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1. �¯à¥¤¥«¥­¨¥ ¨ ¯à¨¬¥àë

�¥¯ìî ¯®¤ç¨­¥­¨ï, á«¥¤ãï [1], ¡ã¤¥¬ ­ §ë¢ âì ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à¥£ã«ïà­ëå
¢ ®¡« áâ¨ D � C äã­ªæ¨© fF (z; t)g, z 2 D, t 2 [0; 1], ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) z0 2 D, F (z0; t0) = F (z0; t00) 8t0; t00 2 [0; 1];
2) t1; t2 2 [0; 1], t1 < t2, áãé¥áâ¢ã¥â ®¤­®«¨áâ­ ï à¥£ã«ïà­ ï ¢ D äã­ªæ¨ï �(z), �(z0) = z0,

�(D) � D, F (z; t1) = F (�(z); t2).

 ) �ãáâì D | ¥¤¨­¨ç­ë© ªàã£, z0 = 0. �®£¤  á¥¬¥©áâ¢® à¥£ã«ïà­ëå ¢ ¥¤¨­¨ç­®¬ ªàã£¥
äã­ªæ¨© fF (z; t)g, t 2 [0; 1], á ­®à¬¨à®¢ª®© F (0; t) = 0, t 2 [0; 1], ¡ã¤¥â æ¥¯ìî ¯®¤ç¨­¥­¨ï, ¥á«¨
¢ë¯®«­ï¥âáï ãá«®¢¨¥

Re z
F 0z
F 0t

> 0; jzj < 1; t 2 [0; 1]; (1)

á®£« á­® [2].
¡) �ãáâì D | ¢¥àå­ïï ¯®«ã¯«®áª®áâì, z0 =1. �®£¤  á¥¬¥©áâ¢® à¥£ã«ïà­ëå ¢ ¢¥àå­¥© ¯®«ã-

¯«®áª®áâ¨ äã­ªæ¨© fF (z; t)g, t 2 [0; 1], ®â®¡à ¦ îé¨å ¢¥àå­îî ¯®«ã¯«®áª®áâì ¢ á¥¡ï á ­®à¬¨-
à®¢ª®© f(1; t) =1, t 2 [0; 1], ¡ã¤¥â æ¥¯ìî ¯®¤ç¨­¥­¨ï, ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

Im
F 0z
F 0t

> 0; Im z > 0; t 2 [0; 1];

á®£« á­® [3], [4].
�ç¥¢¨¤­®, çâ® \«¨áâ­®áâì" äã­ªæ¨© á¥¬¥©áâ¢  á à®áâ®¬ ¯ à ¬¥âà  t ­¥ ¬®¦¥â ã¡ë¢ âì. �®-

íâ®¬ã, ¥á«¨ F (z; 1) ®¤­®«¨áâ­  ¢ D, â® ®¤­®«¨áâ­ë¬¨ ï¢«ïîâáï ¢á¥ äã­ªæ¨¨ á¥¬¥©áâ¢ , ¢ â®¬
ç¨á«¥ ¨ F (z; 0). �  íâ®¬ á¢®©áâ¢¥ æ¥¯¥© ¯®¤ç¨­¥­¨ï ®á­®¢ ­ë ¤®ª § â¥«ìáâ¢  ¬­®£¨å ¤®áâ â®ç-
­ëå ãá«®¢¨© ®¤­®«¨áâ­®áâ¨ (­ ¯à., [5], [6]).

2. �®«ãç¥­¨¥ ¯®¤ª« áá®¢ ª« áá  S á ¨á¯®«ì§®¢ ­¨¥¬ æ¥¯¥© ¯®¤ç¨­¥­¨ï

�à¨¬¥­¨¬ ãá«®¢¨¥ ¯®á«¥¤®¢ â¥«ì­®£® ¯®¤ç¨­¥­¨ï (1) ¤«ï ¯®«ãç¥­¨ï ¤®áâ â®ç­ëå ãá«®¢¨©
®¤­®«¨áâ­®áâ¨ äã­ªæ¨©, à¥£ã«ïà­ëå ¢ ¥¤¨­¨ç­®¬ ªàã£¥ ¨ ¨¬¥îé¨å ¢ ®ªà¥áâ­®áâ¨ ­ã«ï à §«®-
¦¥­¨¥ f(z) = z + a2z

2 + � � � , jzj < 1.
� áâ­ë¬ á«ãç ¥¬ à¥§ã«ìâ â  ¨§ [7] ï¢«ï¥âáï

�¥¬¬  1. �ãáâì à¥£ã«ïà­ ï ¯à¨ jzj < 1 äã­ªæ¨ï p(z), Re p(0) > 0, ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­-

áâ¢ã

Re
�
ap(z) + z

p0(z)
p(z)

�
> 0; jzj < 1; a > 0:

�®£¤  Re p(z) > 0, jzj < 1.
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�¥®à¥¬  1 ([8]). �ãáâì äã­ªæ¨ï f(z) = z+a2z
2+ � � � à¥£ã«ïà­  ¯à¨ jzj < 1. �á«¨ áãé¥áâ¢ã-

îâ â ª¨¥ � > 0, � 2 R, c > 1 ¨ â ª ï à¥£ã«ïà­ ï ¯à¨ jzj < 1 äã­ªæ¨ï f0(z) = z + b2z
2 + � � � ,

çâ®

Re
�
(�+ i� � 1)z

f 00
f0

+
�
1 + z

f 000
f 00

��
> 0; jzj < 1; (2)

¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

Re z
(f�+i�)0

cf�+i�
0 � f�+i�

> 0; jzj < 1 (3)

(¯à¨ ¢ë¡®à¥ ®¯à¥¤¥«¥­­®© ¢¥â¢¨ áâ¥¯¥­¨), â® f(z) ®¤­®«¨áâ­  ¯à¨ jzj < 1.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¤«ï ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢ 

F (z; t) = [(1� t)f(z)�+i� + tcf0(z)
�+i� ]1=(�+i�); t 2 [0; 1];

äã­ªæ¨ï F (z; 1) = c1=(�+i�)f0(z) á®£« á­® [9] ï¢«ï¥âáï ®¤­®«¨áâ­®© á¯¨à «¥®¡à §­®©. �«ï ¤®ª -
§ â¥«ìáâ¢  ®¤­®«¨áâ­®áâ¨ f(z) = F (z; 0) ¤®áâ â®ç­® ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (1) ¯à¨
jzj < 1. � ¤ ­­®¬ á«ãç ¥ ®­® ¯à¥¢à é ¥âáï ¢ ­¥à ¢¥­áâ¢®

Re
�
(1� t)z

(f(z)�+i�)0

cf�+i�
0 � f�+i�

+ tcz
(f0(z)�+i�)0

cf�+i�
0 � f�+i�

�
> 0:

�«ï ¢ë¯®«­¥­¨ï ¯®á«¥¤­¥£® ãá«®¢¨ï ¯à¨ ¢á¥å t 2 [0; 1] ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¨
jzj < 1 ¡ë«¨ á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (3) ¨

Re
�
z

(f0(z)�+i�)0

cf�+i�
0 � f�+i�

�
> 0: (4)

�®ª ¦¥¬, çâ® ãá«®¢¨ï (2) ¨ (3) ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (4). �¡®§­ ç¨¬

z
(f0(z)�+i�)0

cf�+i�
0 � f�+i�

=
p(z)
c� 1

;

¨¬¥¥¬

z
(f(z)�+i�)0

cf�+i�
0 � f�+i�

=
cp(z)
c� 1

+ z
p0

p
�

�
(�+ i� � 1)z

f 00
f0

+
�
1 + z

f 000
f 00

��
:

�«¥¤®¢ â¥«ì­®, á®£« á­® (2) ¨ (3)

Re
�

cp

c� 1
+ z

p0

p

�
> Re

�
(�+ i� � 1)z

f 00
f0

+
�
1 + z

f 000
f 00

��
> 0; jzj < 1:

�à¨¬¥­ïï «¥¬¬ã 1, ¯®«ãç¨¬ Re p(z) > 0, jzj < 1, â. ¥. ­¥à ¢¥­áâ¢® (4) ¢ë¯®«­ï¥âáï. � ª¨¬ ®¡à -
§®¬, ¨§ãç ¥¬®¥ á¥¬¥©áâ¢® äã­ªæ¨© ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1), çâ® ¨ ¤®ª §ë¢ ¥â ®¤­®«¨áâ­®áâì
¢á¥å äã­ªæ¨© á¥¬¥©áâ¢ , ¢ â®¬ ç¨á«¥ ¨ f(z), jzj < 1.

�¥®à¥¬  2 ([8]). �ãáâì ¤«ï äã­ªæ¨¨ f(z) = z + a2z
2 + � � � , à¥£ã«ïà­®© ¯à¨ jzj < 1, ¨ c > 1

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Re z
f 0

f ln(cz=f(z))
> 0; jzj < 1: (5)

�®£¤  äã­ªæ¨ï f(z) ®¤­®«¨áâ­  ¯à¨ jzj < 1, ¯à¨ç¥¬ jf(z)j < c.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®

F (z; t) = f(z)
�

cz

f(z)

�t

; t 2 [0; 1];

£¤¥ ¢¥â¢ì ã áâ¥¯¥­¨ ¢ë¡¨à ¥âáï â ª, çâ® ct 2 R+. �¬¥¥¬ F (z; 0) = f(z), F (z; 1) = cz. �á«®¢¨¥
¯®á«¥¤®¢ â¥«ì­®© ¯®¤ç¨­¥­­®áâ¨ (1) á¢®¤¨âáï ª ­¥à ¢¥­áâ¢ã

