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�á¥ à áá¬ âà¨¢ ¥¬ë¥ §¤¥áì £àã¯¯ë ®¡« ¤ îâ ª®­¥ç­ë¬¨ ª®¬¯®§¨æ¨®­­ë¬¨ àï¤ ¬¨. � ¯®-
¬­¨¬, çâ® ª« áá F ­ §ë¢ ¥âáï ä®à¬ æ¨¥© [1], ¥á«¨ F | £®¬®¬®àä (â. ¥. ª ¦¤ ï ä ªâ®à£àã¯-
¯  «î¡®© £àã¯¯ë ¨§ F á­®¢  ¯à¨­ ¤«¥¦¨â F) ¨ ¢á¥£¤  ¨§ G=N 2 F ¨ G=R 2 F á«¥¤ã¥â, çâ®
G=N \R 2 F. � ¯à¨«®¦¥­¨ïå â¥®à¨¨ ä®à¬ æ¨© ®á®¡ãî à®«ì ¨£à îâ â ª ­ §ë¢ ¥¬ë¥ áâã¯¥­ç -
âë¥ ä®à¬ æ¨¨, ¢¢¥¤¥­­ë¥ ¢¯¥à¢ë¥ �.�.�¥¬¥âª®¢ë¬ ¢ [2] (á¬. â ª¦¥ [3], £«. 1).

�ãáâì f : G 7! fª« ááë £àã¯¯g| ®â®¡à ¦¥­¨¥ ª« áá  ¢á¥å £àã¯¯G ¢ ¬­®¦¥áâ¢® ¢á¥å ª« áá®¢
£àã¯¯, ¯à¨ç¥¬ f(1) = G ¨ ¨§ G1

�= G2 ¢á¥£¤  á«¥¤ã¥â, çâ® f(G1) = f(G2). �®£¤  f ­ §ë¢ îâ
íªà ­®¬ [2], ¥á«¨ f(G) | ä®à¬ æ¨ï ¨ ¤«ï «î¡®© £àã¯¯ë G ¨ «î¡®© ¥¥ ­®à¬ «ì­®© ¯®¤£àã¯¯ë
N ¨¬¥¥â ¬¥áâ® f(G) � f(N) \ f(G=N).

�á«¨ f |­¥ª®â®àë© íªà ­, â® á¨¬¢®«®¬ hfi ®¡®§­ ç îâ ª« áá ¢á¥å â ª¨å £àã¯¯G, ã ª®â®àëå
¤«ï ¢á¥å ¨å £« ¢­ëå ä ªâ®à®¢H=K ¨¬¥¥â ¬¥áâ®G=CG(H=K) 2 f(H=K). �®à¬ æ¨ï F ­ §ë¢ ¥âáï
áâã¯¥­ç â®© [2], ¥á«¨ F = hfi ¤«ï ­¥ª®â®à®£® íªà ­  f .

�ªà ­ f ­ §ë¢ ¥âáï ª®¬¯®§¨æ¨®­­ë¬ [2], ¥á«¨ ¤«ï «î¡®© £àã¯¯ë G 6= 1 ¨¬¥¥â ¬¥áâ® f(G) =T
f(H=K), £¤¥ H=K ¯à®¡¥£ ¥â ¢á¥ ª®¬¯®§¨æ¨®­­ë¥ ä ªâ®àë £àã¯¯ë G. �®à¬ æ¨ï F ­ §ë¢ ¥âáï

ª®¬¯®§¨æ¨®­­®©, ¥á«¨ F = hfi ¤«ï ­¥ª®â®à®£® ª®¬¯®§¨æ¨®­­®£® íªà ­  f .
�®¬¯®§¨æ¨®­­ë¥ ä®à¬ æ¨¨ ®á®¡¥­­® ¯®«¥§­ë á â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨© (á¬. [3], [4]) ¨

¯®íâ®¬ã ¢¥áì¬   ªâã «¥­ ¢®¯à®á o â®¬, ¯à¨ ª ª¨å ãá«®¢¨ïå ä®à¬ æ¨ï ï¢«ï¥âáï ª®¬¯®§¨æ¨-
®­­®©. �®£« á­® §­ ¬¥­¨â®© â¥®à¥¬¥ �íà  ([5], á. 373) ­¥¯ãáâ ï ä®à¬ æ¨ï ª®­¥ç­ëå £àã¯¯ F
ï¢«ï¥âáï ª®¬¯®§¨æ¨®­­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®­¥ç­ ï £àã¯¯  G 2 F ¢áïª¨© à §, ª®-
£¤  G=�(R(G)) 2 F (§¤¥áì R(G) | à ¤¨ª « £àã¯¯ë G, â. ¥. ¯à®¨§¢¥¤¥­¨¥ ¢á¥å ¥¥ ­®à¬ «ì­ëå
à §à¥è¨¬ëå ¯®¤£àã¯¯).

