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� ¤ ç  ¤¨äà ªæ¨¨ í«¥ªâà®¬ £­¨â­®© ¢®«­ë ­  áâëª¥ ¯®«ã®âªàëâëå ¤¨í«¥ªâà¨ç¥áª¨å ¢®«-
­®¢®¤®¢ á¢¥¤¥­  ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ à §«¨ç­®£® ¢¨¤ , ¢ â®¬ ç¨á«¥ ª à¥£ã«ïà­®¬ã ¨­â¥-
£à «ì­®¬ã ãà ¢­¥­¨î ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ à §«®¦¥­¨ï ¯®«ï ¯® £ à¬®­¨ª ¬ ­¥¯à¥àë¢-
­®£® ¨ ¤¨áªà¥â­®£® á¯¥ªâà . �á¯®«ì§®¢ ­ ¬¥â®¤ ¢á¯®¬®£ â¥«ì­®© ¯¥à¥®¯à¥¤¥«¥­­®© £à ­¨ç­®©
§ ¤ ç¨. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¯¥à¥®¯à¥¤¥«¥­­ëå § ¤ ç ¤«ï ãà ¢-
­¥­¨ï �¥«ì¬£®«ìæ  ¢ ç¥â¢¥àâ¨ ¯«®áª®áâ¨, ¢ ¯®«ã¯®«®á¥ ¨ ¢ ¯®«ã¡¥áª®­¥ç­ëå á«®¨áâëå ®¡« áâïå
­ ©¤¥­ë ¢ ä®à¬¥ § ¢¨á¨¬®áâ¥© ¬¥¦¤ã £à ­¨ç­ë¬¨ äã­ªæ¨ï¬¨.

�¢¥¤¥­¨¥

� ¤ ç¨ á®¯àï¦¥­¨ï ¢®«­®¢®¤­ëå áâàãªâãà ®¡à §ãîâ ®¤¨­ ¨§ ®á­®¢­ëå à §¤¥«®¢ ¢®«­®¢®¤-
­®© í«¥ªâà®¤¨­ ¬¨ª¨. � íâ®© £àã¯¯¥ ®â­®áïâáï ª ª § ¤ ç¨ ® á®¡áâ¢¥­­ëå ¢®«­ å ¢ á«®¦­ëå
áà¥¤ å, â ª ¨ § ¤ ç¨ ¤¨äà ªæ¨¨ í«¥ªâà®¬ £­¨â­ëå ¢®«­ ­  ­¥®¤­®à®¤­®áâïå à §«¨ç­ëå â¨¯®¢,
¢ â®¬ ç¨á«¥ ­  áâëª å ¯®«ã¡¥áª®­¥ç­ëå ¢®«­®¢®¤®¢. � § ¤ ç å ¤¨äà ªæ¨¨ § ¤ ¥âáï ­ ¡¥£ î-
é ï ­  áâëª á®¡áâ¢¥­­ ï ¢®«­  ®¤­®© ¨§ ç áâ¥© áâàãªâãàë. �ã¦­® ­ ©â¨ í«¥ªâà®¬ £­¨â­®¥
¯®«¥, à áå®¤ïé¥¥áï ®â áâëª  ¯® ®â¤¥«ì­ë¬ ¢®«­®¢®¤ ¬ (®¡ëç­® ¢ ¢¨¤¥ áã¬¬ë á®¡áâ¢¥­­ëå
¢®«­). �à¨ íâ®¬ ¯à ªâ¨ç¥áª¨ ¢ ¦­®, ­ ¯à¨¬¥à, à ááç¨â âì â ª®© à¥¦¨¬ á®£« á®¢ ­¨ï ¤¢ãå
¢®«­®¢®¤®¢, ¯à¨ ª®â®à®¬ í­¥à£¨ï ¢®«­ ®¤­®£® ¨§ ­¨å ®¯â¨¬ «ì­® ¯à¥®¡à §ã¥âáï ¢ í­¥à£¨î ¢®«­
¤àã£®£®.

�áë«ª¨ ­  ¯¥à¢ë¥ ¯ã¡«¨ª æ¨¨, ¯®á¢ïé¥­­ë¥ â¥®à¥â¨ç¥áª¨¬ ¨ íªá¯¥à¨¬¥­â «ì­ë¬ ¨áá«¥¤®-
¢ ­¨ï¬ ®âªàëâëå ¤¨í«¥ªâà¨ç¥áª¨å áâàãªâãà, ¨¬¥îâáï ¢ [1]. �¥®à¨ï ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®-
¤®¢ ¡ë«  ¯®áâà®¥­  ®â­®á¨â¥«ì­® ­¥¤ ¢­®. �® à ¡®â �®­¤à®á  ¨ �¥¡ ï áç¨â «®áì, çâ® ¢®«­®-
¢®¤­ë¥ á¢®©áâ¢  ¨¬¥îâ â®«ìª® áâàãªâãàë á ¨¤¥ «ì­® ¯à®¢®¤ïé¨¬¨ í«¥¬¥­â ¬¨ £à ­¨æ. � â¥-
¬ â¨ç¥áª¨¥ ®á­®¢ë ¨­â¥£à «ì­®© ®¯â¨ª¨ ¨ ®¯â®í«¥ªâà®­¨ª¨, á¢®©áâ¢  ¯« ­ à­ëå ¢®«­®¢®¤®¢
¨ ®¯â¨ç¥áª¨å ¢®«®ª®­,   â ª¦¥ ¯¥àá¯¥ªâ¨¢ë ¨å ¨á¯®«ì§®¢ ­¨ï ¢ à §«¨ç­®£® à®¤  ãáâà®©áâ¢ å
¨§«®¦¥­ë ¢ ¬®­®£à ä¨ïå ¨ á¡®à­¨ª å ®¡§®à­ëå à ¡®â (­ ¯à., [2]{[5]).

�«ï ®¤­®á«®©­ëå ¢®«­®¢®¤®¢ á ¬¥â ««¨ç¥áª¨¬¨ áâ¥­ª ¬¨ ®¤¨­ ª®¢®£® á¥ç¥­¨ï (§ ªàëâëå
¢®«­®¢®¤®¢) § ¤ ç  á®¯àï¦¥­¨ï à¥è ¥âáï ¤®áâ â®ç­® ¯à®áâ®, ¯®áª®«ìªã ª®¬¯®­¥­âë ¨å á®¡-
áâ¢¥­­ëå ¢®«­ ®¤¨­ ª®¢® § ¢¨áïâ ®â ¯®¯¥à¥ç­ëå ª®®à¤¨­ â. �®íâ®¬ã ª ¦¤®© á®¡áâ¢¥­­®© ¢®«­¥,
¯à¨å®¤ïé¥© á ¡¥áª®­¥ç­®áâ¨, á®®â¢¥âáâ¢ã¥â ¯ à  ¢®«­, à áå®¤ïé¨åáï ®â áâëª . �«ï § ¤ ç á®-
¯àï¦¥­¨ï í«¥ªâà®¬ £­¨â­ëå ¯®«¥© ¢ ®âªàëâëå ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®¤ å íâ® ­¥ â ª. � ª¨¥
§ ¤ ç¨ ï¢«ïîâáï áãé¥áâ¢¥­­® ¡®«¥¥ á«®¦­ë¬¨ ¥é¥ ¨ ¯®â®¬ã, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¤¨ää¥à¥­-
æ¨ «ì­ë¥ ®¯¥à â®àë ¨¬¥îâ ­¥ â®«ìª® ¤¨áªà¥â­ë©, ­® ¨ ­¥¯à¥àë¢­ë© á¯¥ªâà.

� á ¬®¬ ®¡é¥¬ á«ãç ¥ ãá«®¢¨ï á®¯àï¦¥­¨ï ­  áâëª¥ ¢®«­®¢®¤®¢ ¬®£ãâ ¡ëâì á¢¥¤¥­ë ª á¨-
áâ¥¬¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¨áª®¬ëå äã­ªæ¨© | ª®íää¨æ¨¥­â®¢ à §«®¦¥­¨ï
¯®«ï ¯® ¢®«­ ¬ ­¥¯à¥àë¢­®£® á¯¥ªâà , ¢ íâ¨å ãà ¢­¥­¨ïå á®¤¥à¦ âáï â ª¦¥ ¨ ¨áª®¬ë¥ ¯®áâ®-
ï­­ë¥ | ª®íää¨æ¨¥­âë à §«®¦¥­¨ï ¯® ¢®«­ ¬ ¤¨áªà¥â­®£® á¯¥ªâà . �­ «¨â¨ç¥áª¨¥ à¥è¥­¨ï
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â ª¨å á¨áâ¥¬ ãà ¢­¥­¨© ¯®áâà®¨âì ­¥ ã¤ ¥âáï,   áâ ­¤ àâ­ë¥ ¯à¨¡«¨¦¥­­ë¥ ¬¥â®¤ë, ª ª á«¥-
¤ã¥â ¨§  ­ «¨§  ¨§¢¥áâ­ëå ­ ¬ à ¡®â ¢ ¤ ­­®¬ ­ ¯à ¢«¥­¨¨, ®ª §ë¢ îâáï á«¨èª®¬ á«®¦­ë¬¨
¨ ¬ «® íää¥ªâ¨¢­ë¬¨.

� [6] ¢ à §«®¦¥­¨¨ í«¥ªâà®¬ £­¨â­ëå ¯®«¥© ¢ ¢®«­®¢®¤ å á«¥¢  ¨ á¯à ¢  ®â áâëª  ãç¨âë-
¢ «¨áì â®«ìª® ¢®«­ë ¤¨áªà¥â­®£® á¯¥ªâà . � [7] ¨á¯®«ì§®¢ «®áì ¯à¨¡«¨¦¥­¨¥ ¯®¢¥àå­®áâ­ëå
¢®«­, â. ¥. ®âà ¦¥­­ ï ¢®«­  ¡ë«  ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ áã¬¬ë ­ ¯à ¢«ï¥¬ëå ¬®¤. �®«¥¥ áâà®-
£¨© ¯®¤å®¤ ¯à¨­ïâ ¢ [8] (â ª¦¥ [1], £«. 9, x 5), §¤¥áì ¨áª®¬ë¥  ¬¯«¨âã¤ë à §«®¦¥­ë ¯® ®àâ®-
£®­ «ì­ë¬ äã­ªæ¨ï¬ (¯®«¨­®¬ ¬ � £¥àà ) ¨ ¨áå®¤­ ï § ¤ ç  á¢¥¤¥­  ª ¡¥áª®­¥ç­®© á¨áâ¥¬¥
«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. �­ «®£¨ç­ë© ¬¥â®¤ ¨á¯®«ì§®¢ ­ ¢ [9] ¯à¨ ¨áá«¥¤®¢ ­¨¨
§ ¤ ç¨ ¤¨äà ªæ¨¨ í«¥ªâà®¬ £­¨â­®© TE-¢®«­ë ­  áª çª¥ ¢ ¯®¯¥à¥ç­®¬ á¥ç¥­¨¨ ¯«®áª®£® á¨¬-
¬¥âà¨ç­®£® ¢®«­®¢®¤ , ¢ íâ®© à ¡®â¥ ¢®«­ë ­¥¯à¥àë¢­®£® á¯¥ªâà  ¡ë«¨ ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥
àï¤  ¯® äã­ªæ¨ï¬ � £¥àà . �à¨ à¥è¥­¨¨ á¨áâ¥¬ë äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨©, ¯®«ãç¥­­®© ¨§
ãá«®¢¨© á®¯àï¦¥­¨ï ¯®«¥©, ¯à¨¬¥­ï«áï ¬¥â®¤ � «�¥àª¨­ {�¨âæ .

