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� à ¡®â¥ ãáâ ®¢«¥ë ¯à¨æ¨¯ë íªáâà¥¬ã¬  à¥è¥¨© ®¡é¥£® «¨¥©®£® ãà ¢¥¨ï á¬¥è -
®£® â¨¯  á ¤¢ã¬ï «¨¨ï¬¨ ¢ëà®¦¤¥¨ï ¢ ®¡« áâïå í««¨¯â¨ç®áâ¨, £¨¯¥à¡®«¨ç®áâ¨ ¨ ¢ æ¥«®¬ ¢
á¬¥è ®© ®¡« áâ¨. �à¨¢®¤ïâáï ¯à¨¬¥¥¨ï íâ¨å ¯à¨æ¨¯®¢ ¯à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç �à¨ª®¬¨
¤«ï ãà ¢¥¨© á¬¥è ®£® â¨¯ .

1. �®áâ ®¢ª  § ¤ ç

� áá¬®âà¨¬ ãà ¢¥¨¥

Lu � K(y)uxx +N(x)uyy +Aux +Buy + Cu = F; (1)

£¤¥ yK(y) > 0 ¯à¨ y 6= 0, xN(x) > 0 ¯à¨ x 6= 0, K(y), N(x), A(x; y), B(x; y), C(x; y) ¨ F (x; y)
| § ¤ ë¥ äãªæ¨¨ ¢ ®¡« áâ¨ D, ®£à ¨ç¥®©: 1) ¯à®áâ®© ªà¨¢®© �®à¤   �, «¥¦ é¥© ¢
¯¥à¢®© ç¥â¢¥àâ¨ x; y > 0 á ª®æ ¬¨ ¢ â®çª å B1 = (b1; 0) ¨ B2 = (0; b2), b1; b2 > 0; 2) å à ªâ¥-
à¨áâ¨ª ¬¨ OC1 ¨ C1B1 ãà ¢¥¨ï (1) ¯à¨ x > 0 ¨ y < 0, O = (0; 0), C1 = (b1=2; yC1), yC1 < 0;
3) å à ªâ¥à¨áâ¨ª ¬¨ OC2 ¨ C2B2 ãà ¢¥¨ï (1) ¯à¨ x < 0 ¨ y > 0, C2 = (xC2 ; b2=2), xC2 < 0:

� ¤ «ì¥©è¥¬ ¯à¥¤¯®«®¦¨¬, çâ®

K(y); N(x) 2 C(D0) ^ C(Di) ^ C2(Di nOBi);

A(x; y); B(x; y) 2 C(D0) ^ C(Di) ^ C1(Di n OBi);

C(x; y) 2 C(D0) ^ C(Di);

F (x; y) 2 C(D0) ^ L(D0) ^ C(Di) ^ L(Di); i = 1; 2:

�ãáâì D0 = D \ fx > 0; y > 0g, D1 = D \ fx > 0; y < 0g, D2 = D \ fx < 0; y > 0g.
� ®¡« áâ¨ D ¤«ï ãà ¢¥¨ï (1) à áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨ â¨¯  �à¨ª®¬¨, ¨áá«¥¤®¢ ¨¥

ª®â®àëå ¯à¥¤áâ ¢«ï¥âáï ¢ ¦ë¬ ¢ â¥®à¥â¨ç¥áª®¬ ¨ ¯à¨ª« ¤®¬  á¯¥ªâ å [1]{[9].
� ¤ ç  T1: � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) ^ C1(D) ^ C2(D0 [D1 [D2); (2)

Lu(x; y) � F (x; y); (x; y) 2 D0 [D1 [D2; (3)

u(x; y) = '(x; y); (x; y) 2 �; (4)

u(x; y) =  1(x; y); (x; y) 2 C1B1 [ C2B2;

£¤¥ ' ¨  1 | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨, ¯à¨ç¥¬ '(B1) =  1(B1), '(B2) =  1(B2).

� ¤ ç  T2. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (2){(4) ¨

u(x; y) =  2(x; y); (x; y) 2 OC1 [OC2;

£¤¥ ' ¨  2 | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, ª®¤

£à â  22, ¨ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, ª®¤ £à â  99-01-00934.
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�à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç �1 ¨ T2 ¢ ¦ãî à®«ì ¨£à ¥â ¯à¨æ¨¯ íªáâà¥¬ã¬ , ãáâ ®¢«¥ë©
¢¯¥à¢ë¥ �.�. �¨æ ¤§¥ ¢ 1950 £. ¤«ï ãà ¢¥¨ï � ¢à¥âì¥¢ . �â¥à¥á ª ¤®ª § â¥«ìáâ¢ã á¯à -
¢¥¤«¨¢®áâ¨ ¯à¨æ¨¯  íªáâà¥¬ã¬  ¤«ï ãà ¢¥¨ï (1) ®¡êïáï¥âáï â¥¬, çâ®, ¢®-¯¥à¢ëå, ¨§ ¥£®
áà §ã ¦¥ á«¥¤ã¥â ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç T1 ¨ T2 ¡¥§ ª ª¨å-«¨¡® ®£à ¨ç¥¨©   ªà¨¢ãî
� ¢ ¤®¢®«ì® è¨à®ª®¬ ª« áá¥ à¥£ã«ïàëå à¥è¥¨© ãàa¢¥¨ï (1),   ¢ á¢®î ®ç¥à¥¤ì â¥®à¥¬ 
¥¤¨áâ¢¥®áâ¨ ¨£à ¥â à¥è îéãî à®«ì ¯à¨ ¤®ª § â¥«ìáâ¢¥ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï § ¤ ç T1
¨ T2 ¬¥â®¤®¬ ¨â¥£à «ìëå ãà ¢¥¨©. �®-¢â®àëå, ® ¯®§¢®«ï¥â ¯®áâà®¨âì  «ìâ¥à¨àãîé¨©
¯à®æ¥áá â¨¯  �¢ àæ  [10] ¤«ï à¥è¥¨ï § ¤ ç T1 ¨ T2 ¯à¨ ¤®¢®«ì® ®¡é¨å ¯à¥¤¯®«®¦¥¨ïå ®â-
®á¨â¥«ì® ªà¨¢®© � ¯à¨ ¯®¤å®¤¥ ª ®áï¬ ª®®à¤¨ â. �-âà¥âì¨å, ¯à¨æ¨¯ íªáâà¥¬ã¬   å®¤¨â
¯à¨¬¥¥¨¥ ¯à¨ ¯®áâà®¥¨¨ á¯¥ªâà «ì®© â¥®à¨¨ § ¤ ç T1 ¨ T2 ¨ ¨áá«¥¤®¢ ¨¨ ª ç¥áâ¢¥ëå
á¢®©áâ¢ à¥è¥¨© ãà ¢¥¨ï (1).

