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�§« £ ¥âáï  «£®à¨â¬ ¨áá«¥¤®¢ ­¨ï è¨à®ª®£® ª« áá  á¨áâ¥¬ «¨­¥©­ëå ®¡ëª­®¢¥­­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¯à¨ ­ «¨ç¨¨ ¡®«ìè¨å ¨«¨ ¬ -
«ëå ¯ à ¬¥âà®¢. � ®â«¨ç¨¥ ®â ¨§¢¥áâ­®£® (­ ¯à., [1]{[5]), íâ®â  «£®à¨â¬ ¯®§¢®«ï¥â ¤®áâ â®ç­®
¯à®áâ® ¨ ª®­áâàãªâ¨¢­® ¨áá«¥¤®¢ âì ãª § ­­ë¥ á¨áâ¥¬ë á ¯®¬®éìî ­®¢®£® ¢ à¨ ­â  ¬¥â®¤ 
à áé¥¯«¥­¨ï [6]{[9] ¢ â¥®à¨¨ à¥£ã«ïà­ëå ¨ á¨­£ã«ïà­ëå ¢®§¬ãé¥­¨©.

�­ «¨§ ­¥ª®â®àëå ª« áá®¢ à¥ «ì­ëå ä¨§¨ç¥áª¨å á¨áâ¥¬ ¢ àï¤¥ á«ãç ¥¢ ¯à¨¢®¤¨â (¢ «¨-
­¥©­®¬ ¯à¨¡«¨¦¥­¨¨) ª ¨áá«¥¤®¢ ­¨î á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤  _x = A(t)x,
£¤¥ A(t) | T -¯¥à¨®¤¨ç¥áª ï ¬ âà¨æ . �á«¨ áãé¥áâ¢ã¥â áà¥¤­¥¥ §­ ç¥­¨¥ A0 ¬ âà¨æë A(t), â®
¬®¦­® ¨§ãç âì á¨áâ¥¬ë ¢¨¤ 

_x = (A0 + �A1(t))x (A1(t) 2 C(R+); t 2 R+ = [0;+1]); (1)

£¤¥ � > 0 | ­¥ª®â®àë© ¯ à ¬¥âà, å à ªâ¥à¨§ãîé¨©  ¬¯«¨âã¤ã ª®«¥¡ ­¨©.

1. � á«ãç ¥, ª®£¤  � = " > 0 | ¬ «ë© ¯ à ¬¥âà, ¯à¥¤« £ ¥¬ë©  «£®à¨â¬ ¯®§¢®«ï¥â ¨§ãç âì
§ ¤ ç¨ ¨ ¡®«¥¥ ®¡é¥£® ¢¨¤ 

_x =
�
A0 +

1X
k=1

Ak(t)"
k

�
x+ f(t); x(0; ") = x0 (j"j < "0 < 1); (2)

£¤¥ f(t), Ak(t) | ­¥¯à¥àë¢­ë¥ T -¯¥à¨®¤¨ç¥áª¨¥ äã­ªæ¨¨, k � 1.

�¥®à¥¬  1. �¨áâ¥¬  (2) ¢ á«ãç ¥, ª®£¤  á¯¥ªâà f�0jg ¬ âà¨æë A0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨-

ï¬

�jk � �0j � �0k 6= i2�qT�1 (j 6= k; j; k = 1; n; q = 0;�1;�2; : : : ); (3)

¬®¦¥â ¡ëâì á ¯®¬®éìî ­¥¢ëà®¦¤¥­­®© (¯à¨ ¤®áâ â®ç­® ¬ «ëå j"j) T -¯¥à¨®¤¨ç¥áª®© § ¬¥­ë

x = S0

�
E +

NX
k=1

Hk(t)"k
�
z

¯à¥®¡à §®¢ ­  ª á¨áâ¥¬¥ á ¯®çâ¨ ¯®áâ®ï­­®© ¤¨ £®­ «ì­®© ¬ âà¨æ¥©

_z = Q(t; ")z + b(t; "); z(0; ") = z0 (4)
�
Q(t; ") = �(") + "N+1G(t; "); �(") =

NX
k=0

�k"
k; kG(t; ")k = O(1); "! 0

�
;

£¤¥ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë �k (k = 0; N ) ¯®áâ®ï­­ë,   ¬ âà¨æë Hk(t) (k = 1; N ) ï¢«ïîâáï
T -¯¥à¨®¤¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨.
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�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë ¢á¥£¤  áãé¥áâ¢ã¥â â ª ï ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ 
S0, çâ® § ¬¥­  x = S0y (S