�  �®¬¥«ìáª®¬  «£¥¡à ¨ç¥áª®¬ á¥¬¨­ à¥ ¢ 1995 £®¤ã �.�.�¥«ì­¨ª®¢ ¢ëáª § « ¯à¥¤¯®«®¦¥-
­¨¥, çâ® ª®¬¯®§¨æ¨®­­®© ï¢«ï¥âáï ¨ ¢áïª ï áâã¯¥­ç â ï ä®à¬ æ¨ï ª®­¥ç­ëå £àã¯¯. � áâ¨ç­ë¬
¯®¤â¢¥à¦¤¥­¨¥¬ íâ®¬ã á«ã¦ â ¬­®£¨¥ ¨§¢¥áâ­ë¥ ¯à¨¬¥àë áâã¯¥­ç âëå ä®à¬ æ¨©,   â ª¦¥ à¥-
§ã«ìâ âë ¢ [6] ¯® ¯à®¡«¥¬¥ �.�.�¥«ì­¨ª®¢ .

� ¤ ­­®© áâ âì¥ ¯®áâà®¥­ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¢ ®¡é¥¬ á«ãç ¥ ®â¢¥â ­  ¢®¯à®á
�.�.�¥«ì­¨ª®¢  ®âà¨æ â¥«¥­. �® ¯à¥¦¤¥ ­¥®¡å®¤¨¬® ¯à® ­ «¨§¨à®¢ âì ¨ ã¯à®áâ¨âì á ¬® ®¯à¥-
¤¥«¥­¨¥ áâã¯¥­ç â®© ä®à¬ æ¨¨.

�ãáâì äã­ªæ¨ï f á®¯®áâ ¢«ï¥â ª ¦¤®© í«¥¬¥­â à­®© £àã¯¯¥ G ­¥ª®â®àãî ä®à¬ æ¨î f(G).
�ã¤¥¬ £®¢®à¨âì, çâ® f | e-äã­ªæ¨ï, ¥á«¨ f(H) = f(T ) ¤«ï «î¡ëå ¤¢ãå í«¥¬¥­â à­ëå £àã¯¯ H
¨ T , £¤¥ H �= T . �ãáâì EF (f) | ª« áá ¢á¥å â ª¨å £àã¯¯ G, çâ® ¤«ï ª ¦¤®£® £« ¢­®£® ä ªâ®à 
H=K £àã¯¯ë G ¨¬¥¥â ¬¥áâ® G=CG(H=K) 2 f(H=K). �® ®¯à¥¤¥«¥­¨î ¢á¥ ¥¤¨­¨ç­ë¥ £àã¯¯ë
¯à¨­ ¤«¥¦ â ª« ááã EF (f).

�à¥¤«®¦¥­¨¥ 1. �«ï «î¡®© e-äã­ªæ¨¨ f ª« áá EF (f) ï¢«ï¥âáï ä®à¬ æ¨¥©.

�®ª § â¥«ìáâ¢®. �ãáâì G 2 EF (f) ¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¢ G ¯®¤£àã¯¯ . �ãáâì
(H=N)=(K=N) | ¯à®¨§¢®«ì­ë© £« ¢­ë© ä ªâ®à £àã¯¯ë G=N . �®£¤  H=K | £« ¢­ë© ä ªâ®à
£àã¯¯ë G ¨ ¯®íâ®¬ã á®£« á­® ¯à¥¤¯®«®¦¥­¨î ® G ¨¬¥¥¬ G=CG(H=K) 2 f(H=K). �® ¢¢¨¤ã
«¥¬¬ë 2.8 ¨§ [4] CG=N((H=N)=(K=N)) = CG(H=K)=N . �­ ç¨â, (G=N)=CG=N ((H=N)=(K=N)) =
(G=N)=(CG(H=K)=N) �= G=CG(H=K) 2 f(H=K) = f((H=N)=(K=N)). �«¥¤®¢ â¥«ì­®, G=N 2
EF (f), â. ¥. ª« áá EF (f) | £®¬®¬®àä.
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�ãáâì â¥¯¥àì G=N1 2 EF (f) ¨ G=N2 2 EF (f). �®ª ¦¥¬, çâ® G=N1 \N2 2 EF (f). �ãáâì L =
N1 \N2 ¨ (H=L)=(K=L) | ¯à®¨§¢®«ì­ë© £« ¢­ë© ä ªâ®à £àã¯¯ë G=N . �®£¤  H=K | £« ¢­ë©
ä ªâ®à £àã¯¯ëG. �®¯ãáâ¨¬, çâ®HN1 = KN1. �®£¤ H = H\KN1 = K(H\N1). �­ ç¨â,H\N1 6�
K ¨ ¯®íâ®¬ã H \N1 � K \N1. �® ä ªâ®à H \N1=K \N1 G-¨§®¬®àä¥­ ä ªâ®àã K(H \N1)=K.
�«¥¤®¢ â¥«ì­®, K(H \N1)=K = H=K. �âáî¤  (H \N1)=(K \N1) | £« ¢­ë© ä ªâ®à £àã¯¯ë G,
G-¨§®¬®àä­ë© ä ªâ®àã H=K. � á¢®î ®ç¥à¥¤ì ä ªâ®à ((H \N1)N2)=((K \N1)N2) G-¨§®¬®àä¥­
ä ªâ®àã (H \N1)=(K \N1)(H \N1 \N2) = (H \N1)=((K \N1)(N1 \N2)) = (H \N1)=(K \N1).
�­ ç¨â, ((H \N1)N2)=((K \N1)N2) | £« ¢­ë© ä ªâ®à £àã¯¯ë G, G-¨§®¬®àä­ë© ä ªâ®àã H=K.
� ¬¥â¨¬, ­ ª®­¥æ, çâ® ä ªâ®à ((H \N1)N2)=((K \N1)N2) G-¨§®¬®àä¥­ ä ªâ®àã