� ¤ ®© à ¡®â¥ ãáâ ®¢«¥ë íªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© ãà ¢¥¨ï (1) ¢ ®¡« áâïå
í««¨¯â¨ç®áâ¨, £¨¯¥à¡®«¨ç®áâ¨ ¨ ¢ æ¥«®¬ ¢ á¬¥è ®© ®¡« áâ¨ D, ¨ ¯à¨¢®¤ïâáï ¯à¨¬¥¥¨ï
íâ¨å á¢®©áâ¢ ¯à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç T1 ¨ T2. � ¥¥ ¯à¨æ¨¯ ¬ ªá¨¬ã¬  à¥è¥¨ï § ¤ ç¨ T2 ¡ë«
ãáâ ®¢«¥ ¤«ï ¬®¤¥«ìëå ãà ¢¥¨© á¬¥è ®£® â¨¯  á ¨á¯®«ì§®¢ ¨¥¬ ï¢ëå ä®à¬ã« à¥è¥-
¨ï ªà ¥¢ëå § ¤ ç. Oâ¬¥â¨¬, çâ® ¯à¨æ¨¯ ¬ ªá¨¬ã¬  à¥è¥¨ï § ¤ ç¨ T1 §¤¥áì ãáâ  ¢«¨¢ ¥âáï
¢¯¥à¢ë¥.

2. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  ãà ¢¥¨© ¢ ®¡« áâ¨ í««¨¯â¨ç®áâ¨

�¥®à¥¬  1. �ãáâì

1) C(x; y) � 0 ¢ ®¡« áâ¨ D0;
2) u(x; y) 2 C(D0) ^ C1(D0 [OB1 [OB2) ^C2(D0), Lu � F (x; y) � 0 (� 0) ¢ D0;
3) max

D0

u(x; y) = u(Q) > 0 (min
D0

u(x; y) = u(Q) < 0).

�®£¤ , ¥á«¨ Q 2 OB1 [OB2,

@u

@n
(Q) < 0 (> 0); (5)

£¤¥
@u

@n
= uxnx + uyny;

nx ¨ ny | ª®¬¯®¥âë ¢ãâà¥¥© ®à¬ «¨ ª £à ¨æ¥ ®¡« áâ¨ D0.

�®ª § â¥«ìáâ¢®. �ãáâì max
D0

u(x; y) = u(Q) > 0. � á¨«ã ãá«®¢¨© 1) ¨ 2) ¢ ®¡« áâ¨ D0 ¤«ï

ãà ¢¥¨ï (1) á¯à ¢¥¤«¨¢ ¢ãâà¥¨© ¯à¨æ¨¯ íªáâà¥¬ã¬ , á®£« á® ª®â®à®¬ã ¬ ªá¨¬ã¬ u(Q)
à¥è¥¨ï u(x; y) 6= const ¥ ¬®¦¥â ¤®áâ¨£ âìáï ¢ãâà¨ ®¡« áâ¨ D0. �ãáâì u(Q) ¤®áâ¨£ ¥âáï ¢
¥ª®â®à®© ¢ãâà¥¥© â®çª¥ (x0; 0) ®âà¥§ª  OB1. �ãáâì � | ªàã£ à ¤¨ãá  d > 0 ®¡« áâ¨ D0,
£à ¨æ  ª®â®à®£® ª á ¥âáï ®âà¥§ª  OB1 ¢ â®çª¥ (x0; 0); K1 = f(x; y) j 0 < y < y1 < dg \ K,
@K1 | £à ¨æ  á¥£¬¥â  K1, á®áâ®ïé ï ¨§ ®âà¥§ª  S1 (y = y1) ¨ ç áâ¨ ®ªàã¦®áâ¨ S (r2 = d2,
0 � y � y1, r2 = (x� x0)2 + (y � d)2). � ®¡« áâ¨ K1 à áá¬®âà¨¬ ¡ àì¥àãî äãªæ¨î

v(x; y) = exp(��r2)� exp(��d2);
ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï

Lv = exp(��r2)f4�2[K(y)(x� x0)2 +N(x)(y � d)2]�
� 2�[K(y) +N(x) +A(x� x0) +B(y � d)] + C[1� exp(�r2 � �d2)]g:

Oâáî¤  ¢ á¨«ã ®£à ¨ç¥®áâ¨ ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï (1) ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ N(x)
¢ D0 ¨ ¢¢¨¤ã â®£®, çâ® ª®íää¨æ¨¥â ¯à¨ �2 ¨¬¥¥â ¯®«®¦¨â¥«ìãî ¨¦îî £à ì ¢ § ¬ªãâ®©
®¡« áâ¨ K1, á«¥¤ã¥â Lv > 0 ¯à¨ ãá«®¢¨¨, ª®£¤  � ¤®áâ â®ç® ¢¥«¨ª®. �  ¬®¦¥áâ¢¥K1nQ ¢ á¨«ã
¢ãâà¥¥£® ¯à¨æ¨¯  íªáâà¥¬ã¬  ¤«ï ãà ¢¥¨ï (1) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® u(x; y) < u(x0; 0).
� ãç¥â®¬ íâ¨å á¢®©áâ¢ äãªæ¨© u(x; y) ¨ v(x; y) ¢¢¥¤¥¬ ®¢ãî äãªæ¨î

w(x; y) = u(x; y) + "v(x; y); " > 0;
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ª®â®à ï ¢ ®¡« áâ¨ K1 ã¤®¢«¥â¢®àï¥â í««¨¯â¨ç¥áª®¬ã ãà ¢¥¨î

Lw = L(u+ "v) = F (x; y) + "Lv > 0

¨

wjs = (u+ "v)js � u(x0; 0);

wjs1 = (u+ "v)js1 < u(x0; 0) = w(x0; 0)

¯à¨ ¤®áâ â®ç® ¬ «®¬ " > 0. Oâáî¤  ¢ëâ¥ª ¥â

lim
y!0+0

wy(x0; y) � 0

¨«¨
uy(x0; 0 + 0) � �"vy(x0; 0 + 0) = �2"d exp(��d2) < 0:

�¥¬ á ¬ë¬ ¤®ª §   á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (5).

� ¬¥ç ¨¥ 1. �à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¨á¯®«ì§®¢ ë ¨¤¥¨ ¤®ª § â¥«ìáâ¢    «®£¨ç-
ëå ãâ¢¥à¦¤¥¨© ¤«ï ¥¢ëà®¦¤ îé¨åáï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© [11]{[13].

�¥®à¥¬  2. �ãáâì

1) ¢ë¯®«¥ë ãá«®¢¨ï 1){3) â¥®à¥¬ë 1;
2) äãªæ¨ï u(x; y) ¨¬¥¥â ¨§®«¨à®¢ ë© ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) u(Q) ¢ â®çª¥ O;
3) ¢ ¬ «®© ®ªà¥áâ®áâ¨ â®çª¨ O

a) äãªæ¨¨ u2x ¨ u
2
y áã¬¬¨àã¥¬ë;

¡) ¯à®¨§¢®¤ë¥ Ax ¨ By ¥¯à¥àë¢ë ¢¯«®âì ¤® £à ¨æë;
¢) 2C �Ax �By � 0, A(0; y) � 0 ¨ B(0; x) � 0.