�1
0 A0S0 = �0 = diagf�01; : : : ; �0ng) ¯à¥®¡à §ã¥â á¨áâ¥¬ã (2) ª ¢¨¤ã

_y = B(t; ")y + h(t); y(0; ") = y0
�
B(t; ") = �0 +

1X
k=1

Bk(t)"k
�
;

ª®â®à ï ¯®á«¥ ¥é¥ ®¤­®© T -¯¥à¨®¤¨ç¥áª®© ¨ ­¥¢ëà®¦¤¥­­®© ¯à¨ ¤®áâ â®ç­® ¬ «ëå j"j § ¬¥­ë

y = H(t; ")z
�
H(t; ") = E +

NX
k=1

Hk(t)"k
�

¯®§¢®«ï¥â ¯®«ãç¨âì á¨áâ¥¬ã (4), ¯à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ¤¨ää¥à¥­æ¨ «ì­®¥ ¬ âà¨ç­®¥ á®®â­®-
è¥­¨¥

_H = B(t; ")H �HQ(t; "): (5)

�à¨à ¢­¨¢ ï ¢ (5) ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ", ¯®«ãç ¥¬ ¢®§¬®¦­®áâì § ¯¨-
á âì ¯à®áâë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

_Hk = Pk(t)� �k +�0Hk(t)�Hk(t)�0; (6)

P1(t) = B1(t); Pk(t) = Bk(t) +
k�1X
j=1

(Bj(t)Hk�j(t)�Hk�j(t)�j) (k = 2; N ):

�«ï ã¤®¡áâ¢  ¤ «ì­¥©è¥£® ¨§«®¦¥­¨ï ¤«ï ¯à®¨§¢®«ì­®© ª¢ ¤à â­®© ¬ âà¨æë ¢¢¥¤¥¬ ®¡®-
§­ ç¥­¨ï

A = faj;kg
n
1 ; A = diagfa11; : : : ; anng; A = A�A:

�¨ää¥à¥­æ¨ «ì­®¥ ¬ âà¨ç­®¥ ãà ¢­¥­¨¥ (6) à á¯ ¤ ¥âáï ­  ¤¢ :

_Hk = P k(t)� �k; Pk(t) = fpijk(t)g; (7)

_
Hk = �0Hk(t)�Hk(t)�0 + P k(t); Hk(t) = fhijk(t)g (k = 1; N ); (8)

¯à¨ íâ®¬ ãà ¢­¥­¨¥ (7) ¨¬¥¥â ¢ ª« áá¥ T -¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

Hk(t) =
Z t

0
(P k(s)� �k)ds

�
�k = T�1

Z T

0
P k(s)ds; k = 1; N

�
;

  ãà ¢­¥­¨¥ (8) à á¯ ¤ ¥âáï ­  áª «ïà­ë¥ ãà ¢­¥­¨ï ¢¨¤ 

_hijk(t) = �ijhijk(t) + pijk(t) (i 6= j; i; j = 1; n; k = 1; N );

à¥è¥­¨¥ ª ¦¤®£® ¨§ ª®â®àëå ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª¨¬ ¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

hijk(t) = e�ij (t+T )(1� e�ijT )�1
Z t+T

0

e��ijSpijk(s)ds: �

� ¬¥ç ­¨¥ 1. �¥®à¥¬ã 1 ¬®¦­® à áá¬ âà¨¢ âì ª ª  á¨¬¯â®â¨ç¥áª¨© ¨ (¢ ®â«¨ç¨¥ ®â à ­¥¥
¨§¢¥áâ­®£® [1]{[4]) ª®­áâàãªâ¨¢­ë©  ­ «®£ ¨§¢¥áâ­®© â¥®à¥¬ë �«®ª¥{�ï¯ã­®¢  ® ¯à¨¢®¤¨¬®áâ¨.

� ¬¥ç ­¨¥ 2. �£à ­¨ç¥­¨ï ¢¨¤  (3) ­  ­ «¨ç¨¥ à¥§®­ ­á­ëå á®®â­®è¥­¨© ­¥ ï¢«ïîâáï
áãé¥áâ¢¥­­ë¬¨ ¨ ¨å ¬®¦­® ã¡à âì, ¥á«¨ ­  á®®â¢¥âáâ¢ãîé¥¬ è £¥ ¤¨ £®­ «ì­ãî ¬ âà¨æã �0

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ �0 = D0 + iC0 (C0 = 2�T�1 diagfm1; : : : ;mpg), ¯à¨ íâ®¬ á¯¥ªâà ¬ âà¨æë
D0 ã¦¥ ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ (3), å®âï ªà â­®áâì ­¥ª®â®àëå â®ç¥ª á¯¥ªâà  ¬®¦¥â
¨§¬¥­¨âìáï.

