá¬ âà¨¢ ¥¬ëå ¤ «¥¥ ª¢ ¤à â¨ç­ëå
ä®à¬. �®«®¦¨¬ bLi = eLi=keLik â ª, çâ® kbLik = 1,

Li =

(bL2i; i = 0; 1; : : : ; N ;bL2(i�N)�1; i = N + 1; : : : ; 2N;

¨

M = (bLi; i = 0; 1; : : : ; 2N); M = (Li; i = 0; 1; : : : ; 2N);

spanM = spanM = spanM+ � spanM�; £¤¥

M+ = (Li = bL2i; i = 0; 1; : : : ; N); ¨ (1.2)

M� = (Li = bL2(i�N)�1; i = N + 1; : : : ; 2N);

¯à¨ç¥¬ bLi § ¤ îâáï ï¢­ë¬¨ á®®â­®è¥­¨ï¬¨

bL0 =
L0p
2
; bL1 =

r
3
2
L1; bLj = �j eLj = 
j [Lj � Lj�2]; j � 2;

�j =
1
2

q
(2j � 3)(2j � 1)(2j + 1); 
j =

1
2

s
(2j � 3)(2j + 1)

2j � 1
:

(1.3)

� §¨áëM, M ®â«¨ç îâáï â®«ìª® ¯®àï¤ª®¬ á«¥¤®¢ ­¨ï ¨å í«¥¬¥­â®¢.
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�ëà ¦¥­¨¥ f =
2NP
i=0

biLi ¨ ª¢ ¤à â¨ç­ë¥ ä®à¬ë (f; f)I , (f 0; f 0)I ¯®à®¦¤ îâ ¬ âà¨æë (f; f)I =

hK0b; bi, (f 0; f 0)I = hK1b; bi, £¤¥ h�; �i | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ IR2N+1, b = (bi) | ¢¥ªâ®à
ª®íää¨æ¨¥­â®¢ bi. �¥âàã¤­® § ¬¥â¨âì, çâ®

K0 =

 
K0;+ 0
0 K0;�

!
; K1 =

 
K1;+ 0
0 K1;�

!
;

¯à¨ç¥¬ ¬ âà¨æë K1;+, K1;� ¤¨ £®­ «ì­ë, ¬ âà¨æë K0;+, K0;� âà¥å¤¨ £®­ «ì­ë. �¥à¥§ K0, K1

®¡®§­ ç ¥¬ ¬ âà¨æë ®â«¨ç îé¨¥áï ®â ¬ âà¨æ K0, K1 «¨èì ¯¥à¥áâ ­®¢ª®© áâà®ª ¨ áâ®«¡æ®¢,

á®®â¢¥âáâ¢ãîé¥© ¯à¥¤áâ ¢«¥­¨î f =
2NP
i=0

bbi bLi. �«ï  ­ «®£¨ç­ëå ¬ âà¨æ, ¯®à®¦¤ ¥¬ëå ¯®¤¬­®-

¦¥áâ¢®¬ ¢­ãâà¥­­¨å ª®®à¤¨­ â­ëå äã­ªæ¨© (b0 = b1 = 0 ¨«¨, çâ® ¢á¥ à ¢­®, b0 = bN+1 = 0),
¨á¯®«ì§ã¥¬ â ª¨¥ ¦¥ ®¡®§­ ç¥­¨ï, ­® á ¤®¯®«­¨â¥«ì­ë¬ ­¨¦­¨¬ ¨­¤¥ªá®¬ \0". � ¯à¨¬¥à, K0;0

(K0;0;+) ¯®«ãç ¥âáï ¨§ K0 (K0;+) ¢ëç¥àª¨¢ ­¨¥¬ ¤¢ãå (®¤­®©) ¯¥à¢ëå áâà®ª ¨ áâ®«¡æ®¢. �ç¥-
¢¨¤­®, íâ¨ ¬ âà¨æë á®®â¢¥âáâ¢ãîâ £à ­¨ç­ë¬ ãá«®¢¨ï¬ f(�1) = f(1) = 0.

�ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®

K0;0 =

0BBBBBBBBBBB@

1 0 �c2
1 0 �c3 0

� � �
1 0 �ci

� � �
1 0 �c2N�2

SYM 1 0
1

1CCCCCCCCCCCA
;

£¤¥

ci =
1
2

�
(2i � 3)(2i + 5)
(2i + 3)(2i � 1)

�1=2

=
1
2

�
1� 12

4i2 + 4i� 3

�1=2

; i � 2: (1.4)

�¢¥¤¥¬ â ª¦¥ ¬ âà¨æã

b� = b4+ bD; (1.5)

£¤¥ bD | ¤¨ £®­ «ì­ ï ¬ âà¨æ 

bD = diag
�
1
4
;
1
9
; : : : ;

1
(k + 1)2

; : : : ;
1

4N 2

�
; (1.6)

b4 =
1
2

0BBBBBBBBBBB@

2 0 �1
2 0 �1 0

� � �
2 0 �1

� � �
2 0 �1

SYM 2 0
1

1CCCCCCCCCCCA
: (1.7)

�®£« á­® ¯à¨¢®¤¨¬®© ­¨¦¥ «¥¬¬¥ ¬ âà¨æ  b� ¬®¦¥â á«ã¦¨âì á¯¥ªâà «ì­®-íª¢¨¢ «¥­â­ë¬ ¯à¥-
¤®¡ãá« ¢«¨¢ â¥«¥¬ ¤«ï ¬ âà¨æë ¬ áá K0;0.
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�¥¬¬  1.1. �¥­ã«¥¢ë¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æ K0; K1 ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

�min(K1) =3; �max(K1) = (4N � 3)(4N + 1)=2;

�min(K0;0) � 1=N 2; �max(K0) � 1:
(1.8)

� âà¨æ  ¬ áá K0;0 ¨¬¥¥â ¤¨ £®­ «ì­®¥ ¯à¥®¡« ¤ ­¨¥, çâ® ¢ëà ¦ ¥âáï á®®â­®è¥­¨¥¬

1� ci � ci�2 � 1=(i2 + 1); i = 2; 3; : : : ; 2N � 2 (1.9)

(¯®¤à §ã¬¥¢ ¥âáï, çâ® c0 = c1 = c2N�1 = c2N = 0), ¨ á¯¥ªâà «ì­® íª¢¨¢ «¥­â­  ¬ âà¨æ¥ b�,
â.¥.

bT b�b � bTK0:0b � bT b�b: (1.10)

�®ª § â¥«ìáâ¢®. �ª § ­­ë¥ ®æ¥­ª¨, ªà®¬¥ ®æ¥­ª¨ ¤«ï �min(K0;0) ¨ (1.10), ®ç¥¢¨¤­ë. �« -
£®¤ àï á®®â­®è¥­¨ï¬ (1.1){(1.3) ¬®¦­® ¯®ª § âì, çâ®

K1 = diag
�
0; 3; : : : ;

(2i� 3)(2i + 1)
2

; : : : ;
(4N � 3)(4N + 1)

2

�
; (1.11)

¨ ¯®â®¬ã á®®â­®è¥­¨ï (1.8) ¤«ï K1 á¯à ¢¥¤«¨¢ë. �¥à ¢¥­áâ¢  (1.9) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ãîâ
¨§ (1.4).

�«ï ¤®ª § â¥«ìáâ¢  (1.10) ¯à¥¤áâ ¢¨¬ K0;0 ¯®¤®¡­® (1.5) ¢ ä®à¬¥

K0;0 = 40 +D0; (1.12)

£¤¥ D0 | ¤¨ £®­ «ì­ ï ¬ âà¨æ  á í«¥¬¥­â ¬¨

d(k;k)0 =

8>><>>:
1� ck+1; k = 1; 2;

1� ck+1 � ck�1; k = 3; 4; : : : ; 2n� 2;

1� ck�1; k = 2N � 2; 2N � 1;

(1.13)

ª ¦¤ë© ¨§ ª®â®àëå ¥áâì ¢¥«¨ç¨­  ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï á®®â¢¥âáâ¢ãîé¥© áâà®ª¨ ¬ -
âà¨æë K0;0. �¯¥ªâà «ì­ ï íª¢¨¢ «¥­â­®áâì ¬ âà¨æ 40 ¨ b4 á«¥¤ã¥â ¨§ â®£® ä ªâ , çâ® ç¨á« 
ci ¢ (1.13) à ¢­®¬¥à­® ®£à ­¨ç¥­ë ­¥ª®â®à®© ¯®«®¦¨â¥«ì­®© ¯®áâ®ï­­®© á­¨§ã ¨ 1=2 | á¢¥àåã.
�¯¥ªâà «ì­ ï íª¢¨¢ «¥­â­®áâì ¬ âà¨æ D0 ¨ bD á«¥¤ã¥â ¨§ (1.9). � âà¨æ  40, ®ç¥¢¨¤­®, ¯®«®¦¨-
â¥«ì­ . �æ¥­ª  á­¨§ã ¤«ï �min(K0;0) ¥áâì á«¥¤áâ¢¨¥ (1.9), (1.12), (1.13), ¯®áª®«ìªã ã¦¥ ¯®ª § ­®,
çâ® �min(D0) � 1=N 2.

�®ª ¦¥¬ â ª¦¥, çâ® �min(40) � 1=N 2. �®áª®«ìªã 40 ¨ b4 á¯¥ªâà «ì­®-íª¢¨¢ «¥­â­ë, ¤®-
áâ â®ç­® ¤®ª § âì �min( b4) = �min(4) � 1=N 2, £¤¥ 4 á®¢¯ ¤ ¥â á b4, ­® áâà®ª¨ ¨ áâ®«¡æë ã¯®àï-
¤®ç¥­ë ¢ á®®â¢¥âáâ¢¨¨ á ¬­®¦¥áâ¢®¬ M. � âà¨æ  4 ¨¬¥¥â ¢¨¤

4 =

 
4+ 0
0 4�

!
(1.14)

á âà¥å¤¨ £®­ «ì­ë¬¨ ¡«®ª ¬¨, ã ª®â®àëå í«¥¬¥­âë ­  £« ¢­®© ¤¨ £®­ «¨ à ¢­ë 2,   ­  á®á¥¤-
­¨å ¤¨ £®­ «ïå à ¢­ë�1. � âà¨æë4+ ¨4� ®â«¨ç îâáï «¨èì â¥¬, çâ® ®¤­  ¨¬¥¥â à §¬¥à­®áâì
N�N ,   ¤àã£ ï | (N�1)�(N�1). � ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® à áá¬®âà¥âì «¨èì4+. �¡à â­ãî
ª ¬ âà¨æ¥ 4+ ¬®¦­® § ¯¨á âì ¢ ï¢­®¬ ¢¨¤¥ (á¬. [30]). � ¨¬¥­­®,

4�1

+ = (�(i;j)); �(i;j) = K(x(i); x(j)); i; j = 1; : : : ; N;

£¤¥ K(x; t) | äã­ªæ¨ï �à¨­  ¤«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  d2u=dx2 ­ 
(0; b) á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ u(0) = u(b) = 0, â.¥.