�¥«ì ¤ ­­®© à ¡®âë | à á¯à®áâà ­¨âì ¬¥â®¤ ¢á¯®¬®£ â¥«ì­®© ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨ ­ 
§ ¤ çã ® áâëª¥ ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®¤®¢. �â®â ¬¥â®¤ ¡ë« ¯à¨¬¥­¥­ ¢ [10] ¯à¨ ¨áá«¥¤®¢ ­¨¨
§ ¤ ç¨ ® áâã¯¥­ç â®© ­¥®¤­®à®¤­®áâ¨ ¢ ¢®«­®¢®¤¥ á ¬¥â ««¨ç¥áª¨¬¨ áâ¥­ª ¬¨,   â ª¦¥ ­¥ª®-
â®àëå ¤àã£¨å § ¤ ç. �¡§®à ¯ã¡«¨ª æ¨©, ¯®á¢ïé¥­­ëå à §«¨ç­ë¬ ®¡®¡é¥­¨ï¬ ¬¥â®¤ , ¨¬¥¥âáï
¢ [11]. � ([12], x 14) § ¤ ç  ® áâëª¥ ¯« ­ à­ëå ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®¤®¢ á¢¥¤¥­  ª ¡¨á¨­£ã-
«ïà­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î, ­® ¢®¯à®á ® ¢®§¬®¦­ëå ¬¥â®¤ å ¥£® ¨áá«¥¤®¢ ­¨ï ®áâ «áï
®âªàëâë¬.

�á­®¢­ ï ¨¤¥ï ¬¥â®¤  ¢á¯®¬®£ â¥«ì­®© ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. � §-
¤¥«¨¬ á«®¦­ãî ¢®«­®¢®¤­ãî áâàãªâãàã ­  ¯à®áâë¥ ¯®¤®¡« áâ¨, ª ª íâ® ¯à¨­ïâ® ¢ à ¬ª å ®¡é¥-
£® ¬¥â®¤  ç áâ¨ç­ëå ®¡« áâ¥© (¨«¨ ¬¥â®¤  áè¨¢ ­¨ï). � ª ¦¤®© ¯®¤®¡« áâ¨ ¯®áâà®¨¬ à¥è¥­¨¥
¢á¯®¬®£ â¥«ì­®© ªà ¥¢®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨©, ®¯¨áë¢ îé¨å í«¥ªâà®¬ £­¨â­®¥ ¯®-
«¥. �® ­  ç áâ¨ £à ­¨æë ¯®¤®¡« áâ¨, ¢¤®«ì ª®â®à®© íâ  ¯®¤®¡« áâì á®¯àï£ ¥âáï á ¤àã£¨¬¨,
§ ¤ ¤¨¬ ¡®«ìè¥ £à ­¨ç­ëå ãá«®¢¨©, ç¥¬ ­ã¦­® ¤«ï ª®àà¥ªâ­®© ¯®áâ ­®¢ª¨ § ¤ ç¨. �¥®¡å®¤¨-
¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ â ª¨å ¯¥à¥®¯à¥¤¥«¥­­ëå § ¤ ç ãáâ ­ ¢«¨¢ îâ á¢ï§¨
¬¥¦¤ã £à ­¨ç­ë¬¨ äã­ªæ¨ï¬¨. �â¨ ãá«®¢¨ï áãé¥áâ¢¥­­® ¨á¯®«ì§ãîâáï ¢ ¤ «ì­¥©è¥¬, ¢ [10]
®­¨ ¡ë«¨ ­ §¢ ­ë ¨­â¥£à «ì­ë¬¨ (¨«¨ áã¬¬ â®à­ë¬¨) â®¦¤¥áâ¢ ¬¨. � ª¨¥ â®¦¤¥áâ¢  ã¤®¡­®
¨á¯®«ì§®¢ âì ¯à¨ á¢¥¤¥­¨¨ ¨áå®¤­®© § ¤ ç¨ á®¯àï¦¥­¨ï ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ 2-£® à®¤ 
¨«¨ ¯à¨ à¥£ã«ïà¨§ æ¨¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 1-£® à®¤ .

� ª ¨§¢¥áâ­®, á®¡áâ¢¥­­ë¥ ¢®«­ë ¯« ­ à­®£® ¤¨í«¥ªâà¨ç¥áª®£® ¢®«­®¢®¤  à §¤¥«ïîâáï ­ 
âà¨ £àã¯¯ë: ¢®«­®¢®¤­ë¥ ¬®¤ë, ¨§«ãç â¥«ì­ë¥ ¬®¤ë ¯®¤«®¦ª¨ ¨ ¯®¤«®¦ª®¢®-¯®ªà®¢­ë¥ ¨§-
«ãç â¥«ì­ë¥ ¬®¤ë, ¯à¨ç¥¬ ¢ ¯®á«¥¤­¥© £àã¯¯¥ ¢ë¤¥«ïîâáï ¬®¤ë ç¥â­ë¥ ¨ ¬®¤ë ­¥ç¥â­ë¥.
�®«­®¢®¤­ë¥ ¬®¤ë ®¡à §ãîâ ¤¨áªà¥â­ë© á¯¥ªâà,   ¨§«ãç â¥«ì­ë¥ | ­¥¯à¥àë¢­ë©. �â®¡ë
ã¯à®áâ¨âì à ááã¦¤¥­¨ï, à áá¬®âà¨¬ á«ãç ©, ª®£¤  á®¯àï£ ¥¬ë¥ ¢®«­®¢®¤ë ï¢«ïîâáï ¯®«ã®â-
ªàëâë¬¨ (¬¥â ««®¤¨í«¥ªâà¨ç¥áª¨¬¨). �ãáâì æ¥­âà «ì­ë© ¢®«­®¢®¤­ë© á«®© ®£à ­¨ç¥­ á­¨§ã
¨¤¥ «ì­® ¯à®¢®¤ïé¥© ¯®¢¥àå­®áâìî,   á¢¥àåã | ­¥®£à ­¨ç¥­­®© ¯®ªà®¢­®© áà¥¤®©. �ã¤¥¬ ¯à¥¤-
¯®« £ âì, çâ® ¢®«­®¢®¤­ ï áâàãªâãà  ï¢«ï¥âáï ®¤­®à®¤­®© ¢¤®«ì ®¤­®© ¨§ ¯à®áâà ­áâ¢¥­­ëå
ª®®à¤¨­ â ¨ í«¥ªâà®¬ £­¨â­®¥ ¯®«¥ ­¥ § ¢¨á¨â ®â íâ®© ª®®à¤¨­ âë. �®£¤  § ¤ ç  á®¯àï¦¥­¨ï
¢®«­®¢®¤®¢ ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­  ª ª £à ­¨ç­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ .

1. � ¤ ç  á®¯àï¦¥­¨ï ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ 

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  á ªãá®ç­®-¯®áâ®ï­­ë¬ ª®íää¨-
æ¨¥­â®¬

@2u

@x2
+
@2u

@z2
+ k2(x; z)u = 0: (1)
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6

-

D�
2 D+

2

D1

z

x0

h

�¨á. 1.

� ®¡« áâïå D1, D
�
2 ¨ D+

2 (á¬. à¨á. 1) ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ £à -
­¨ç­ë¬ ãá«®¢¨ï¬ ¨ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

u(x; 0) = 0;

u(x; h+ 0)� u(x; h� 0) = 0;
@u

@z
(x; h + 0)� @u

@z
(x; h� 0) = 0; (2)

u(z; 0 + 0)� u(z; 0 � 0) = u00(z);
@u

@x
(z; 0 + 0)� @u

@x
(z; 0� 0) = u01(z);

  â ª¦¥ ãá«®¢¨ï¬ ­  ¡¥áª®­¥ç­®áâ¨. �ãáâì ª®íää¨æ¨¥­â k(x; z) ¢ à §«¨ç­ëå ç áâïå ¯«®áª®áâ¨
¯à¨­¨¬ ¥â ¢¥é¥áâ¢¥­­ë¥ §­ ç¥­¨ï k1, k

+
2 , k

�
2 , ¯à¨ç¥¬ k1 < k+2 ¨ k1 < k�2 .

� ¤ ç  (1){(2) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ¯à®æ¥áá  ¤¨äà ªæ¨¨ ¤¢ã¬¥à­®©
(@=@y = 0) TE-¯®«ïà¨§®¢ ­­®© á®¡áâ¢¥­­®© ¢®«­ë, ­ ¡¥£ îé¥© ¯® ¢®«­®¢®¤ ¬ ­  áâëª (x = 0).
�ã¤¥¬ áç¨â âì, çâ® § ¢¨á¨¬®áâì ª®¬¯®­¥­â ¯®«ï ®â ¢à¥¬¥­¨ ¨¬¥¥â ¢¨¤ e�i!t. �ëà §¨¬ ­¥­ã«¥¢ë¥
ª®¬¯®­¥­âë ç¥à¥§ ¯®â¥­æ¨ «ì­ãî äã­ªæ¨î

Ey = u; Hx =
�1

i!�0�

@u

@z
; Hz =

1
i!�0�

@u

@x
: (3)

� ¤ ­­ë¥ äã­ªæ¨¨ u00(z), u
0
1(z) | á«¥¤ë ¯®â¥­æ¨ «ì­®© äã­ªæ¨¨ u0(x; z) (­ ¡¥£ îé¥© ­  áâëª

¢®«­ë) ¨ ¥¥ ¯à®¨§¢®¤­®© ¯® ­®à¬ «¨ ­  áâëª¥ (ª á â¥«ì­ëå á®áâ ¢«ïîé¨å ¢¥ªâ®à®¢ E ¨H). �á-
ª®¬ ï ª®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï u(x; z) | ¯®â¥­æ¨ «ì­ ï äã­ªæ¨ï à áá¥ï­­®£® ¯®«ï. �ã¤¥¬
®¡®§­ ç âì ¥¥ á«¥¤ë ­  áâëª¥

u�0 (z) = u(z; 0 � 0); u�1 (z) =
@u

@x
(z; 0� 0):

�®£¤  ãá«®¢¨ï á®¯àï¦¥­¨ï ­  áâëª¥ ¢®«­®¢®¤®¢ ¨¬¥îâ ¢¨¤

u+0 (z)� u�0 (z) = u00(z); u+1 (z)� u�1 (z) = u01(z): (4)

�á«®¢¨ï ­  ¡¥áª®­¥ç­®áâ¨ ¯à¨¬¥¬ á«¥¤ãîé¨¥: ¨áª®¬®¥ à¥è¥­¨¥ ¤®«¦­® ¡ëâì ®£à ­¨ç¥­®
¯à¨ z ! +1 ¨ à á¯à®áâà ­ïâìáï (ª ª ¢®«­ ) ¢ ­ ¯à ¢«¥­¨ïå x ! +1 ¨ x ! �1 ¢ ¯®«ã-
¯«®áª®áâïå x > 0 ¨ x < 0 á®®â¢¥âáâ¢¥­­®. �®«­ã ­ §®¢¥¬ à á¯à®áâà ­ïîé¥©áï ¢ ­¥ª®â®à®¬
­ ¯à ¢«¥­¨¨, ¥á«¨ ®­  ¯¥à¥­®á¨â í­¥à£¨î ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¨«¨ (¨) § âãå ¥â.