� ¬¥ç ­¨¥ 3. �à¨ ­ «¨ç¨¨ ã ¬ âà¨æë A0 ªà â­ëå â®ç¥ª á¯¥ªâà  á«¥¤ã¥â ¢®á¯®«ì§®¢ âì-
áï áà¥§ îé¨¬ ¯à¥®¡à §®¢ ­¨¥¬ (­ ¯à., [8]), çâ® ¬®¦¥â ¯à¨¢¥áâ¨ ª à §«®¦¥­¨ï¬ ¯® ¤à®¡­ë¬
áâ¥¯¥­ï¬ ¬ «®£® ¯ à ¬¥âà .
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� ¬¥ç ­¨¥ 4. �¢®©áâ¢  á¯¥ªâà  ¬ âà¨æë Q(t; ") á¨áâ¥¬ë (4) ¤ îâ ¢®§¬®¦­®áâì áà §ã á¤¥-
« âì ¢ë¢®¤ ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨, ãáâ®©ç¨¢®áâ¨ ¨«¨ ­¥ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï § ¤ -
ç¨ (4) ¨ íª¢¨¢ «¥­â­®© ¥© § ¤ ç¨ (2).

� ¬¥ç ­¨¥ 5. �à¥¤«®¦¥­­ë©  «£®à¨â¬ ¯®§¢®«¨« ®¯à¥¤¥«¨âì [9] ®¡« áâ¨ ­¥ãáâ®©ç¨¢®áâ¨
âà¨¢¨ «ì­®£® à¥è¥­¨ï ãà ¢­¥­¨ï � âì¥ [4] �x + (� + " cos t)x = 0 (¯®á«¥ ¥£® á¢¥¤¥­¨ï ª á¨áâ¥-
¬¥ ¢¨¤  (1)) ¡¥§ ¨á¯®«ì§®¢ ­¨ï  ¯¯ à â  àï¤®¢ �ãàì¥ ¨ ®¯à¥¤¥«¨â¥«¥© �¨««  ¡¥áª®­¥ç­®£®
¯®àï¤ª .

� ¬¥ç ­¨¥ 6. �â æ¨®­ à­®¥ ¤¢¨¦¥­¨¥ £¨à®áª®¯  ¢ ¯¥à¥¬¥­­®¬ ¬ £­¨â­®¬ ¯®«¥ [6], [9] ¬®-
¦¥â ¡ëâì ®¯¨á ­® á ¯®¬®éìî «¨­¥ à¨§®¢ ­­®£® ãà ¢­¥­¨ï ¢¨¤ 

_x = (A0 + "A1(t))x = 0;

£¤¥ A0 = �0 = i
diagf1; 0g, A1(t) =
�
�p(t) �r(t)
p(t) r(t)

�
, p(t) = (1 � �)
 sin2 !t + i[!(� � 1) sin 2!t]=2,

r(t) = p(t) � 
sin2 !t, � = I1=I3, � = �3=�1, 
 = L=I1, " = �1H
2
0=L, 
 | ç áâ®â  ­ãâ æ¨®­­ëå

ª®«¥¡ ­¨© â¥« , ! | ç áâ®â  ª®«¥¡ ­¨© ¬ £­¨â­®£® ¯®«ï, H0 |  ¬¯«¨âã¤  ª®«¥¡ ­¨© ¬ £­¨â-
­®£® ¯®«ï, Ik | ¬®¬¥­âë ¨­¥àæ¨¨ â¥«  ®â­®á¨â¥«ì­® ¥£® ®á¥©, � | ¢¥«¨ç¨­ , ®¯à¥¤¥«ï¥¬ ï
¯®«ïà¨§ã¥¬®áâìî â¥«  ®â­®á¨â¥«ì­® ¥£® ®á¥©, " | ¡¥§à §¬¥à­ë© ¬ «ë© ¯ à ¬¥âà. � ¯®¬®éìî
®¯¨á ­­®£® ¬¥â®¤  ¡ë«  ­ ©¤¥­  ®¡« áâì ãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­ëå ¤¢¨¦¥­¨© £¨à®áª®¯  ¢
¯¥à¥¬¥­­®¬ ¬ £­¨â­®¬ ¯®«¥, ¢ â®¬ ç¨á«¥ ¨ ¢¡«¨§¨ à¥§®­ ­á , ª®£¤  
 = 2! + "�.