K(x; t) = x(b� t)=b ¤«ï 0 � x � t � b;

K(t; x) = K(x; t), x(i) | ¢­ãâà¥­­¨¥ â®çª¨ á¥âª¨ x(i), i = 0; 1; : : : ; N + 1, x(0) = 0, x(N+1) = b.
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�«ï �max(4�1

+ ) ¬®¦­® ¨á¯®«ì§®¢ âì ®æ¥­ªã �à®¡¥­¨ãá  ç¥à¥§ ¬ ªá¨¬ã¬ áã¬¬ ¬®¤ã«¥© í«¥-
¬¥­â®¢ ª ¦¤®© áâà®ª¨. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ â®, çâ® áã¬¬  ®â K(x; x(j)) ¯® j = 1; : : : ; N á®-
¢¯ ¤ ¥â á ª¢ ¤à âãà­®© ä®à¬ã«®© âà ¯¥æ¨©, ª®â®à ï ¯à¨ x = x(i) à ¢­  á®®â¢¥âáâ¢ãîé¥¬ã
¨­â¥£à «ã, ¯®«ãç ¥¬

�max(4�1

+ ) � max
1�i�N

NX
j=1

K(x(i); x(j)) = max
1�i�N

Z b

0

K(x(i); t)dt = (N + 1)2=8: (1.15)

�«¥¤®¢ â¥«ì­®, ®æ¥­ª¨ á­¨§ã ¤«ï �min(40) ¨ �min(D0) ¨¬¥îâ ®¤¨­ ¨ â®â ¦¥ ¯®àï¤®ª. �®ª ¦¥¬,
çâ® ®æ¥­ª  �min(K0;0) â®ç­  ¯® ¯®àï¤ªã. �«ï ¢¥ªâ®à 

b+ = (0; 0; : : : ; bl; bl+1; : : : ; bN )
T ; l = bN

2
c; b+ 2 IRN+1; (1.16)

¨ ¬ âà¨æë D+, ª®â®à ï ï¢«ï¥âáï ¤¨ £®­ «ì­ë¬ ¡«®ª®¬ bD, á®®â¢¥âáâ¢ãîé¨¬ ç¥â­ë¬ áâà®ª ¬
¨ áâ®«¡æ ¬, ¨¬¥¥¬

bT+D+b+ � 1
(N + 1)2

bT+b+: (1.17)

�®« £ ï ¢ ¢¥ªâ®à¥ b+ ¨§ (1.16) bj = 1, j = l; l+1; : : : ; N , ¨ ®¡à é ïáì ¢­®¢ì ª ï¢­®© ä®à¬¥ 4�1
0;+,

¯®«ãç¨¬

bT+4�1
+ b+ =

X
l�i;j�N

K(x(i); x(j)) �
Z b

b=2

Z b

b=2

K(x; t)dt dx =
(N + 1)2

48

¨, á«¥¤®¢ â¥«ì­®,

bT+�
�1

+ b+ � cN 2bT+b+;

£¤¥ c |  ¡á®«îâ­ ï ¯®áâ®ï­­ ï. �®íâ®¬ã ¨§ (1.15) ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢ëâ¥ª ¥â, çâ®
�min(4) = (40) � 1=N 2. �®áª®«ìªã ã¦¥ ¯®ª § ­®, çâ® �min(D0) � 1=N 2, â® ®æ¥­ª¨ (1.8) ¤«ï
�min(K0;0) ¢ë¯®«­¥­ë.

� ¬¥â®¤¥ ª®­¥ç­ëå í«¥¬¥­â®¢ ¨á¯®«ì§ã¥¬ äã­ªæ¨¨

bL0 =
1
2
(1 + x); bL1 =

1
2
(1� x) (1.18)

¢¬¥áâ® ¯¥à¢ëå ¤¢ãå äã­ªæ¨© ¢ (1.3). � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ kbLik 6= 1 ¤«ï i = 0; 1. � ¤ «ì­¥©è¥¬
®¡®§­ ç¨¬ ç¥à¥§ M, M ¡ §¨áë, á®¤¥à¦ é¨¥ ¨¬¥­­® íâ¨ äã­ªæ¨¨. �ç¥¢¨¤­®, çâ® ®æ¥­ª¨ ¤«ï
£à ­¨æ ­¥­ã«¥¢®£® á¯¥ªâà  K0, K1 ¯® ¯®àï¤ªã ¯à¨ íâ®¬ á®åà ­ïîâáï.

2. �¢ ¤à â­ë© í«¥¬¥­â á ¨¥à àå¨ç¥áª¨¬¨ ª®®à¤¨­ â­ë¬¨ äã­ªæ¨ï¬¨ ¢ ¢¨¤¥

¯à®¨§¢¥¤¥­¨© ¨­â¥£à¨à®¢ ­­ëå ¯®«¨­®¬®¢ �¥¦ ­¤à 

�¤¥áì ®¯¨áë¢ îâáï ¤¢  ¡ §¨á­ëå í«¥¬¥­â , ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ h-p-¢¥àá¨¨, ¨§-
« £ ¥¬®© ¢ªà âæ¥ ¢ x4. �®«ãç¥­ë ®æ¥­ª¨ £à ­¨æ á¯¥ªâà®¢ ¤«ï ¬ âà¨æ ¦¥áâª®áâ¨ ¨ ¬ áá íâ¨å
í«¥¬¥­â®¢,   â ª¦¥ ­¥ª®â®àë¥ ¤àã£¨¥ ­¥à ¢¥­áâ¢ , ­  ª®â®àëå ®á­®¢ ­ë à¥§ã«ìâ âë xx 5, 6. �®¤
¡ §¨á­ë¬ í«¥¬¥­â®¬ bE = bEfbLi;j ; 0 � i; j � pg, p = 2N , ¡ã¤¥¬ ¯®­¨¬ âì ª¢ ¤à â u := I � I ¢
á®¢®ªã¯­®áâ¨ á® á¯¥æ¨ «ì­ë¬ ¡ §¨á®¬ äã­ªæ¨©Mu = (bLi;j ; 0 � i; j � p), ®¯à¥¤¥«¥­­ëå ­  u

bLi;j(x) = bLi(x1)bLj(x2): (2.1)

�à®áâà ­áâ¢®, ­ âï­ãâ®¥ ­  íâ¨ äã­ªæ¨¨, ¥áâì ¯à®áâà ­áâ¢® H( bE) = P(p)
x ¯®«¨­®¬®¢

bu(x) =Xui;j bLi;j(x); 0 � i; j � p; (2.2)
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á®¤¥à¦ é¥¥ ¢á¥ ¯®«¨­®¬ë áâ¥¯¥­¨ ­¥ ¢ëè¥ p ¯® ª ¦¤®© ¯¥à¥¬¥­­®© x1, x2 ¢ ®â¤¥«ì­®áâ¨. �ãáâì
A0, A1 | ¬ âà¨æë ¡¨«¨­¥©­ëå ä®à¬

(bu; bv)u = uTpA0vp; au(bu; bu) = Z
u
rbu � rbv dx = uTpA1vp; up; vp $ bu; bv; (2.3)

á®®â¢¥âáâ¢ãîé¨å ¤ ­­®¬ã ¡ §¨áã, £¤¥ á®®â­®è¥­¨ï up $ bu; vp $ bv; : : : ¯®­¨¬ îâáï ª ª ¨§®¬®à-
ä¨§¬ ¬¥¦¤ã ¯®«¨­®¬ ¬¨ bu; bv 2 P(p)

x ¨ ¢¥ªâ®à ¬¨ up = (ui;j); vp = (vi;j) : : : ¨§ IR(p+1)2 ª®íää¨æ¨-
¥­â®¢ ¨å ¯à¥¤áâ ¢«¥­¨© ¢ ¡ §¨á¥ (bLi;j). � âà¨æë A0, A1 | ¬ âà¨æ  ¬ áá ¨ ¬ âà¨æ  ¦¥áâª®áâ¨
¡ §¨á­®£® í«¥¬¥­â , á®®â¢¥âáâ¢ãîé ï § ¤ ­¨î í­¥à£¨¨ ¨­â¥£à «®¬ �¨à¨å«¥.

� ¤ «ì­¥©è¥¬ ã¤®¡­® à §¡¨âì ¡ §¨á Mu ­  ¯®¤¡ §¨áë MI , MII , MIII , á®¤¥à¦ é¨¥ á®®â-
¢¥âáâ¢¥­­® â ª ­ §ë¢ ¥¬ë¥ ¢­ãâà¥­­¨¥ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨, ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ áâ®à®­
¨ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ ¢¥àè¨­,

MI = (bLi;j ; 2 � i; j � p);

MII = (bLi;j ; i = 0; 1; j = 2; 3; : : : ; p ¨«¨ i = 2; 3; : : : ; p; j = 0; 1);

MIII = (bLi;j ; i = 0; 1 ¨ j = 0; 1):

�¡®§­ ç¨¬ ç¥à¥§ A0;0, A1;0 ¢­ãâà¥­­¨¥ ¬ âà¨æë ¬ áá, ¯®à®¦¤ ¥¬ë¥ ¬­®¦¥áâ¢®¬MI . �ç¥¢¨¤­®,
®­¨ á®®â¢¥âáâ¢ãîâ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ �¨à¨å«¥ ­  @u, ¯®áª®«ìªã äã­ªæ¨¨ ¨§
MI | íâ® äã­ªæ¨¨ ¨§ Mu, à ¢­ë¥ ­ã«î ­  @u.