Re
�
t

1
ln(cz=f(z))

+ (1� t)z
f 0

f ln(cz=f(z))

�
> 0; jzj < 1:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¯à¨ ¢á¥å t 2 [0; 1], ¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (5) ¨

Re[ln(cz=f(z))] > 0; jzj < 1: (6)

�®ª ¦¥¬, çâ® ãá«®¢¨¥ (5) ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (6). �¥©áâ¢¨â¥«ì­®, ®¡®§­ ç¨¬

p�1(z) = ln(cz=f(z));

â®£¤  (5) § ¯¨è¥âáï

Re
�
p+ z

p0

p

�
> 0:

�âáî¤ , ¯à¨¬¥­ïï «¥¬¬ã 1, ã¡¥¤¨¬áï ¢ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ¯®á«¥¤®¢ â¥«ì­®£® ¯®¤ç¨­¥­¨ï (1),
â. ¥. ¢ ®¤­®«¨áâ­®áâ¨ f(z). �à®¬¥ â®£®, ¨§ (6) á«¥¤ã¥â jf(z)j < c, jzj < 1.

3. �®«ãç¥­¨¥ ¯®¤ª« áá®¢ ª« áá  �

� æ¥«ìî ¤ «ì­¥©è¥£® ¯à¨¬¥­¥­¨ï ª ¬®¤¥«¨à®¢ ­¨î à®áâ  ¯®«®áâ¥© ¢ ¢ï§ª¨å â¥« å à á-
á¬®âà¨¬ á¥¬¥©áâ¢® ¡¥áª®­¥ç­ëå ¯®á«¥¤®¢ â¥«ì­® ¢«®¦¥­­ëå ¤àã£ ¢ ¤àã£  ®¤­®á¢ï§­ëå ®¡« -
áâ¥© Dt, t 2 [0; 1]. �ãáâì ª ¦¤ ï ®¡« áâì Dt ï¢«ï¥âáï ®¡à §®¬ ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£® ªàã£ 
E� = f�

�� j�j > 1g ¯à¨ ®â®¡à ¦¥­¨¨ à¥£ã«ïà­®© ¯à¨ 1 > j�j > 1 äã­ªæ¨¥© z = !(�; t) á ¯à®áâë¬
¯®«îá®¬ ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥, ­¥¯à¥àë¢­®© ¯à¨ j�j � 1. �ã¤¥¬ áç¨â âì ¢á¥ äã­ªæ¨¨
!(�; t) ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ ¯® t ¯à¨ ¢á¥å t 2 [0; 1] ¨ j�j � 1. �à¥¦¤¥ ¢á¥£®, ãáâ ­®¢¨¬, ª®£¤  ¯à¨
«î¡ëå t 2 [0; 1] ®¡« áâ¨ Dt ®¤­®«¨áâ­ë ¨ Dt2 � Dt1 ¯à¨ t1 < t2, t1; t2 2 [0; 1].

� áá¬®âà¨¬ á¥¬¥©áâ¢® äã­ªæ¨©

�(e�; �) = 1

!(e��1; 1� �)
; je�j < 1; � 2 [0; 1]:

�ç¥¢¨¤­®, çâ® ¤«ï ®¡à §®¢ D0

� ¥¤¨­¨ç­®£® ªàã£  je�j < 1 ¯à¨ ®â®¡à ¦¥­¨ïå äã­ªæ¨ï¬¨ �(e�; �)
á¯à ¢¥¤«¨¢® D0

�1
� D0

�2
¯à¨ �1 < �2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Dt2 � Dt1 ¯à¨ t1 < t2. �à®¬¥

â®£®, ®¡« áâ¨ D0

� ¡ã¤ãâ ®¤­®«¨áâ­ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¤­®«¨áâ­ë Dt. �«ï ¢­®¢ì
¢¢¥¤¥­­®£® á¥¬¥©áâ¢  à¥£ã«ïà­ëå ¢ ¥¤¨­¨ç­®¬ ªàã£¥ äã­ªæ¨©, ¯¥à¥¢®¤ïé¨å ­ã«ì ¢ ­ã«ì, ¬®¦­®
¯à¨¬¥­¨âì ¯à¨­æ¨¯ ¯®á«¥¤®¢ â¥«ì­®£® ¯®¤ç¨­¥­¨ï �.�.�ãä à¥¢  [2], ¨á¯®«ì§®¢ ­­ë© ¢ ¯à¨-
¬¥à¥ a): ¥á«¨ ¤«ï á¥¬¥©áâ¢  à¥£ã«ïà­ëå ¯® e� ¯à¨ je�j < 1 ¨ ¤¨ää¥à¥­æ¨àã¥¬ëå ¯® � ¯à¨ � 2 [0; 1]
äã­ªæ¨© �(e�; �) â ª¨å, çâ® �(0; �) = 0, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Re e��0~�
�0�

> 0; je�j < 1; � 2 [0; 1];