�®£¤  ¢ «î¡®© ®ªà¥áâ®áâ¨ U � @D0 â®çª¨ O  ©¤¥âáï â®çª  Q0 2 U â ª ï, çâ®

@u

@n
(Q0) < 0(> 0): (6)

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ®ªà¥áâ®áâì U 0 â®çª¨ O â ª ï, çâ® ¤«ï ¢á¥å
P 2 U 0 \ @D0

@u(P )
@n

� 0: (7)

�ãáâì r 2 (O; u(Q)). �¨á«® r ¢®§ì¬¥¬  áâ®«ìª® ¡«¨§ª¨¬ ª ç¨á«ã u(Q) = u(O), çâ®¡ë ªà¨¢ ï
, á®áâ ¢«¥ ï ¨§ «¨¨¨ ãà®¢ï u(x; y) = r, æ¥«¨ª®¬ «¥¦ «  ¢ U 0 ¨ ¤«ï ¢á¥å â®ç¥ª (x; y), ¯à¨-
 ¤«¥¦ é¨å ®¡« áâ¨ G, ®£à ¨ç¥®© ªà¨¢®©  ¨ ®âà¥§ª ¬¨ OB1 ¨ OB2, u(x; y) � r. O¡®§ ç¨¬
ç¥à¥§ A1 ¨ A2 â®çª¨ ¯¥à¥á¥ç¥¨ï ªà¨¢®©  á ®âà¥§ª ¬¨ OB1 ¨ OB2 á®®â¢¥âáâ¢¥®. � ®¡« áâ¨
G à áá¬®âà¨¬ äãªæ¨î v(x; y) = u(x; y)� r, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï

Lv � K(y)vxx +N(x)vyy +Avx +Bvy + Cv = F (x; y)� rC (8)

¨ ã¤®¢«¥â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬

v(x; y)j = 0; (9)

@v

@n

����
OA1

=
@v

@y

����
OA1

� 0; (10)

@v

@n

����
OA2

=
@v

@x

����
OA2

� 0: (11)

�¥à ¢¥áâ¢  (10) ¨ (11) á«¥¤ãîâ ¨§ ¤®¯ãé¥¨ï (7). �â¥£à¨àãï â®¦¤¥áâ¢®

vLv =
�
Kvvx +

1
2
Av2

�
x

+
�
Nvvy +

1
2
Bv2

�
y

� (Kv2x +Nv2y) + v2
�
C � 1

2
Ax � 1

2
By

�
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¯® ®¡« áâ¨ G á ãç¥â®¬ ãá«®¢¨© (8){(9), ¯®«ãç¨¬

Z
OA1

�
N(x)v(x; 0)vy(x; 0) +

1
2
B(x; 0)v2(x; 0)

�
dx+

Z
OA2

�
K(y)v(0; y)vx(0; y) +

1
2
A(0; y)v2(0; y)

�
dy +

+
ZZ
G

�
K(y)v2x +N(x)v2y �

�
C � 1

2
Ax � 1

2
By

�
v2
�
dx dy +

ZZ
G

[F (x; y)� rC(x; y)]v dx dy = 0: (12)

�®áª®«ìªã v(x; y) � 0 ¢ ®¡« áâ¨ G, â® ¢ á¨«ã  «®¦¥ëå ãá«®¢¨©   ª®íää¨æ¨¥âë ¨ ¯à ¢ãî
ç áâì ãà ¢¥¨ï (1) ¨ ¥à ¢¥áâ¢ (10) ¨ (11) ¢á¥ ¨â¥£à «ë ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢  (12) ¥®-
âà¨æ â¥«ìë. �®£¤  ¨§ (12) á«¥¤ã¥â v(x; y) � 0 ¢ G, â. ¥. u(x; y) � const ¢ G, çâ® ¯à®â¨¢®à¥ç¨â
ãá«®¢¨î ¨§®«¨à®¢ ®áâ¨ ¬ ªá¨¬ã¬  ¢ â®çª¥ O. �«¥¤®¢ â¥«ì®, ¢ «î¡®© ®ªà¥áâ®áâ¨ U � @D0

â®çª¨ Q � O áãé¥áâ¢ã¥â â®çª  Q0 2 U â ª ï, çâ® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (6).

� ¬¥ç ¨¥ 2. � ¥¥   «®£ â¥®à¥¬ë 2 ¡ë« ¤®ª §  �.�.� ¤¨à è¢¨«¨ [14], [15] ¤«ï à ¢-
®¬¥à® í««¨¯â¨ç¥áª¨å ãà ¢¥¨© 2-£® ¯®àï¤ª  ¬¥â®¤®¬ ¡ àì¥àëå äãªæ¨©. � à ¡®â¥ [16]
à¥§ã«ìâ â �.�.� ¤¨à è¢¨«¨ ¡ë« ¯¥à¥¥á¥ ¤«ï á« ¡® ¢ëà®¦¤ îé¨åáï í««¨¯â¨ç¥áª¨å ãà ¢¥-
¨© 2-£® ¯®àï¤ª . �«ï ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D0 íâ¨ à¥§ã«ìâ âë ¥¯à¨¬¥¨¬ë, â. ª. ¢ á«ãç ¥
K(0) = N(0) = 0 ¯®àï¤®ª ãà ¢¥¨ï ¢ëà®¦¤ ¥âáï.

3. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© ¢ ®¡« áâ¨ £¨¯¥à¡®«¨ç®áâ¨

� ®¡« áâ¨D1 ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨ â ¬ (�; �). �®£¤  ãà ¢¥¨¥ (1) ¯à¨¬¥â
¢¨¤

L0u � u�;� + au� + bu� + cu = f(�; �); (13)

£¤¥

a(�; �) =
1
4K

�
A+B

p�K � K 0

2
p�K

�
; c(�; �) =

C

4K
;

b(�; �) =
1
4K

�
A�B

p�K +
K 0

2
p�K

�
; f(�; �) =

F

4K
;

  ®¡« áâì D1 ®â®¡à §¨âáï ¢ ®¡« áâì �, ®£à ¨ç¥ãî ®âà¥§ª ¬¨ OB1 (� = �), B1�1 (� = l) ¨
C1O (� = 0). �à¨ íâ®¬ §  ®¡à § ¬¨ â®ç¥ª O, B1 ¨ C1 ®áâ ¢«¥ë â¥ ¦¥ ®¡®§ ç¥¨ï ¯à®®¡à §®¢.