�¥¬¬  2.1. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ®æ¥­ª¨:

�min(A0) � N�4; �max(A0) � 1; �min(A1;0) � 1; �max(A1;0) � N 2: (2.4)

�®ª § â¥«ìáâ¢®. (�â  «¥¬¬  ¤®ª § ­  ¢ [13], «¥¬¬  2.1.) � âà¨æë A0, A1;0 ¯à¥¤áâ ¢«ïîâáï
¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨© �à®­¥ª¥à  (¨«¨ ¯àï¬ëå ¯à®¨§¢¥¤¥­¨©)

A0 = K0 
K0; A1;0 = K1;0 
K0;0 +K0;0 
K1;0;

£¤¥ K1;0, K0;0 | ¬ âà¨æë, ¯®«ãç ¥¬ë¥ ¨§ K0, K1 ¢ëç¥àª¨¢ ­¨¥¬ ¯¥à¢ëå ¤¢ãå áâà®ª ¨ áâ®«¡æ®¢.
� á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢ ¬¨ ¯à®¨§¢¥¤¥­¨ï �à®­¥ª¥à  f�m;n(A 
 B)g = f�m(A)g � f�n(B)g ¨,
á«¥¤®¢ â¥«ì­®, ®æ¥­ª¨ á­¨§ã ¤«ï �min ¨ á¢¥àåã ¤«ï �max ¢ëâ¥ª îâ ­¥¯®áà¥¤áâ¢¥­­® ¨§ (1.8).
�¤­ ª® ®æ¥­ª  �min(A1;0) � N�2, ¯®«ãç ¥¬ ï íâ¨¬ á¯®á®¡®¬, á«¨èª®¬ £àã¡ , ¨ ¤«ï ¤®ª § â¥«ì-
áâ¢  ®æ¥­ª¨ (2.4) ­¥®¡å®¤¨¬® ¤¥©áâ¢®¢ âì ¨­ ç¥. �á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥­¨¥ K0;0 = 40+D0 (á¬.
(1.12)). �®£¤ 

�min(A1;0) = �min(K1;0 
 (40 +D0) + (40 +D0)
K1;0) � �min(K1;0 
D0 +D0 
K1;0):

� âà¨æëK1;0 ¨D0 ¤¨ £®­ «ì­ë, ¨ ¨å í«¥¬¥­âë ¢ áâà®ª¥ á ­®¬¥à®¬ i ¨¬¥îâ ¯®àï¤ª¨ i2, (i2+1)�1.
�«¥¤®¢ â¥«ì­®,

�min(A1;0) � inf
i;j

�
i2

j2 + 1
+

j2

i2 + 1

�
� 1; 2 � i; j � 2N; (2.5)

£¤¥ i ¨ j á®®â¢¥âáâ¢ãîâ ­®¬¥à ¬ ª®®à¤¨­ â­ëå äã­ªæ¨© ¢ ¬­®¦¥áâ¢¥ M. �âáî¤  ¬®¦­® § -
ª«îç¨âì, çâ® ®æ¥­ª  ¤«ï �min(A1;0), áä®à¬ã«¨à®¢ ­­ ï ¢ «¥¬¬¥, á¯à ¢¥¤«¨¢ . �«ï ¯®«ãç¥­¨ï
®æ¥­ª¨ á¢¥àåã à áá¬®âà¨¬ ¢¥ªâ®à wp ¢ IR(2N�1)2 ¢¨¤  wp = a 
 b, £¤¥ a = (ai) 2 IR(2N�1) ¨
b = (bi) 2 IR(2N�1). �®¦­® ­ ¯¨á âì

inf
up2IR(2N�1)2

uTpA1;0up

uTp up
� inf

wp

wT
p A1;0wp

wT
p wp

= inf
a;b

�
aTK1;0a

aTa

bTK0;0b

bT b
+
aTK0;0a

aTa

bTK1;0b

bT b

�
�

� 2 inf
a

aTK1;0a

aTa
sup
b

bTK0;0b

bT b
: (2.6)
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�âáî¤  ¨ ¨§ «¥¬¬ë 1.1 ¢ëâ¥ª ¥â ®æ¥­ª  á¢¥àåã ¤«ï �min(A1;0). �¨ £®­ «ì ¬ âà¨æë K0;0 á®áâ®¨â
¨§ ¥¤¨­¨æ, ¬ âà¨æ  K1;0 ¨¬¥¥â ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¯®àï¤ª  N 2, çâ® ®¡¥á¯¥ç¨¢ ¥â á¯à ¢¥¤-
«¨¢®áâì ®æ¥­ª¨ �max á­¨§ã. � á®®â¢¥âáâ¢¨¨ á ã¯®¬ï­ãâë¬ á¢®©áâ¢®¬ ¯à®¨§¢¥¤¥­¨ï �à®­¥ª¥à 
�min(A0;0) = (�min(K0;0))2,   ®æ¥­ª¨ ¤«ï �min(K0;0) ¨§¢¥áâ­ë.

� ¬¥ç ­¨¥ 2.1. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë á ­¥ª®â®àë¬¨ ª®®à¤¨­ â­ë¬¨ äã­ªæ¨ï¬¨ (á¬.,
­ ¯à., [1], [2]) ¯®ª § «¨, çâ® ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ «®ª «ì­®© ¬ âà¨æë ¦¥áâª®áâ¨ à áâ¥â ª ª
O(p3) ¨«¨ O(p4). �«ï ª®®à¤¨­ â­ëå äã­ªæ¨©, ¯à¥¤« £ ¥¬ëå §¤¥áì, ¢ á®®â¢¥âáâ¢¨¨ á ¯à¨¢¥¤¥­-
­®© ¢ëè¥ «¥¬¬®©, íâ® ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¥áâì O(p2). �¨á«  ®¡ãá«®¢«¥­­®áâ¨ ¤«ï ¬ âà¨æ
¦¥áâª®áâ¨ ¨ ¬ âà¨æ ¬ áá ª¢ ¤à â­ëå í«¥¬¥­â®¢, ¯®à®¦¤¥­­ëå â¥¬¨ ¦¥ (á â®ç­®áâìî ¤® áª -
«ïà­ëå ¬­®¦¨â¥«¥©) ª®®à¤¨­ â­ë¬¨ äã­ªæ¨ï¬¨, ¡ë«¨ ­¥¤ ¢­® ¨áá«¥¤®¢ ­ë ¢ [31] ¯à¨ £à ­¨ç-
­ëå ãá«®¢¨ïå �¨à¨å«¥ ( ­ «®£¨ç­ë¥ ¨áá«¥¤®¢ ­¨ï ¯à¥¤¯à¨­ïâë ¢ «¥¬¬¥ 2.1). �®á«¥ ¯à¥¤®¡-
ãá« ¢«¨¢ ­¨ï ¯à¨ ¯®¬®é¨ ¤¨ £®­ «ì­®© ¬ âà¨æë ¡ë«¨ ¯®«ãç¥­ë â¥ ¦¥ ¯® ¯®àï¤ªã £à ­¨æë
á¯¥ªâà , çâ® ¨ (2.4). �§ «¥¬¬ë 2.1 ¢ëâ¥ª ¥â, çâ® íâ® ¯à¥¤®¡ãá« ¢«¨¢ ­¨¥ ­¥ ï¢«ï¥âáï ­¥®¡å®-
¤¨¬ë¬. �«¥¤ã¥â â ª¦¥ ®â¬¥â¨âì, çâ® ¢¢¥¤¥­¨¥ ¨á¯®«ì§®¢ ­­ëå §¤¥áì ¡ §¨á®¢ ¨¬¥«® æ¥«ìî ¨,
ª ª ®ª § «®áì, ¤¥©áâ¢¨â¥«ì­® ¯®§¢®«ï¥â ¯à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¯à¨ ¯®¬®é¨ ¯à®áâ¥©è¨å á¥â®ç­ëå
®¯¥à â®à®¢,  ­ «®£¨ç­ëå à §­®áâ­ë¬ (á¬. (5.4)).

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì­ë¥ ­¥à ¢¥­áâ¢ , ®â­®áïé¨¥áï ª ¯à¥¤®¡ãá« ¢«¨¢ ­¨î ¬ -
âà¨æë ¦¥áâª®áâ¨ A1,   â ª¦¥, ª ª íâ® ¡ã¤¥â ¯®ª § ­® ¢ x5, ¨ ª ¯à¥¤®¡ãá« ¢«¨¢ ­¨î ���
£«®¡ «ì­®© ¬ âà¨æë ¦¥áâª®áâ¨.

�¥¬¬  2.2. �ãáâì bu 2 H( bE) ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ bu = buI + buII + buIII , £¤¥ buL 2 spanML,

L = I; II; III ¨

a(v; w) =
Z
u
rv � rw dx:

�®£¤ 

c1
1 + log p

[a(buI + buII ; buI + buII) + a(buIII ; buIII)] � a(bu; bu) =
= a(bu; bu) � 2[a(buI + buII ; buI + buII) + a(buIII ; buIII)] (2.7)

á  ¡á®«îâ­®© ¯®áâ®ï­­®© c1.

�®ª § â¥«ìáâ¢®. �à ¢®¥ ­¥à ¢¥­áâ¢® | ­¥à ¢¥­áâ¢® â¨¯  �®è¨. �¥¢®¥ ­¥à ¢¥­áâ¢® (2.7)
¯®çâ¨ ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  2.1 ([1]). �«ï «î¡®£® ¯®«¨­®¬  u(x) 2 Pp;x ¨ x 2 I

ju(x)j � C(1 + log
1
2 p)kuk 1

2 ;I
(2.8)

á  ¡á®«îâ­®© ¯®áâ®ï­­®© C. �â  ®æ¥­ª   á¨¬¯â®â¨ç¥áª¨ ­¥ã«ãçè ¥¬ , â.¥. áãé¥áâ¢ã¥â

â ª ï ¯®áâ®ï­­ ï c, ¨ ¤«ï «î¡®£® p � 2 áãé¥áâ¢ã¥â â ª®© ¯®«¨­®¬ vp 2 Pp;x, çâ® kvpk 1
2 ;I
� c,

  jvp(�1)j � log
1
2 p.

�à®¤®«¦¨¬ â¥¯¥àì ¤®ª § â¥«ìáâ¢® «¥¬¬ë 2.2. �¬¥¥¬

a(buI + buII ; buI + buII) = a(bu� buIII ; bu� buIII) � 2(a(bu; bu) + a(buIII ; buIII)); ¯®íâ®¬ã
a(buI + buII ; buI + buII) + a(buIII ; buIII) � 2a(bu; bu) + 3a(buIII ; buIII): (2.9)

�®áª®«ìªã buIII ¡¨«¨­¥©­ , ¥¥ ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ¢ ®¤­®© ¨§ ¢¥àè¨­ x = (�1;�1) ª¢ ¤à â  u,
¨ ¢ íâ¨å â®çª å buIII = bu(x). �«¥¤®¢ â¥«ì­®, a(buIII ; buIII) � c2max ju(x)j2, £¤¥ ¬ ªá¨¬ã¬ ¡¥à¥âáï
¯® x = (�1;�1), ®âªã¤ , ¯à¨¬¥­ïï (2.8) ¨ â¥®à¥¬ã ® á«¥¤ å ¨§ [1], ¯®«ãç¨¬

a(buIII ; buIII) � c2c3(1 + log p)kbuk21
2 ;
i

� c4c2c3(1 + log p)kbuk21;u;
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£¤¥ 
j , j = 1; : : : ; 4, | áâ®à®­ë u,   
i | áâ®à®­ , ¯à¨«¥£ îé ï ª â®© ¢¥àè¨­¥, £¤¥ buIII ¤®áâ¨£ -
¥â á¢®¥£® ¬ ªá¨¬ã¬ . �á¯®«ì§ãï â¥¯¥àì à ááã¦¤¥­¨ï â¨¯  «¥¬¬ë �à ¬¡« {�¨«ì¡¥àâ , ¬®¦¥¬
­ ¯¨á âì

a(buIII ; buIII) � c(1 + log p)jbuj21;u � c(1 + log p)a(bu; bu); (2.10)

£¤¥ c|  ¡á®«îâ­ ï ¯®áâ®ï­­ ï. �®¬¡¨­¨àãï íâã ®æ¥­ªã á (2.9), ¯®«ãç¨¬ «¥¢ãî ç áâì (2.7). �

� ¬¥ç ­¨¥ 2.2. �¥¬¬  2.2 ®áâ ¥âáï á¯à ¢¥¤«¨¢®©, ¥á«¨ ¡¨«¨­¥©­ ï ä®à¬  a(u; v) á®¤¥à¦¨â
¨­â¥£à « ®â uv.