(((H \N1)N2)=N2)=(((K \N1)N2)=N2)

£àã¯¯ë G=N2 2 EF (f). �­ ç¨â,

G=CG(H=K) �= (G=N2)=(CG(H=K)=N2) =

= (G=N2)=(CG((H \N1)N2)=(((K \N1)N2))=N2) =

= (G=N2)=(CG=N2
(((H \N1)N2)=N2)=(((K \N1)N2)=N2)) 2

2 f(((H \N1)N2)=((K \N1)N2)) = f(H=K):

�®íâ®¬ã (G=L)=CG=L((H=L)=(K=L)) = (G=L)=(CG(H=K)=L) �= G=CG(H=K) 2 f((H=L)=(K=L)).
�®¯ãáâ¨¬, çâ® HN1 6= KN1. �®áª®«ìªã ä ªâ®à (HN1)=(KN1) G-¨§®¬®àä¥­ ä ªâ®àã

H=(K(H \ N1)) = H=K, â®, ª ª ¨ ¢ëè¥, ¬®¦¥¬ ã¡¥¤¨âìáï, çâ® (G=L)=CG=L((H=L)=(K=L)) 2
f((H=L)=(K=L)). �â ª, G=N1 \N2 2 EF (f). � ª¨¬ ®¡à §®¬, ª« áá EF (f) | ä®à¬ æ¨ï.

�®à¬ æ¨î F ¡ã¤¥¬ ­ §ë¢ âì á« ¡® áâã¯¥­ç â®©, ¥á«¨ F = EF (f) ¤«ï ­¥ª®â®à®© e-äã­ªæ¨¨ f .
�ãáâì f | ­¥ª®â®à ï e-äã­ªæ¨ï. �ã¤¥¬ £®¢®à¨âì, çâ® f | (¯à¨¬ à­®) ®¤­®à®¤­ ï e-äã­ªæ¨ï,
¥á«¨ f(H) = f(T ) ¤«ï «î¡ëå ¤¢ãå í«¥¬¥­â à­ëå ( ¡¥«¥¢ëå) £àã¯¯ H ¨ T á ¨§®¬®àä­ë¬¨
ª®¬¯®§¨æ¨®­­ë¬¨ ä ªâ®à ¬¨.

�¥®à¥¬ . �®à¬ æ¨ï F ï¢«ï¥âáï ª®¬¯®§¨æ¨®­­®© ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ , ª®£¤  F =
EF (f) ¤«ï ­¥ª®â®à®© ¯à¨¬ à­® ®¤­®à®¤­®© e-äã­ªæ¨¨ f .

�®ª § â¥«ìáâ¢®. �ãáâì F = EF (f) ¤«ï ­¥ª®â®à®© ¯à¨¬ à­® ®¤­®à®¤­®© e-äã­ªæ¨¨ f . �®-
ª ¦¥¬, çâ® F | ª®¬¯®§¨æ¨®­­ ï ä®à¬ æ¨ï. �ãáâì f | â ª®© íªà ­, çâ® f(H) = f(H), ¥á«¨
H |  ¡¥«¥¢  í«¥¬¥­â à­ ï £àã¯¯ , f(H) = F, ¥á«¨ H | ­¥ ¡¥«¥¢  í«¥¬¥­â à­ ï £àã¯¯ , ¨
f(G) =

T
f(H=K), £¤¥ H=K ¯à®¡¥£ ¥â ¢á¥ ª®¬¯®§¨æ¨®­­ë¥ ä ªâ®àë £àã¯¯ë G, ¨ ¯ãáâìM = hfi.