¯à¨ç¥¬ äã­ªæ¨ï �(e�; 1) ®¤­®«¨áâ­ , â® ®¤­®«¨áâ­ë ¢á¥ äã­ªæ¨¨ á¥¬¥©áâ¢  �(e�; �).
�¥âàã¤­® ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢ 

e��0~�
�0�

= �
!0�
!0t
:
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� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ãá«®¢¨¥ ®¤­®«¨áâ­®áâ¨ ¤«ï äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å ¯à¨ j�j > 1 ¨
á ¯à®áâë¬ ¯®«îá®¬ ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥: ¥á«¨ äã­ªæ¨ï !(�; 0) ®¤­®«¨áâ­  ¨ ¯à¨ ¢á¥å
j�j > 1, t 2 [0; 1] ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

Re �
!0�
!0t

> 0; (7)

â® ¢á¥ äã­ªæ¨¨ íâ®£® á¥¬¥©áâ¢  !(�; t) ®¤­®«¨áâ­ë.
� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¯®«ãç¥­¨¥ ¤®áâ â®ç­ëå ãá«®¢¨© ®¤­®«¨áâ­®áâ¨ äã­ªæ¨¨ á

¯®¬®éìî ¢ª«îç¥­¨ï ¥¥ ¢ ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®. �­ «®£®¬ «¥¬¬ë 1 ï¢«ï¥âáï

�¥¬¬  2. �ãáâì äã­ªæ¨ï p(�)  ­ «¨â¨ç­  ¯à¨ j�j > 1, Re p(1) > 0 ¨ ¯ãáâì ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®

Re
�
ap(�)� �

p0(�)
p(�)

�
> 0; j�j > 1; a > 0:

�®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® Re p(�) > 0, j�j > 1.

�à¨¢¥¤¥­­®¥ ãâ¢¥à¦¤¥­¨¥ áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬, ¥á«¨ § ¬¥â¨âì, çâ® ®­® á¢®¤¨âáï ª «¥¬¬¥ 1
§ ¬¥­®© � = 1=z.

�¥®à¥¬  3. �ãáâì äã­ªæ¨ï h(�)  ­ «¨â¨ç­  ¯à¨ j�j > 1 ¨ ¨¬¥¥â ¯à®áâ®© ¯®«îá ¢ ¡¥á-

ª®­¥ç­®áâ¨, ¢ ®ªà¥áâ­®áâ¨ ª®â®à®© á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ h(�) = c� + O(1), c > 1. �á«¨
áãé¥áâ¢ãîâ â ª®¥ � > 0 ¨ â ª ï  ­ «¨â¨ç¥áª ï ¯à¨ j�j > 1 äã­ªæ¨ï h0(�), h0(�) = � + O(1),
á ¯à®áâë¬ ¯®«îá®¬ ¢ ¡¥áª®­¥ç­®áâ¨, çâ®

Re
�
(�+ 1)�

h00
h0

�

�
1 + �

h000
h00

��
> 0; j�j > 1; (8)

¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

Re �
h0h�0

h(h� � h�0 )
> 0; j�j > 1; (9)

â® h(�) ®¤­®«¨áâ­  ¯à¨ j�j > 1.

�®ª § â¥«ìáâ¢®. �«ï ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢ 

!(�; t) = [(1� t)h0(�)�� + th(�)��]�1=�

­¥à ¢¥­áâ¢® (7) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

�Re
�
(1� t)�

h00h
�

h0(h� � h�0 )
+ t�

h0h�0
h(h� � h�0 )

�
> 0:

�«ï ¢ë¯®«­¥­¨ï ¯®á«¥¤­¥£® ãá«®¢¨ï ¯à¨ ¢á¥å t 2 [0; 1] ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¨ ¢á¥å
j�j > 1 ¡ë«¨ á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (9) ¨

Re
�
�

h00h
�

h0(h� � h�0 )

�
> 0: (10)

�®ª ¦¥¬, çâ® ãá«®¢¨¥ (8) á®¢¬¥áâ­® á (9) ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (10). �¡®§­ ç¨¬

�
h00h

�

h0(h� � h�0 )
= p(�):

�ã­ªæ¨ï p(�)  ­ «¨â¨ç­  ¯à¨ j�j > 1, Re p(1) = c�=(c� � 1) > 0. �¬¥¥¬

��
h0h�0

h(h� � h�0 )
= �(�+ 1)�

h00
h0

+
�
1 + �

h000
h00

�
+ �p(�)� �

p0

p
:
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�«¥¤®¢ â¥«ì­®, á®£« á­® (9) ¨ (8)

Re
�
�p� �

p0

p

�
> Re

�
(�+ 1)�

h00
h0

�

�
1 + �

h000
h00

��
> 0; j�j > 1:

�à¨¬¥­ïï «¥¬¬ã 2, ¯®«ãç¨¬ Re p(�) > 0; j�j > 1, â. ¥. ­¥à ¢¥­áâ¢® (10) ¢ë¯®«­ï¥âáï. � ª¨¬
®¡à §®¬, ¨§ãç ¥¬®¥ á¥¬¥©áâ¢® äã­ªæ¨© ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (7). �¥¯¥àì ¤«ï ¤®ª § â¥«ìáâ¢ 
®¤­®«¨áâ­®áâ¨ ¢á¥å äã­ªæ¨© á¥¬¥©áâ¢  (¨ äã­ªæ¨¨ h(�) ¢ â®¬ ç¨á«¥) ¤®áâ â®ç­® ¯®ª § âì, çâ®
äã­ªæ¨ï h0(�) ®¤­®«¨áâ­  ¯à¨ j�j > 1.

�«ï äã­ªæ¨¨ p(�) = �h00=h0 ­¥à ¢¥­áâ¢® (8) ¯à¨¬¥â ¢¨¤ Re[�p(�) � �p0=p] > 0, j�j > 1.
�à¨¬¥­ïï «¥¬¬ã 2, ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ãá«®¢¨¥ (8) ®¡¥á¯¥ç¨¢ ¥â ¯à¨­ ¤«¥¦­®áâì äã­ªæ¨¨
h0(�) ¨§¢¥áâ­®¬ã ª« ááã §¢¥§¤®®¡à §­ëå äã­ªæ¨© | ¯®¤ª« ááã ®¤­®«¨áâ­ëå äã­ªæ¨© [10].

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  4. �ãáâì äã­ªæ¨ï h(�)  ­ «¨â¨ç­  ¯à¨ j�j > 1 ¨ ¨¬¥¥â ¯à®áâ®© ¯®«îá ¢ ¡¥á-

ª®­¥ç­®áâ¨, ¢ ®ªà¥áâ­®áâ¨ ª®â®à®© á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ h(�) = c� + O(1), c > 1. �à¨
¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ 

Re �
h0

h ln h
�

> 0; j�j > 1; (11)

äã­ªæ¨ï h(�) ®¤­®«¨áâ­  ¯à¨ j�j > 1.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®

!(�; t) =
�
h(�)
�

�t

�; t 2 [0; 1];

£¤¥ ¢¥â¢ì ã áâ¥¯¥­¨ ¢ë¡¨à ¥âáï â ª, çâ® ct 2 R+. �¬¥¥¬ !(�; 1) = h(�), !(�; 0) = �. �á«®¢¨¥
¯®á«¥¤®¢ â¥«ì­®© ¢«®¦¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ®¡« áâ¥© (7) á¢®¤¨âáï ª ­¥à ¢¥­áâ¢ã

Re
�
t�

h0

h ln h
�

+ (1� t)
1
ln h

�

�
> 0; j�j > 1:

�â® ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¯à¨ ¢á¥å t 2 [0; 1], ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (11) ¨ ­¥à ¢¥­áâ¢®

Re[p(�)] > 0; j�j > 1;

á p(�) = 1= ln h
�
. �ë¯®«­¥­¨¥ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ®¡¥á¯¥ç¨¢ ¥â ãá«®¢¨¥ (11), § ¯¨á ­­®¥ ¢

¢¨¤¥

Re
�
p� �

p0

p

�
> 0:

�¥¯¥àì, ¯à¨¬¥­ïï «¥¬¬ã 2, ã¡¥¦¤ ¥¬áï, çâ® ãá«®¢¨¥ ¯®á«¥¤®¢ â¥«ì­®£® ¢«®¦¥­¨ï ®¡« áâ¥© (7)
¢ë¯®«­ï¥âáï. � á®¢®ªã¯­®áâ¨ á ®¤­®«¨áâ­®áâìî äã­ªæ¨¨ !(�; 0) = �, j�j > 1, íâ® ¤ ¥â ®¤­®«¨áâ-
­®áâì ¢á¥å äã­ªæ¨© á¥¬¥©áâ¢ , ¢ â®¬ ç¨á«¥ ¨ !(�; 1) = h(�).

4. �à¨¬¥­¥­¨¥ á¥¬¥©áâ¢ ¯®á«¥¤®¢ â¥«ì­® ¢«®¦¥­­ëå ®¡« áâ¥©
¤«ï ¬®¤¥«¨à®¢ ­¨ï ¯à®æ¥áá  à®áâ  ¯®«®áâ¥© ¢ ¢ï§ª¨å â¥« å

� áá¬®âà¨¬ ¯«®áªãî § ¤ çã ®¯à¥¤¥«¥­¨ï ­ ¯àï¦¥­¨© ¢ ¡¥áª®­¥ç­®¬ ¢ï§ª®¬ â¥«¥ á ­¥¯à¥-
àë¢­® à áè¨àïîé¥©áï ¯®«®áâìî. �ãáâì ®¡« áâ¨, § ­¨¬ ¥¬ë¥ â¥«®¬, ¯à¥¤áâ ¢«ïîâ á®¡®© á¥-
¬¥©áâ¢® ¯®á«¥¤®¢ â¥«ì­® ¢«®¦¥­­ëå ¤àã£ ¢ ¤àã£  ®¡« áâ¥© Dt, t 2 [0; 1], ® ª®â®àëå è«  à¥çì