2. � «¥¥ à áá¬®âà¨¬ á«ãç ©, ª®£¤  � ï¢«ï¥âáï ¡®«ìè¨¬ ¯ à ¬¥âà®¬. �®£¤  ¯®á«¥ § ¬¥­ë
� = "�1 ¨¬¥¥¬ á¨­£ã«ïà­® ¢®§¬ãé¥­­ãî § ¤ çã, ª®â®à ï ¢ ¡®«¥¥ ®¡é¥¬ á«ãç ¥ ¬®¦¥â ¡ëâì
§ ¯¨á ­  ¢ ¢¨¤¥

" _x =
� 1X

k=0

Ak(t)"
k

�
x+ f(t); x(0; ") = x0; (9)

£¤¥ f(t) ¨ Ak(t) | T -¯¥à¨®¤¨ç¥áª¨¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ ­¥®¡å®¤¨¬®© £« ¤ª®áâ¨ ¨ ¬ âà¨ç­ë©

àï¤
1P
k=0

Ak(t)"k áå®¤¨âáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­® ¯à¨ j"j < "0 ¨ t 2 Rt[0;+1),   á¯¥ªâà f�0j(t)gn1

¬ âà¨æë A0(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

�jk(t) � �0j(t)� �0k(t) 6= 0; �0j(t) 6= 0; Re�0j(t) � ��0 < 0 (t 2 R+): (10)

�à¥®¡à §®¢ ­¨¥ á¤¢¨£  x(t; ") = y(t; ")+
NP
k=0

uk(t)"k ¯®§¢®«¨â ¤«ï äã­ªæ¨¨ y(t; ") § ¯¨á âì ¯®çâ¨

®¤­®à®¤­ãî § ¤ çã

" _y = A(t; ")y + "N+1b(t; "); y(0; ") = x0 �
NX
k=0

uk(0)"
n � �("):

�ã­ªæ¨¨ uk(t), ®¯à¥¤¥«ï¥¬ë¥ ¯à¨ ­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª¥ u(t; ") =
NP
k=0

uk(t)"k ¢ ãà ¢­¥­¨¥

(9), ¯à¨ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ­  ¯®«ã®á¨ äã­ªæ¨©

kS
(p)
0 (t)k; k(S�10 (t))(p)k; kB(p)

q (t)k; k(Bq(t)=�jk(t))
(p)k � C (q � 0; p = 0; N; j; k = 1; n) (11)�

B(t; ") = S�10 (t)(A(t; ")S0(t)� " _S0(t)) = �0(t) +
1X
k=1

Bk(t)"
k;

S�10 (t)A0(t)S0(t) = �0(t) = diagf�01(t); : : : ; �0n(t)g
�

¡ã¤ãâ â ª¦¥ à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¯® ­¥ª®â®à®© ­®à¬¥ ku(p)k (t)k � C (k � 0, p = 0; N , t 2 Rt).
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� ãá«®¢¨ïå (10) áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­®¥ ¯à¨ ¤®áâ â®ç­® ¬ «ëå j"j T -¯¥à¨®¤¨ç¥áª®¥ ¯à¥-

®¡à §®¢ ­¨¥ y = S0(t)H(t; ")z
�
H(t; ") = E +

NP
k=0

Hk(t)"k
�
, ¯à¨¢®¤ïé¥¥ ª § ¤ ç¥ á ¯®çâ¨ ¤¨ £®-

­ «ì­®© ¬ âà¨æ¥©

" _z = Q(t; ")z + "N+1a(t; "); z(0; ") = �(")
�
Q(t; ") =

NX
k=1

�k(t)"
k + "N+1G(t; ")

�
; (12)

£¤¥ \¡¥§¤¨ £®­ «ì­ë¥" Hk(t) ¨ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë ®¯à¥¤¥«ïîâáï ¯® ®¯¨á ­­®© ¢ëè¥ áå¥¬¥
¨ ï¢«ïîâáï ¯à¨ ãá«®¢¨¨

kS
(p)
0 (t)k; k(S�10 (t))(p)k � C (p = 0; N; t 2 R+) (13)