� ¤ «ì­¥©è¥¬ ¡ã¤ãâ à¥è âìáï ¤¢¥ ¢á¯®¬®£ â¥«ì­ë¥ § ¤ ç¨ ¤«ï «¥¢®© (x < 0) ¨ ¯à ¢®©
(x > 0) ç áâ¥© à áá¬ âà¨¢ ¥¬®© áâàãªâãàë. �â¨ § ¤ ç¨ ï¢«ïîâáï ¯¥à¥®¯à¥¤¥«¥­­ë¬¨, â. ª. ­ 
¯®«ã®á¨ z > 0 § ¤ ­ë §­ ç¥­¨ï ª ª à¥è¥­¨© u�0 (z), â ª ¨ ¨å ¯à®¨§¢®¤­ëå ¯® ­®à¬ «¨ u�1 (z).
�¢ï§ì ¬¥¦¤ã íâ¨¬¨ £à ­¨ç­ë¬¨ äã­ªæ¨ï¬¨ ¢ ¯¥à¥®¯à¥¤¥«¥­­ëå § ¤ ç å ¡ã¤¥â ¨á¯®«ì§®¢ ­ 
¯à¨ á¢¥¤¥­¨¨ ¨áå®¤­®© § ¤ ç¨ ¤¨äà ªæ¨¨ ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ à §«¨ç­®£® ¢¨¤ .
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2. �®¤ë ¯®«ã®âªàëâ®£® ¤¨í«¥ªâà¨ç¥áª®£® ¢®«­®¢®¤ 

� áá¬®âà¨¬ ¡¥áª®­¥ç­ë© ¢ ­ ¯à ¢«¥­¨¨ ®á¨ x ¯®«ã®âªàëâë© ¢®«­®¢®¤, á®áâ®ïé¨© ¨§ ®¡« -
áâ¥© D1 ¨ D2 (¯à¥¤¯®« £ ¥âáï, çâ® á«®© 0 < z < h § ¯®«­¥­ ®¤­®à®¤­ë¬ ¤¨í«¥ªâà¨ª®¬,
k�2 = k+2 = k2). � ©¤¥¬ ¯®â¥­æ¨ «ì­ë¥ äã­ªæ¨¨ ¥£® á®¡áâ¢¥­­ëå ¢®«­ ¢¨¤  u(x; z) = X(x)Z(z)
(¬¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå). � ª ¦¤®© ¨§ ®¡« áâ¥© Dj , j = 1; 2, ¤®«¦­® ¢ë¯®«­ïâìáï à -
¢¥­áâ¢®

X 00(x)
X(x)

+
Z 00(z)
Z(z)

+ k2j = 0:

�¢¥¤¥¬ ª®¬¯«¥ªá­ãî ¯®áâ®ï­­ãî à §¤¥«¥­¨ï � â ª, çâ®

X 00(x)
X(x)

+ �2 = 0;
Z 00(z)
Z(z)

+ k2j � �2 = 0: (5)

� ¤ «ì­¥©è¥¬ ¤®áâ â®ç­® áç¨â âì, çâ® � ¯à¨­ ¤«¥¦¨â ¢¥àå­¥© ¨«¨ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨
¢¬¥áâ¥ á ®¤­®© ¨§ ¢¥é¥áâ¢¥­­ëå ¯®«ã®á¥©. �®£¤  §­ ç¥­¨ï �2 § ¯®«­ïîâ ¢áî ª®¬¯«¥ªá­ãî
¯«®áª®áâì. � äã­¤ ¬¥­â «ì­®© á¨áâ¥¬¥ à¥è¥­¨© ¯¥à¢®£® ãà ¢­¥­¨ï ¨§ (5) á®¤¥à¦ âáï äã­ªæ¨¨
e�i�x ¨ ei�x.

� áá¬®âà¨¬ ¯®¤à®¡­® á«ãç ©, ª®£¤  ¯à¨ � ¨§ âà¥âì¥£® ª¢ ¤à ­â , ¤®¯®«­¥­­®£® ®£à ­¨ç¨-
¢ îé¨¬¨ ¥£® ¯®«ã®áï¬¨,

X(x) = e�i�x:

�à¨ ¢ë¡à ­­®© § ¢¨á¨¬®áâ¨ ª®¬¯®­¥­â í«¥ªâà®¬ £­¨â­®£® ¯®«ï ®â ¢à¥¬¥­¨ ¢¨¤  e�i!t íâ  äã­ª-
æ¨ï ®¯à¥¤¥«ï¥â ¢®«­ã, à á¯à®áâà ­ïîéãîáï ¢¤®«ì ®á¨ x (¯¥à¥­®áïéãî í­¥à£¨î ¯à¨ Re� < 0 ¨
§ âãå îéãî ¯à¨ Im� < 0). �á«¨ ¨§¬¥­¨âì §­ ª ã ¯ à ¬¥âà  � (¯¥à¥¢¥áâ¨ � ¢ ¯¥à¢ë© ª¢ ¤à ­â),
â® ­ ¯à ¢«¥­¨¥ à á¯à®áâà ­¥­¨ï à¥è¥­¨ï ¬¥­ï¥âáï ­  ¯à®â¨¢®¯®«®¦­®¥.

�ë¡¥à¥¬ ®¤­®§­ ç­ãî ­¥¯à¥àë¢­ãî ¢¥â¢ì äã­ªæ¨¨


j(�) =
q
k2j � �2; j = 1; 2;

â ª, çâ®¡ë ¢ ®¤­®© ¨§ â®ç¥ª ¯®«®¦¨â¥«ì­®© ¬­¨¬®© ¯®«ã®á¨ ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨, à §à¥-
§ ­­®© ¯® ®âà¥§ªã ¢¥é¥áâ¢¥­­®© ®á¨ [�kj ; kj ], §­ ç¥­¨¥ ¥¥ ¡ë«® ¯®«®¦¨â¥«ì­ë¬ (­ ¯à., ¯ãáâì


j(i) =
q
k2j + 1). �®£¤  
j(�) ¯¥à¥¢®¤¨â âà¥â¨© ª¢ ¤à ­â ¢® ¢â®à®©, ­  à¨á. 2 ¯®ª § ­® á®®â¢¥â-

áâ¢¨¥ £à ­¨æ ¯à¨ íâ®¬ ®â®¡à ¦¥­¨¨.
�à¨ ç¨áâ® ¬­¨¬®¬ � ¨«¨ ¯à¨ � 2 (�kj ; 0) §­ ç¥­¨ï 
j(�) ¢¥é¥áâ¢¥­­ë¥ ¨ ®âà¨æ â¥«ì­ë¥,  

¯à¨ � 2 (�1;�kj) ç¨áâ® ¬­¨¬ë¥ á ¯®«®¦¨â¥«ì­®© ¬­¨¬®© ç áâìî.

-6

-

6�kj �
� �

3 2

61

�kj


j(�)

- -1 2

63

�¨á. 2.

� äã­¤ ¬¥­â «ì­®© á¨áâ¥¬¥ à¥è¥­¨© ¢â®à®£® ãà ¢­¥­¨ï ¨§ (5) á®¤¥à¦ âáï äã­ªæ¨¨ e�i
j(�)z

¨ ei
j (�)z, ¯®íâ®¬ã Z(z) = c1e
�i
2(�)z + c2e

i
2(�)z ¢ ®¡« áâ¨ D2. � ®¡« áâ¨ D1 ¯à¨ ¢¥é¥áâ¢¥­­®¬

1(�) â ª¦¥ ¨¬¥¥¬ Z(z) = c1e

�i
1(�)z + c2e
i
1(�)z (®â¤¥«ì­ë¥ á« £ ¥¬ë¥ ®¯à¥¤¥«ïîâ ãå®¤ïé¨¥

¨ ¯à¨å®¤ïé¨¥ à¥è¥­¨ï, ­® ª ¦¤®¥ ¨§ ­¨å ®£à ­¨ç¥­® ­  ¡¥áª®­¥ç­®áâ¨). �à¨ Im 
1(�) 6= 0 ¢
®¡é¥¬ à¥è¥­¨¨ ®áâ ¥âáï â®«ìª® ¢â®à®¥ á« £ ¥¬®¥, § âãå îé¥¥ ­  ¡¥áª®­¥ç­®áâ¨.
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�ãáâì � 2 (�i1; i0) ¨«¨ � 2 (�k1; 0). �à¨ íâ®¬ §­ ç¥­¨ï 
1(�) ¨ 
2(�) ¢¥é¥áâ¢¥­­ë¥ (¯®
¯à¥¤¯®«®¦¥­¨î k1 < k2). �®£¤  Z(z) = Ae�i
1(�)(z�h) + Bei
1(�)(z�h) ¯à¨ z > h (á¬¥é¥­¨¥ z ­  h
¢¢¥¤¥­® ¤«ï ã¤®¡áâ¢ ) ¨ Z(z) = Ce�i
2(�)z +Dei
2(�)z ¯à¨ 0 < z < h. �§ £à ­¨ç­®£® ãá«®¢¨ï ¯à¨
z = 0 á«¥¤ã¥â C +D = 0, â®£¤  Z(z) = �2iC sin
2(�)z ¯à¨ 0 < z < h. �á«®¢¨ï á®¯àï¦¥­¨ï ¯à¨
z = h á¢®¤¨âáï ª à ¢¥­áâ¢ ¬

A+B = �2iC sin
2(�)h; �A+B = �2C 
2(�)

1(�)

cos 
2(�)h:

�®íâ®¬ã

Z(z) = �2iC(�)f(�; z) ¨ u(x; z) = �2iC(�)f(�; z)e�i�x; (6)

£¤¥

f(�; z) =

8<
:
z > h : 
2(�)


1(�)
cos 
2(�)h sin 
1(�)(z � h) + sin
2(�)h cos 
1(�)(z � h);

0 < z < h : sin
2(�)z:
(7)

�ãáâì â¥¯¥àì � ¯à¨­ ¤«¥¦¨â (�1;�k1) ¨«¨ âà¥âì¥¬ã ª¢ ¤à ­âã. �à¨ íâ®¬ Im 
1(�) 6= 0
¨ §­ ç¥­¨ï 
2(�) â®¦¥ ¢ ®¡é¥¬ á«ãç ¥ ª®¬¯«¥ªá­ë¥ (®­¨ ¢¥é¥áâ¢¥­­ë¥ â®«ìª® ¯à¨ � 2
(�k2;�k1)). � íâ®¬ á«ãç ¥ â ª¦¥ Z(z) = �2iC sin
2(�)z ¯à¨ 0 < z < h, ­® Z(z) = Be�
1(�)(z�h)

¯à¨ z > h. �á«®¢¨ï á®¯àï¦¥­¨ï ¯à¨ z = h ¤ îâ

B = �2iC sin
2(�)h; i
1(�)B = �2iC cos 
2(�)h
2(�):

� íâ®© á¨áâ¥¬ë ãà ¢­¥­¨© ­¥­ã«¥¢®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

i
1(�) sin 
2(�)h � 
2(�) cos 
2(�)h = 0: (8)

�®¦­® ¯®ª § âì, çâ® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (8) ¨¬¥¥â â®«ìª® ª®­¥ç­®¥ ç¨á«® ¢¥é¥-
áâ¢¥­­ëå ª®à­¥© �j 2 (�k2;�k1), j = 1; : : : ; n. �à¨ íâ®¬ §­ ç¥­¨ï 
1(�j) ç¨áâ® ¬­¨¬ë¥ á ¯®-
«®¦¨â¥«ì­®© ¬­¨¬®© ç áâìî,   §­ ç¥­¨ï 
2(�j) ¢¥é¥áâ¢¥­­ë¥. �¡®§­ ç¨¬ i
1(�j) = ��1(�j),
�1(�) =

p
�2 � k21. � ª¨¬ ®¡à §®¬, ¯à¨ � = �j 2 (�k2;�k1) ¢ ä®à¬ã«¥ (6)

f(�; z) =

8<
:
z > h : sin
2(�)he��1(�)(z�h) ¨«¨ � 
2(�)

�1(�)
cos 
2(�)he��1(�)(z�h);

0 < z < h : sin
2(�)z:
(9)

� ¤ «ì­¥©è¥¬ ­¥ ¡ã¤¥¬ ¯¨á âì ¬­®¦¨â¥«ì �2i ¢ ä®à¬ã«¥ (6), â. ª. C(�) | ¯à®¨§¢®«ì­ ï
äã­ªæ¨ï ¯ à ¬¥âà  �.

�¥®à¥¬  1. �¥è¥­¨¥ § ¤ ç¨ ® áâëª¥ ¢®«­®¢®¤®¢ ¬®¦¥â ¡ëâì ­ ©¤¥­® ¢ ¢¨¤¥

u�(x; z) =
Z
::�j

C�(�)f�(�; z)e�i�x d�; (10)

£¤¥ C�(�) | ­¥ª®â®àë¥ äã­ªæ¨¨.