� ¬¥ç ­¨¥ 2.3. � p-¢¥àá¨¨ ¨­®£¤  ¡®«¥¥ íää¥ªâ¨¢­ë¬ ï¢«ï¥âáï ¨á¯®«ì§®¢ ­¨¥ ¡ §¨á­®-
£® í«¥¬¥­â  á ¯à®áâà ­áâ¢ ¬¨ ¯®«¨­®¬®¢, ª®â®àë¥ ï¢«ïîâáï ¬¨­¨¬ «ì­ë¬¨ ¯à®áâà ­áâ¢ ¬¨
¯®«¨­®¬®¢, á®¤¥à¦ é¨å ¤«ï ¤ ­­®£® p ¯à®áâà ­áâ¢® Pp;x, ¨ ¢ â® ¦¥ ¢à¥¬ï ¤®¯ãáª îé¨¬¨
ª®®à¤¨­ â­ë¥ äã­ªæ¨¨, ­¥®¡å®¤¨¬ë¥ ¤«ï ã¤®¢«¥â¢®à¥­¨ï ãá«®¢¨ï¬ á®¢¬¥áâ­®áâ¨. �«ï ¢ë-
¡à ­­®£® â¨¯  ª®®à¤¨­ â­ëå äã­ªæ¨© íâ® ¯à¥¤¯®« £ ¥â ¨á¯®«ì§®¢ ­¨¥ ¡ §¨á­®£® í«¥¬¥­â bE0 = bE0fu; bLi;j 2Mpg, £¤¥

Mp =MI;p [MII [MIII ; MI;p := (bLi;j ; 2 � i; j; (i+ j) � p):

� ª¨¬ ®¡à §®¬, ¤«ï § ¤ ­­®£® p ¡ §¨á Mp ®â«¨ç ¥âáï ®â ¡ §¨á  Mu â®«ìª® ¯®¤¬­®¦¥áâ¢®¬
MI;p 6=MI ¢­ãâà¥­­¨å äã­ªæ¨©,   ¯®¤¬­®¦¥áâ¢  ª®®à¤¨­ â­ëå äã­ªæ¨© áâ®à®­ ¨ ¢¥àè¨­ á®-
¢¯ ¤ îâ. �à®áâà ­áâ¢® ¯®«¨­®¬®¢ H( bE0) = spanMp, ª®â®à®¥ ¡ã¤¥¬ ®¡®§­ ç âì P [p]

x , ¯®à®¦¤ ¥â
í«¥¬¥­â bE0. �«ï íâ®£® í«¥¬¥­â  ¯®«ãç¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë â ª¦¥ á¯à ¢¥¤«¨¢ë. � ç áâ­®áâ¨,
¡« £®¤ àï ¢ª«îç¥­¨ï¬

M(bp=2c)
u �Mp �M(p)

u ;

£¤¥ ¤«ï § ¤ ­­®£® p ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥M(p)
u ¢¬¥áâ®Mu, á®åà ­ï¥âáï «¥¬¬  2.1. �¥¬¬ 

2.2 â ª¦¥ á¯à ¢¥¤«¨¢  ¤«ï á®®â¢¥âáâ¢ãîé¨å ¬ âà¨æ, ¯®à®¦¤¥­­ëå ¡ §¨á­ë¬ í«¥¬¥­â®¬ bE0, â.ª.
¢ ¥¥ ¤®ª § â¥«ìáâ¢¥ ª®­ªà¥â­ ï ä®à¬  ¢­ãâà¥­­¨å äã­ªæ¨© ¨ ­ âï­ãâ®£® ­  ­¨å ¯à®áâà ­áâ¢ 
­¥ ¢ ¦­ .

�ãáâì M(II), M(II;p) | ¬­®¦¥áâ¢  äã­ªæ¨©, ¯®«ãç ¥¬ë¥ ®àâ®£®­ «¨§ æ¨¥© ª®®à¤¨­ â­ëå
äã­ªæ¨© áâ®à®­ ¨§MII ¬­®¦¥áâ¢ãMI ¨«¨MI;p ¢­ãâà¥­­¨å äã­ªæ¨© á®®â¢¥âáâ¢¥­­®. �¡®§­ -
ç¨¬ ç¥à¥§ Pp;L, L = I; II; III ¯®¤¯à®áâà ­áâ¢  ¯à®áâà ­áâ¢ P(p)

x ¨«¨ P [p]
x , ­ âï­ãâë¥ ­  ¡ §¨áë

MI ,MII ,MIII ¨«¨MI;p,MII ,MIII ,   ç¥à¥§ PII = P(II), P(II;p) | ¯®¤¯à®áâà ­áâ¢ , ­ âï­ãâë¥
­ M(II), M(II;p).

� ¬¥ç ­¨¥ 2.4. �à¥¤¯®«®¦¨¬, çâ® ¢¬¥áâ® MII ¨á¯®«ì§ãîâáï ¬­®¦¥áâ¢  M(II), M(II;p).
�®£¤  ¤«ï «î¡®£® buII 2 PII

a(buII ; buII) � c(1 + log p)a(bu; bu):
�¥©áâ¢¨â¥«ì­®, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (2.10), ¬®¦­® ­ ¯¨á âì

jbuII j21;u � jbuII + buI j21;u = jbu� buIII j21;u � 2(jbuj21;u + jbuIII j21;u) � c(1 + log p)jbuj21;u;
¨, á«¥¤®¢ â¥«ì­®,

c

1 + log p

X
L=I;II;III

a(buL; buL) � a(bu; bu) � 3
X

L=I;II;III

a(buL; buL):
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3. �à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¤®¯®«­¥­¨ï �ãà  ¤«ï ª¢ ¤à â­®£® ¡ §¨á­®£®

í«¥¬¥­â 

�¡à â­ë¥ ª ¯à¥¤« £ ¥¬ë¬ £«®¡ «ì­ë¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï¬ ��� ®¯à¥¤¥«ïîâáï ¯®áà¥¤-
áâ¢®¬ ­¥¡®«ìè®£® ª®«¨ç¥áâ¢  áâ ­¤ àâ­ëå ¬ âà¨æ, á¢ï§ ­­ëå á ¢¢¥¤¥­­ë¬ ¡ §¨á­ë¬ í«¥¬¥­-
â®¬. �¤­  ¨§ â ª¨å ¬ âà¨æ ¡ã¤¥â ®¯à¥¤¥«¥­  ¢ ¤ ­­®¬ ¯ à £à ä¥. �«ï ¬ âà¨æë ¦¥áâª®áâ¨,
®¯à¥¤¥«¥­­®© ¡ §¨á­ë¬ í«¥¬¥­â®¬, à áá¬ âà¨¢ ¥âáï ¤®¯®«­¥­¨¥ �ãà , ¯®à®¦¤¥­­®¥ ª®®à¤¨-
­ â­ë¬¨ äã­ªæ¨ï¬¨ áâ®à®­, ¯®á«¥ ¨å ®àâ®£®­ «¨§ æ¨¨ ª ¢­ãâà¥­­¨¬ ª®®à¤¨­ â­ë¬ äã­ªæ¨ï¬.
�à¥¤« £ ¥âáï íää¥ªâ¨¢­ë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï íâ®£® ¤®¯®«­¥­¨ï �ãà , ª®â®àë© ­¥¯®-
áà¥¤áâ¢¥­­® ¢å®¤¨â ¢ ¢ëà ¦¥­¨¥ ¨§ x5, ®¯à¥¤¥«ïîé¥¥ £«®¡ «ì­ë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ���.

�à¥¤¯®« £ ¥âáï, çâ® ¬ âà¨æ  ¦¥áâª®áâ¨ ¡ §¨á­®£® í«¥¬¥­â , ®¡®§­ ç ¥¬ ï §¤¥áì ç¥à¥§ A,
¥áâì A = A1 ¨«¨ A = A1 +A0. �ãáâì ¬ âà¨æ  A ¯à¥¤áâ ¢«¥­  ¢ ä®à¬¥

A =

 
A(1) A

(1)
III

(A(1)
III)

T AIII

!
; A(1) =

�
AI AI;II

AII;I AII

�
; (3.1)

£¤¥ ¡«®ª¨ AI , AII , AIII á®®â¢¥âáâ¢ãîâ ¢­ãâà¥­­¨¬ ª®®à¤¨­ â­ë¬ äã­ªæ¨ï¬, ª®®à¤¨­ â­ë¬
äã­ªæ¨ï¬ áâ®à®­ ¨ ª®®à¤¨­ â­ë¬ äã­ªæ¨ï¬ ¢¥àè¨­. �¢®¤ï ¬ âà¨æã

Ad =
�
A(1) 0
0 AIII

�
;

¯¥à¥¯¨è¥¬ (2.7) ¢ ä®à¬¥

c

1 + log p
Ad � A1 � 2Ad: (3.2)

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨¬ å®à®è¨© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì, ¥á«¨ áã¬¥¥¬ ¯®«ãç¨âì å®à®è¨©
¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï ¤®¯®«­¥­¨ï �ãà , ¢®§­¨ª îé¥£® ¢ à¥§ã«ìâ â¥ ä ªâ®à¨§ æ¨¨

A(1) =
�

II 0
AII;IA

�1
I III

��
AI 0
0 SII

��
II A�1

I AI;II

0 III

�
;

SII = AII �AII;IA
�1
I AI;II :

(3.3)

�ã¤¥¬ à §ëáª¨¢ âì ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¢ ¢¨¤¥

bSII =
0BB@
S(1) 0

S(2)

S(3)

0 S(4)

1CCA ;
£¤¥ ª ¦¤ë© ¡«®ª á®®â¢¥âáâ¢ã¥â ®¤­®© ¨§ áâ®à®­ 
i. �®áª®«ìªã íâ¨ ¡«®ª¨ ¨¤¥­â¨ç­ë (¯à¨ ¯®¤-
å®¤ïé¥¬ ã¯®àï¤®ç¥­¨¨ ­¥¨§¢¥áâ­ëå), ¤®áâ â®ç­® ®¯à¥¤¥«¨âì ®¤¨­ ¨§ ­¨å. � íâ®© æ¥«ìî à á-
á¬®âà¨¬ ¯®«¨­®¬ u 2 Pp;x ­  I ¨ ¥£® ¯à¥¤áâ ¢«¥­¨ï

u(x) =
pX

i=0

ai bLi; u(x) =
pX

i=0

bix
i; u(cos �) =

pX
i=0

ci cos i�; (3.4)

  â ª¦¥ á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®àë ª®íää¨æ¨¥­â®¢ a = faig, b = fbig, c = fcig ¨ ¯à¥®¡à §®¢ ­¨ï,
á¢ï§ë¢ îé¨¥ ¨å,

Ba = b; Cb = c: (3.5)

�¥à¥§ � ®¡®§­ ç¨¬ ¬ âà¨æã � =diag [1; 2; : : : ; p+ 1]. � ¯¨áë¢ ï ¤ «¥¥ ¬ âà¨æã

bS = BTCT�CB (3.6)
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¨ ã¤ «ïï ¤¢¥ áâà®ª¨ ¨ ¤¢  áâ®«¡æ , á®®â¢¥âáâ¢ãîé¨¥ a0, a1 ¢ (3.4), ®¯à¥¤¥«¨¬ ¬ âà¨æë S(i) à -
¢¥­áâ¢®¬ bS0 = S(i). � ¬¥â¨¬, çâ® ¬ âà¨æ  bSII ®¯à¥¤¥«ï¥âáï ¥¤¨­®®¡à §­®, ª ª ¤«ï ¬ âà¨æë A(1),
á®®â¢¥âáâ¢ãîé¥© ¡ §¨á­®¬ã í«¥¬¥­âã bE , â ª ¨ ¤«ï ¬ âà¨æë A(1), á®®â¢¥âáâ¢ãîé¥© ¡ §¨á­®¬ã
í«¥¬¥­âã bE0. �¥®¡å®¤¨¬® â ª¦¥ ®â¬¥â¨âì, çâ® B, C | ¢¥àå­¨¥ âà¥ã£®«ì­ë¥ ¬ âà¨æë.