�®ª ¦¥¬, çâ® M = F = EF (f).
�®¯ãáâ¨¬, çâ®M 6� EF (f). �ãáâì G| £àã¯¯  á ¬¨­¨¬ «ì­®© ¤«¨­®© ª®¬¯®§¨æ¨®­­®£® àï¤ 

¨§MnEF (f). �®áª®«ìªã á®£« á­® ¯à¥¤«®¦¥­¨î 1 ª« áá EF (f) ï¢«ï¥âáï ä®à¬ æ¨¥©, â® £àã¯¯ 
G ®¡« ¤ ¥â ¥¤¨­áâ¢¥­­®© ¬¨­¨¬ «ì­®© ­®à¬ «ì­®© ¯®¤£àã¯¯®© R ¨ R = GEF (f). �®¯ãáâ¨¬, çâ®
R | ­¥ ¡¥«¥¢  £àã¯¯ . �®£¤  CG(R) = 1 ¨

G �= G=CG(R) 2 f(R) = F = EF (f):

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® R |  ¡¥«¥¢  £àã¯¯ . �­ ç¨â, f(R) = f(R) ¨
G=CG(R) 2 f(R). �® G=R 2 EF (f). � ª¨¬ ®¡à §®¬, G 2 EF (f). �­®¢ì ¯®«ãç¥­­®¥ ¯à®â¨¢®-
à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® M � EF (f). �®¯ãáâ¨¬, çâ® F 6� M. �ãáâì G | £àã¯¯  á ¬¨­¨¬ «ì­®©
¤«¨­®© ª®¬¯®§¨æ¨®­­®£® àï¤  ¨§ F nM, R = GM | ¥¤¨­áâ¢¥­­ ï ¬¨­¨¬ «ì­ ï ­®à¬ «ì­ ï
¯®¤£àã¯¯  £àã¯¯ë G. �®¯ãáâ¨¬, çâ® R | ­¥ ¡¥«¥¢  £àã¯¯ . �®£¤ 

G �= C=CG(R) 2 F = f(R):

�®áª®«ìªã G=R 2 hfi, â® G 2 M = hfi. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® R |  ¡¥-
«¥¢  £àã¯¯ , ¨ â®£¤  G=CG(R) 2 f(R) = f(R), â. ¥. G 2 hfi. �­®¢ì ¯®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥
¯®ª §ë¢ ¥â, çâ® F =M | ª®¬¯®§¨æ¨®­­ ï ä®à¬ æ¨ï.
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�á«¨ ¦¥ F | ª®¬¯®§¨æ¨®­­ ï ä®à¬ æ¨ï ¨ F = hfi, £¤¥ f | ª®¬¯®§¨æ¨®­­ë© íªà ­, â®,
®ç¥¢¨¤­®, F = EF (f), £¤¥ f | â ª ï e-äã­ªæ¨ï, çâ® f(H) = f(H) ¤«ï «î¡®© í«¥¬¥­â à­®©
£àã¯¯ë H. �®­ïâ­®, çâ® f | ¯à¨¬ à­® ®¤­®à®¤­ ï e-äã­ªæ¨ï.

�­®£®ç¨á«¥­­ë¥ ¯à¨¬¥àë á« ¡® áâã¯¥­ç âëå ä®à¬ æ¨© ¬®¦­® ­ ©â¨ áà¥¤¨ ª« áá®¢ £àã¯¯,
¢¢¥¤¥­­ëå �.�. �¥¤¥à­¨ª®¢ë¬ ¢ [7]. �¤¥áì ®¯¨è¥¬ ®¡é¨© á¯®á®¡ ¯®áâà®¥­¨ï á« ¡® áâã¯¥­ç âëå
ä®à¬ æ¨©.

�á«¨ H = A1 � � � � � At, £¤¥ A1
�= A2

�= � � � �= At
�= A, A | ¯à®áâ ï £àã¯¯ , â® ç¨á«® t ¡ã-

¤¥¬ ­ §ë¢ âì à ­£®¬ í«¥¬¥­â à­®© £àã¯¯ë H. �ãáâì äã­ªæ¨ï R á®¯®áâ ¢«ï¥â ª ¦¤®© ¯à®áâ®©
£àã¯¯¥ A ­¥ª®â®àãî (¢®§¬®¦­® ¯ãáâãî) á¨áâ¥¬ã ­ âãà «ì­ëå ç¨á¥« R(A). � ªãî äã­ªæ¨î
¡ã¤¥¬ ­ §ë¢ âì à ­£®¢®© äã­ªæ¨¥©.