� ä®à¬ã« å (10) ¢¥àå­¨© §­ ª ®â­®á¨âáï ª ¯à ¢®© ç áâ¨ ¢®«­®¢®¤­®© áâàãªâãàë,   ­¨¦­¨©
| ª «¥¢®©. � ¯à ¢«¥­¨ï à á¯à®áâà ­¥­¨ï ¢®«­ á®®â¢¥âáâ¢ãîâ ãá«®¢¨ï¬ ¨§«ãç¥­¨ï | ®â áâëª 
­  ¡¥áª®­¥ç­®áâì. � ¢¨á¨¬®áâì f�(�; z) ®â ¯®¯¥à¥ç­®© ª®®à¤¨­ âë § ¤ ¥âáï ä®à¬ã«®© (7) ¤«ï
¢®«­ ­¥¯à¥àë¢­®£® á¯¥ªâà  (¤¢ãå â¨¯®¢) ¨ ä®à¬ã«®© (9) ¤«ï ¢®«­ ¤¨áªà¥â­®£® á¯¥ªâà , ¯à¨
íâ®¬ k2 = k�2 . �­ ª®¬

::�j (\ª«îèª  á è ©¡ ¬¨") ®¡®§­ ç¥­ á«®¦­ë© ª®­âãà ­  ª®¬¯«¥ªá­®©
¯«®áª®áâ¨, á®áâ®ïé¨© ¨§ ¬­¨¬®© ®âà¨æ â¥«ì­®© ¯®«ã®á¨, ¨­â¥à¢ «  (�k1; 0) ¨ ª®­¥ç­®£® ç¨á« 
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â®ç¥ª �j 2 (�k2;�k1), j = 1; : : : ; n. �®íâ®¬ã äã­ªæ¨¨ ­ 
::�j ­ã¦­® à áá¬ âà¨¢ âì ª ª äã­ª-

æ¨¨ ­  ­¥¯à¥àë¢­®¬ á¯¥ªâà¥, ¤®¯®«­¥­­ë¥ ª®­¥ç­ë¬ ç¨á«®¬ §­ ç¥­¨© ­  ¤¨áªà¥â­®¬ á¯¥ªâà¥.
�­â¥£à «ë ¯®

::�j á«¥¤ã¥â ¯®­¨¬ âì â ª:
Z
::�j

C(�)f(�; z)e�i�x d� =
Z

�j
C(�)f(�; z)e�i�x d�+

nX
j=1

Cjf(�j ; z)e
�i�jx;

£¤¥ Cj = C(�j).
�¡áã¤¨¬, ­ áª®«ìª® ¯à ¢®¬¥à­® ¨áª âì ¯®â¥­æ¨ «ì­ë¥ äã­ªæ¨¨ ¯®«ï ¢ ¯®«ã¡¥áª®­¥ç­ëå

¢®«­®¢®¤ å ¢ ¢¨¤¥ (10). �®-¯¥à¢ëå, ¤¥©áâ¢¨â¥«ì­® «¨ íâ¨ ä®à¬ã«ë ¤ îâ ®¡é¥¥ à¥è¥­¨¥ ãà ¢-
­¥­¨ï �¥«ì¬£®«ìæ  ¢ á«®¨áâ®© ®¡« áâ¨ ¢ ª« áá¥ à¥è¥­¨©, à á¯à®áâà ­ïîé¨åáï ¢¯à ¢® ¨ ¢«¥¢®?
�®-¢â®àëå, ¬®¦­® «¨ ¨áª âì ¯®«¥ ¢ ¯®«ã¡¥áª®­¥ç­®¬ ¢®«­®¢®¤¥ ¢ â®¬ ¢¨¤¥, ¢ ª ª®¬ ®­® ¡ë«®
­ ©¤¥­® ¢ ¢®«­®¢®¤¥ ¡¥áª®­¥ç­®¬?

�®ª § â¥«ìáâ¢® ¯®«­®âë á¨áâ¥¬ë á®¡áâ¢¥­­ëå ¢®«­ ¯®«ã®âªàëâ®£® ¢®«­®¢®¤  ¬®¦¥â ¡ëâì
¯®«ãç¥­® ¨ ®¡é¨¬ ¬¥â®¤®¬ â¥®à¨¨ á¯¥ªâà «ì­ëå § ¤ ç (­ ¯à., [13], £«. VI), ­® íâ®â ¯ãâì ¤®áâ -
â®ç­® á«®¦¥­ ¯à¨ ­ «¨ç¨¨ ¨ ¤¨áªà¥â­®£®, ¨ ­¥¯à¥àë¢­®£® á¯¥ªâà . �¥à¥å®¤ ®â ¡¥áª®­¥ç­®£®
¢®«­®¢®¤  ª ¯®«ã¡¥áª®­¥ç­®¬ã ª®àà¥ªâ¥­ ¢ á¨«ã â®£®, çâ® ¨áª®¬®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �¥«ì¬-
£®«ìæ  ¢á¥£¤  ¬®¦­®  ­ «¨â¨ç¥áª¨ ¯à®¤®«¦¨âì ç¥à¥§ ¯àï¬®«¨­¥©­ãî £à ­¨æã (¢ ­ è¥¬ á«ãç ¥
®áì z) ([13], á. 333).

�®«®¦¨â¥«ì­ë© ®â¢¥â ­  ®¡  ¯®áâ ¢«¥­­ëå ¢®¯à®á  ¯®«ãç¨¬ ¯®á«¥ â®£®, ª ª ¯®áâà®¨¬ ®¡-
é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨¥ �¥«ì¬£®«ìæ  ¢ ¯®«ã¡¥áª®­¥ç­®© á«®¨áâ®© ®¡« áâ¨ (á¬¥é¥­­ ï ç¥â¢¥àâì
¯«®áª®áâ¨ ¨ ¯®«ã¯®«®á ) ¬¥â®¤®¬ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥. � [14] ¨ [15] íâ¨¬ ¬¥â®-
¤®¬ ¡ë«¨ ­ ©¤¥­ë ®¡é¨¥ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨© ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ¢ ç¥â¢¥àâ¨ ¯«®áª®áâ¨
¨ ¢ á«®¨áâ®© ¯«®áª®-¯ à ««¥«ì­®© áà¥¤¥.

3. �¥à¥®¯à¥¤¥«¥­­ ï £à ­¨ç­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ 

¢ á¬¥é¥­­®© ç¥â¢¥àâ¨ ¯«®áª®áâ¨

�®«ãç¨¬ ®¡é¥¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨© ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ¢ ç¥â¢¥àâ¨ ¯«®áª®áâ¨

@2u

@x2
+
@2u

@z2
+ k21u = 0; x > 0; z > h: (11)

� ¤ ¤¨¬ ¯¥à¥®¯à¥¤¥«¥­­ë¥ £à ­¨ç­ë¥ ãá«®¢¨ï (á«¥¤ë à¥è¥­¨ï ¨ ¥£® ­®à¬ «ì­®© ¯à®¨§¢®¤­®©
­  £à ­¨æ¥, à¨á. 3)

u(0 + 0; z) = a0(z);
@u

@x
(0 + 0; z) = a1(z); u(x; h + 0) = b0(x);

@u

@z
(x; h+ 0) = b1(x): (12)

-

b0(x); b1(x)

6
a0(z);

a1(z)

z

x

h

0

�¨á. 3.
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�â®ç­¨¬ ¨ ¤®¯®«­¨¬ ­¥ª®â®àë¥ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ à ¡®â¥ [14] ¯à¨ ¨áá«¥¤®¢ ­¨¨
á¢®©áâ¢ à¥è¥­¨© ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ¢ ª¢ ¤à ­â¥.

�®®¯à¥¤¥«¨¬ ¨áª®¬®¥ à¥è¥­¨¥ ­ã«¥¬ ¢­¥ ç¥â¢¥àâ¨ ¯«®áª®áâ¨ ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª
à á¯à¥¤¥«¥­¨¥ ¬¥¤«¥­­®£® à®áâ  ­  ¡¥áª®­¥ç­®áâ¨. �¥à¥©¤¥¬ ¢ ãà ¢­¥­¨¨ (11) ®â ª« áá¨ç¥áª¨å
¯à®¨§¢®¤­ëå ª ®¡®¡é¥­­ë¬ ¨ ¯à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬: x ! � ¨
z ! �. �®«ãç¨¬, çâ® ®¡à § �ãàì¥ ¨áª®¬®£® à á¯à¥¤¥«¥­¨ï ¤®«¦¥­ ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

2�(k21 � �2 � �2)u(�; �) = a1(�)� i�a0(�) + eih� [b1(�)� i�b0(�)]: (13)

�â® ãà ¢­¥­¨¥ ­ã¦­® à¥è¨âì â ª, çâ®¡ë ¯®«ãç¨«®áì u(x; z) = 0 ¯à¨ x < 0 ¨ z < h (¨«¨, çâ® ®¤­®
¨ â® ¦¥ ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© �¨­¥à {�í«¨, çâ®¡ë u(�; �) ¡ë«®  ­ «¨â¨ç¥áª¨ ¯à®¤®«¦¨¬®
¯® � ¨ � ¢ ¢¥àå­¨¥ ¯®«ã¯«®áª®áâ¨ ª®¬¯«¥ªá­ëå ¯«®áª®áâ¥© ¯¥à¥¬¥­­ëå _� ¨ _� á®®â¢¥âáâ¢¥­­®).

�¥®à¥¬  2. � á¯à¥¤¥«¥­¨¥ u(x; z) ¥áâì à¥è¥­¨¥ ¯¥à¥®¯à¥¤¥«¥­­®© £à ­¨ç­®© § ¤ ç¨ (11),
(12) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

a1(
1(�))� i�a0(
1(�)) + ei
1(�)h[b1(�)� i
1(�)b0(�)] = 0; � 2 (�1;�k1) [ (�k1; 0);
a1(�
1(�))� i�a0(�
1(�)) + e�i
1(�)h[b1(�) + i
1(�)b0(�)] = 0; � 2 (0; k1) [ (k1;+1)

(14)

¨

a1(�)� i
1(�)a0(�) + eih� [b1(
1(�))� i�b0(
1(�))] = 0; � 2 (�1;�k1) [ (�k1; 0);
a1(�) + i
1(�)a0(�) + eih� [b1(�
1(�))� i�b0(�
1(�))] = 0; � 2 (0; k1) [ (k1;+1):

(15)

�®ª § â¥«ìáâ¢®. �ãáâì u(x; z) | à¥è¥­¨¥ § ¤ ç¨. �®£¤  ¥£® ®¡à § �ãàì¥ ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î (13). �®¤¥«¨¬ ®¡¥ ç áâ¨ (13) ­  k21 � �2 � �2. �®«ãç¨¬

b1(�)� i�b0(�)
k21 � �2 � �2

=
B1(�)

� � 
1(�)
+

B2(�)
� + 
1(�)

;

£¤¥

B1(�) =
�b1(�) + i
1(�)b0(�)

2
1(�)
; B2(�) =

b1(�) + i
1(�)b0(�)
2
1(�)

:

�à¨ ª®¬¯«¥ªá­ëå ª®à­ïå �
1(�) ¯®«¨­®¬  ¤à®¡¨ 1
��
1(�)

| ®¡ëç­ë¥ äã­ªæ¨¨,   ¯à¨ ¢¥é¥áâ¢¥­-
­ëå ª®à­ïå (�k1 < � < k1) | à á¯à¥¤¥«¥­¨ï 1

�+i0�
1(�)
. �® ¢â®à®¬ á«ãç ¥ ¤¥«¥­¨¥ ¯à®¢®¤¨âáï

¬¥â®¤®¬ ¢ëå®¤  ¢ ¢¥àå­îî ¯®«ã¯«®áª®áâì ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ _�.
� ª ª ª

aj(�) =
1p
2�

Z +1

h

aj(z1)eiz1� dz1;

â® ¢ á¨«ã ä®à¬ã«ë
1

k21 � �2 � �2
=

1
2
1(�)

�
� 1
� � 
1(�)

+
1

� + 
1(�)

�

¨¬¥¥¬

a1(�)� i�a0(�)
k21 � �2 � �2

=
1p
2�

Z +1

h

a1(z1)� i�a0(z1)
2
1(�)

�
� 1
� � 
1(�)

+
1

� + 
1(�)

�
eiz1� dz1:

�ë¯®«­¨¬ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® � ! z ¨ ­ ©¤¥¬ ¢ëà ¦¥­¨ï ¤«ï u(�; z) ¯à¨
z < h ¤«ï à §«¨ç­ëå ¤¨ ¯ §®­®¢ ¨§¬¥­¥­¨ï �. �®«ãç¨¬ ¯à¨ � < �k1

u(�; z) = �ie�i
1(�)z 1
2
1(�)

�
a1(
1(�))� i�a0(
1(�)) + ei
1(�)h[b1(�)� i
1(�)b0(�)]

�

¨ ¯à¨ � > k1

u(�; z) = iei
1(�)z
1

2
1(�)

�
a1(�
1(�))� i�a0(�
1(�)) + e�i
1(�)h[b1(�) + i
1(�)b0(�)]

�
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(¨ ­ã«ì ¢ ®áâ «ì­ëå á«ãç ïå). �«¥¤®¢ â¥«ì­®, ¥á«¨ u(�; z) = 0 ¯à¨ z < h, â® ãá«®¢¨ï (14)
¢ë¯®«­ïîâáï ¯à¨ � < �k1 ¨ � > k1.