53



¢ëè¥. � [11] § ¤ ç  ®¯à¥¤¥«¥­¨ï ­ ¯àï¦¥­¨© ¢ â ª¨å ®¡« áâïå á¢®¤¨âáï ª ®¯à¥¤¥«¥­¨î á¥-
¬¥©áâ¢  ­ «¨â¨ç¥áª¨å ¢ E� á ¯®«îá ¬¨ ¢ 1 äã­ªæ¨© f(�; t) ¨ g(�; t) á § ¤ ­­ë¬ ¯®¢¥¤¥­¨¥¬ ¢
®ªà¥áâ­®áâ¨ 1

f(�; t) = �(t)� +O(1);

g(�; t) = �0(t)� +O(1);
(12)

£¤¥

�(t) =
!0�(1; t)

4
[�11(t)j1 + �22(t)j1];

�0(t) =
!0�(1; t)

4
[�11(t)j1 � �22(t)j1]:

� â¥à¬¨­ å íâ¨å äã­ªæ¨© ¢¥ªâ®à £à ­¨ç­ëå ãá¨«¨© ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

F (�; t) = �i

�
f(�; t) +

!(�; t)

!0�(�; t)
f 0� + g(�; t)

����
�=exp(i�)

: (13)

�ãáâì ( _u; _v) | ¢¥ªâ®à áª®à®áâ¨ ¬ â¥à¨ «ì­®© ç áâ¨æë. �®£¤  ®­ ¨¬¥¥â á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥-
­¨¥ á ¨á¯®«ì§®¢ ­¨¥¬ ¢¢¥¤¥­­ëå äã­ªæ¨© [11]:

2�( _u; _v) = f(�; t)�
!(�; t)

!0�(�; t)
f 0� � g(�; t); (14)

£¤¥ 2� | ª®íää¨æ¨¥­â á¤¢¨£®¢®© ¢ï§ª®áâ¨. �  £à ­¨æ å ¯®«®áâ¥© ¤¢¨¦¥­¨¥ ¬ â¥à¨ «ì­®© ç -
áâ¨æë, á®®â¢¥âáâ¢ãîé¥¥ ä¨ªá¨à®¢ ­­®¬ã §­ ç¥­¨î ¯ à ¬¥âà  �, á à®áâ®¬ t ¯à¨¢¥¤¥â ª ¯®«ã-
ç¥­¨î âà ¥ªâ®à¨¨ L� = f!(exp(i�); t), t 2 [0; 1]g. �«¥¤®¢ â¥«ì­®, ­  £à ­¨æ¥ ( _u; _v) = !0t(�; t),
â. ¥. áª®à®áâì ¤¢¨¦¥­¨ï ¬ â¥à¨ «ì­®© ç áâ¨æë á®¢¯ ¤ ¥â á ª¨­¥â¨ç¥áª®© áª®à®áâìî. �®á«¥¤­¥¥
®¡¥á¯¥ç¨¢ ¥â á®£« á­® (14) £à ­¨ç­®¥ á®®â­®è¥­¨¥

2�!0t(exp(i�); t) =
�
f(�; t)�

!(�; t)

!0�(�; t)
f 0� � g(�; t)

����
�=exp(i�)

: (15)

� ª¨¬ ®¡à §®¬, ¥á«¨ § ¤ âì ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® äã­ªæ¨© !(�; t), !(1; t) = 1,
t 2 [0; 1]; ®â®¡à ¦ îé¨å E� ­  á¥¬¥©áâ¢® ¯®á«¥¤®¢ â¥«ì­® ¢«®¦¥­­ëå ®¡« áâ¥© Dt, t 2 [0; 1], ¨
¨§¬¥­¥­¨¥ ª®¬¯®­¥­â ­ ¯àï¦¥­¨© ¢ ¡¥áª®­¥ç­®áâ¨ �11(t)j1, �22(t)j1, â® ¨§ ãá«®¢¨ï (15),  ­ «®-
£¨ç­®£® £à ­¨ç­®¬ã ãá«®¢¨î ®á­®¢­ëå § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨, ¬®¦­® ­ ©â¨ äã­ªæ¨¨ f(�; t),
g(�; t). � á«ãç ¥, ª®£¤  !(�; t) | à æ¨®­ «ì­ ï ¤à®¡ì, ­¥âàã¤­® â ª ¦¥, ª ª ¢ [12], ¯®«ãç¨âì
â®ç­®¥ à¥è¥­¨¥. �¥¯¥àì, §­ ï £à ­¨ç­ë¥ §­ ç¥­¨ï äã­ªæ¨© f(�; t), g(�; t), «¥£ª® ®¯à¥¤¥«¨âì á
¯®¬®éìî (13) â¥ £à ­¨ç­ë¥ ­ ¯àï¦¥­¨ï, ¯à¨ ­ «¨ç¨¨ ª®â®àëå ¨ à §¢¨¢ îâáï ¯®«®áâ¨, ¤®¯®«-
­ïîé¨¥ Dt, t 2 [0; 1], ¤® ¯«®áª®áâ¨.