�á«¨ £« ¢­ë© ä ªâ®à H=K £àã¯¯ë G ¨¬¥¥â ¢¨¤ H=K = A1 � � � � � At, £¤¥ A1
�= A2

�= � � � �=
At

�= A, A | ¯à®áâ ï £àã¯¯ , â® ¡ã¤¥¬ £®¢®à¨âì, çâ® H=K | £« ¢­ë© A-ä ªâ®à £àã¯¯ë G.
� ¦¤®© à ­£®¢®© äã­ªæ¨¨ R á®¯®áâ ¢¨¬ ª« áá F(R) = (G j à ­£ ª ¦¤®£® £« ¢­®£® A-

ä ªâ®à  £àã¯¯ë G ¯à¨­ ¤«¥¦¨âR(A)). �®£« á­® ®¯à¥¤¥«¥­¨î ª« áá  F(R) ¢á¥ ¥¤¨­¨ç­ë¥ £àã¯-
¯ë ¯à¨­ ¤«¥¦ â F(R). � ª¨¬ ®¡à §®¬, ¤«ï «î¡®© à ­£®¢®© äã­ªæ¨¨R ª« áá F(R) ­¥¯ãáâ. �®«¥¥
â®£®, á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¯à¥¤«®¦¥­¨ï.

�à¥¤«®¦¥­¨¥ 2. �«ï «î¡®© à ­£®¢®© äã­ªæ¨¨ R ª« áá F(R) ï¢«ï¥âáï á« ¡® áâã¯¥­ç â®©

ä®à¬ æ¨¥©.

�®ª § â¥«ìáâ¢®. �ãáâì G 2 F(R) ¨ N | ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G. �ãáâì
(H=N)=(K=N) | ¯à®¨§¢®«ì­ë© £« ¢­ë© ä ªâ®à £àã¯¯ë G=N . �®£¤ 

(H=N)=(K=N) �= H=K �= A1 � � � � �At;

£¤¥ A1
�= A2

�= � � � �= At
�= A, A | ¯à®áâ ï £àã¯¯ . � ª ª ª ¯® ãá«®¢¨î G 2 F(R), â® t 2 R(A),

¯®íâ®¬ã ¤«ï «î¡®£® A-£« ¢­®£® ä ªâ®à  (H=N)=(K=N) £àã¯¯ë G=N , £¤¥ (H=N)=(K=N) = jAjt,
¨¬¥¥â ¬¥áâ® t 2 R(A). �­ ç¨â, G=N 2 F(R), â. ¥. F(R) | £®¬®¬®àä.

�ãáâì G=N1; G=N2 2 F(R), L = N1 \N2 ¨ (H=L)=(K=L) | ¯à®¨§¢®«ì­ë© £« ¢­ë© A-ä ªâ®à
£àã¯¯ë G=L. �®£¤  H=K | £« ¢­ë© A-ä ªâ®à £àã¯¯ë G. �®¯ãáâ¨¬, çâ® HN1 = KN1. �®£¤ 
£àã¯¯  (H=L)=(K=L) ¨§®¬®àä­  £« ¢­®¬ã ä ªâ®àã

(((H \N1)N2)=N2)=(((K \N1)N2)=N2)

£àã¯¯ë G=N2 2 F(R) (á¬. ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1).
� ª¨¬ ®¡à §®¬, ¥á«¨ j(H=L)=(K=L)j = jAjt, â® ¨ j((H \N1)N2=N2)=((K \ N1)N2=N2)j = jAjt,

¯®íâ®¬ã t 2 R(A). �®¯ãáâ¨¬ â¥¯¥àì, çâ® HN1 6= KN1. �®£¤  ¯®áª®«ìªã ä ªâ®à HN1=KN1 G-
¨§®¬®àä¥­ ä ªâ®àã H=K(H \N1) = H=K, â®, ª ª ¨ ¢ëè¥, t 2 R(A). �â ª, F(R) | ä®à¬ æ¨ï.

