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�ãáâì u(x; y) ï¢«ï¥âáï ¢ ®¡« áâ¨ D = (0; x1)� (0; y1) à¥è¥¨¥¬ § ¤ ç¨ �ãàá  ¤«ï ãà ¢¥¨ï

uxy + aux + buy + cu = 0 (1)

á ãá«®¢¨ï¬¨ u(x; 0) =  (x), u(0; y) = '(y), '(0) =  (0), £¤¥ a; b 2 C3(D), c 2 C2(D), a2 + b2 +
c2 6= 0. � ¤ ®© áâ âì¥ ãáâ  ¢«¨¢ ¥âáï á¢ï§ì ¬¥¦¤ã  (x), '(y) ¨ ®à¬ «ìë¬¨ ¯à®¨§¢®¤ë¬¨
�(x) = uyyy(x; 0), �(y) = uxxx(0; y). � ¥¥, ¢ à ¡®â å [1], [2], ¨áá«¥¤®¢ « áì á¢ï§ì  (x) ¨ '(y) á
®à¬ «ìë¬¨ ¯à®¨§¢®¤ë¬¨ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª .

�áâ ®¢¨¬áï   á®®â®è¥¨ïå ¬¥¦¤ã �(y) ¨ '(y). �á¯®«ì§ã¥¬ á¨áâ¥¬ã

ux + bu = v; vy + av = ku; (2)

íª¢¨¢ «¥âãî ãà ¢¥¨î (1) ([3], á. 134), ¢ ª®â®à®© k = by + ab � c | ®¤¨ ¨§ ¨¢ à¨ â®¢
�¨¬  . �¥è ï ¢â®à®¥ ãà ¢¥¨¥ ¨§ (2) ª ª «¨¥©®¥ ®â®á¨â¥«ì® v,  ©¤¥¬

v(x; y) = [ux(x; 0) + b(x; 0)u(x; 0)] exp
�Z 0

y

a(x; �)d�
�
+

+
Z y

0
k(x; �)u(x; �) exp

�Z �

y

a(x; )d
�
d�: (3)

�à®¤¨ää¥à¥æ¨àã¥¬ ¤¢ ¦¤ë ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (2)

uxxx = vxx � bvx + (b2 � 2bx)v � (b3 � 3bbx + bxx)u : (4)

�áå®¤ï ¨§ (3), ¯®«ãç¨¬

vx(x; y) = F (x; 0; y)
�
uxx(x; 0) + bx(x; 0)u(x; 0) + b(x; 0)ux(x; 0) +

+ (ux(x; 0) + b(x; 0)u(x; 0))
Z 0
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ax(x; �)d�
�
+
Z y

0
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kx(x; �) +

+ k(x; �)
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y

ax(x; )d
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F (x; �; y)u(x; �)d� +

Z y

0

k(x; �)F (x; �; y)ux(x; �)d�;

F (x; y; y0) = exp
�Z y

y0

a(x; �)d�
�
:

�ç¨âë¢ ï, çâ® ux = v � bu, § ¯¨è¥¬
Z y

0
k(x; �)F (x; �; y)ux(x; �)d� = [ux(x; 0) + b(x; 0)u(x; 0)]F (x; 0; y)

Z y

0
k(x; �)d� �
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0
b(x; �)k(x; �)F (x; �; y)u(x; �)d� +

Z y
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k(x; �)F (x; �; y)
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0
k(x; )F (x; ; �)u(x; )dd�:
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�¥ïï ¬¥áâ ¬¨ ¯à¥¤¥«ë ¨â¥£à¨à®¢ ¨ï ¢ ¤¢®©®¬ ¨â¥£à «¥ ¯® ä®à¬ã«¥ �¨à¨å«¥, ®ª®ç -
â¥«ì® ¯®«ãç ¥¬

vx(x; y) = F (x; 0; y)
�
uxx(x; 0) + bx(x; 0)u(x; 0) + b(x; 0)ux(x; 0) +

+ (ux(x; 0) + b(x; 0)u(x; 0))
� Z 0

y

ax(x; �)d� +
Z y

0
k(x; �)d�

��
+

+
Z y

0
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kx(x; �) + k(x; �)

� Z �
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ax(x; )d +
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�

k(x; )d � b(x; �)
��
F (x; �; y)u(x; �)d�: (5)