�ãáâì � = a�, � = exp(
R
b d�), �� = b��, �� = exp(

R
a d�); äãªæ¨¨ a(�; �), a�(�; �), b(�; �),

b�(�; �), c(�; �) ¥¯à¥àë¢ë ¢ �, ªà®¬¥ ¡ëâì ¬®¦¥â ®âà¥§ª  OB1, ¨ ã¤®¢«¥â¢®àïîâ ®¤®¬ã ¨§
á«¥¤ãîé¨å ãá«®¢¨©:

8>><
>>:
h = a� + ab� c � 0;

�(0; �) +
Z �

0

�(t; �)c(t; �)dt > 0; 0 < � < � � l;
(A1)

�(�; �) �
Z �

0

�(t; �)jh(t; �)jdt > 0; 0 < � < � � l; (A2)
8>><
>>:
h� = b� + ab� c � 0;

��(�; l)�
Z l

�

��(�; t)c(�; t)dt < 0; 0 � � < � < l;
(A�1)

��(�; �) +
Z l

�

��(�; t)jh�(�; t)jdt < 0; 0 � � < � < l: (A�2)
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� ¬¥ç ¨¥ 3. Oâ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå (Ak) ¨ (A�k), k = 1; 2, ¨â¥£à «ìë¥ ¥à ¢¥áâ¢ 
¬®£ãâ ¡ëâì ¥áâà®£¨¬¨ (â. e. � 0 ¤«ï ãá«®¢¨© (Ak) ¨ � 0 ¤«ï ãá«®¢¨© (A�k)), ® ¢ íâ®¬ á«ãç ¥
  ª ¦¤®¬ ®âà¥§ª¥ [0; �] å à ªâ¥à¨áâ¨ª¨ � = const ¨ ®âà¥§ª¥ [�; l] å à ªâ¥à¨áâ¨ª¨ � = const
¬®¦¥áâ¢o â®ç¥ª, ¢ ª®â®àëå h(t; �) = 0 ¨ h�(�; t) = 0 á®®â¢¥âáâ¢¥®, ¨¬¥¥â ¬¥àã ã«ì.

�à¥¤¯®« £ ¥âáï, çâ® ¯à ¢ ï ç áâì f(�; �) ¥¯à¥àë¢  ¢ �, ¨â¥£à¨àã¥¬  ¯® �   ª ¦¤®¬
®âà¥§ª¥ [0; �0] å à ªâ¥à¨áâ¨ª¨ � = �0, 0 < �0 < �0 � l, ¨ ¨â¥£à¨àã¥¬  ¯® �   ª ¦¤®¬ ®âà¥§ª¥
[�0; l ] å à ªâ¥à¨áâ¨ª¨ � = �0, 0 � �0 < �0 < l.

�¯à¥¤¥«¥¨¥ 1. �¥£ã«ïàë¬ ¢ � à¥è¥¨¥¬ ãà ¢¥¨ï (13)  §®¢¥¬ äãªæ¨î u(�; �), ã¤®-
¢«¥â¢®àïîéãî ãá«®¢¨ï¬ u(�; �) 2 C(�)^C1(�nOB1), u�� 2 C(�), L0u(�; �) � f(�; �), (�; �) 2 �.

�¥®à¥¬  3. �ãáâì

1) ª®íää¨æ¨¥âë ¨ ¯à ¢ ï ç áâì ãà ¢¥¨ï (13) ®¡« ¤ îâ ®â¬¥ç¥®© ¢ëè¥ £« ¤ª®áâìî
¨ f(�; �) � 0 (� 0) ¢ �;

2) u(�; �) | à¥£ã«ïà®¥ ¢ � à¥è¥¨¥ ãà ¢¥¨ï (13);
3) max

�

u(�; �) = u(Q) > 0 (min
�

u(�; �) = u(Q) < 0).

�á«¨, ªà®¬¥ â®£®, ¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:
a) ª®íää¨æ¨¥âë ãà ¢¥¨ï (13) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A1), u(�; �) = 0   å à ª-

â¥à¨áâ¨ª¥ OC1;
¡) ª®íää¨æ¨¥âë ãà ¢¥¨ï (13) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A�1), u(�; �) = 0   å à ª-

â¥à¨áâ¨ª¥ C1B1,

â® ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) u(Q) ¤®áâ¨£ ¥âáï â®«ìª®   ®âà¥§ª¥ OB1.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ ¢ë¯®«¥® ãá«®¢¨¥ a). � áá¬®âà¨¬ ¢ ®¡« áâ¨
� â®¦¤¥áâ¢® �L0(u) = @

@�
(�u� + �u) � �hu = f� ¨ ¯à®¨â¥£à¨àã¥¬ ¥£® ¯® ®âà¥§ªã NM ¯àï¬®©

� = const, ¯à¨ ¤«¥¦ é¥¬ã �. �®£¤  ¯®«ãç¨¬

(�u� + �u)
��M
N
=

Z
NM

�hu d� +
Z
NM

�f d�: (14)

� à ¢¥áâ¢¥ (14) ®âà¥§®ªNM ¬®¦¥â ¯à¨ ¤«¥¦ âì ¥ â®«ìª® ®¡« áâ¨ �, ® ¨ �nOB1. �®¯ãáâ¨¬,
çâ® max

�

u(�; �) = u(Q) > 0 ¤®áâ¨£ ¥âáï ¢ â®çª¥ Q 2 � [ C1B1. �§ â®çª¨ Q ¯à®¢¥¤¥¬ ®âà¥§®ª

� = const ¤® ¯¥à¥á¥ç¥¨ï á å à ªâ¥à¨áâ¨ª®© OC1 ¢ â®çª¥ P . � à ¢¥áâ¢¥ (14) ¢ ª ç¥áâ¢¥ ®âà¥§ª 
NM ¢®§ì¬¥¬ PQ. �®£¤  ¡ã¤¥¬ ¨¬¥âì

�(Q)u�(Q) =
Z
PQ

�hu d� +
Z
PQ

�f d� � �(Q)u(Q) =
Z
PQ

�f d� +
Z
PQ

�h[u� u(Q)]d� +

+ u(Q)
Z
PQ

�h d� � �(Q)u(Q) =
Z
PQ

�f d� +
Z
PQ

�h[u� u(Q)]d� � u(Q)
�
�(P ) +

Z
PQ

�c d�]:

Oâáî¤  ¢ á¨«ã ãá«®¢¨ï (A1) ¨ ¥à ¢¥áâ¢ f � 0 ¢ �, u(Q) > 0 c«¥¤ã¥â, çâ® u�(Q) < 0. �® íâ®
¯à®â¨¢®à¥ç¨â â®¬ã, çâ® u�(Q) � 0.

�«ãç © ¡) ¤®ª §ë¢ ¥âáï   «®£¨ç®.

� ¬¥ç ¨¥ 4. �¥®à¥¬  3 ¢ á«ãç ¥ a) ¤«ï ãà ¢¥¨ï (13) ¢¯¥à¢ë¥ ¡ë«  ãáâ ®¢«¥  ¢ [13]
¯à¨ ãá«®¢¨ïå u�(O; �) � 0 (� 0), u(�; �) 2 C1(�)^C2(�), L0u � 0 (� 0) ¢ �nOB1; a; a0�; b; c 2 C(�);
a � 0, h � 0, c � 0 ¢ �.

�¥®à¥¬  4. �ãáâì

1) ª®íää¨æ¨¥âë ãà ¢¥¨ï (13) ®¡« ¤ îâ ®â¬¥ç¥®© ¢ëè¥ £« ¤ª®áâìî ¨ f(�; �) � 0 ¢
�;

2) u(�; �) | à¥£ã«ïà®¥ ¢ � à¥è¥¨¥ ãà ¢¥¨ï (13);
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3) max
�

ju(�; �)j = ju(Q)j > 0.