�­ «®£¨ç­®, ¥á«¨ u(x; �) = 0 ¯à¨ x < 0, â® ãá«®¢¨ï (15) ¢ë¯®«­ïîâáï ¯à¨ � < �k1 ¨ � > k1
á®®â¢¥âáâ¢¥­­®. �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç­® ¯¥à¥áâ ¢¨âì ¬¥áâ ¬¨ x ¨ y, � ¨ �, a ¨ b, A
¨ B.

�à®¤®«¦¨¬ ¯®«ãç¥­­ë¥ à ¢¥­áâ¢  ­  ¨­â¥à¢ «ë (�k1; 0) ¨ (0; k1). �®ª ¦¥¬, çâ® ãá«®¢¨ï (14)
¯à¨ j�j > k1 ¨ ãá«®¢¨ï (15) ¯à¨ j�j > k1 à ¢­®á¨«ì­ë. �«ï íâ®£® ãâ®ç­¨¬ ­¥ª®â®àë¥ á¢®©áâ¢ 
äã­ªæ¨¨ 
1( _�). �  à¨á. 4 ¯®ª § ­®, ª ª ¯à¥®¡à §ãîâáï ª¢ ¤à ­âë ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ ¨ ¨å
£à ­¨æë ¯à¨ ¯à¥®¡à §®¢ ­¨¨ �
1( _�).

-

6

�k1 k1

_�

-

6

�k1 k1


1( _�)

-

6

�k1 k1

�
1( _�)

1 2 5 6

3 4

2 3

1

5

6

4

4 5

3 2

1

6

�¨á. 4.

� áá¬®âà¨¬ ¯¥à¢®¥ à ¢¥­áâ¢® ¨§ (14) ¯à¨ � < �k1 ¨ ¯à®¤®«¦¨¬ ¥£® ¯® � ¢ ¢¥àå­îî ¯®«ã¯«®á-
ª®áâì _�, â®ç­¥¥, ¢ ª¢ ¤à ­â II. (�® ­¥ ¤ «ìè¥, â. ª. ¯à¨ _� 2 II ¨¬¥¥¬ 
1( _�) 2 I; ­¥«ì§ï ¯à®¤®«¦¨âì
_� ¢ ª¢ ¤à ­â I, â. ª. ¯à¨ íâ®¬ 
1( _�) ¯®¯ ¤¥â ¢ ª¢ ¤à ­â IV.) �®íâ®¬ã

a1(
1( _�))� i _�a0(
1( _�)) + ei
1(
_�)h[b1( _�)� i
1( _�)b0( _�)] = 0; _� 2 II f¨ â®£¤  
1( _�) 2 Ig:

�¤¥áì ¨ ¤ «ìè¥ à¨¬áª¨¬¨ æ¨äà ¬¨ ®¡®§­ ç¥­ë ª¢ ¤à ­âë ª®¬¯«¥ªá­®© ¯«®áª®áâ¨. �á«¨ _� !
� 2 (�k1; 0), â® ¯®«ãç¨¬ ¯¥à¢®¥ à ¢¥­áâ¢® ¨§ (14) ¯à¨ � 2 (�k1; 0). �¥¯¥àì ¯¥à¥¢¥¤¥¬ _� ­ 
¬­¨¬ãî ¯®«®¦¨â¥«ì­ãî ¯®«ã®áì (à¨á. 4, ãç áâ®ª £à ­¨æë 3), ¯ãáâì _� ! �
1(�), � > k1. �à¨
íâ®¬ 
1(�
1(�)) = � (â®«ìª® ¥á«¨ � > k1). � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¢â®à®¥ à ¢¥­áâ¢® ¨§ (14):

a1(�) + i
1(�)a0(�) + ei�h[b1(�
1(�))� i�b0(�
1(�))] = 0; � > k1:

�àã£¨¥ á«ãç ¨ à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®.
� ¤àã£®© áâ®à®­ë, ¥á«¨ ãá«®¢¨ï (14) ¨ (15) ¢ë¯®«­¥­ë (å®âï ¡ë ¢ ¬ «®© ç áâ¨ á®®â¢¥âáâ¢ã-

îé¨å ¨­â¥à¢ «®¢), â® à¥è¥­¨¥ ãà ¢­¥­¨ï (13) ¡ã¤¥â ®¡à §®¬ �ãàì¥ ­¥ª®â®à®© äã­ªæ¨¨ u(x; z),
à ¢­®© ­ã«î ¯à¨ x < 0 ¨ z < h. �â  äã­ªæ¨ï, ¢ á¢®î ®ç¥à¥¤ì, ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®©
¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨.

� ¬¥â¨¬, çâ® ¢ [14] ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨ ¢ ª¢ ¤à ­â¥ x > 0, z > 0
¡ë«¨ § ¯¨á ­ë ¢ ª®¬¯«¥ªá­®© ®¡« áâ¨ ¯à¨ _� 2 I ¨ _� 2 II.

� áá¬®âà¨¬ â¥¯¥àì áâàãªâãàã à¥è¥­¨ï u(x; z) § ¤ ç¨ �®è¨ ¯à¨ x > 0, z > h. � ª ª ª

2�u(�; �) =
A1(�)

� � 
1(�)
+

A2(�)
� + 
1(�)

+ eih�
B1(�)

� � 
1(�)
+ eih�

B2(�)
� + 
1(�)

;

â® ¯à¨ x > 0, z > h (®¡à â­ë¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¬®¦­® ¯à®¢®¤¨âì ¢ «î¡®¬ ¯®àï¤ª¥)

p
2�iu(x; z) =

Z �k1

�1

A2(�)e
i
1(�)xe�i�z d� +

Z +1

k1

A1(�)e
�i
1(�)xe�i�z d� +

Z k1

�k1

�
A1(�)e

�i
1(�)x +

+A2(�)ei
1(�)x
�
e�i�z d� +

Z �k1

�1

B2(�)ei
1(�)(z�h)e�i�x d� +

+
Z +1

k1

B1(�)e�i
1(�)(z�h)e�i�x d� +
Z k1

�k1

�
B1(�)e�i
1(�)(z�h) +B2(�)ei
1(�)(z�h)

�
e�i�x d�:
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� ®â¤¥«ì­ëå á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ á®¡à ­ë í«¥¬¥­â à­ë¥ £ à¬®­¨ª¨ á à §«¨ç­ë¬ ¯®¢¥-
¤¥­¨¥¬ ¯à¨ z ! +1 ¨ x! +1. �¥âëà¥ \¤«¨­­ëå" ¨­â¥£à «  (¯® ¡¥áª®­¥ç­ë¬ ¯à®¬¥¦ãâª ¬)
á®¤¥à¦ â § âãå îé¨¥ ¢®«­ë: ¯¥à¢ë¥ ¤¢  ¯à¨ z ! +1 ¨ ¤àã£¨¥ ¤¢  ¯à¨ x! +1. � \ª®à®âª¨å"
¨­â¥£à « å ¯® ¯à®¬¥¦ãâªã ®â �k1 ¤® k1 á®¤¥à¦ âáï ¢®«­ë, à á¯à®áâà ­ïîé¨¥áï ¢ à §«¨ç­ëå
­ ¯à ¢«¥­¨ïå.

\�®à®âª¨¥" ¨­â¥£à «ë ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
Z 0

�k1

��
ei
1(�)hB1(�)�A2(
1(�))

�


1(�)

�
e�i
1(�)z +

+
�
e�i
1(�)hB2(�)�A2(�
1(�)) �


1(�)

�
ei
1(�)z

�
e�i�x d� +

+
Z k1

0

��
ei
1(�)hB1(�) +A1(
1(�))

�


1(�)

�
e�i
1(�)z +

+
�
e�i
1(�)hB2(�) +A1(�
1(�)) �


1(�)

�
ei
1(�)z

�
e�i�x d�:

�¥« ¥âáï íâ® á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå ¢ ¨­â¥£à « å. � ¯à¨¬¥à,Z 0

�k1

A1(�)e�i
1(�)xe�i�z d� =
Z k1

0

A1(�
1(�)) �


1(�)
ei
1(�)ze�i�x d�;

â. ª. ¯à¨ � 2 (�k1; 0) ¨ � = 
1(�) =
p
k21 � �2 2 (0; k1) ¨¬¥¥¬ � = �
1(�) = �pk21 � �2 ¨

d� = � d�=
1(�).
�­ «®£¨ç­®, Z k1

0

A2(�)ei
1(�)xe�i�z d� = �
Z 0

�k1

A2(
1(�))
�


1(�)
e�i
1(�)ze�i�x d�;

â. ª. ¯à¨ � 2 (0; k1) ¨ � = �
1(�) = �pk21 � �2 2 (�k1; 0) ¨¬¥¥¬ � = 
1(�) =
p
k21 � �2 ¨

d� = �� d�=
1(�).
\�«¨­­ë¥" ¨­â¥£à «ë â®¦¥ ¬®¦­® ¯à¥®¡à §®¢ âì ª ¢¨¤ã, ¡«¨§ª®¬ã ª ä®à¬ã«¥ ®¡à â­®£®

¯à¥®¡à §®¢ ­¨ï �ãàì¥. � ¯à¨¬¥à,Z �k1

�1

A2(�)e
i
1(�)xe�i�z d� = �

Z �i0

�i1

A2(
1(�))
�


1(�)
e�i
1(�)ze�i�x d�;

â. ª. ¯à¨ � 2 (�1;�k1) ¨ � = �
1(�) 2 (�i1;�i0) ¨¬¥¥¬ � = 
1(�) =
p
k21 � �2 ¨

d� = ��d�=
1(�).
�­ «®£¨ç­®,Z +1

k1

A1(�)e�i
1(�)xe�i�z d� = �
Z �i0

�i1

A1(�
1(�)) �


1(�)
ei
1(�)ze�i�x d�;

â. ª. ¯à¨ � 2 (k1;+1) ¨ � = 
1(�) 2 (�i1;�i0) ¨¬¥¥¬ � = �
1(�) = �pk21 � �2 ¨ d� = � d�=
1(�).
� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  3. �î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨¥ �¥«ì¬£®«ìæ  ¢ ç¥â¢¥àâ¨ ¯«®áª®áâ¨ ¬®¦­® § ¯¨-

á âì ¢ ¢¨¤¥

u(x; z) =
Z

�j�
U(�; z)e�i�x d�; (16)

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¨¤¥â ¯® ª®­âãàã �j�, á®áâ ¢«¥­­®¬ã ¨§ £à ­¨æ âà¥âì¥£® ¨ ç¥â¢¥àâ®£®

ª¢ ¤à ­â®¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨. �«®â­®áâì U(�; z) ­  ®â¤¥«ì­ëå ç áâïå ª®­âãà  ®¯à¥-

¤¥«ï¥â  ¬¯«¨âã¤ë £ à¬®­¨ª á à §«¨ç­ë¬ ¯®¢¥¤¥­¨¥¬, à á¯à®áâà ­ïîé¨åáï ¨ § âãå îé¨å.
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4. �¥à¥®¯à¥¤¥«¥­­ ï £à ­¨ç­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ 

¢ ¯®«ã¯®«®á¥

� áá¬®âà¨¬ ¯¥à¥®¯à¥¤¥«¥­­ãî £à ­¨ç­ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ¢ ¯®«ã¯®«®á¥

@2u

@x2
+
@2u

@z2
+ k22 u = 0; x > 0; 0 < z < h; (17)

á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (á¬. à¨á. 3)

u(0 + 0; z) = c0(z);
@u

@x
(0 + 0; z) = c1(z);

u(x; h� 0) = b0(x);
@u

@z
(x; h� 0) = b1(x); u(x; 0 + 0) = d0(x);

@u

@z
(x; 0 + 0) = d1(x):

(18)

�ã¤¥¬ ¨áª âì à¥è¥­¨ï, à á¯à®áâà ­ïîé¨¥áï ¢ ¯®«ã¯®«®á¥ ¢ ­ ¯à ¢«¥­¨¨ ®á¨ x.

-

6
z

x

0

h

d0(x); d1(x)

b0(x); b1(x)

c1(z)
c0(z);

�¨á. 5.