�à¨¢¥¤¥¬ ¯à¨¬¥à à §¢¨â¨ï ¯®«®áâ¨ á £« ¤ª®© £à ­¨æ¥© ¢ ¯®«®áâì á £à ­¨æ¥©, ¨¬¥îé¥© ª á¯.
� áá¬®âà¨¬ á¥¬¥©áâ¢®

!(�; t) =
6�(� + 1)

(3� � 1)t+ 6�(1� t)
; j�j > 1; t 2 [0; 1]:

�¬¥¥¬ h0(�) � !(�; 0) = � +1 | ®¤­®«¨áâ­ ï ¢ E� äã­ªæ¨ï, ®â®¡à ¦ îé ï ¢­¥è­®áâì ¥¤¨­¨ç-
­®£® ªàã£  ­  ¯«®áª®áâì á ªàã£®¢ë¬ ¢ëà¥§®¬, ¯à¨ç¥¬

Re
�
2�

h00
h0

�

�
1 + �

h000
h00

��
= Re

� � 1
� + 1

> 0; j�j > 1:

�à®¬¥ â®£®, äã­ªæ¨¨ h(�) � !(�; 1) ¨ h0(�) á¢ï§ë¢ ¥â á®®â­®è¥­¨¥

Re �
h0h0

h(h� h0)
= Re

� � 1
� + 1

> 0; j�j > 1:
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�«¥¤®¢ â¥«ì­®, ¤«ï ¯®áâà®¥­­®£® ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥-
®à¥¬ë 3, ¨, §­ ç¨â, ®¡« áâ¨, ¯®«ãç ¥¬ë¥ ®â®¡à ¦¥­¨¥¬ E� ¯à¨ ¯®¬®é¨ äã­ªæ¨© á¥¬¥©áâ¢ ,
®¤­®«¨áâ­ë ¨ ¯®á«¥¤®¢ â¥«ì­® ¢«®¦¥­ë ¤àã£ ¢ ¤àã£ . �­ ç¥ £®¢®àï, ¯®«®áâ¨, ¤®¯®«­ïîé¨¥
íâ¨ ®¡« áâ¨ ¤® ¯«®áª®áâ¨, ¨¬¥îâ ¯à®áâë¥ £à ­¨æë ¨ à áè¨àïîâáï á à®áâ®¬ ¯ à ¬¥âà  t. � ¬¥-
â¨¬ ¥é¥, çâ® h0(1) = 0. �â® á¢¨¤¥â¥«ìáâ¢ã¥â ® ­ «¨ç¨¨ ª á¯  ­  £à ­¨æ¥ ®¡« áâ¨, ¯®á«¥¤­¥© ¢
á¥¬¥©áâ¢¥. �¥è¨¬ ¤«ï íâ®£® á¥¬¥©áâ¢  § ¤ çã ­ å®¦¤¥­¨ï äã­ªæ¨© (12) ¯® ªà ¥¢®¬ã ãá«®¢¨î
(15).

� ¤ ­­®¬ á«ãç ¥ ªà ¥¢®¥ ãá«®¢¨¥ (15) ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

Re
�
f(�)� f0(�; t)� g(�)

���
�=exp(i�)

= 12�Re
�

1
3�(2� t)2

+ g0(�; t)
����

�=exp(i�)
;

Im
�
f(�) + f0(�; t) + g(�)

���
�=exp(i�)

= 12� Im
�
�

1
3�(2� t)2

+ g0(�; t)
����

�=exp(i�)
;

£¤¥

f0(�; t) =
[6� � (3� + 1)t]2(� + 1)f 0(�)

�(6� 3t� �t)f(2� + 1)[6� � (3� + 1)t]� 3�(� + 1)(2 � t)g
;

g0(�; t) =
[2 + 4(2� t)�1]�2 + [1� t2(2� t)�2=3]�

[6� � (3� + 1)t]2
:

�®ááâ ­ ¢«¨¢ ï ¬¥à®¬®àä­ë¥ äã­ªæ¨¨ ¯® £à ­¨ç­ë¬ §­ ç¥­¨ï¬ ¨å ¤¥©áâ¢¨â¥«ì­®© ¨«¨ ¬­¨-
¬®© ç áâ¥©, ¯®«ãç¨¬

f(�)� f0(�; t)� g(�) = 12�
�

1
3�(2� t)2

+ g0(�; t)
�
+ (�� �0)� �

�� �0

�
+ C

1� ��0
� � �0

� C
� � �0
1� ��0

;

f(�) + f0(�; t) + g(�) = 12�
�
�

1
3�(2� t)2

+ g0(�; t)
�
+ (� + �0)� +

�+ �0

�
� C

1� ��0
� � �0

� C
� � �0
1� ��0

;