�á«¨, ªà®¬¥ â®£®, ¢ë¯®«¥® ®¤® ¨§ ãá«®¢¨©
a) ª®íää¨æ¨¥âë ãà ¢¥¨ï (13) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A2), u(�; �) = 0   OC1;
¡) ª®íää¨æ¨¥âë ãà ¢¥¨ï (13) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A�2), u(�; �) = 0   C1B1,

â® ¬ ªá¨¬ã¬ ¬®¤ã«ï u(Q) ¤®áâ¨£ ¥âáï â®«ìª®   ®âà¥§ª¥ OB1.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ ¡). � ®¡« áâ¨ � à áá¬®âà¨¬ â®¦¤¥áâ¢®

��L0(u) =
@

@�
(��u� + ��u)� ��h�u � 0

¨ ¨â¥£à¨àã¥¬ ¥£® ¯® ®âà¥§ªã NM ¯àï¬®© � = const, ¯à¨ ¤«¥¦ é¥¬ã �. �®£¤  ¯®«ãç¨¬

(��u� + ��u)
��M
N
=

Z
NM

��h�u d�: (15)

�à¥¤¯®«®¦¨¬, çâ® max
�

ju(�; �)j = ju(Q)j > 0 ¤®áâ¨£ ¥âáï ¢ â®çª¥Q 2 �[OC1. � á¨«ã «¨¥©®áâ¨

¨ ®¤®à®¤®áâ¨ ãà ¢¥¨ï (13) (¢ íâ®¬ á«ãç ¥ f(�; �) � 0), ¥ â¥àïï ®¡é®áâ¨, ¬®¦® áç¨â âì,
çâ® u(Q) > 0. �®£¤  max

�

u(�; �) = u(Q) > 0 ¨ ju(�; �)j � u(Q) ¯à¨ ¢á¥å (�; �) 2 �. �§ â®çª¨ Q

¯à®¢¥¤¥¬ ®âà¥§®ª � = const ¤® ¯¥à¥á¥ç¥¨ï á å à ªâ¥à¨áâ¨ª®© C1B1 ¢ â®çª¥ P . O¡®§ ç¨¬ ç¥à¥§
E1 ¬®¦¥áâ¢® â®ç¥ª ®âà¥§ª  QP , ¢ ª®â®àëå h� � 0,   ç¥à¥§ E2 | ¬®¦¥áâ¢® â®ç¥ª ®âà¥§ª  QP ,
£¤¥ h� < 0. �®£¤ , à ááã¦¤ ï ª ª ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ¨§ à ¢¥áâ¢  (15) ¯®«ãç¨¬

� ��(Q)u�(Q) =
Z
QP

��h�u d� + ��(Q)u(Q) =

=
Z
E1

��h�[u� u(Q)]d� +
Z
E2

��h�[u+ u(Q)]d� + u(Q)
�
��(Q) +

Z
QP

��jh�jd�
�
:

Oâáî¤  ¢ á¨«ã ãá«®¢¨ï (A�2) ¨ ¥à ¢¥áâ¢  u(Q) > 0 á«¥¤ã¥â u�(Q) > 0. �® íâ® ¯à®â¨¢®à¥ç¨â
â®¬ã, çâ® u�(Q) � 0.

� ¬¥ç ¨¥ 5. �¥®à¥¬  4 ¢ á«ãç ¥  ) ¢¯¥à¢ë¥ ¡ë«  ¤®ª §   ¢ [17].

4. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© ¢ á¬¥è ®© ®¡« áâ¨

�¯à¥¤¥«¥¨¥ 2. �¥£ã«ïàë¬ ¢ D à¥è¥¨¥¬ ãà ¢¥¨ï (1)  §®¢¥¬ äãªæ¨î u(x; y), ã¤®-
¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (2), (3) ¨, ªà®¬¥ â®£®, ¯à®¨§¢®¤ë¥ ux ¨ uy ¥¯à¥àë¢ë ¢ D1 ¨ D2, § 
¨áª«îç¥¨¥¬ ¡ëâì ¬®¦¥â â®ç¥ª O, B1 ¨ B2, £¤¥ ®¨ ¬®£ãâ ¨¬¥âì ®á®¡¥®áâì ¯®àï¤ª  ¬¥ìè¥
¥¤¨¨æë.

�¥®à¥¬  5. �ãáâì

1) C(x; y) � 0 ¢ D0, F (x; y) � 0 (� 0) ¢ D0 [D1 [D2;
2) u(x; y) | à¥£ã«ïà®¥ ¢ D à¥è¥¨¥ ãà ¢¥¨ï (1);
3) max

D

u(x; y) = u(Q) > 0 (min
D

u(x; y) = u(Q) < 0).

�á«¨, ªà®¬¥ â®£®, ¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:
a) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâïå D1 ¨ D2 ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨-

 â å (�; �) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A1), u(x; y) = 0   OC1 ¨ OC2;
¡) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâïå D1 ¨ D2 ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨-

 â å (�; �) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A�1), ¢ ®¡« áâ¨ D0 ãá«®¢¨î 3) â¥®à¥¬ë 2 ¨
u(x; y) = 0   å à ªâ¥à¨áâ¨ª å C1B1 ¨ C2B2,

â® ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) u(Q) ¤®áâ¨£ ¥âáï   ªà¨¢®© �.

�¥®à¥¬  6. �ãáâì

1) C(x; y) � 0 ¢ D0, F (x; y) � 0 ¢ D0 [D1 [D2;
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2) u(x; y) | à¥£ã«ïà®¥ ¢ D à¥è¥¨¥ ãà ¢¥¨ï (1);
3) max

D

ju(x; y)j = ju(Q)j > 0.

�á«¨, ªà®¬¥ â®£®, ¢ë¯®«¥® ®¤® ¨§ ãá«®¢¨©:
a) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâïå D1 ¨ D2 ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨-

 â å (�; �) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A2), u(x; y) = 0   å à ªâ¥à¨áâ¨ª å OC1 ¨
OC2;

¡) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâïå D1 ¨ D2 ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨-
 â å (�; �) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (A�2), ¢ ®¡« áâ¨ D0 ãá«®¢¨î 3) â¥®à¥¬ë 2,
u(x; y) = 0   å à ªâ¥à¨áâ¨ª å C1B1 ¨ C2B2,

â® ¬ ªá¨¬ã¬ ¬®¤ã«ï ju(Q)j ¤®áâ¨£ ¥âáï   ªà¨¢®© �.