� ª ¨ ¢ á«ãç ¥ ç¥â¢¥àâ¨ ¯«®áª®áâ¨, ¨á¯®«ì§ã¥¬ ¬¥â®¤ ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥.
�®¦­® ¯à¥¤¢¨¤¥âì, ª ª®© ¢¨¤ ¡ã¤ãâ ¨¬¥âì ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨,  
â ª¦¥ ª ª®¢  áâàãªâãà  ¥¥ à¥è¥­¨ï, ¯®áª®«ìªã ¯®«ã¯®«®á  | ç áâì ç¥â¢¥àâ¨ ¯«®áª®áâ¨.

�¥®à¥¬  4. � á¯à¥¤¥«¥­¨¥ u(x; z) | à¥è¥­¨¥ ¯¥à¥®¯à¥¤¥«¥­­®© £à ­¨ç­®© § ¤ ç¨ (17), (18)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

d1(�)�i
2(�)d0(�)�ei
2(�)h[b1(�)�i
2(�)b0(�)]+c1(
2(�))�i�c0(
2(�))=0;
d1(�)+i
2(�)d0(�)�e�i
2(�)h[b1(�)+i
2(�)b0(�)]+c1(�
2(�))�i�c0(�
2(�))=0;

(19)

�c1(�)+i
2(�)c0(�)+eih� [b1(
2(�))�i�b0(
2(�))]�d1(
2(�))+i�d0(
2(�))=0; �<� k2;

c1(�)+i
2(�)c0(�)�eih� [b1(�
2(�))�i�b0(�
2(�))]+d1(�
2(�))�i�d0(�
2(�))=0; �>k2:
(20)

�¥®à¥¬  5. �î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ¢ ¯®«ã¯®«®á¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

u(x; z) =
Z

�j�
U(�; z)e�i�x d�: (21)

�®ª ¦¥¬ ®¡  íâ¨å ãâ¢¥à¦¤¥­¨ï. � á«ãç ¥ ¯®«ã¯®«®áë ãà ¢­¥­¨¥ ¤«ï ®¡à §  �ãàì¥ ¨¬¥¥â
¢¨¤

2�(k22 � �2 � �2)u(�; �) = c1(�)� i�c0(�)� eih� [b1(�)� i� b0(�)] + d1(�)� i�d0(�): (22)

� ©¤¥¬ ãá«®¢¨ï ­  £à ­¨ç­ë¥ äã­ªæ¨¨, ¯à¨ ª®â®àëå u(x; z) = 0 ¯à¨ z < 0, z > h ¨ x < 0.
� ¯à ¢®© ç áâ¨ (22) á®¤¥à¦¨âáï âà¨ £àã¯¯ë á« £ ¥¬ëå (á ®¡é¨¬ ¬­®¦¨â¥«¥¬). � ¯¥à¢®©

£àã¯¯¥ á« £ ¥¬ëå ¯¥à¥©¤¥¬ ª ¯à®®¡à § ¬ �ãàì¥

c1(�)� i�c0(�) =
1p
2�

Z h

0

[c1(z1)� i�c0(z1)]e
iz1� dz1:
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�®¤¥«¨¬ ­  k22 � �2 � �2 ¨ ¯®«ãç¨¬

1p
2�

Z h

0

c1(z1)� i�c0(z1)
2
2(�)

�
� 1
� � 
2(�)

+
1

� + 
2(�)

�
eiz1� dz1:

�â®à ï ¨ âà¥âìï £àã¯¯ë á« £ ¥¬ëå â ª¨¥ ¦¥, ª ª ¢ á«ãç ¥ ¯®«®áë. �â¨ £àã¯¯ë ¯®á«¥ ¤¥«¥­¨ï
­  k22 � �2 � �2 ¯à¨­¨¬ îâ ¢¨¤

D1(�)
� � 
2(�)

+
D2(�)

� + 
2(�)
� eih�

B1(�)
� � 
2(�)

� eih�
B2(�)

� + 
2(�)
:

�®£¤  ¯®á«¥ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯® � ! z ¨¬¥¥¬

2�u(�; z) =
Z +1

�1

D1(�)
� � 
2(�)

e�i�z d� +
Z +1

�1

D2(�)
� + 
2(�)

e�i�z d� �

�
Z +1

�1

B1(�)
� � 
2(�)

e�i�(z�h) d� �
Z +1

�1

B2(�)
� + 
2(�)

e�i�(z�h) d� +

+
1p
2�

Z h

0

c1(z1)� i�c0(z1)
2
2(�)

�Z +1

�1

�
� 1
� � 
2(�)

+
1

� + 
2(�)

�
e�i�(z�z1) d�

�
dz1:

�ëç¨á«¨¬ ¨­â¥£à «ë. �®«ãç¨¬ ¤«ï z < 0 ¯à¨ � < �k2
u(�; z) = ie�i
2(�)z

1
2
2(�)

�

� �� d1(�) + i
2(�)d0(�)� ei
2(�)h[�b1(�) + i
2(�)b0(�)]� c1(
2(�)) + i�c0(
2(�))
	

¨ ¯à¨ � > k2

u(�; z) = iei
2(�)z
1

2
2(�)
�

� �
d1(�) + i
2(�)d0(�)� e�i
2(�)h[b1(�) + i
2(�)b0(�)] + c1(�
2(�))� i�c0(�
2(�))

	
:

�®ç­® â ª ¦¥, ¤«ï z > h ¯à¨ � > �k2
u(�; z) = �ie�i
2(�)z 1

2
2(�)
�

� �� d1(�) + i
2(�)d0(�)� ei
2(�)h[�b1(�) + i
2(�)b0(�)]� c1(
2(�)) + i�c0(
2(�))
	

¨ ¯à¨ � < k2

u(�; z) = �iei
2(�)z 1
2
2(�)

�

� �
d1(�) + i
2(�)d0(�)� e�i
2(�)h[b1(�) + i
2(�)b0(�)] + c1(�
2(�))� i�c0(�
2(�))

	
:

�®íâ®¬ã u(�; z) = 0 ¯à¨ z < 0 ¨ ¯à¨ z > h â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­ë ãá«®¢¨ï (19).
�à¨ x < 0 ®¡à â­ë¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¢ë¯®«­¨¬ ¢ ¤àã£®¬ ¯®àï¤ª¥. �¥à¢ãî £àã¯¯ã

á« £ ¥¬ëå ¯®á«¥ ¤¥«¥­¨ï ­  ¯®«¨­®¬ § ¯¨è¥¬ ¢ ¢¨¤¥

C1(�)
� � 
2(�)

+
C2(�)

� + 
2(�)
:

�®á«¥ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯® � ! x ¯®«ãç¨¬

ie�i
2(�)xC1(�) ¯à¨ � < �k2 ¨ iei
2(�)xC2(�) ¯à¨ � > k2:

�® ¢â®à®© £àã¯¯¥ á« £ ¥¬ëå ¯¥à¥©¤¥¬ ª ¯à®®¡à § ¬ �ãàì¥

�eih� 1

2�
p
2�

Z +1

0

b1(x1)� i�b0(x1)
2
2(�)

�Z +1

�1

�
� 1
� � 
2(�)

+
1

� + 
2(�)

�
e�i�(x�x1) d�

�
dx1:
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�®á«¥ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¢­ãâà¥­­¨¥ ¨­â¥£à «ë (â. ª. x < 0, x1 > 0, â® x�x1 < 0)
¤ îâ

�2�ie�i
2(�)(x�x1) ¯à¨ � < �k ¨ 2�iei
2(�)(x�x1) ¯à¨ � > k:

� ª¨¬ ¦¥ ®¡à §®¬ ¯à¥®¡à §ã¥¬ ¨ âà¥âìî £àã¯¯ã á« £ ¥¬ëå. �®£¤  ¤«ï x < 0 ¯à¨ � < �k2

u(x; �) = ie�i
2(�)x
1

2
2(�)
�

� �� c1(�) + i
2(�)c0(�) + eih� [b1(
2(�))� i�b0(
2(�))]� d1(
2(�)) + i�d0(
2(�))
	

¨ ¯à¨ � > k2

u(x; �) = iei
2(�)x
1

2
2(�)
�

� �c1(�) + i
2(�)c0(�)� eih� [b1(�
2(�))� i�b0(�
2(�))] + d1(�
2(�))� i�d0(�
2(�))
	
:

�âáî¤  á«¥¤ã¥â, çâ® á¢ï§¨ ¬¥¦¤ã £à ­¨ç­ë¬¨ äã­ªæ¨ï¬¨ ¤®«¦­ë ¨¬¥âì ¢¨¤ (20).
�â®¡ë ­ ©â¨ à¥è¥­¨¥ § ¤ ç¨ ¯à¨ x > 0 ¨ 0 < z < h, ®¡à § �ãàì¥ ¨áª®¬®£® à¥è¥­¨ï § ¯¨è¥¬

¢ ¢¨¤¥

2� u(�; �) =
D1(�)

� � 
2(�)
+

D2(�)
� + 
2(�)

� eih�
B1(�)

� � 
2(�)
� eih�

B2(�)
� + 
2(�)

+
C1(�)

� � 
2(�)
+

C2(�)
� + 
2(�)

¨ ¢ë¯®«­¨¬ ®¡à â­ë¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ (¢ à §­®¬ ¯®àï¤ª¥).
� áá¬®âà¨¬ ®â¤¥«ì­ë¥ á« £ ¥¬ë¥ ¢ à¥è¥­¨¨ § ¤ ç¨ u(x; z). �¥à¢ ï ¯ à  ¤à®¡¥© ¯à¨ z > 0

¤ ¥â
Z +1

k2

D1(�)e
�i
2(�)ze�i�x d� +

Z �k2

�1

D2(�)e
i
2(�)ze�i�x d� +

+
Z k2

�k2

�
D1(�)e�i
2(�)z +D2(�)ei
2(�)z

�
e�i�x d�;

¢â®à ï ¯ à  ¯à¨ z < h (â.¥. z � h < 0) |
Z �k2

�1

B1(�)e
�i
2(�)(z�h)e�i�x d� +

Z +1

k2

B2(�)e
i
2(�)(z�h)e�i�x d�

¨ âà¥âìï ¯ à  ¯à¨ x > 0 |
Z +1

k2

C1(�)e
�i
2(�)xe�i�z d� +

Z �k2

�1

C2(�)e
i
2(�)xe�i�z d� +

+
Z k2

�k2

�
C1(�)e�i
2(�)x + C2(�)ei
2(�)x

�
e�i�z d�:

�­â¥£à «ë, á®¤¥à¦ é¨¥ â®«ìª® à á¯à®áâà ­ïîé¨¥áï £ à¬®­¨ª¨, ¬®¦­® ®¡ê¥¤¨­¨âì (â ª, ª ª
íâ® ¡ë«® á¤¥« ­® ¢ á«ãç ¥ ª¢ ¤à ­â )
Z 0

�k2

��
D1(�)� C2(
2(�))

�


2(�)

�
e�i
2(�)z +

�
D2(�) � C2(�
2(�)) �


2(�)

�
ei
2(�)z

�
e�i�x d�+

+
Z k2

0

��
D1(�) + C1(
2(�))

�


2(�)

�
e�i
2(�)z +

�
D2(�) + C1(�
2(�)) �


2(�)

�
ei
2(�)z

�
e�i� x d�:

�­â¥£à «ë ¯® ¡¥áª®­¥ç­ë¬ ¯à®¬¥¦ãâª ¬ ¯à¥®¡à §ãîâáï ¢ ¨­â¥£à «ë ¯® ®âà¨æ â¥«ì­®© ¬­¨¬®©
¯®«ã®á¨ â®ç­® â ª¨¬ ¦¥ ®¡à §®¬, çâ® ¨ ¢ á«ãç ¥ ç¥â¢¥àâ¨ ¯«®áª®áâ¨.