A «®£¨ç®, ¤¨ää¥à¥æ¨àãï (5), ¯®«ãç ¥¬ ¢ëà ¦¥¨¥ ¤«ï vxx.
�®¤áâ ¢¨¢ § ç¥¨ï v, vx, vxx ¢ ãà ¢¥¨¥ (4) ¨ ¯®« £ ï ¢ ¯®«ãç¥®© ä®à¬ã«¥ x = 0,  ©¤¥¬

¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨¯  �®«ìâ¥àà  ¤«ï ®¯à¥¤¥«¥¨ï '(y) ç¥à¥§ �(y)

A(0; y)E(y)'(y) +
Z y

0

B(�; y)E(�)'(�)d� = C(y) : (6)

�¤¥áì

A = �b3 + 3bbx � bxx; E(y) = exp
�Z y

0
a(0; �)d�

�
;

B(�; y) = p(�) + kx(0; �)
Z y

0

m()d + k(0; �)(q(y) + r(�; y));

C(y) = �(y)E(y) � '(0)g(y) �  0(0)f(y)�  00(0)
Z y

0

m(�)d� � �(0);

f(y) = n(y)� b(0; 0)b(0; y) + 2bx(0; 0) � 2b(0; 0)
Z y

0
ax(0; �)d�;

g(y) = bxx(0; 0) + bx(0; 0)
� Z y

0
m(�)d� � b(0; 0)

�
+ b(0; 0)n(y);

p(�) = kxx(0; �) � kx(0; �)
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;

q(y) =
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0
lx()d +
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l(0; )d + b(0; y)b(0; 0) � 2bx(0; 0);

r(�; y) = 2
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m(y) =m1(0; y)a(0; y)b(0; y) � c(0; y) � 2ax(0; y); l(y) = m(y) + ax(0; y);

n(y) = �
Z y

0

axx(0; �)d� +
�Z y

0
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+ b(0; y)
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l()d � b(0; y)
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�®«ãç¥®¥ ãà ¢¥¨¥ ï¢«ï¥âáï  £àã¦¥ë¬. �®áª®«ìªã § ç¥¨ï '(0),  0(0),  00(0) ¥ ¬®£ãâ
¡ëâì  ©¤¥ë ¨§ ãà ¢¥¨ï (6) (®® ¯à¨ y = 0 ®¡à é ¥âáï ¢ â®¦¤¥áâ¢®), â® íâ¨ ª®áâ âë
à áá¬ âà¨¢ îâáï ¤ «¥¥ ª ª ¯à®¨§¢®«ìë¥.

�áá«¥¤®¢ ¨¥ (6) ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ à¥§ã«ìâ â ¬.

1. �ãáâì A(0; y) 6= 0. �®£¤  '(y) ¢ëà ¦ ¥âáï ç¥à¥§ �(y) á ¯®¬®éìî à¥§®«ì¢¥âë ãà ¢¥¨ï (6)
¨ ¬®¦¥â § ¢¨á¥âì ®â ®¤®©, ¤¢ãå ¨«¨ âà¥å ª®áâ â. �à¨ íâ®¬ § ¢¨á¨¬®áâì ®â '(0) ¢á¥£¤  ¨¬¥¥â
¬¥áâ®, â. ª. ãá«®¢¨¥ g(y) � 0 ¯à®â¨¢®à¥ç¨â ãá«®¢¨î A(0; y) 6= 0 (á¬. (6) ¯à¨ y = 0). � ¢¨á¨¬®áâ¨
¦¥ ®â  0(0),  00(0) ¬®¦¥â ¨ ¥ ¡ëâì ( ¯à., m(�) � 0 ¯à¨ f(y) � 0).

�á«¨

B(�; y) = s1(�)s2(y); (7)

â® à¥è¥¨¥ ãà ¢¥¨ï (6) ¯à¥¤áâ ¢«ï¥âáï ¢ ï¢®¬ ¢¨¤¥

'(y) =
1

A(0; y)

�
C(y)� s2(y)

Z y

0

C(�)s1(�)
A(0; �)

exp
�Z �

y

s1()s2()
A(0; )

d

�
d�

�
:

� à¨ âë à¥ «¨§ æ¨¨ (7) á«¥¤ãîé¨¥:

1) p(�)+kx(0; �)
yR
0

m()d = r1(�)r2(y), k(0; �)(q(y)+r(�; y)) = r3(�)r4(y) ¨ ¯à¨ íâ®¬ ¢ë¯®«ï¥âáï

®¤¨ ¨§ á«ãç ¥¢ r1 = r3, r2 = r4, r1 � 0, r2 � 0, r3 � 0, r4 � 0;