�®ª § â¥«ìáâ¢® â¥®à¥¬ 5 ¨ 6 ¯à®¢®¤¨âáï   ®á®¢ ¨¨ â¥®à¥¬ 1{4.
�«ï ¯à¨¬¥à  ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. �ãáâì max

D

ju(x; y)j = ju(Q)j > 0. � á¨«ã

«¨¥©®áâ¨ ¨ ®¤®à®¤®áâ¨ ãà ¢¥¨ï (1) (¢ íâ®¬ á«ãç ¥ F (x; y) � 0) ¬®¦® áç¨â âì, çâ® u(Q) >
0. �®£¤  max

D

u(x; y) = u(Q) > 0 ¨ ju(x; y)j � u(Q). �®áª®«ìªã ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 4, â®

â®çª  Q 2 D0. � á¨«ã ¢ãâà¥¥£® ¯à¨æ¨¯  íªáâà¥¬ã¬  ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© â®çª 
Q =2 D0. �®£¤  Q 2 � [ OB1 [ OB2 [ O. �ãáâì Q 2 OB1, â. ¥. Q = (x0; 0), 0 < x0 < b1. � íâ®©
â®çª¥ ¨§ â¥®à¥¬ë 4 á«¥¤ã¥â, çâ® uy(x0; 0� 0) � 0. � ¯®á«¥¤¥¥ á®£« á® â¥®à¥¬¥ 1 ¯à®â¨¢®à¥ç¨â
¥à ¢¥áâ¢ã uy(x0; 0+0) < 0. �á«¨ Q 2 OB2, â®, à ááã¦¤ ï   «®£¨ç®, ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥.
�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï a) â¥®à¥¬ë ¯®«®¦¨â¥«ìë© ¬ ªá¨¬ã¬ u(Q) ¥ ¬®¦¥â ¤®áâ¨£ âìáï ¢
â®çª¥ O, c«¥¤®¢ â¥«ì®, Q 2 �. �á«¨ ¢ë¯®«¥® ãá«®¢¨¥ ¡) â¥®à¥¬ë, â® ¬ ªá¨¬ã¬ u(Q) ¬®¦¥â
¤®áâ¨£ âìáï ¢ â®çª¥ O. �ãáâì Q � O. �®£¤  ¢ ¬ «®© ®ªà¥áâ®áâ¨ O äãªæ¨ï u(x; 0) ¯à¨ x! 0+0
¨«¨ u(0; y) ¯à¨ y ! 0 + 0 ¬®®â®® ¢®§à áâ ¥â ª § ç¥¨î u(Q). �ãáâì (0; b], £¤¥ 0 < b < b1,
| ¯à®¬¥¦ãâ®ª ®á¨ y = 0, £¤¥ u(x; 0) ¢®§à áâ ¥â ¯à¨ x ! 0 + 0. �®ª ¦¥¬, çâ® uy(x; 0) � 0 ¯à¨
¢á¥å x 2 (0; b]. �ãáâì � | «î¡ ï â®çª  ¨§ (0; b]. �§ â®çª¨ E = (�; 0) ®¯ãáâ¨¬ ¯¥à¯¥¤¨ªã«ïà á
ª®æ®¬ ¢ â®çª¥ N 2 D1, ç¥à¥§ â®çªã N ¯à®¢¥¤¥¬ å à ªâ¥à¨áâ¨ªã ãà ¢¥¨ï (1) ¤® ¯¥à¥á¥ç¥¨ï á
å à ªâ¥à¨áâ¨ª®© C1B1 ¢ â®çª¥ �. O¡®§ ç¨¬ ç¥à¥§H ®¡« áâì, ®£à ¨ç¥ãî å à ªâ¥à¨áâ¨ª ¬¨
NM , MB1 ¨ ®âà¥§ª ¬¨ B1E, EN . � «®£¨ç® â¥®à¥¬¥ 4 ¬®¦® ¯®ª § âì, çâ® max

H

u(x; y) > 0

¤®áâ¨£ ¥âáï â®«ìª®   ®âà¥§ª¥ B1E,   ¨¬¥®, ¢ â®çª¥ � ([9], c. 46). �®£¤  ¢ íâ®© â®çª¥ uy(�; 0�
0) � 0. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ â®çª¨ � 2 (0; b] uy(x; 0 � 0) = uy(x; 0 + 0) � 0
  (0; b]. � ¤àã£®© áâ®à®ë, ¢ c¨«ã â¥®à¥¬ë 2   (0; b]  ©¤¥âáï â®çª  x0 2 (0; b) â ª ï, çâ®
uy(x0; 0) < 0, çâ® ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã uy(x; 0) � 0   (0; b]. �«¥¤®¢ â¥«ì®, ¨ ¢ á«ãç ¥
¢ë¯®«¥¨ï ãá«®¢¨ï ¡) â®çª  Q 2 �.

�«¥¤áâ¢¨¥ 1.  ) �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 5 ¨ F (x; y) � 0, â® 8 (x; y) 2 D
min
�

u(x; y) � u(x; y) � max
�

u(x; y).

¡) �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 6, â® 8 (x; y) 2 D ju(x; y)j � max
�

ju(x; y)j.
¢) �á«¨ ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 5 ¨«¨ 6 ¨ ¢ ª« áá¥

à¥£ã«ïàëå ¢ D à¥è¥¨© ãà ¢¥¨ï (1) áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç T1 ¨ T2, â® ®® ¥¤¨áâ¢¥®.

�«¥¤áâ¢¨¥ 2. �ãáâì ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¨ äãªæ¨ï u(x; y) ã¤®¢«¥â¢®àïîâ ãá«®-
¢¨ï¬ â¥®à¥¬ë 5 (ªà®¬¥ ãá«®¢¨ï 3) ) ¨ F (x; y) � 0(� 0)   ¬®¦¥áâ¢¥ D0 [D1 [D2. �®£¤ 

 ) ¥á«¨ u � 0 (� 0)   �, â® u(x; y) � 0 (� 0) ¢ D;
¡) ¥á«¨ u > 0 (< 0)   �, â® u > 0 (< 0) ¢ D0.

5. �à¨¬¥à

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¬®¤¥«ì®¥ ãà ¢¥¨¥ á¬¥è ®£® â¨¯  á ¤¢ã¬ï ¯¥à¯¥¤¨-
ªã«ïàë¬¨ «¨¨ï¬¨ ¢ëà®¦¤¥¨ï

sgn yjyjnuxx + sgnxjxjmuyy = F (x; y); (16)
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£¤¥ n � 0, m � 0, ¢ ®¡« áâ¨ D, ¨§ãç¥®¥ ¬®£¨¬¨ ¬ â¥¬ â¨ª ¬¨ ([6], [8], [9], c. 17{26).
� ®¡« áâ¨ D1 ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨ â ¬ (�; �)

� =
2

m+ 2
x
m+2

2 � 2
n+ 2

(�y)n+22 ; � =
2

m+ 2
x
m+2

2 +
2

n+ 2
(�y)n+22 :

�®£¤  ãà ¢¥¨¥ (16) ¯à¨¨¬ ¥â ¢¨¤

L1(u) � u�� +
p1

� � �
(u� � u�) +

q1
� + �

(u� + u�) = f1; (17)

£¤¥

f1(�; �) = �14
�

4
m+ 2

�4q1� 4
n+ 2

�4p1
(� � �)�4p1(� + �)�4q1F (x; y);

p1 =
n

2(n+ 2)
; q1 =

m

2(m+ 2)
;

  ®¡« áâì D1 ®â®¡à §¨âáï ¢ ®¡« áâì 4 (á¬. ¯. 3, l = l1 = 2

m+2
b
m+2

2

1 ).
� ®¡« áâ¨ D2 â ª¦¥ ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨ â ¬ (�; �)

� =
2

n+ 2
y
n+2

2 � 2
m+ 2

(�x)m+2

2 ; � =
2

n+ 2
y
n+2

2 +
2

m+ 2
(�x)m+2

2 :

�®£¤  ãà ¢¥¨¥ (16) ¯à¨¨¬ ¥â ¢¨¤

L2(u) � u�� +
p2

� � �
(u� � u�) +

q2
� + �

(u� + u�) = f2; (18)