£¤¥ �0 = 6t�1 � 3. �®á«¥¤­¨¥ ¤¢  á®®â­®è¥­¨ï ¤ îâ

f(�) = 12�g0(�; t) + �� +
�0

�
� C

� � �0
1� ��0

;

g(�) = f(�)� f0(�; t)� 12�
�

1
3�(2� t)2

+ g0(�; t)
�
�

�(�� �0)� +
�� �0

�
� C

1� ��0
� � �0

+ C
� � �0
1� ��0

: (16)

�¥¯¥àì ¯®¤¡¥à¥¬ ­¥¨§¢¥áâ­ë© ¯®ª  ª®íää¨æ¨¥­â C â ª, çâ®¡ë äã­ªæ¨ï g(�) ¨§ (16) ¡ë«   ­ -
«¨â¨ç­®©, ¯à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­â ¯à¨ (� � �0)�1 ¢ ¢ëà ¦¥­¨¨ (16) ¤«ï g(�).

� à¥§ã«ìâ â¥ ¯®¤áç¥â®¢ ¯®«ãç¨¬

C =
16t(2 � t)(3� t)(2t� 3)

[4t3(2� t) + 3(2t� 3)2(t� 3)(11t � 21)]

�
3�t

32(2 � t)6
[45(16 � 20t+ 8t2 � t3) +

+ 6t� 6t2 + t3] + ��
�0t2

9(2� t)2

�
: (17)

�¥¯¥àì ¢¥ªâ®à £à ­¨ç­ëå ãá¨«¨© ¢ «î¡®© â®çª¥ � = exp(i�) á®£« á­® (13) ¬®¦¥â ¡ëâì ¢ëç¨á«¥­
¯® ä®à¬ã«¥

F (�; t) = i
4�

(2� t)2
ei� � 12i�g0(ei�; t)� 2i�ei� � i�0e�i� + iC

ei� � (6=t� 3)
1� ei�(6=t � 3)

;

£¤¥ C ¨§ (17).
� áá¬®âà¨¬ á«ãç © � = �0 = 0, çâ® á®®â¢¥âáâ¢ã¥â ®âáãâáâ¢¨î ­ ¯àï¦¥­¨© ¢ ¡¥áª®­¥ç­®áâ¨.
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�®£« á­® [13] ¢¥ªâ®à £à ­¨ç­ëå ãá¨«¨© á¢ï§ ­ á ¢¥ªâ®à®¬ ­ ¯àï¦¥­¨© (Xn; Yn), ¤¥©áâ¢ãî-
é¨¬ ­  £à ­¨æã ®¡« áâ¨ á® áâ®à®­ë ¢­¥è­¥© ­®à¬ «¨, á ¯®¬®éìî á®®â­®è¥­¨ï

Xn(�; t) + iYn(�; t) =
F 0(�; t)�
j!0�(ei�; t)j

: (18)

�à®á«¥¤¨¬ §  â®çª ¬¨ ­  ¨§¬¥­ïîé¨åáï á à®áâ®¬ t ª®­âãà å, á®®â¢¥âáâ¢ãîé¨¬¨ §­ ç¥­¨ï¬
¯ à ¬¥âà®¢ � = 0 ¨ � = �. �à¨ � = 0 ¯®«ãç¨¬ á à®áâ®¬ t â®çª¨, ¤¢¨¦ãé¨¥áï ¢¯à ¢®, ¯à¨ç¥¬
¯®á«¥¤­ïï ¯à¨ t = 1 áâ ­®¢¨âáï ¢¥àè¨­®© ª á¯ . �à¨ � = � ¨¬¥¥¬ â®çª¨, ®áâ îé¨¥áï ­  ¬¥áâ¥
á à®áâ®¬ t. �¥âàã¤­® § ¬¥â¨âì, çâ® Yn(0; t) � Yn(�; t) � 0, t 2 [0; 1]. �ç¨âë¢ ï, çâ® !0(1; 1) = 0,
  §­ ç¨â, lim

t!1
Xn(0; t) = 1 á®£« á­® (18), á¤¥« ¥¬ ¢ë¢®¤ ® â®¬, çâ® ¯à®æ¥áá ®¡à §®¢ ­¨ï ª á¯ 

â ª ¦¥, ª ª ¢ á«ãç ¥ ã¯àã£¨å â¥«, á¢ï§ ­ á ®¡à é¥­¨¥¬ ¢ ¡¥áª®­¥ç­®áâì ª®¬¯®­¥­âë ¢¥ªâ®à 
­ ¯àï¦¥­¨©.
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