�¥®à¥¬  3.1. �ãáâì SII | ¤®¯®«­¥­¨¥ �ãà , á®®â¢¥âáâ¢ãîé¥¥ ¡ §¨á­®¬ã í«¥¬¥­âã bE,bSII ®¯à¥¤¥«¥­® ¢ëè¥. �®£¤  bSII � SII � (1 + log p)k bSII ;
£¤¥ k = 2, ¥á«¨ A = A1 +A0, k = 3, ¥á«¨ A = A1.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ à¥§ã«ìâ âë ¨§ [1], ­¥®¡å®¤¨¬ë¥ ¢ ¤ «ì-
­¥©è¥¬. �ãáâì äã­ªæ¨ï  ®¯à¥¤¥«¥­  ¨ ­¥¯à¥àë¢­  ­  @u ¨ ï¢«ï¥âáï ¯®«¨­®¬®¬ áâ¥¯¥­¨ ­¥
¢ëè¥ p ­  ª ¦¤®© ¨§ áâ®à®­ @u. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬ ¬¨ 7.5, 7.6 ¨§ [1] áãé¥áâ¢ãîâ â ª¨¥
¯à®¤®«¦¥­¨ï u 2 P(p)

x ¨ u 2 P [p]
x ­  u, çâ® uj@u =  ¨

kuk1;u � k k1=2;@u; u 2 P(p)
x ; kuk1;u � pk k1=2;@u; u 2 P [p]

x : (3.7)

�â® ¢¬¥áâ¥ á à ááã¦¤¥­¨ï¬¨ â¨¯  «¥¬¬ë �à ¬¡« {�¨«ì¡¥àâ  ¤ ¥â

juj1;u � j j1=2;@u; u 2 P(p)
x ; juj1;u � pj j1=2;@u; u 2 P [p]

x : (3.8)

�á«¥¤áâ¢¨¥ «¥¬¬ë 6.1 [1] ¤«ï ¢á¥å  2 Pp;x, x 2 I ¨¬¥¥¬
k (x)k1=2;I � k (cos �)k1=2;I� : (3.9)

�«ï ¯®¤¯à®áâà ­áâ¢  ¯®«¨­®¬®¢  2 Pp;x, x 2 I, ®¡à é îé¨åáï ¢ ­ã«ì ¢ â®çª å x = �1,
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

0k k1=2;I � c(1 + log p)k k1=2;I : (3.10)

(áà. á [1], â¥®à¥¬  6.5). � ¦¤®¬ã buII 2 Pp;II á®®â¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¢¥ªâ®à ª®íää¨æ¨¥­â®¢
ui;j (á¬. (2.2)),   bbuII 2 PII ¯®«ãç ¥âáï ¯à¨ ®àâ®£®­ «¨§ æ¨¨ buII ª ¯à®áâà ­áâ¢ã Pp;I . � «¥¥, ¯®
®¯à¥¤¥«¥­¨î ¤®¯®«­¥­¨ï �ãà 

uTIISIIuII =

(
jbbuII j21;u; ¥á«¨ A = A1;

kbbuIIk21;u; ¥á«¨ A = A1 +A0;
(3.11)

¨ ¤«ï í«¥¬¥­â  bE ¢ á¨«ã (3.7), (3.8) ¨ â¥®à¥¬ë ® á«¥¤ å

uTIISIIuII �
(
jbuII j21=2;@u; ¥á«¨ A = A1;

kbuIIk21=2;@u; ¥á«¨ A = A1 +A0:
(3.12)

� á«ãç ¥ A = A0 +A1 ¤®áâ â®ç­® ¯®ª § âì, çâ®

(1 + log p)�2kbuIIk21=2;@u � uTII
bSIIuII � kbuIIk21=2;@u: (3.13)

� íâ®© æ¥«ìî § ¬¥â¨¬, çâ®, ¨á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ ­®à¬ k � k1=2;I , 0k � k1=2;I , ®¯à¥¤¥«¥­¨¥ bSII ,
¨­â¥à¯®«¨à®¢ ­¨¥ ¬¥¦¤ã k � k0;I� ¨ k � k1;I� ,   â ª¦¥ (3.9), (3.10) ¤«ï u 2 Pp;x, x 2 I, ¯®«ãç¨¬

kbuIIk21=2;@u � 4X
i=1

0kbuk21=2;
i ;
aT bSa = cT�c � ku(cos �)k21=2;I� � kuk21=2;I ; (3.14)

(1 + log p)�10kuk1=2;I � kuk1=2;I � 0kuk1=2;I
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á a, c, á®®â¢¥âáâ¢ãîé¨¬¨ (3.4). �§ (3.14) ¢ëâ¥ª ¥â

kbuIIk21=2;@u � 4X
i=1

0kbuIIk21=2;
i � (1 + log p)2
4X

i=1

kbuIIk21=2;
i � uTII
bSIIuII ;

kbuIIk21=2;@u � 4X
i=1

kbuIIk21=2;
i � uTII
bSIIuII :

�âáî¤  ¨ ¨§ (3.12) ¯®«ãç ¥âáï (3.13). �á¯®«ì§ãï (2.8), ¬®¦­® ¤®ª § âì â ª¦¥, çâ®

kbuk1;u � (1 + log
1
2 p)jbuj1;u; ¤«ï «î¡®£® bu 2 Pp;I [ Pp;II ; (3.15)

çâ® ¯®§¢®«ï¥â ¯®«ãç¨âì ®æ¥­ª¨ â¥®à¥¬ë 3.1 ¤«ï A = A1 +A0.

�á«¨ ¯®¤ A ¯®­¨¬ ¥âáï ¬ âà¨æ  ¦¥áâª®áâ¨ ¡ §¨á­®£® í«¥¬¥­â  bE0, â® ¯à¨ k â ª¨å ¦¥, ª ª ¨
¢ â¥®à¥¬¥ 3.1, bSII � SII � (1 + log p)kp2 bSII ;
â. ª. íâ  ®æ¥­ª  | ­¥ çâ® ¨­®¥, ª ª ¯à¨¬¥­¥­¨¥ ¢â®àëå ­¥à ¢¥­áâ¢ ¢ (3.7), (3.8) ª ®¯¥à â®àã
¯à®¤®«¦¥­¨ï ¤«ï ¡ §¨á­®£® í«¥¬¥­â  bE0. �¤­ ª® ®¯â¨¬ «ì­®áâì íâ¨å ­¥à ¢¥­áâ¢ ­¥ ¤®ª § ­ .

� ¬¥ç ­¨¥ 3.1. �«ï à¥è¥­¨ï á¨áâ¥¬ë bSIIuII = f II ­¥®¡å®¤¨¬® ¢ë¯®«­¨âì ­¥ ¡®«¥¥ O(p2)
 à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨©. � ���  á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  ¢ëç¨á«¨â¥«ì­®© à ¡®âë ­¥ ãåã¤-
è ¥âáï, â.ª. à¥è¥­¨¥ á¨áâ¥¬ë A1;0u1;0 = f1;0, ¢®®¡é¥, âà¥¡ã¥â ­¥ ¬¥­ìè¥ O(p2) ®¯¥à æ¨©.

� ¬¥ç ­¨¥ 3.2. �®ï¢«¥­¨¥ ¬­®¦¨â¥«ï (1 + log p)2 ¢ ®æ¥­ª¥ â¥®à¥¬ë 3.1 ®¡êïá­ï¥âáï, ®ç¥-
¢¨¤­®, á«¥¤ãîé¨¬. �®¯®«­¥­¨¥�ãà  SII | ¬ âà¨æ  ª¢ ¤à â¨ç­®© ä®à¬ë, ª®â®à ï, ­ ¯à¨¬¥à,
¢ á«ãç ¥ A = A1 + A0 íª¢¨¢ «¥­â­  k � k21=2;@u. � ¤àã£®© áâ®à®­ë, ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï SII
¯®«ãç¥­ ª ª ¡«®ç­® ¤¨ £®­ «ì­ ï ¬ âà¨æ , ¢ ª®â®à®© ª ¦¤ë© ¡«®ª S(k) | ¬ âà¨æ  ª¢ ¤à -
â¨ç­®© ä®à¬ë, íª¢¨¢ «¥­â­®© k � k21=2;
k . �ã¬¬  íâ¨å ª¢ ¤à â®¢ ­®à¬ ­¥ íª¢¨¢ «¥­â­  k � k21=2;@u.
� x6 ¬ë à áá¬®âà¨¬ ¤àã£®© ¢ à¨ ­â ¤¥ª®¬¯®§¨æ¨¨ ¨ ¯à¥¤®¡ãá« ¢«¨¢ ­¨ï, ª®â®àë© ¯®§¢®«¨â
ã¤ «¨âì log p ¨§ ®æ¥­®ª.