£¤¥

f2(�; �) = �14
�

4
m+ 2

�4p2� 4
n+ 2

�4q1
(� � �)�4p2(� + �)�4q2F (x; y);

p2 =
m

2(m+ 2)
; q2 =

n

2(n+ 2)
;

®¡« áâì ®â®¡à §¨âáï ¢ 4 (£¤¥ â®«ìª® l = l2 = 2

n+2
b
n+2

2

2 ).
� á«ãç ¥ ãà ¢¥¨ï (17)

a(�; �) =
q1

� + �
+

p1
� � �

; b(�; �) =
q1

� + �
� p1
� � �

; c(�; �) � 0;

h(�; �) =
p1 � p21
(� � �)2

+
q21 � q1
(� + �)2

; �(�; �) = (� + �)q1(� � �)p1 ;

�(�; �) = a(�; �)�(�; �) = p1(� � �)p1�1(� + �)q1 + q1(� + �)q1�1(� � �)p1 :

�¥£ª® § ¬¥â¨âì, çâ® h0� > 0 ¯à¨ 0 < � � � � l1, ¯®íâ®¬ã, ª®£¤  0 < � = const � l1,

hmin = ��2(p1 � q1)(1 � p1 � q1) � h(�; �) � +1:

Oâáî¤  ïá®, çâ® ¯à¨ p1 � q1 äãªæ¨ï h(�; �) � 0 ¢ 4,   ¯à¨ p1 < q1   á¥£¬¥â¥ [0; �] ¬¥ï¥â
á¢®© § ª á ¬¨ãá    ¯«îá, ®¡à é ïáì ¢ ã«ì ¢ ¥¤¨áâ¢¥®© â®çª¥ ¨§ ¨â¥à¢ «  ]0; �[.

�ãáâì p1 � q1. � íâ®¬ á«ãç ¥ h(�; �) � 0 ¢ 4 ¨ ¯® íâ®© ¯à¨ç¨¥ ¤«ï ¢ë¯®«¥¨ï (A1)
¤®áâ â®ç®, çâ®¡ë �(0; �) > 0 ¯à¨ 0 < � � l1. Oç¥¢¨¤®, �(�; �) = a(�; �)�(�; �) > 0 ¢ 4.

�ãáâì p1 < q1 ¨ (�; �) | ¯à®¨§¢®«ì ï, ® ä¨ªá¨à®¢  ï â®çª  ¨§4[C1B1. �ãáâì t0 2 (0; �)
| â®çª , ¢ ª®â®à®© h(t0; �) = 0. �à¨ íâ¨å ãá«®¢¨ïå à áá¬®âà¨¬ «¥¢ãî ç áâì ¥à ¢¥áâ¢  (A2)

G(�; �) = �(�; �) �
Z �

0

�(t; �)jh(t; �)jdt = �(�; �) +
Z t0

0

�h dt�
Z �

t0

�h dt = 2�(t0; �)� �(0; �) =
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= �p1+q1�1
�
2q1

�
1 +

t0
�

�q1�1�
1� t0

�

�p1
+ 2p1

�
1 +

t0
�

�q1�
1� t0

�

�p�1
� p1 � q1

�
:

�®ª ¦¥¬, çâ® G(�; �) > 0. �¢¥¤¥¬ äãªæ¨î

'(x) = 2q1(1 + x)q1�1(1� x)p1 + 2p1(1 + x)q1(1� x)p1�1 � p1 � q1

  á¥£¬¥â¥ [0; 1]. �ëç¨á«¨¬ ¯à®¨§¢®¤ãî äãªæ¨¨ '(x)

'0(x) = 2(1 + x)q1(1� x)p1h(x; 1):

Oâáî¤  ¢¨¤®, çâ® '0(x0) = 0() h(x0; 1) = 0() x0 = t0
�
2 (0; 1). Oç¥¢¨¤®, x0 ï¢«ï¥âáï â®çª®©

 ¨¬¥ìè¥£® § ç¥¨ï äãªæ¨¨ '(x)   [0; 1]. � ç¥¨¥ x0  ©¤¥¬ ¨§ à ¢¥áâ¢  h(x0; 1) = 0:

x0 =
1� n0
1 + n0

; n20 =
p1 � p21
q1 � q21

; 0 < n0 < 1:

� ª¨¬ ®¡à §®¬, ¯à¨ ¢á¥å x 2 [0; 1]

'(x) � '(x0) = '

�
1� n0
1 + n0

�
= 2p1+q1(1 + n0)

1�p1�q1
q1n0 + p1

n1�p10

� p1 � q1:

�á¯®«ì§ãï ¥à ¢¥áâ¢® a� � �a+ 1� �, £¤¥ a > 0, 0 < � < 1, ®æ¥¨¬ n1�p10 ¨ '(x0)

'(x0) >
q1n0 + p1

p1 + (1� p1)n0
� p1 � q1 =

p1(1� p1 � q1)(1� n0)
p1 + (1� p1)n0

> 0:

�«¥¤®¢ â¥«ì®, G(�; �) > 0 ¢ 4 ¯à¨ ¢á¥å p1; q1 � 0, p1 + q1 > 0, â¥¬ á ¬ë¬ ¢ë¯®«¥® ãá«®¢¨¥
(A2).

�¥¯¥àì ¤«ï ãà ¢¥¨ï (18) ¯à®¢¥à¨¬ ãá«®¢¨ï (A1) ¨ (A2). � íâ®¬ á«ãç ¥

a(�; �) =
q2

� + �
+

p2
� � �

; b(�; �) =
q2

� + �
� p2
� � �

; c(�; �) � 0;

h(�; �) =
p2 � p22
(� � �)2

+
q22 � q2
(� + �)2

; �(�; �) = (� + �)q2(� � �)p2 ;

�(�; �) = a� = p2(� � �)p2�1(� + �)q2 + q2(� + �)q2�1(� � �)p2 :

� ááã¦¤ ï   «®£¨ç®, ª ª ¨ ¢ c«ãç ¥ ãà ¢¥¨ï (17), ¯®«ãç¨¬ h(�; �) � 0 ¢ 4 ¯à¨ p2 � q2,
á«¥¤®¢ â¥«ì®, ¢ë¯®«¥® ãá«®¢¨¥ (A1). � ¯à¨ ¢á¥å p2; q2 � 0 ¨ p2 + q2 > 0 á¯à ¢¥¤«¨¢® (A2).
�¥¬ á ¬ë¬ ¤®ª § ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  7. �á«¨ n = m > 0, F (x; y) � 0 (� 0) ¢ D0 [ D1 [ D2, u(x; y) | à¥£ã«ïà®¥ ¢
D à¥è¥¨¥ ãà ¢¥¨ï (16), à ¢®¥ ã«î   å à ªâ¥à¨áâ¨ª å OC1 ¨ OC2, â® ¯®«®¦¨â¥«ìë©
(®âà¨æ â¥«ìë©) ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) äãªæ¨¨ u(x; y) ¯® D ¤®áâ¨£ ¥âáï â®«ìª®   �.