�®ª ¦¥¬, çâ® F(R) | á« ¡® áâã¯¥­ç â ï ä®à¬ æ¨ï. �ãáâì ¤«ï ª ¦¤®© í«¥¬¥­â à­®© £àã¯¯ë
T , ¨§®¬®àä­®© ­¥ª®â®à®¬ã £« ¢­®¬ã ä ªâ®àã H=K ­¥ª®â®à®© £àã¯¯ë G 2 F(R), ¨¬¥¥â ¬¥áâ®
f(T ) = G, £¤¥ G | ª« áá ¢á¥å £àã¯¯,   ¤«ï ª ¦¤®© í«¥¬¥­â à­®© £àã¯¯ë H, ­¥ ¨§®¬®àä­®©
­¨ ®¤­®¬ã £« ¢­®¬ã ä ªâ®àã ­¨ ®¤­®© £àã¯¯ë ¨§ F(R), ¯®«®¦¨¬ f(H) = ?. �®ª ¦¥¬, çâ®
F(R) = EF (f). �à¥¤¯®«®¦¨¬, çâ® F(R) 6� EF (f), ¨ ¯ãáâì G | £àã¯¯  á ¬¨­¨¬ «ì­®© ¤«¨­®©
ª®¬¯®§¨æ¨®­­®£® àï¤  ¨§ F(R) nEF (f). �®áª®«ìªã ¯® ¯à¥¤«®¦¥­¨î 1 ª« áá EF (f) | ­¥¯ãáâ ï
ä®à¬ æ¨ï, â® G | ¬®­®«¨â¨ç¥áª ï £àã¯¯  á ¬®­®«¨â®¬ R = GEF (f). �®£¤ , ¯®áª®«ìªã G 2
F(R), â® f(R) = G, ¨ ¯®íâ®¬ã G=CG(R) 2 f(R). �® â. ª. R = GEF (f), â® G=R 2 EF (f). �­ ç¨â,
G 2 EF (f). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® F(R) � EF (f). �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ®
EF (f) 6� F(R), ¨ ¯ãáâì G | £àã¯¯  á ¬¨­¨¬ «ì­®© ¤«¨­®© ª®¬¯®§¨æ¨®­­®£® àï¤  ¨§ EF (f) n
F(R). �®áª®«ìªã F(R) | ­¥¯ãáâ ï ä®à¬ æ¨ï, â® G | ¬®­®«¨â¨ç¥áª ï £àã¯¯  ¨ ¥¥ ¬®­®«¨â
R = GF(R). � ª ª ª G 2 EF (f), â® G=CG(R) 2 f(R). �­ ç¨â, f(R) 6= ?. �®íâ®¬ã, ¥á«¨ R =
A1 � � � � � At, £¤¥ A1

�= A2
�= � � � �= At

�= A, A | ¯à®áâ ï £àã¯¯ , â® ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ f
¨¬¥¥¬ t 2 R(A), ¨ ¯®íâ®¬ã G 2 F(R). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® EF (f) � F(R).
�âáî¤  F(R) = EF (f) | á« ¡® áâã¯¥­ç â ï ä®à¬ æ¨ï.
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� §®¢¥¬ e-äã­ªæ¨î f áâã¯¥­ç â®©, ¥á«¨ ¤«ï «î¡®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë N «î¡®© í«¥-
¬¥­â à­®© £àã¯¯ë H ¨¬¥¥â ¬¥áâ® f(H) � f(N).

�à¥¤«®¦¥­¨¥ 3. �¥¯ãáâ ï ä®à¬ æ¨ï F ï¢«ï¥âáï áâã¯¥­ç â®© â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  F = EF (f) ¤«ï ­¥ª®â®à®© áâã¯¥­ç â®© e-äã­ªæ¨¨ f .

�®ª § â¥«ìáâ¢®. �ãáâì F = EF (f), £¤¥ f | ­¥ª®â®à ï áâã¯¥­ç â ï e-äã­ªæ¨ï. �ãáâì
äã­ªæ¨ï f á®¯®áâ ¢«ï¥â ª ¦¤®© ­¥í«¥¬¥­â à­®© £àã¯¯¥ G ¯ãáâãî ä®à¬ æ¨î ?, f(H) = f(H)
¤«ï «î¡®© í«¥¬¥­â à­®© £àã¯¯ë H ¨ f(1) = G. �®ª ¦¥¬ ¯à¥¦¤¥, çâ® f | íªà ­. �ãáâì G |
¯à®¨§¢®«ì­ ï £àã¯¯  ¨ N | ­¥ª®â®à ï ¥¥ ­¥âà¨¢¨ «ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯ . �®£¤  ¥á«¨
G | í«¥¬¥­â à­ ï £àã¯¯ , â® ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ f ¨¬¥¥¬ f(G) = f(G). �®­ïâ­® â ª¦¥,
çâ® N ¨ G=N | í«¥¬¥­â à­ë¥ £àã¯¯ë. �®íâ®¬ã f(N) = f(N) ¨ f(G=N) = f(G=N). �¥£ª®
¢¨¤¥âì, çâ® ¢ G ¨¬¥¥âáï â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  L, çâ® L �= G=N . �­ ç¨â, f(L) = f(L) =
f(G=N). �«¥¤®¢ â¥«ì­®, f(G) � f(N) \ f(L) = f(N) \ f(G=N). �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® G |
­¥í«¥¬¥­â à­ ï £àã¯¯ . �®£¤  f(G) = ? ¨ ¯®íâ®¬ã f(G) � f(N) \ f(G=N). �â ª, f | íªà ­.