2) p(�)+k(0; �)(q(y)+ r(�; y)) = r1(�)r2(y) ¨ ¨¬¥¥â ¬¥áâ® ®¤® ¨§ ãá«®¢¨© r1 = kx, r2 =
yR
0

m()d,

r1 � 0, r2 � 0, kx � 0, m � 0;

3) kx(0; �)
yR
0

m()d + k(0; �)(q(y) + r(�; y)) = r1(�)r2(y) ¨ ¢ë¯®«ï¥âáï ®¤® ¨§ ãá«®¢¨© p = r1,

p � 0, r1 � 0, r2 � 0.

2. �ãáâì â¥¯¥àì A(0; y) � 0.
�á«¨ ¯à¨ íâ®¬ ¢ë¯®«ï¥âáï (7) ¨ B(�; y) 6= 0, â® ¯®«ãç ¥¬

'(y) =
�
C(y)
s2(y)

�0 1
s1(y)E(y)

; (8)

¯à¨ç¥¬ á«¥¤ã¥â ¯®âà¥¡®¢ âì �(y) 2 C1[0; y1]. �ãªæ¨ï '(y) ¨§ (8) ¬®¦¥â § ¢¨á¥âì ®â ®¤®©{âà¥å
ª®áâ â «¨¡® ¢®¢á¥ ¥ § ¢¨á¥âì ®â ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�á«¨ (7) ¥ ¨¬¥¥â ¬¥áâ , â® ¤¨ää¥à¥æ¨àã¥¬ (6). �à¨å®¤¨¬ ª ®¢®¬ã ¨â¥£à «ì®¬ã ãà ¢-
¥¨î

A1(y)E(y)'(y) +
Z y

0

B1(�; y)E(�)'(�)d� = C 0(y); (9)

A1(y) = B(y; y) = kxx(0; y) � 3b(0; y)kx(0; y) + 3(b2(0; y) � bx(0; y))k(0; y);

B1(�; y) = By(�; y) = k(0; �)p1(y) +m(y)q1(�);

p1(y) = m(y)
Z y

0
l()d +m1x(0; y) + hx(0; y) � b(0; y)h(0; y);

q1(�) = kx(0; �) � k(0; �)
� Z �

0
l()d + 2b(0; �)

�
;

C 0(y) = E(y)[�0(y) + a(0; y)�(y)] �  00(0)m(y)�  0(0)f 0(y)� '(0)g0(y);

h = ax + ab � c | ¢â®à®© ¨¢ à¨ â �¨¬  . �¯ïâì áç¨â ¥¬, çâ® �(y) 2 C1[0; y1], ¯®« £ ï
A1(y) 6= 0. �à¨ y = 0 ãà ¢¥¨¥ (9) ¤ ¥â á®®â®è¥¨¥ ¬¥¦¤ã  00(0),  0(0), '(0),   ¨¬¥®,

[A1(0) + g0(0)]'(0) +m(0) 00(0) + f 0(0) 0(0) = �0(0) + a(0; 0)�(0):
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� áá¬®âà¥¢ ¢®á¥¬ì ¢ à¨ â®¢ ãà ¢¥¨ï (9), ¯®«ãç¨¬, çâ® '(y) ¢ëà ¦ ¥âáï ç¥à¥§ à¥§®«ì¢¥-
âã (9) ¨ ¬®¦¥â ª ª ¢®®¡é¥ ¥ § ¢¨á¥âì ®â ¯à®¨§¢®«ìëå ¯®áâ®ïëå, â ª ¨ § ¢¨á¥âì ®â ®¤®©,
¤¢ãå ¨«¨ âà¥å ª®áâ â.

�á«¨ B1(�; y) = s1(�)s2(y), â® '(y) ¯®«ãç ¥¬ ¢ ï¢®¬ ¢¨¤¥ (¨¬¥¥¬ è¥áâì á«ãç ¥¢: k � 0,
p1 � 0, m � 0, q1 � 0, k = q1, p1 = m).