�á«¨ n;m � 0, n + m > 0, F (x; y) � 0 ¢ D0 [ D1 [ D2, u(x; y) | à¥£ã«ïà®¥ ¢ D à¥è¥¨¥
ãà ¢¥¨ï (16), à ¢®¥ ã«î   å à ªâ¥à¨áâ¨ª å OC1 ¨ OC2, â® ¬ ªá¨¬ã¬ ¬®¤ã«ï ju(x; y)j ¯®
D ¤®áâ¨£ ¥âáï â®«ìª®   �.

�§ íâ®© â¥®à¥¬ë á«¥¤ã¥â ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ T2 ¯à¨ ¢á¥å n;m � 0, n+m > 0.
�¥¯¥àì ¯à®¢¥à¨¬ ãá«®¢¨ï ¡) â¥®à¥¬ 5 ¨ 6 ¤«ï ãà ¢¥¨ï (16). �«ï íâ®£® ¤®áâ â®ç® ¯à®¢¥à¨âì

ãá«®¢¨ï (A�1) ¨ (A
�

2) ¤«ï ãà ¢¥¨© (17) ¨ (18) ¢ ®¡« áâ¨ 4.
�«ï ãà ¢¥¨ï (17)

h�(�; �) = b� + ab� c = h(�; �); �� = �;

��(�; �) = b�� = q1(� + �)q1�1(� � �)p1 � p1(� � �)p1�1(� + �)q1 :
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Oâáî¤  «¥£ª® ¢¨¤¥âì, çâ® h�(�; �) � 0 ¢ � ¨ ��(�; l1) < 0   (0; l1) ¯à¨ p1 � q1. �á«¨ p1 = q1, â®
h(0; �) = 0 ¨ ��(0; �) = 0   (0; l1] ¨ h(�; �) > 0 ¨ ��(�; �) < 0 ¯à¨ 0 < � < � � l1. �«¥¤®¢ â¥«ì®,
ãá«®¢¨¥ (A�1) ¤«ï ãà ¢¥¨ï (17) ¢ë¯®«¥® ¯à¨ p1 > q1,   ¯à¨ p1 = q1 ãá«®¢¨¥ (A�1)  àãè ¥âáï
  ®âà¥§ª¥ � = 0, 0 < � � l1. � ª¨¬ ®¡à §®¬, ¯à¨ 0 < " � � < � < l1, £¤¥ " | ¤®áâ â®ç®
¬ «®¥ ç¨á«®, ¤«ï ãà ¢¥¨ï (17) á¯à ¢¥¤«¨¢® ãá«®¢¨¥ (A�1) ¯à¨ p1 � q1. � íâ®¬ á«ãç ¥ ¬®¦®
¯®ª § âì, çâ® ¥á«¨ u = 0   å à ªâ¥à¨áâ¨ª¥ C1B1, â® ¯®«®¦¨â¥«ìë© ¬ ªá¨¬ã¬ u(Q) à¥è¥¨ï
u(�; �) ãà ¢¥¨ï (17) ¯® � ¤®áâ¨£ ¥âáï   ®âà¥§ª¥ OB1. �®¯ãáâ¨¬, çâ® Q =2 OB1. �®£¤  ïá®,
çâ® Q =2 �[C1B1, ¨ Q 2 OC1. � á¨«ã ¥¯à¥àë¢®áâ¨ u(�; �) ¢ � ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨
Q áãé¥áâ¢ã¥â â®çª  Q1 = (�1; �1) 2 � â ª ï, çâ®

u(Q1) > max
OB1

u(�; �): (19)

�§ â®çª¨ Q1 ¯à®¢¥¤¥¬ ¯àï¬ãî � = �1 > 0 ¨ â®çªã ¯¥à¥á¥ç¥¨ï á ®âà¥§ª®¬ OB1 ®¡®§ ç¨¬ ç¥à¥§
O1. �ãáâì �1 = � \ f� > �1g. �®£¤    ¬®¦¥áâ¢¥ 0 < �1 � � < � < l1 ¤«ï ãà ¢¥¨ï (17)
¢ë¯®«¥® ãá«®¢¨¥ (A�1) ¯à¨ p1 � q1. �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 3 max

�

u(�; �) ¤®áâ¨£ ¥âáï â®«ìª®

  ®âà¥§ª¥ O1B1. �®£¤ 
u(Q1) < max

O1B1

u(�; �) � max
OB1

u(�; �);

çâ® ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã (19).
� á«ãç ¥ ãà ¢¥¨ï (18)   «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® ¥á«¨ u = 0   C1B1, â® ¯®«®¦¨-

â¥«ìë© ¬ ªá¨¬ã¬ u(Q) à¥è¥¨ï u(�; �) ãà ¢¥¨ï (18) ¯® � ¤®áâ¨£ ¥âáï   ®âà¥§ª¥ OB1 ¯à¨
p2 � q2. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  8. �á«¨ n = m > 0, F (x; y) � 0 (� 0) ¢ D0 [ D1 [ D2, u(x; y) | à¥£ã«ïà®¥ ¢ D
à¥è¥¨¥ ãà ¢¥¨ï (16), à ¢®¥ ã«î   å à ªâ¥à¨áâ¨ª å C1B1 ¨ C2B2, â® ¯®«®¦¨â¥«ìë©
(®âà¨æ â¥«ìë©) ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) äãªæ¨¨ u(x; y) ¯® D ¤®áâ¨£ ¥âáï   �.

� ¬¥ç ¨¥ 6. Oâ¬¥â¨¬, çâ® § ¤ ç  T1 ¨§ãç « áì ¢ à ¡®â å [18], [19], £¤¥ ¥¤¨áâ¢¥®áâì
à¥è¥¨ï § ¤ ç¨ T1 ¤®ª §   ¤«ï ãà ¢¥¨ï (16) ¯à¨m = n = 1 ¬¥â®¤®¬ ¨â¥£à «ìëå â®¦¤¥áâ¢.
� ¤ ç  T2 ¤«ï ãà ¢¥¨ï (16) ¢ ®¡« áâ¨ D ¯à¨ F (x; y) � 0 ¨§ãç « áì ¢ à ¡®â å [6], [8], [9], [17]{
[26]. � ¤¨áá¥àâ æ¨ïå [20], [27] ¯à¨ n = m > 0 ¤®ª §  ¯à¨æ¨¯ íªáâà¥¬ã¬  § ¤ ç¨ T2 ¢ ¨®©
ä®à¬ã«¨à®¢ª¥, ¨áå®¤ï ¨§ ä®à¬ã«ë à¥è¥¨ï § ¤ ç¨ � à¡ã ¤«ï ãà ¢¥¨ï (16) ¢ ®¡« áâ¨ D1,  
¢ áâ âìïå [18], [19], [21]   «®£¨çë© ¯à¨æ¨¯ ¤®ª §  á®®â¢¥âáâ¢¥® ¯à¨ m = n = 1, m ¨ n
|  âãà «ìë¥ ç¨á«  ¨ m = n. � à ¡®â å [22]{[26] ¤®ª §   â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï
§ ¤ ç¨ T2 ¯à¨ n = m > 0 ¬¥â®¤®¬ ¨â¥£à «ìëå â®¦¤¥áâ¢.
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