�®ª ¦¥¬, çâ® F = hfi. �®¯ãáâ¨¬, çâ® F 6� hfi, ¨ ¯ãáâì G | £àã¯¯  á ­ ¨¬¥­ìè¥© ¤«¨-
­®© ª®¬¯®§¨æ¨®­­®£® àï¤  ¢ F n hfi. � ª ª ª ª« áá hfi | ä®à¬ æ¨ï, â® £àã¯¯  ®¡« ¤ ¥â
¥¤¨­áâ¢¥­­®© ¬¨­¨¬ «ì­®© ­®à¬ «ì­®© ¯®¤£àã¯¯®© R = Ghfi. � ª ª ª G 2 F = EF (f), â®
G=CG(R) 2 f(R) = f(R). �® G=R 2 hfi. �­ ç¨â, G 2 hfi. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â,
çâ® F � hfi. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® hfi 6� F, ¨ ¯ãáâì G | £àã¯¯  á ­ ¨¬¥­ìè¥© ¤«¨­®©
ª®¬¯®§¨æ¨®­­®£® àï¤  ¢ hfi n F,   R = GF | ¬¨­¨¬ «ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ¢ G. �®£¤ 
¯®áª®«ìªã R | í«¥¬¥­â à­ ï £àã¯¯ , â® f(R) = f(R). �® G 2 hfi ¨ ¯®íâ®¬ã G=CG(R) 2 f(R).
�«¥¤®¢ â¥«ì­®, G=CG(R) 2 f(R), â. ¥. G 2 EF (f). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ®
F = hfi | áâã¯¥­ç â ï ä®à¬ æ¨ï.

�á«¨ ¦¥ F = hfi, £¤¥ f | íªà ­, â®, ®ç¥¢¨¤­®, F = EF (f), £¤¥ f | â ª ï áâã¯¥­ç â ï
e-äã­ªæ¨ï, çâ® f(H) = f(H) ¤«ï «î¡®© í«¥¬¥­â à­®© £àã¯¯ë H.

�ãáâì A | ¯à®áâ ï £àã¯¯ , fHi=Ki j i 2 Ig | ¬­®¦¥áâ¢® ¢á¥å â¥å £« ¢­ëå ä ªâ®à®¢ ­¥í«¥-
¬¥­â à­®© ¨ ­¥¥¤¨­¨ç­®© £àã¯¯ë G, ã ª®â®àëå ª®¬¯®§¨æ¨®­­ë¥ ä ªâ®àë ¨§®¬®àä­ë £àã¯¯¥
A, jHi=Kij = jAjni (i 2 I). �®£¤  á¨¬¢®«®¬ rA(G) ®¡®§­ ç¨¬ ç¨á«® maxfni j i 2 Ig ¨ ­ §®-
¢¥¬ ¥£® A-à ­£®¬ £àã¯¯ë G. �á«¨ ã £àã¯¯ë G ­¥â ª®¬¯®§¨æ¨®­­ëå ä ªâ®à®¢, ¨§®¬®àä­ëå
£àã¯¯¥ A, â® ¯®«®¦¨¬ rA(G) = 0. �á«¨ A | £àã¯¯  ¯à®áâ®£® ¯®àï¤ª  p, â® A-à ­£ £àã¯¯ë
G á®¢¯ ¤ ¥â á ¥¥ rp-à ­£®¬ ¢ ®¡ëç­®¬ á¬ëá«¥ ([8], á. 685). �¨¬¢®«®¬ r(G) ®¡®§­ ç¨¬ ç¨á«®
maxfrA(G) j £¤¥ A ¯à®¡¥£ ¥â ¢á¥ ª®¬¯®§¨æ¨®­­ë¥ ä ªâ®àë £àã¯¯ë Gg. �«ï ¥¤¨­¨ç­®© £àã¯¯ë
G ¯®«®¦¨¬ r(G) = rA(G) = 0.

�®áâà®¨¬ â¥¯¥àì ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® áãé¥áâ¢ãîâ áâã¯¥­ç âë¥ ä®à¬ æ¨¨, ª®â®àë¥
­¥ ï¢«ïîâáï ª®¬¯®§¨æ¨®­­ë¬¨ ä®à¬ æ¨ï¬¨.

�à¨¬¥à. �ãáâì p, q ¨ r | ¯à®áâë¥ ç¨á«  â ª¨¥, çâ® p j q� 1 ¨ pq j r� 1 (­ ¯à., p = 2, q = 3,
r = 7).