� ¬¥ç ­¨¥ 3.3. �¬¥áâ® ¨á¯®«ì§®¢ ­¨ï ¢ëà ¦¥­¨ï (3.6) ¬®¦­® ¨á¯®«ì§®¢ âì ¤ «¥¥ ­¥¯®-
áà¥¤áâ¢¥­­® ¬ âà¨æã W := CB ¨ ¯®«®¦¨âì bS = W T�W . � âà¨æ  W ¢¥àå­ïï âà¥ã£®«ì­ ï, ¨
¥¥ í«¥¬¥­âë ¬®£ãâ ¡ëâì ¢ë¯¨á ­ë ï¢­®. �ëà ¦¥­¨ï ¤«ï ­¨å ¯®«ãç îâáï ¯à¨ ¯®¬®é¨ ¯à®áâëå
á®®â­®è¥­¨© (1.1) ¬¥¦¤ã ¨­â¥£à¨à®¢ ­­ë¬¨ ¯®«¨­®¬ ¬¨ �¥¦ ­¤à  eLi ¨ ¯®«¨­®¬ ¬¨ �¥¦ ­-
¤à  Li, Li�2,   â ª¦¥ ï¢­ëå ¢ëà ¦¥­¨© ¤«ï Li(cos') ç¥à¥§ âà¨£®­®¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ cos k'
¯à¨ k = 0; 2; : : : ; i ¤«ï ç¥â­ëå i ¨ k = 1; 3; : : : ; i ¤«ï ­¥ç¥â­ëå i (á¬. [32], á.1025).

� ¬¥ç ­¨¥ 3.4. �à¥¤®¡ãá« ¢«¨¢ â¥«ì bSII ¤«ï ¤®¯®«­¥­¨ï �ãà  SII ¡ë« ¯à¥¤«®¦¥­ ¨ ¨á-
á«¥¤®¢ ­ ¢ [14] (á¬. â ª¦¥ [15]). �á­®¢ ­­ë¥ ­  â ª®© ¦¥ ¨¤¥¥, ­®  «£®à¨â¬¨ç¥áª¨ ¤àã£¨¥ ¯®¤-
å®¤ë ª ¯à¥¤®¡ãá« ¢«¨¢ ­¨î ¤®¯®«­¥­¨ï �ãà , ¡ë«¨ ­ ¬¥ç¥­ë ­¥§ ¢¨á¨¬® ¢ [33]. � ç áâ­®áâ¨,
¬ë ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨¥ ­ è¥£® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ï¢­® § ¤ ­­ëå
âà¥ã£®«ì­®© ¨ ¤¨ £®­ «ì­®© ¬ âà¨æ, çâ® ®¡¥á¯¥ç¨¢ ¥â ¯à®áâ®¥ ¨ íª®­®¬¨ç­®¥ ¢ëç¨á«¥­¨¥ ®¡à â-
­®£® ª ­¥¬ã. �¬¥îâáï ¨ ¤àã£¨¥ ®â«¨ç¨ï. � è \­ ¨åã¤è¨©" ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ��� ¤«ï p-
¢¥àá¨¨ ®¡¥á¯¥ç¨¢ ¥â ®æ¥­ªã O((1+log p)3) ¤«ï ®¡®¡é¥­­®£® ç¨á«  ®¡ãá«®¢«¥­­®áâ¨ (á¬. â¥®à¥¬ã
5.1), â®£¤  ª ª ®æ¥­ª  [33] ¥áâì O((1 + log2 p)2). �«£®à¨â¬ ���, ¯à¥¤áâ ¢«¥­­ë© ¢ íâ®© áâ âì¥,
­¥ ¨á¯®«ì§ã¥â, ª ª ¢ [33], ¤¨áªà¥â­ëå £ à¬®­¨ç¥áª¨å äã­ªæ¨©, çâ®, ª ª ¯®ª § ­®, ­ ¯à¨¬¥à, ¢
[34], ¬®¦¥â ¡ëâì á«¨èª®¬ ­¥íª®­®¬¨ç­®. �ë à áá¬ âà¨¢ ¥¬ â ª¦¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ���,
¢ª«îç îé¨¥ ®¯â¨¬ «ì­®¥ ¯® ¯®àï¤ªã íª®­®¬¨ç­®¥ ¯à¥¤®¡ãá« ¢«¨¢ ­¨¥ ¤®¯®«­¥­¨ï �ãà : ®¡-
®¡é¥­­®¥ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¥áâì O(1), (á¬. â¥®à¥¬ã 6.1).
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4. p-¢¥àá¨ï á ªà¨¢®«¨­¥©­ë¬¨ ª®­¥ç­ë¬¨ í«¥¬¥­â ¬¨

� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ ¥âáï p-¢¥àá¨ï á ªà¨¢®«¨­¥©­ë¬¨, ¢®®¡é¥ £®¢®àï, ª®­¥ç­ë¬¨
í«¥¬¥­â ¬¨ ¤«ï í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ­  ¯à®¨§¢®«ì­®© ®¡« áâ¨ á ¤®áâ -
â®ç­® £« ¤ª®© £à ­¨æ¥©. � ª ç¥áâ¢¥ ¡ §¨á­ëå ¨á¯®«ì§ãîâáï ª¢ ¤à â­ë¥ í«¥¬¥­âë bE0, bE , ®¯¨-
á ­­ë¥ ¢ x2. �¬¥­­® ¤«ï p-¢¥àá¨¨, ®¯¨á ­­®© ¢ ¤ ­­®¬ ¯ à £à ä¥, ¢ xx 5, 6 ¡ã¤ãâ ¯®áâà®¥­ë
¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ��� ¨ áä®à¬ã«¨à®¢ ­ë ®á­®¢­ë¥ à¥§ã«ìâ âë ¤ ­­®© à ¡®âë. �«ï â®£®,
çâ®¡ë ­¥ § âà £¨¢ âì å®à®è® ¨áá«¥¤®¢ ­­ë¥ ¢®¯à®áë  ¯¯à®ªá¨¬ æ¨¨ ªà¨¢®«¨­¥©­ëå £à ­¨æ ¨
£à ­¨ç­ëå ãá«®¢¨©,   â ª¦¥ ¨å ¢«¨ï­¨ï ­  ¯®£à¥è­®áâì (á¬. [35], [36]), ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ���
á â®ç­ë¬ ¢®á¯à®¨§¢¥¤¥­¨¥¬ £à ­¨æë. � ª¨¥ ��� ¯®«ãç îâáï ¯à¨ ¯®¬®é¨ â¥å­¨ª¨, ¯à¥¤«®¦¥­-
­®© ¢ [35]. �¤­ ª®, á«¥¤ãï [35], ¢á¥ à¥§ã«ìâ âë ¬®¦­® «¥£ª® à á¯à®áâà ­¨âì ¨ ­  á«ãç ©, ª®£¤ 
£à ­¨æ   ¯¯à®ªá¨¬¨à®¢ ­  á ¤®áâ â®ç­®© â®ç­®áâìî ªãá®ç­®-¯®«¨­®¬¨ «ì­®© ªà¨¢®©. �à®¬¥
â®£®, ¢ íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ ­¥à ¢¥­áâ¢ , ®âà ¦ îé¨¥ á¯¥ª-
âà «ì­ãî íª¢¨¢ «¥­â­®áâì ª®­¥ç­®í«¥¬¥­â­®© ¬ âà¨æë §­ ç¨â¥«ì­® ¡®«¥¥ ¯à®áâ®© ¬ âà¨æ¥.
�â¨ ­¥à ¢¥­áâ¢  ¯à¨¬¥­ïîâáï ¢ x5 ª ª ¢á¯®¬®£ â¥«ì­ë¥ ¯à¨ ¯®«ãç¥­¨¨ £à ­¨æ ®¡®¡é¥­­®£®
á¯¥ªâà  ¤«ï ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ���.

� áá¬®âà¨¬ § ¤ çã �¨à¨å«¥ ¤«ï í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¢ ¯à®¨§¢®«ì­®©
®¡« áâ¨ á ¤®áâ â®ç­® £« ¤ª®© £à ­¨æ¥©. �á¯®«ì§ã¥âáï ®¡®¡é¥­­ ï ä®à¬ã«¨à®¢ª  íâ®© § ¤ ç¨:

­ ©â¨ â ªãî äã­ªæ¨î u 2 o

W 1
2(
), çâ®

a
(u; v) � (f; v) = 0 ¤«ï ¢á¥å v 2 o

W 1
2(
); (4.1)

£¤¥ ¤«ï ¯à®áâ®âë ¯à¥¤¯®« £ ¥âáï, çâ® ¡¨«¨­¥©­ ï ä®à¬  á¨¬¬¥âà¨ç­  ¨ ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨ï¬

a
(w; v) � �2kwk1;
kvk1;
;
a
(v; v) � �1kvk21;
 ¤«ï ¢á¥å w; v 2 o

W 1
2(
)

(4.2)

á ­¥ª®â®àë¬¨ ¯®«®¦¨â¥«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ �1, �2. �ãáâì x = x(r)(y) : u 7! ur | ­¥¢ëà®-
¦¤¥­­®¥ ®â®¡à ¦¥­¨¥ u ­  ­¥ª®â®àë©, ¢®®¡é¥ £®¢®àï, ªà¨¢®«¨­¥©­ë© ç¥âëà¥åã£®«ì­¨ª ur,  
y = y(r)(x) : ur 7! u | ®¡à â­®¥ ®â®¡à ¦¥­¨¥. �â¨ ®â®¡à ¦¥­¨ï å à ªâ¥à¨§ãîâáï ª®íää¨æ¨¥­-
â ¬¨ � ¬¥

H
(r)
k (y) =

� X
l=1;2

�
@x

(r)
l

@yk

�2�1=2

¨ �(r) | ã£«®¬ ¬¥¦¤ã «¨­¨ï¬¨ y(r)k (x) = const, k = 1; 2, ­  ¯«®áª®áâ¨ ¯¥à¥¬¥­­ëå x. �®¤ ¢¥àè¨-
­ ¬¨ ¨ áâ®à®­ ¬¨ ur ¡ã¤¥¬ ¯®­¨¬ âì ®¡à §ë ¢¥àè¨­ ¨ áâ®à®­ u.

�à¥¦¤¥ ¢á¥£® áä®à¬ã«¨àã¥¬ à¥§ã«ìâ âë, ¨§ ª®â®àëå á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¤®áâ â®ç­®
¬ «®£® ¯ à ¬¥âà  á¥âª¨ h � h0 ®¡« áâì 
 ¬®¦­® à §¡¨âì ­  O(h�2) ªà¨¢®«¨­¥©­ëå ç¥âëà¥å-
ã£®«ì­¨ª®¢, ã¤®¢«¥â¢®àïîé¨å ®¯à¥¤¥«¥­­ë¬ ãá«®¢¨ï¬ à¥£ã«ïà­®áâ¨.

�¡®§­ ç¨¬ ç¥à¥§ C(t) ª« áá £à ­¨æ, á®áâ®ïé¨å ¨§ ª®­¥ç­®£® ç¨á«  t à § ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ëå ªà¨¢ëå, ã£«ë ¯¥à¥á¥ç¥­¨ï ª®â®àëå ­  @
 ®â¤¥«¥­ë ®â 0 ¨ 2�.