�§ â¥®à¥¬ 3 ¨ 5 á«¥¤ã¥â, çâ® ¨­â¥£à «ì­ë¥ ¯à¥¤áâ ¢«¥­¨ï (10) ¤ îâ ®¡é¨¥ à¥è¥­¨ï ãà ¢-
­¥­¨ï �¥«ì¬£®«ìæ  ¢ ¯®«ã¡¥áª®­¥ç­ëå á«®¨áâëå ®¡« áâïå. � ®¤­®© áâ®à®­ë ¤®ª § ­®, çâ® íâ¨
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à¥è¥­¨ï ¬®£ãâ ¡ëâì § ¯¨á ­ë ª ª ¨­â¥£à «ë ¯® ¯ à ¬¥âàã � (®¡®á­®¢ ­ ¬¥â®¤ à §¤¥«¥­¨ï ¯¥-
à¥¬¥­­ëå). � ¤àã£®© áâ®à®­ë, ¯à¥¤áâ ¢«¥­¨ï (10) ¬®¦­® ¯®«ãç¨âì ¨§ ä®à¬ã« (16) ¨ (21), ¥á«¨
¨áª«îç¨âì ¨§ ãá«®¢¨© à §à¥è¨¬®áâ¨ ¢á¯®¬®£ â¥«ì­ëå ¯¥à¥®¯à¥¤¥«¥­­ëå § ¤ ç (â¥®à¥¬ë 2 ¨ 4)
®¡à §ë �ãàì¥ b0(�) ¨ b1(�) ¨ ®áâ ¢¨âì ¢ à¥è¥­¨¨ â®«ìª® ¢®«­ë, à á¯à®áâà ­ïîé¨¥áï ¢¯à ¢®.

5. �àâ®£®­ «ì­®áâì ¬®¤ ¨ ¯®â®ª¨ í­¥à£¨¨

�¥à­¥¬áï ª ¨áá«¥¤®¢ ­¨î á¢®©áâ¢ ¬®¤ ¯®«ã®âªàëâ®£® ¢®«­®¢®¤ , ¯®â¥­æ¨ «ì­ë¥ äã­ªæ¨¨
ª®â®àëå ¡ë«¨ ­ ©¤¥­ë ¢ ¯. 2.

�«ï ¤¢ãå à á¯à®áâà ­ïîé¨åáï ¢ ®¤­®¬ ¨ â®¬ ¦¥ ­ ¯à ¢«¥­¨¨ ¬®¤ á ¯®â¥­æ¨ «ì­ë¬¨ äã­ª-
æ¨ï¬¨ u(�;x; z) ¨ u(�;x; z) ®¯à¥¤¥«¨¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ç¥à¥§ ¨å á«¥¤ë ­  á¥ç¥­¨¨ ¢®«-
­®¢®¤  x = 0 á«¥¤ãîé¨¬ ®¡à §®¬:

F (�; �) =
Z +1

0

f(�; z)f�(�; z) dz; (23)

§¤¥áì � | §­ ª ª®¬¯«¥ªá­®£® á®¯àï¦¥­¨ï. �®âï äã­ªæ¨¨ f(�; z) ¢¥é¥áâ¢¥­­®§­ ç­ë¥, à áá¬®-
âà¨¬ §¤¥áì á ¬ë© ®¡é¨© á«ãç ©. �«ï ¢ëç¨á«¥­¨ï â ª¨å áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© ã¤®¡­® ¨á-
¯®«ì§®¢ âì ä®à¬ã«ã �à¨­  (§­ ª®¬ 0 ¡ã¤¥¬ ®¡®§­ ç âì ¯à®¨§¢®¤­ãî ¯® ¯¥à¥¬¥­­®© z):

Z +1

0

f(�; z)f�(�; z) dz =
1

�2 � ��2
lim

A!+1
[f 0(�;A)f�(�;A) � f(�;A)f�0(�;A)]: (24)

�¥©áâ¢¨â¥«ì­®, ¯ãáâì f(�; z) ¨ f(�; z) | à¥è¥­¨ï ãà ¢­¥­¨© f 00 + (k2 � �2)f = 0 ¨
f 00 + (k2 � �2)f = 0 á®®â¢¥âáâ¢¥­­®. �¥à¢®¥ ãà ¢­¥­¨¥ ã¬­®¦¨¬ ­  f�(�; z) ¨ ¢ëçâ¥¬ ¨§ ­¥-
£® ª®¬¯«¥ªá­®-á®¯àï¦¥­­®¥ ª® ¢â®à®¬ã ãà ¢­¥­¨î, ã¬­®¦¥­­®¥ ­  f(�; z) (¯® ¯à¥¤¯®«®¦¥­¨î
§­ ç¥­¨ï k ¢¥é¥áâ¢¥­­ë¥). �®«ãç¨¬ ¯®á«¥ àï¤  í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© â®¦¤¥áâ¢® � -
£à ­¦ 

(f 0(�; z)f�(�; z))0 � (f(�; z)f�0(�; z))0 = (�2 � ��2)f(�; z)f�(�; z):

�«¥¤®¢ â¥«ì­®,

(�2 � ��2)
Z A

0

f(�; z)f�(�; z) dz = [f 0(�; z)f�(�; z) � f(�; z)f�0(�; z)]
���z=A
z=0

:

�à¨ íâ®¬ ­ã¦­® ãç¥áâì, çâ® f(�; 0) = 0 ¨ f(�;h+ 0) = f(�;h� 0), f 0(�;h + 0) = f 0(�;h � 0).
�§ ä®à¬ã«ë (24) á«¥¤ã¥â

�¥®à¥¬  6. �®¤ë ¯®«ã®âªàëâ®£® ¢®«­®¢®¤  ®¡à §ãîâ ®àâ®£®­ «ì­ãî á¨áâ¥¬ã äã­ªæ¨©

®â­®á¨â¥«ì­® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (23).

�¡®§­ ç¨¬ â ª¦¥

G(�; �) =
Z +1

0

f+(�; z)f�(�; z) dz:

� á«ãç ¥ ¢®«­®¢®¤­ëå ¬®¤

Fkj = F (�k; �j) = fk 6= j : 0; k = j : Nk = N(�k)g;
£¤¥

N(�) =
1
2

�
h+

1
�1(�)

�

¨

Gkj = G(�k; �j) =
�

�1(�
+
k )� �1(�

�
j )


+2
2
(�+

k )� 
�2
2
(��j )

+
1

�1(�
+
k ) + �1(�

�
j )

�
sin
+2 (�

+
k )h sin


�
2 (�

�
k )h:
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�ëç¨á«¨¬ ¯®â®ª í­¥à£¨¨ ¬®¤ë ç¥à¥§ ¯®¯¥à¥ç­®¥ á¥ç¥­¨¥ ¢®«­®¢®¤ . �à¥¤­¥¥ ¯® ¢à¥¬¥­¨
§­ ç¥­¨¥ ¢¥ªâ®à  �®©­â¨­£ 

� =
1
2
Re(EyH

�
z ; 0;�EyH

�
x);

ª ª á«¥¤ã¥â ¨§ ä®à¬ã« (3), ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ­¥­ã«¥¢ãî ª®¬¯®­¥­âã

�x =
�Re�
2!�0�

jC(�)j2jf(�; z)j2e2 Im�x:

�à¨ ¢¥é¥áâ¢¥­­ëå � í­¥à£¨ï ¯¥à¥­®á¨âáï (¢¯à ¢® ¯à¨ ®âà¨æ â¥«ì­ëå � ¨ ¢«¥¢® ¯à¨ ¯®«®¦¨-
â¥«ì­ëå),   ¯à¨ ç¨áâ® ¬­¨¬ëå � | ­¥â. �®â®ª í­¥à£¨¨ ç¥à¥§ á¥ç¥­¨¥ ¢®«­®¢®¤  x = 0 à ¢¥­

P (�) =
�Re�
2!�0�

jC(�)j2
Z +1

0
jf(�; z)j2 dz = �Re�

2!�0�
jC(�)j2N(�):

6. �á¯®¬®£ â¥«ì­ë¥ ¯¥à¥®¯à¥¤¥«¥­­ë¥ § ¤ ç¨

� áá¬®âà¨¬ â¥¯¥àì ¤¢¥ ¢á¯®¬®£ â¥«ì­ë¥ £à ­¨ç­ë¥ § ¤ ç¨ ¢ ¯à ¢®© ¨ ¢ «¥¢®© ¯®«®¢¨­ å
¯®«ã®âªàëâ®© ¢®«­®¢®¤­®© áâàãªâãàë (á¬. à¨á. 1).

� ®¡« áâ¨ x > 0, z > 0 ­ã¦­® ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  á ªãá®ç­®-¯®áâ®ï­­ë¬
ª®íää¨æ¨¥­â®¬ ¢ ª« áá¥ à¥è¥­¨©, à á¯à®áâà ­ïîé¨åáï ¢¤®«ì ®á¨ x (¢¯à ¢®), ¯à¨ £à ­¨ç­ëå
ãá«®¢¨ïå

u(x; 0 + 0) = 0; u(0 + 0; z) = u+0 (z);
@u

@x
(0 + 0; z) = u+1 (z):

�â  § ¤ ç  ¯¥à¥®¯à¥¤¥«¥­­ ï, â. ª. ­  £à ­¨æ¥ x = 0 ãá«®¢¨© § ¤ ­® ¡®«ìè¥, ç¥¬ ­ã¦­®.
� á¨«ã â®£®, çâ® ¨áª®¬®¥ à¥è¥­¨¥ ¬®¦¥â ¡ëâì  ­ «¨â¨ç¥áª¨ ¯à®¤®«¦¥­® ¢ ®¡« áâì x < 0,

¬®¦­® áç¨â âì, çâ® âà¥¡ã¥âáï ­ ©â¨ ®¡é¥¥ ¯à¥¤áâ ¢«¥­¨¥ ¢®«­ ¢ ¡¥áª®­¥ç­®¬ ¯®«ã®âªàëâ®¬
¢®«­®¢®¤¥, à á¯à®áâà ­ïîé¨åáï ¢¯à ¢®, ¯® á«¥¤ ¬ ¯®â¥­æ¨ «ì­®© äã­ªæ¨¨ ­  ¯®¯¥à¥ç­®¬ á¥-
ç¥­¨¨ x = 0.

�¥®à¥¬  7. �¥è¥­¨¥ ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨ áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

u+1 (z) =
Z +1

0

u+0 (z1)K
+
0 (z1; z) dz1; (25)

£¤¥

K+
0 (z1; z) = �i

Z
::�j

�

N+(�)
f+(�; z1)f

+(�; z) d�

¨«¨

u+0 (z) =
Z +1

0
u+1 (z1)K

+
1 (z1; z) dz1; (26)

£¤¥

K+
1 (z1; z) = i

Z
::�j

1
�N+(�)

f+(�; z1)f
+(�; z) d�:

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã«ë (10) á«¥¤ã¥â

u+0 (z) =
Z
::�j

C+(�)f+(�; z) d�; u+1 (z) = �i
Z
::�j

�C+(�)f+(�; z) d�:

�®«ãç¨¬ á¢ï§ì ¬¥¦¤ã íâ¨¬¨ äã­ªæ¨ï¬¨ á ¯®¬®éìî á¢®©áâ¢  ®àâ®£®­ «ì­®áâ¨ ¬®¤. �¥£ª® ¢¨-
¤¥âì, çâ®

C+(�) =
1

N+(�)

Z +1

0

u+0 (z1)f
+(�; z1) dz1 (27)
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¨ â®£¤ 

u+1 (z) = �
Z
::�j

�

�
1

N+(�)

Z +1

0
u+0 (z1)f

+(�; z1) dz1

�
f+(�; z) dz =

Z +1

0
u+0 (z1)K

+
0 (z1; z) dz1:

� ¤àã£®© áâ®à®­ë,

C+(�) =
i

�N+(�)

Z +1

0
u+1 (z1)f

+(�; z1) dz1:

�â®à ï ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  áâ ¢¨âáï  ­ «®£¨ç­®. � ®¡« áâ¨ x < 0, z > 0 ­ã¦­® ­ ©-
â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  á ªãá®ç­®-¯®áâ®ï­­ë¬ ª®íää¨æ¨¥­â®¬ ¢ ª« áá¥ à¥è¥­¨©,
à á¯à®áâà ­ïîé¨åáï ¢«¥¢®, ¯à¨ £à ­¨ç­ëå ãá«®¢¨ïå

u(x; 0) = 0; u(0; z) = u�0 (z);
@u

@x
(0; z) = u�1 (z):

�á­®, çâ® ¢ á«ãç ¥ ¢®«­ë, à á¯à®áâà ­ïîé¥©áï ¢ ­ ¯à ¢«¥­¨¨, ¯à®â¨¢®¯®«®¦­®¬ ­ ¯à -
¢«¥­¨î ®á¨ x, ­ã¦­® ¨§¬¥­¨âì §­ ª ¢ ¯à ¢ëå ç áâïå ä®à¬ã« (25) ¨ (26). �®£¤  ãá«®¢¨ï à §à¥-
è¨¬®áâ¨ íâ®© § ¤ ç¨ ¨¬¥îâ ¢¨¤

u�1 (z) = �
Z +1

0
u�0 (z1)K

�
0 (z; z1) dz1; u�0 (z) = �

Z +1

0
u�1 (z1)K

�
1 (z; z1) dz1: (28)

�«ï ¢®«­ë, ¯ ¤ îé¥© ¨§ ®¡« áâ¨ x < 0 ­  áâëª, ¨¬¥¥¬

u01(z) =
Z +1

0
u00(z1)K

�
0 (z; z1) dz1; u00(z) =

Z +1

0
u01(z1)K

�
1 (z; z1) dz1: (29)

7. �­â¥£à «ì­ë¥ ãà ¢­¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï

� ¤ ç  á®¯àï¦¥­¨ï ¤¢ãå ¯®«ã¡¥áª®­¥ç­ëå ¯®«ã®âªàëâëå ¢®«­®¢®¤®¢ á ¯®¬®éìî ¯®«ãç¥­-
­ëå ¢ ¯. 6 á¢ï§¥© (25), (26), (28) ¨ (29) ¬¥¦¤ã £à ­¨ç­ë¬¨ äã­ªæ¨ï¬¨ ¢® ¢á¯®¬®£ â¥«ì­ëå
£à ­¨ç­ëå § ¤ ç å ¬®¦¥â ¡ëâì á¢¥¤¥­  ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬ à §«¨ç­®£® ¢¨¤ .