�ãáâì H | âà ­§¨â¨¢­ ï £àã¯¯  ¯®¤áâ ­®¢®ª áâ¥¯¥­¨ q á jHj = pq. �ãáâì k = r � 1 ¨
S = H1 � � � � �Hk, £¤¥ H1

�= H2
�= � � � �= Hk

�= H, F | á¢®¡®¤­ ï £àã¯¯  à ­£  qk á® á¢®¡®¤­ë¬¨
¯®à®¦¤ îé¨¬¨ aij , i = 1; : : : ; k; j = 1; : : : ; q. �®« £ ï ¤«ï «î¡®£® s 2 S, £¤¥ s = h1 : : : hk, hi 2 Hi,

(aij)
s = ai(jhi );

¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯à¥¢à é ¥¬ £àã¯¯ã S ¢ £àã¯¯ã  ¢â®¬®àä¨§¬®¢ ¤«ï F . �ãáâì Kr(F ) |
r-© ç«¥­ ­¨¦­¥£® æ¥­âà «ì­®£® àï¤  £àã¯¯ë F ¨ F r = har j a 2 F i. �®«®¦¨¬ R = F=F rKr(F ).
�®£¤  R| r-£àã¯¯  íªá¯®­¥­âë r ¨ ª« áá  � r�1. �àã¯¯  S ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¤¥©áâ¢ã¥â ­ 
R ª ª £àã¯¯  ®¯¥à â®à®¢. �ãáâì G = [R]S,   ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  l á¨¬¢®« Zl ®¡®§­ ç ¥â
­¥ª®â®àãî £àã¯¯ã ¯®àï¤ª  l.

�ãáâì f | â ª ï e-äã­ªæ¨ï, çâ® f(Zp) = (1), f(Zq) = formZp,

f(Zr) = f(Zr � Zr) = � � � = f(Zr � Zr � � � � � Zr| {z }
p à §

) = formS;
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¨
f(Zp � Zp � � � � � Zp| {z }

n à §

) = f(Zq � Zq � � � � � Zq| {z }
m à §

) = f(Zr � Zr � � � � � Zr| {z }
t à §

) = ?

¤«ï ¢á¥å n � 2, m � 2, t � p + 1, ¨ f(H) = ? ¤«ï ¢á¥å í«¥¬¥­â à­ëå £àã¯¯ H, ã ª®â®-
àëå ª®¬¯®§¨æ¨®­­ë¥ ä ªâ®àë ­¥ ¨§®¬®àä­ë ­¨ ®¤­®© ¨§ á«¥¤ãîé¨å £àã¯¯: Zp, Zq, Zr. �®£¤ ,
®ç¥¢¨¤­®, f | áâã¯¥­ç â ï e-äã­ªæ¨ï. � áá¬®âà¨¬ ä®à¬ æ¨î F = EF (f). �®£« á­® ¯à¥¤«®¦¥-
­¨î 3 F | áâã¯¥­ç â ï ä®à¬ æ¨ï. �®ª ¦¥¬, çâ® íâ  ä®à¬ æ¨ï ­¥ ï¢«ï¥âáï ª®¬¯®§¨æ¨®­­®©.
�®áª®«ìªã £àã¯¯  G à §à¥è¨¬ , â® ¤«ï íâ®£® ­¥®¡å®¤¨¬® «¨èì ãáâ ­®¢¨âì, çâ® G=�(G) 2 F
¨ G 62 F. �ãáâì H=K | ¯à®¨§¢®«ì­ë© £« ¢­ë© ä ªâ®à £àã¯¯ë G â ª®©, çâ® �(G) � K. �á«¨
H=K | p-£àã¯¯ , â® ¨§ ¯®áâà®¥­¨ï £àã¯¯ë G ¢¨¤­®, çâ® H=K = G=K | £àã¯¯  ¯®àï¤ª  p,
¨ ¯®íâ®¬ã G=CG(H=K) = G=G 2 f(H=K) = f(Zp). �á«¨ ¦¥ H=K | q-£àã¯¯ , â® R � K ¨
G=CG(H=K) �= Zp 2 f(H=K) = f(Zq). �ãáâì H=K | r-ä ªâ®à. �®£¤  á®£« á­® ¤®ª § ­­®¬ã ¢
([8], á. 714) jH=Kj = Zt

r, £¤¥ t = 1 ¨«¨ t = p. �­ ç¨â,

G=CG(H=K) 2 form(G=R) = formS = f(Zr) = f(Zr � � � � � Zr| {z }
p à §

):

�«¥¤®¢ â¥«ì­®, G=�(G) 2 EF (f). �®, ª ª ¤®ª § ­® ¢ ([8], á. 715), ¥á«¨ t | rr-à ­£ £àã¯¯ë G,
â® t � pk. �­ ç¨â, ã £àã¯¯ë G ¨¬¥¥âáï â ª®© äà ââ¨­¨¥¢ £« ¢­ë© r-ä ªâ®à H=K, çâ® H=K �=
Zr � � � � � Zr| {z }

t à §

, £¤¥ t � p+ 1. �®íâ®¬ã f(H=K) = ? ¨, á«¥¤®¢ â¥«ì­®, G 62 EF (f).
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