�¥¬¬  4.1. �ãáâì @
2 C(t), t � 2 ¨ h > 0 ¤®áâ â®ç­® ¬ «®. �®£¤  ®¡« áâì 
 ¬®¦¥â ¡ëâì

â ª ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ®¡ê¥¤¨­¥­¨ï Sh, ªà¨¢®«¨­¥©­ëå, ¢®®¡é¥ £®¢®àï, ç¥âëà¥åã£®«ì­¨ª®¢ ur,

çâ®


 = [rur; r = 1; 2; : : : ;R; R = O(h�2);
¨

a) ur1 \ ur2 ¤«ï «î¡ëå r1 6= r2 ¯ãáâ® ¨«¨ á®¢¯ ¤ ¥â á ¢¥àè¨­®© ¨«¨ áâ®à®­®©, ®¡é¥© ¤«ï

ur1 ¨ ur2,

b) â®çª¨, à §¤¥«ïîé¨¥ t à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ç áâ¨ @
, á®¤¥à¦ âáï ¢ ¬­®-

¦¥áâ¢¥ ¢¥àè¨­ ç¥âëà¥åã£®«ì­¨ª®¢,
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c) áãé¥áâ¢ãîâ ­¥¢ëà®¦¤¥­­ë¥ (t�1) à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ á®¢¬¥áâ­ë¥ ®â®-
¡à ¦¥­¨ï x = x(r)(y) : u 7! ur, ¤«ï ª®â®àëå

�(1)h � H
(r)
k � h; � � �(r) � � � �; 0 < �(1); � = const;

jDq
yx

(r)(y)j � chjqj; 2 � jqj � t; ¤«ï «î¡®£® y 2 u
(4.3)

á ¯®«®¦¨â¥«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ �(1), �, c § ¢¨áïé¨¬¨ â®«ìª® ®â @
, t := t� 1.

�®ª § â¥«ìáâ¢®. � áãé­®áâ¨, íâ  «¥¬¬  | á«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢ [35] (á¬. â ª¦¥ [36]),
¨ ¯®â®¬ã ¤®ª § â¥«ìáâ¢® ¤ ¥âáï ªà âª®. � á®®â¢¥âáâ¢¨¨ á à¥§ã«ìâ â ¬¨ [35], [36] (á¬. â ª¦¥
«¥¬¬ã 1 ¨ ¯®áâà®¥­¨¥ ª®­¥ç­®í«¥¬¥­â­ëå ¯à®áâà ­áâ¢ Hh;p(
) ¢ ([37], á. 1216{1217)) áãé¥áâ¢ã¥â
à §¡¨¥­¨¥ 
 ­  âà¥ã£®«ì­¨ª¨ �r, r = 1; 2; : : : ; R, R = O(h�2), ªà¨¢®«¨­¥©­ë¥ ¢¡«¨§¨ £à ­¨æë ¨
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬,  ­ «®£¨ç­ë¬ a){c). � ç áâ­®áâ¨, ®â®¡à ¦¥­¨ï x = ex(r)(�) : � 7! �r,
£¤¥ � = f� j 0 < �1; �2; �1+ �2 < 1g | ¡ §¨á­ë© âà¥ã£®«ì­¨ª, ®¯à¥¤¥«¥­ë ï¢­®. �â¨ ®â®¡à ¦¥­¨ï
¨¬¥îâ ¯à®áâ®© ¢¨¤ (á¬. [37], á. 1216) ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬,  ­ «®£¨ç­ë¬ (4.3). � ¦¤ë©
âà¥ã£®«ì­¨ª �r ¤¥«¨âáï ­  âà¨ ç¥âëà¥åã£®«ì­¨ª  �kr , k = 1; 2; 3. � íâ®© æ¥«ìî ¯®¤¥«¨¬ � ­  âà¨
ç¥âëà¥åã£®«ì­¨ª  �(k) ¯àï¬ë¬¨, á®¥¤¨­ïîé¨¬¨ æ¥­âà âï¦¥áâ¨ � á á¥à¥¤¨­ ¬¨ ¥£® áâ®à®­, ¨
¯®«®¦¨¬ �kr = ex(r)(�(k)). �¥à¥®¡®§­ ç ï ç¥âëà¥åã£®«ì­¨ª¨ �kr , r = 1; 2; : : : ; R, k = 1; 2; 3, ç¥à¥§
ur, r = 1; 2; : : : ;R, R = 3R, ¯®«ãç¨¬ à §¡¨¥­¨¥ Sh. �¥¯¥àì ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨ï x = x(r)(y) :

u 7! ur. �à¥¤¯®«®¦¨¬, çâ® � = �
(k)
(y) : u 7! �

(k)
| ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥. �®£¤ , ¤«ï â ª¨å

r, r, k, çâ® ur = �(k)r , ¯à¨¬¥¬ x(r)(y) = ex(r)(�(k)(y)). �à¨ íâ®¬ c) ¢ë¯®«­¥­®, â.ª. ®­® ¢ë¯®«­¥­®

¢ ­¥áª®«ìª® ãá¨«¥­­®¬ ¢¨¤¥ ¤«ï ex(r)(y) (á¬. (7.37), (7.38) ¢ [36]),   ®â®¡à ¦¥­¨ï � = �
(k)
(y)

¡¨«¨­¥©­ë¥, â.¥. ä¨ªá¨à®¢ ­­ë¥ ¨ £« ¤ª¨¥.

� ¬¥ç ­¨¥ 4.1. �á«®¢¨ï (4.3), ª®â®àë¥ ­ §ë¢ ¥¬ ®¡®¡é¥­­ë¬¨ ãá«®¢¨ï¬¨ ª¢ §¨à ¢­®¬¥à-
­®áâ¨, ¨¬¥îâ ¯à®áâ®© á¬ëá« (á¬. [36], 7.2). �à¨ h ! 0, t � 2 ãá«®¢¨¥ ¢® ¢â®à®© áâà®ª¥ (4.3)
¢ëà ¦ ¥â â®â ä ªâ, çâ® ®â®¡à ¦¥­¨¥ x = x(r)(y) ¯à¨¡«¨¦ ¥âáï ª «¨­¥©­®¬ã [36]. �á«®¢¨¥ ¢
¯¥à¢®© áâà®ª¥ á â®ç­®áâìî ¤® ¢¥«¨ç¨­ ¢ëá®ª®£® ¯®àï¤ª  á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ ­  áâ®à®­ë ¨
ã£«ë ç¥âëà¥åã£®«ì­¨ª®¢. �â¨ ãá«®¢¨ï ¯à¨ ¤®áâ â®ç­® ¬ «®¬ h ¬®£ãâ ¡ëâì â ª¦¥ ¢ëà ¦¥­ë ¢
â¥à¬¨­ å ¢¯¨á ­­ëå ¨ ®¯¨á ­­ëå ®ªàã¦­®áâ¥© ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¤àã£¨¥ ãá«®¢¨ï ¢ë¯®«-
­ïîâáï ¯® ªà ©­¥© ¬¥à¥ ¤«ï t = 2. �®¤ç¥àª­¥¬, çâ® ¢ ¤ «ì­¥©è¥¬ ¯®âà¥¡ãîâáï ­¥à ¢¥­áâ¢ 
â®«ìª® ¨§ ¯¥à¢®© áâà®ª¨ (4.3), ª®â®àë¥ ç áâ® ¬®¦­® ã¤®¢«¥â¢®à¨âì ¨ ¢ á«ãç ¥, ª®£¤  @
2 C(1).

� ¬¥ç ­¨¥ 4.2. �«ï ­ è¨å æ¥«¥© ¤®áâ â®ç­® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ à §¡¨¥­¨ï Sh, ¨ ¬ë
¢ë¡à «¨ §¤¥áì á ¬ë© ¯à®áâ®© ¯ãâì. �  ¯à ªâ¨ª¥ ¤«ï ¯®áâà®¥­¨ï Sh ç áâ® ¬®¦­® ¯à¨¬¥­ïâì
¡®«¥¥ ¯àï¬ë¥ á¯®á®¡ë, ¯à¨¢®¤ïé¨¥ ª ª¢ §¨à ¢­®¬¥à­ë¬ à §¡¨¥­¨ï¬ «ãçè¥© áâàãªâãàë. �­®-
£¤  íâ¨ á¯®á®¡ë ¯®§¢®«ïîâ § ¬¥­¨âì ãá«®¢¨¥ 2 � jqj < t ¢® ¢â®à®© áâà®ª¥ (4.3) ­  2 � jqj � t.
�¤­ ª® íâ¨ à áá¬®âà¥­¨ï ­¥ ï¢«ïîâáï æ¥«ìî ¤ ­­®© à ¡®âë.

� ¬¥ç ­¨¥ 4.3. �¥ ®¯à¥¤¥«ï¥¬ áâà®£®, çâ® ¯®­¨¬ ¥âáï ¯®¤ á®¢¬¥áâ­®áâìî ®â®¡à ¦¥­¨©
x = x(r)(y) : u 7! ur, ¯®áª®«ìªã íâ® ¯à¥¤áâ ¢«ï¥âáï ¤®áâ â®ç­® ®ç¥¢¨¤­ë¬. �ªà âæ¥, á®¢¬¥áâ­ë¥
®â®¡à ¦¥­¨ï | íâ® â ª¨¥ ®â®¡à ¦¥­¨ï, ª®â®àë¥ ®¯à¥¤¥«ïîâ á®¢¬¥áâ­ë¥ ª®­¥ç­ë¥ í«¥¬¥­âë,
¥á«¨ ¡ §¨á­ë¥ í«¥¬¥­âë á®¢¬¥áâ­ë.