�­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¬®¦­® ¯®«ãç¨âì ®â­®á¨â¥«ì­® «î¡®© ¨§ £à ­¨ç­ëå äã­ªæ¨©. � -
¯à¨¬¥à, ­¥¯®áà¥¤áâ¢¥­­® ¨§ ãá«®¢¨© á®¯àï¦¥­¨ï (4) á«¥¤ã¥â

Z +1

0
u+0 (z1)[K

+
0 (z; z1) +K�

0 (z; z1)] dz1 = 2u01(z); z 2 (0;+1): (30)

�®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ 2-£® à®¤  ®â­®á¨â¥«ì­® äã­ªæ¨¨ u+1 (z) ¢ å®¤¥ á«¥¤ãîé¨å
à ááã¦¤¥­¨©:

u+1 (z) = u01(z) + u�1 (z) = u01(z)�
Z +1

0
u�0 (z1)K

�
0 (z1; z) dz1 =

= u01(z)�
Z +1

0

[u+0 (z1)� u00(z1)]K
�
0 (z1; z) dz1 = 2u01(z)�

Z +1

0

u+0 (z1)K
�
0 (z1; z) dz1 =

= 2u01(z)�
Z +1

0

�Z +1

0

u+1 (z2)K
+
1 (z2; z1) dz2

�
K�

0 (z1; z) dz1:

� ª¨¬ ®¡à §®¬,

u+1 (z) = 2u01(z)�
Z +1

0
u+1 (z2)L(z2; z) dz2; (31)

£¤¥

L(z2; z) =
Z +1

0
K+

1 (z2; z1)K
�
0 (z1; z) dz1:
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�¤®¡­¥¥ ¢ ª ç¥áâ¢¥ ­¥¨§¢¥áâ­®© äã­ªæ¨¨ à áá¬ âà¨¢ âì, ­ ¯à¨¬¥à, C+(�) ­ 
::�j. �®®â¢¥â-

áâ¢ãîé¥¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ «¥£ª® ¯®«ãç¨âì ¨§ (31), â. ª.

C+(�) =
i

�N+(�)

Z +1

0

u+1 (z1)f
+(�; z1) dz1:

�® ¬®¦­® íâ® ãà ¢­¥­¨¥ ¢ë¢¥áâ¨ ¨ ­¥§ ¢¨á¨¬®. �¥©áâ¢¨â¥«ì­®, ¨§ (27) ¨ ¯¥à¢®£® ãá«®¢¨ï á®-
¯àï¦¥­¨ï

C+(�) =
1

N+(�)

Z +1

0

[u00(z) + u�0 (z)]f
+(�; z) dz:

�§ (28) ¨ ¢â®à®£® ãá«®¢¨ï á®¯àï¦¥­¨ï

C+(�) =
1

N+(�)

Z +1

0
u00(z)f

+(�; z) dz +

+
1

N+(�)

Z +1

0

�
�
Z +1

0

[u+1 (z1)� u01(z1)]K
�
1 (z; z1) dz1

�
f+(�; z) dz:

� á¨«ã (29) ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ã¤¢ ¨¢ ¥âáï,   ¢â®à®¥ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

� 1
N+(�)

Z +1

0

Z +1

0

�
� i

Z
::�j

�1C
+(�1)f+(�1; z1) d�1

�
�

�
�
i

Z
::�j

1
�2N�(�2)

f�(�2; z1)f
�(�2; z) d�2

�
f+(�; z) dz:

�«¥¤®¢ â¥«ì­®,

C+(�) =
2

N+(�)

Z +1

0

u00(z)f
+(�; z) dz � 1

N+(�)

Z
::�j

C+(�1)M(�; �1) d�1; � 2 ::�j ; (32)

£¤¥

M(�; �1) = �1

Z
::�j

1
�2N�(�2)

G(�; �2)G(�1; �2) d�2:

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  8. � ¤ ç  á®¯àï¦¥­¨ï ¤¢ãå ¯®«ã¡¥áª®­¥ç­ëå ¯®«ã®âªàëâëå ¢®«­®¢®¤®¢ à ¢­®-

á¨«ì­  ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î (30) ((31) ¨«¨ (32)).

8. �à¨¡«¨¦¥­¨¥ ¢®«­®¢®¤­ëå ¬®¤

�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (32) áãé¥áâ¢¥­­® ã¯à®é ¥âáï, ¥á«¨ ¯à¨ à¥è¥­¨¨ § ¤ ç¨ á®¯àï¦¥­¨ï
¢®«­®¢®¤®¢ ãç¨âë¢ âì â®«ìª® ¢®«­®¢®¤­ë¥ ¬®¤ë ¤¨áªà¥â­®£® á¯¥ªâà . �à¥¤¯®«®¦¨¬, çâ® ­ 
áâëª ¢®«­®¢®¤®¢ ­ ¡¥£ ¥â á«¥¢  á®¡áâ¢¥­­ ï ¢®«­  á ­®¬¥à®¬ l, ¥¥ ¯®â¥­æ¨ «ì­ ï äã­ªæ¨ï

u0(x; z) = C0
l f

�(��l ; z)e
�i��

l
x:

�ã¤¥¬ ¨áª âì ¯®â¥­æ¨ «ì­ë¥ äã­ªæ¨¨ à áá¥ï­­®£® ¯®«ï ¢ ¢¨¤¥

u+(x; z) =
n+X
j=1

C+
j f

+(�+
j ; z)e

�i�+
j
x; u�(x; z) =

n�X
j=1

C�
j f

�(��j ; z)e
i��

j
x:
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�«ï ¯®«ï, à á¯à®áâà ­ïîé¥£®áï ¢ ¯à ¢®¬ ¯®«ã¡¥áª®­¥ç­®¬ ¢®«­®¢®¤¥, ¯à¨ x! +0

u+0 (z) =
n+X
j=1

C+
j f

+(�+
j ; z); u+1 (z) = �i

n+X
j=1

C+
j �

+
j f

+(�+
j ; z):

�§ ãá«®¢¨ï ®àâ®£®­ «ì­®áâ¨ ¢®«­®¢®¤­ëå ¬®¤ á«¥¤ã¥â
Z +1

0

u+0 (z1)f
+(�+

k ; z1) dz1 = N+
k C+

k ;

Z +1

0

u+1 (z1)f
+(�+

k ; z1) dz1 = �i�+
kN

+
k C

+
k : (33)

�¢ï§ì ¬¥¦¤ã £à ­¨ç­ë¬¨äã­ªæ¨ï¬¨ ¢á¯®¬®£ â¥«ì­®© ¯¥à¥®¯à¥¤¥«¥­­®© § ¤ ç¨ ¨¬¥¥â ¢¨¤ (25),
(26), £¤¥

K+
0 (z1; z) = �i

n+X
j=1

�+
j

N+
j

f+(�+
j ; z1)f

+(�+
j ; z); K+

1 (z1; z) = i
n+X
j=1

1
�+
j N

+
j

f+(�+
j ; z1)f

+(�+
j ; z):

�­ «®£¨ç­® ¢ ä®à¬ã« å (28)

K�
0 (z1; z) = �i

n�X
j=1

��j
N�

j

f�(��j ; z1)f
�(��j ; z); K�

1 (z1; z) = i
n�X
j=1

1
��j N

�
j

f�(��j ; z1)f
�(��j ; z):

�«ï ¯ ¤ îé¥© ¢®«­ë

u00(z) = C0
l f

�(��l ; z); u01(z) = �iC0
l �

�
l f

�(��l ; z):

�¥£ª® ¢¨¤¥âì, çâ® ¨­â¥£à «ì­ë¥ â®¦¤¥áâ¢  (29) á¢®¤ïâáï ¢ à áá¬ âà¨¢ ¥¬®¬ ç áâ­®¬ á«ãç ¥ ª
¯à®áâë¬ à ¢¥­áâ¢ ¬

u01(z) = �i��l u00(z); u00(z) =
i

��l
u01(z):

�¥®à¥¬  9. � ¯à¨¡«¨¦¥­¨¨ ¢®«­®¢®¤­ëå ¬®¤ § ¤ ç  á®¯àï¦¥­¨ï ¯®«ã®âªàëâëå ¢®«­®¢®-

¤®¢ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

N+
k C

+
k +

n+X
j=1

�
�+
j

n�X
m=1

GjmGkm

��mN
�
m

�
C+
j = 2GklC

0
l ; k = 1; : : : ; n+: (34)

�®ª § â¥«ìáâ¢®. �®  ­ «®£¨¨ á à ááã¦¤¥­¨ï¬¨ ¯à¥¤ë¤ãé¥£® ¯ã­ªâ , ¨§ (33) ¨ ¯¥à¢®£®
ãá«®¢¨ï á®¯àï¦¥­¨ï

C+
k =

1
N+

k

Z +1

0

u+0 (z)f
+(�+

k ; z) dz =
1
N+

k

Z +1

0

[u00(z) + u�0 (z)]f
+(�+

k ; z) dz;

§¤¥áì Z +1

0

u00(z)f
+(�+

k ; z) dz = GklC
0
l :

�§ ¢â®à®£® ãá«®¢¨ï á®¯àï¦¥­¨ï ¨ ãá«®¢¨ï (28) á«¥¤ã¥â
Z +1

0

u�0 (z)f
+(�+

k ; z) dz =
Z +1

0

�
�
Z +1

0

[u+1 (z)� u01(z)]K
�
1 (z1; z) dz1

�
f+(�+

k ; z) dz:

�® Z +1

0

u01(z1)K
�
1 (z; z1) dz1 = u00(z)

¨
Z +1

0

Z +1

0

�
� i

n+X
j=1

C+
j �

+
j f

+(�+
j ; z1)

��
i

n�X
m=1

1
��mN

�
m

f�(��m; z1)f
�(��m; z)

�
f+(�+

k ; z) dz dz1 =
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=
n+X
j=1

C+
j �

+
j

n�X
m=1

1
��mN

�
m

Z +1

0
f+(�+

j ; z1)f
�(��m; z1) dz1

Z +1

0
f+(�+

k ; z)f
�(��m; z) dz:

�®íâ®¬ã

C+
k =

2
N+

k

GklC
0
l �

1
N+

k

n+X
j=1

C+
j �

+
j

n�X
m=1

1
��mN

�
m

GjmGkm; k = 1; : : : ; n+:

� ª ¯®ª § « ¢ëç¨á«¨â¥«ì­ë© íªá¯¥à¨¬¥­â, à¥è¥­¨¥ ���� (34) ¤ ¥â ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥
§ ¤ ç¨ á®¯àï¦¥­¨ï á å®à®è¥© â®ç­®áâìî (¯®ª  ¯à¨¡«¨¦¥­¨¥ ¢®«­®¢®¤­ëå ¬®¤ ¨¬¥¥â ä¨§¨ç¥-
áª¨© á¬ëá«).
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