3. � «ì¥©è¥¥ ¨áá«¥¤®¢ ¨¥ ãà ¢¥¨ï (6) ¢ á«ãç ¥, ¥á«¨ A1(y) � 0, ¯à®¢®¤¨âáï   «®£¨ç®
¯. 2. �à¨ íâ®¬ à ááã¦¤¥¨ï ¤®«¦ë ¯à®¢®¤¨âìáï ¬®£®ªà â®. � ¨¬¥®, ¯®âà¥¡ã¥âáï ¨áá«¥¤®-
¢ âì ãà ¢¥¨¥

Ai(y)E(y)'(y) +
Z y

0
Bi(�; y)E(�)'(�)d� =

= (E(y)�(y))(i) �  00(0)m(i�1)(y)�  0(0)f (i)(y)� '(0)g(i)(y); i = 2; 3; : : : ; (10)

£¤¥

Ai(y) = Bi�1(y; y) = k(0; y)p(i�2)
1 (y) +m(i�2)(y)q1(y);

Bi(�; y) = Bi�1 y(�; y) = k(0; �)p(i�1)
1 (y) +m(i�1)(y)q1(�);

f (i)(y) = n(i)(y)� b(0; 0)
@ib(0; y)
@yi

� 2b(0; 0)
@i�1ax(0; y)

@yi
;

g(i)(y) = bx(0; 0)m(i�1)(y) + b(0; 0)n(i)(y);

¯à¨ç¥¬ á«¥¤ã¥â áç¨â âì �(y) 2 C i[0; y1], a; b 2 C i+1(D), c 2 C i(D). �à ¢¥¨¥ (10) ¯à¨ ¤ ®¬
i ¯®«ãç ¥âáï ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ãà ¢¥¨ï ¯à¨ i � 1 ¢ á«ãç ¥, ¥á«¨ Ai�1(y) � 0. �âàãªâãà 
ãà ¢¥¨© (10) á®¢¥àè¥®   «®£¨ç  áâàãªâãà¥ ãà ¢¥¨ï (9), á«¥¤®¢ â¥«ì®, à ááã¦¤¥¨ï
¯. 2 á ®ç¥¢¨¤ë¬¨ ¨§¬¥¥¨ï¬¨ ¯¥à¥®áïâáï   ãà ¢¥¨ï (10). �à¨ ª ¦¤®¬ § ç¥¨¨ i = 2; 3; : : :
¬®£ãâ ¡ëâì ¢ë¤¥«¥ë à §«¨çë¥ á«ãç ¨ § ¢¨á¨¬®áâ¨ ®â ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�áá«¥¤®¢ ¨¥ á¢ï§¨ ¬¥¦¤ã �(x) ¨  (x) ¯à®¢®¤¨âáï   «®£¨ç® ¢ëè¥¨§«®¦¥®¬ã. �â®¡ë
¯®«ãç¨âì ¤«ï íâ®£®   «®£ (6),  ¤® ¢ (6) ¯®¬¥ïâì à®«ï¬¨ ¯¥à¥¬¥ë¥ x ¨ y, äãªæ¨¨ a ¨ b, ¨
§ ¬¥¨âì �(y),  00(0),  0(0), '(0), k(0; y) á®®â¢¥âáâ¢¥®   �(x), '00(0), '0(0),  (0), h(x; 0).

�áâ ®¢«¥ë¥ à¥§ã«ìâ âë ¯®§¢®«ïîâ ¨áá«¥¤®¢ âì ¤«ï ãà ¢¥¨ï (1) ¢®¯à®áë à §à¥è¨¬®áâ¨
å à ªâ¥à¨áâ¨ç¥áª¨å § ¤ ç á ®à¬ «ìë¬¨ ¯à®¨§¢®¤ë¬¨ ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¢
£à ¨çëå ãá«®¢¨ïå. � ª, § ¤ ç  á ãá«®¢¨ï¬¨

uxxx(0; y) = �(y); uyyy(x; 0) = �(x)

¤®¯ãáª ¥â à¥£ã«ïà®¥ à¥è¥¨¥, ª®â®à®¥ ¬®¦¥â § ¢¨á¥âì ®â ®¤®© ¤® ¯ïâ¨ ª®áâ â «¨¡® ¢®¢á¥
¥ § ¢¨á¥âì ®â ª®áâ â.

� § ª«îç¥¨¥ § ¬¥â¨¬, çâ® ®¯¨á ë¬ ¢ëè¥ á¯®á®¡®¬ ¬®¦® ¯®«ãç¨âì ãà ¢¥¨ï, á¢ï§ë-
¢ îé¨¥ u(x; y) ¨ ¥¥ ®à¬ «ìë¥ ¯à®¨§¢®¤ë¥ «î¡®£® ¯®àï¤ª    å à ªâ¥à¨áâ¨ª å.
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