�  ª ¦¤®¬ ç¥âëà¥åã£®«ì­¨ª¥ ur ®¯à¥¤¥«¨¬ ª®­¥ç­ë© í«¥¬¥­â Er,  áá®æ¨¨à®¢ ­­ë© ¯à¨
¯®¬®é¨ ®â®¡à ¦¥­¨ï x = x(r)(y) : u 7! ur á ¡ §¨á­ë¬ í«¥¬¥­â®¬ bE0 ¨«¨ bE . � ª¨¬ ®¡à §®¬,
®¯à¥¤¥«ïîâáï ¤¢  ª®­¥ç­®í«¥¬¥­â­ëå ¯à®áâà ­áâ¢ 

H(
) = feu j eu 2 C(
); eu(x(r)(y)) 2 P [p]
y ; y 2 u; r = 1; 2; : : : ;Rg

¨«¨

H(
) = feu j eu 2 C(
); eu(x(r)(y)) 2 P(p)
y ; y 2 u; r = 1; 2; : : : ;Rg:
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�¢¥¤¥¬ â ª¦¥ ¯®¤¯à®áâà ­áâ¢ 

H0(
) = H(
) \ o

W 1
2(
): (4.4)

� âà¨æ  K ¨ ¢¥ªâ®à f ª®­¥ç­®í«¥¬¥­â­®© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

Ku = f (4.5)

¤«ï § ¤ ç¨ (4.1) ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨

(v;Kw) = a
(ev; ew);
(f; w) = (f; ew)
 ¤«ï «î¡ëå ev; ew 2 H0(
);

(4.6)

£¤¥ (�; �) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ IRN . �¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ ¨§®¬®àä¨§¬ v $ ev, w $ ew
ãáâ ­ ¢«¨¢ ¥âáï ¢¢¥¤¥­¨¥¬ ¡ §¨á  ¢ H(
), ª®â®àë© ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ (�(i)), i = 1; 2; : : : ;N ,
£¤¥ R(p� 1)2 � N � R(p+1)2. � ª ®¡ëç­®, ®¯à¥¤¥«¨¬ ¥£® ¢ë¡®à®¬ ¡ §¨á­®£® í«¥¬¥­â , â.¥. �(i)

â ª®¢ , çâ® ¤«ï «î¡®£® r äã­ªæ¨ï �(i)(x(r)(y)) ­  u à ¢­  ­ã«î ¨«¨ ®¤­®© ¨§ äã­ªæ¨© ¡ §¨á Mp

¨«¨Mu ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¡®à  ¡ §¨á­®£® í«¥¬¥­â . � §¨á � := (�(i)) ¢­®¢ì ¬®¦¥¬ à §¡¨âì ­ 
âà¨ ¯®¤¬­®¦¥áâ¢  �I , �II , �III , á®áâ®ïé¨å ¨§ ¢­ãâà¥­­¨å äã­ªæ¨© (ª ¦¤ ï ®â«¨ç­  ®â ­ã«ï ­ 
®¤­®¬ í«¥¬¥­â¥), ª®®à¤¨­ â­ëå äã­ªæ¨© áâ®à®­ (ª ¦¤ ï ®â«¨ç ¥âáï ®â ­ã«ï á ¬®¥ ¡®«ìè¥¥ ­ 
®¡ê¥¤¨­¥­¨¨ ¯ àë á¬¥¦­ëå í«¥¬¥­â®¢) ¨ ª®®à¤¨­ â­ëå äã­ªæ¨© ¢¥àè¨­ ¨«¨ ã§«®¢ëå äã­ªæ¨©
á®®â¢¥âáâ¢¥­­®. �§«®¢ ï äã­ªæ¨ï ¬®¦¥â ®â«¨ç âìáï ®â ­ã«ï á ¬®¥ ¡®«ìè¥¥ ­  §¢¥§¤¥ í«¥¬¥­â®¢,
¨¬¥îé¨å ®¡éãî ¢¥àè¨­ã. �¯®àï¤®ç¨¬ ­¥¨§¢¥áâ­ë¥ ¨ £ «�¥àª¨­áª¨¥ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨
¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢, ¨ ¯ãáâì !0 = fi = 1; 2; : : : ;Ng | ¬­®¦¥áâ¢® á®®â¢¥âáâ¢ãîé¨å
­®¬¥à®¢. �«ï ª ¦¤®£® í«¥¬¥­â  Er ¬®¦­® ¢¢¥áâ¨ ¯®¤¬­®¦¥áâ¢  !I;r, !II;r, !III;r ¬­®¦¥áâ¢  !0,
á®®â¢¥âáâ¢ãîé¨¥ ¢­ãâà¥­­¨¬, £à ­¨ç­ë¬ ¨ ã£«®¢ë¬ ­¥¨§¢¥áâ­ë¬, ¨ ­ àï¤ã á ­¨¬¨ ®¡ê¥¤¨­¥­¨ï

!L =
[
r

!L;r; L = I; II; III;

£¤¥ NL := card!L, L = I; II; III.
�ä®à¬ã«¨àã¥¬ ¢á¯®¬®£ â¥«ì­ë© à¥§ã«ìâ â, ­  ª®â®à®¬ ¡ §¨àã¥âáï  ­ «¨§ ¯à¥¤®¡ãá« ¢«¨-

¢ â¥«ï ��� ¤«ï ¬ âà¨æë K, ¯®áâà®¥­­®© ¢ x5. �¢¥¤¥¬ ¬ âà¨æã �p;h, ­ ¬­®£® ¡®«¥¥ ¯à®áâãî,
ç¥¬ ¬ âà¨æ  K, ­® á¯¥ªâà «ì­® íª¢¨¢ «¥­â­ãî K. �ã¤¥¬ ¨á¯®«ì§®¢ âì íâã ¬ âà¨æã ª ª ¯à®¬¥-
¦ãâ®ç­ãî ¤«ï áà ¢­¥­¨ï á¯¥ªâà®¢ ¬ âà¨æë K ¨ ¥¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ���. �à¥¤¯®«®¦¨¬,
çâ® ¤«ï «î¡®£® ª®­¥ç­®£® í«¥¬¥­â  ¢¢¥¤¥­  ¤®¯®«­¨â¥«ì­® ¬ âà¨æ  ¦¥áâª®áâ¨ A(r), ª®â®à ï
¯à¨ «®ª «ì­®© ­ã¬¥à æ¨¨ ­¥¨§¢¥áâ­ëå á®¢¯ ¤ ¥â á ¬ âà¨æ¥© ¦¥áâª®áâ¨ ¡ §¨á­®£® í«¥¬¥­â ,
â.¥. A(r) = A = A1 + h2A0 ¤«ï ¢á¥å r = 1; 2; : : : ;R. �¤¥áì A0, A1 | ¬ âà¨æë, ®¯à¥¤¥«¥­­ë¥ ¢ x2.
�¥à¥§ �p;h ®¡®§­ ç¨¬ ¬ âà¨æã, ¯®«ãç ¥¬ãî ¨§ ¬ âà¨æ \¦¥áâª®áâ¨" A(r) = A , r = 1; 2; : : : ;R,
¢ à¥§ã«ìâ â¥ ¯à®æ¥¤ãàë á¡®àª¨, á®®â¢¥âáâ¢ãîé¥© ª®­ä¨£ãà æ¨¨ à §¡¨¥­¨ï Sh, ®¡ëç­®© ¤«ï
¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢. �®¤ç¥àª­¥¬, çâ® ¬ âà¨æ  �p;h § ¢¨á¨â â®«ìª® ®â áâ ­¤ àâ­®© ¬ -
âà¨æë A ¨ à §¡¨¥­¨ï Sh ®¡« áâ¨ 
. �ã¤¥¬ á®åà ­ïâì ®¡®§­ ç¥­¨¥ �p;h ¨ ¢ â¥å á«ãç ïå, ª®£¤ 
¨á¯®«ì§ã¥âáï A = A1.

�à¥¤áâ ¢«ïï �p;h ¢ ¡«®ç­®¬ ¢¨¤¥

�p;h =

0@ �I �I;II �I;III

�II;I �II �II;III

�III;I �III;II �III

1A (4.7)

á ¤¨ £®­ «ì­ë¬¨ ¡«®ª ¬¨, á®®â¢¥âáâ¢ãîé¨¬¨ ¢­ãâà¥­­¨¬ ¯¥à¥¬¥­­ë¬, ¯¥à¥¬¥­­ë¬ áâ®à®­ ¨
¯¥à¥¬¥­­ë¬ ¢¥àè¨­, ®¯à¥¤¥«¨¬ ¬ âà¨æã

e�p;h :=

0@� �I �I;II

�II;I �II

�
0

0 �III

1A =:
�
�(I) 0
0 �III

�
: (4.8)
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�¥¬¬  4.2. �ãáâì ¢ë¯®«­¥­ë (4:2) ¨ ãá«®¢¨ï «¥¬¬ë 4:1,   K | ¬ âà¨æ  ¦¥áâª®áâ¨

¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï á«ãç ï £à ­¨ç­ëå ãá«®¢¨© �¨à¨å«¥ (¨«¨ �¥©¬ ­ ). �®£¤ 

c1�1�p;h � K � c2�2�p;h;bc1�1
1 + log p

e�p;h � K � bc2�2e�p;h

(4.9)

á ¯®«®¦¨â¥«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ ck, bck, § ¢¨áïé¨¬¨ â®«ìª® ®â �(1), �.

� ¬¥â¨¬, çâ® �2 ¢ (4.9), ¢ á«ãç ¥, ª®£¤  A = A1, á®®â¢¥âáâ¢ã¥â ­¥à ¢¥­áâ¢ã a
(v; w) �
�2jvj1;
jwj1;
 8v; w 2

o

W 1
2(
), íª¢¨¢ «¥­â­®¬ã ¯¥à¢®¬ã ­¥à ¢¥­áâ¢ã ¢ (4.2).

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ «¥¬¬¥ 4.2 ¨á¯®«ì§ã¥âáï â® ¦¥ ®¡®§­ ç¥­¨¥
K ¤«ï ª®­¥ç­®í«¥¬¥­â­®© ¬ âà¨æë, ¯®«ãç¥­­®© ¯à¨ £à ­¨ç­ëå ãá«®¢¨ïå �¥©¬ ­ , çâ® ¨ ¤«ï
¬ âà¨æë, ®¯à¥¤¥«¥­­®© á®®â­®è¥­¨¥¬ (4.6) ¯à¨ £à ­¨ç­ëå ãá«®¢¨ïå �¨à¨å«¥. �®ª § â¥«ìáâ¢®
®¡ëç­® ¤«ï ­¥à ¢¥­áâ¢ í­¥à£¥â¨ç¥áª®© íª¢¨¢ «¥­â­®áâ¨, ®á­®¢ ­­ëå ­  ­¥à ¢¥­áâ¢ å í­¥à£¥â¨-
ç¥áª®© íª¢¨¢ «¥­â­®áâ¨ ¤«ï ¡ §¨á­®© ª®­ä¨£ãà æ¨¨, ãá«®¢¨ïå í««¨¯â¨ç­®áâ¨ ¨ ­¥¯à¥àë¢­®áâ¨
¡¨«¨­¥©­®© ä®à¬ë a
(w; v),   â ª¦¥ ­  ãá«®¢¨ïå ®¡®¡é¥­­®© ª¢ §¨à ¢­®¬¥à­®áâ¨. �¥à¢®¥ ¢ë-
à ¦¥­® ¢ ­¥à ¢¥­áâ¢ å (2.7), (3.2), ¢â®à®¥ | ¢ ­¥à ¢¥­áâ¢¥ (4.2) , âà¥âì¥ | ¢ ­¥à ¢¥­áâ¢¥ (4.3).
�®ª § â¥«ìáâ¢® áå®¤­®, ­ ¯à¨¬¥à, á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 5.1 ¨§ [12]. �á«¨ ¯à¥¤¯®«®¦¨âì
¤«ï ¯à®áâ®âë, çâ® ¡¨«¨­¥©­ ï ä®à¬  ¢ (4.1) á®¤¥à¦¨â â®«ìª® £« ¢­ë¥ á« £ ¥¬ë¥, A = A1,   ¯®¤
�2 ¯®­¨¬ ¥âáï â® ¦¥, çâ® ¨ ¢ëè¥, â® ck, bck |  ¡á®«îâ­ë¥ ¯®áâ®ï­­ë¥, à ¢­ë¥ (�(1) sin �)3�2k.
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