à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¬¨ ­  ¯®«ã®á¨.
� ¤ ç  (12) íª¢¨¢ «¥­â­  ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

z = �0(t; ")
�
�(") +

Z t

0

��10 (s; ")(U(s; ")z + "Na(s; "))ds
� �

�0(t; ") = exp
�
"�1

Z t

0

�0(s)ds
��

;(14)

®âªã¤  á ãç¥â®¬ (10) ¤«ï «î¡®£® t � 0 ¨¬¥¥¬ ®æ¥­ª¨

kz(t; ")k � C2 + "C2max kz(t; ")k; max kz(t; ")k �
C1

1� "C2

� C3 (0 � " � "0 < 1);

çâ® ¨ ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­­®£® ­  ¯®«ã®á¨ à¥è¥­¨ï
ãà ¢­¥­¨ï (14) ¨ íª¢¨¢ «¥­â­®© ¥¬ã § ¤ ç¨ (9).

�à¥¤áâ ¢«¥­¨¥ z = exp
�
"�1

tR
0

NP
k=0

�k(t)"kdt
�
�(")+ "N+1R(t; ") ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬, â. ª.

äã­ªæ¨ï R(t; ") ã¤®¢«¥â¢®àï¥â § ¤ ç¥

" _R = Q(t; ")R + q(t; "); R(0; ") = O(1);

 ­ «®£¨ç­®© (9), ¨ ï¢«ï¥âáï ¢ á¨«ã íâ®£® à ¢­®¬¥à­® ®£à ­¨ç¥­­®© ­  ¯®«ã®á¨.
� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (10), (11), (13) á¨­£ã«ïà­® ¢®§¬ãé¥­­ ï § ¤ ç  (9)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­­®¥ ­  ¯®«ã®á¨ R+ ¯à¨ ¤®áâ â®ç­® ¬ «ëå " > 0
à¥è¥­¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ª¢ §¨à¥£ã«ïà­®© ä®à¬¥

x(t; ") = S0(t)
�
E +

NX
k=1

Hk(t)"
k

�
exp

�
"�1

Z t

0

NX
k=0

�k(s)"
kdt

�
C +

NX
k=0

vk(t)"
k +O("N+1) =

= S0(t)
� NX

k=0

Pk(t)"k
�
exp

�
"�1

Z t

0

NX0

k=0

�k(s)"kds
�
C +

NX
k=0

vk(t)"k +O("N+1);

£¤¥ áã¬¬ 
P
0

á®¤¥à¦¨â â®«ìª® ­¥®£à ­¨ç¥­­ë¥ ¯à¨ t!1 ¨­â¥£à «ë.

�à¨¬¥à. �®«¥¡ ­¨ï í«¥ªâà¨ç¥áª®£® § àï¤  q(t) ­  ¯« áâ¨­ å ª®­¤¥­á â®à  T -¯¥à¨®¤¨ç¥á-
ª®© ¥¬ª®áâ¨ C(t) > 0 ¯®¤ ¢®§¤¥©áâ¢¨¥¬ T -¯¥à¨®¤¨ç¥áª®© í. ¤. á. f(t) ®¯¨áë¢ îâáï ãà ¢­¥­¨¥¬

L�q +R _q + qC�1(t) = f(t); q(0) = q0; _q(0) = q1: (15)

�à¨ ¬ «ëå á®¯à®â¨¢«¥­¨¨ R = "2R0 ¨ ¨­¤ãªâ¨¢­®áâ¨ L = "2L0 ¨¬¥¥¬ á¨­£ã«ïà­® ¢®§¬ãé¥­­ãî
§ ¤ çã

"2�q + "22�0 _q + !2(t)q = b(t); q(0) = q0; _q(0) = q1 (2�0 = R0=L0 > 0; !2(t) = (L0C(t))�1 > 0);
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ª®â®à ï ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¥ªâ®à­®© ä®à¬¥

" _x = A(t; ")x + h(t); x(0) = x0 = (q0; "q1)
T ; x = (q; "q)T ; A(t; ") = A0(t) + "A1; h(t) = (0; b(t))T ;

(16)

A0(t) =
�

0 1
�!2(t) 0

�
; A1 =

�
0 0
0 �2�0

�
:

� ª ª ª ¬ âà¨æ  A0(t) ¨¬¥¥â á¯¥ªâà �1;2(t) = �i!(t), â® á ãç¥â®¬ â¥®à¥¬ë 2 à¥è¥­¨¥ § ¤ ç¨ (16)
¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ª¢ §¨à¥£ã«ïà­®© ä®à¬¥
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