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�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ®¯¨á ­¨¥ ¯à®áâà ­áâ¢  áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå
¤¥ä®à¬ æ¨© áâàãªâãàë ¬­®£®®¡à §¨ï ­ ¤  «£¥¡à®© ¯«îà «ì­ëå ç¨á¥« [1]. �®ª § ­®, çâ® íâ®
¯à®áâà ­áâ¢® ¨§®¬®àä­® ¯¥à¢®© £àã¯¯¥ ª®£®¬®«®£¨© ¬­®£®®¡à §¨ï á® §­ ç¥­¨ï¬¨ ¢ ¯ãçª¥ £®-
«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© ¨ ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¢ëç¨á«¥­¨ï íâ®© £àã¯¯ë.

�á¥ £¥®¬¥âà¨ç¥áª¨¥ ®¡ê¥ªâë ¯à¥¤¯®« £ îâáï £« ¤ª¨¬¨; ¥á«¨ ¨­¤¥ªá áã¬¬¨à®¢ ­¨ï ¯à®¡¥£ -
¥â ¢áî ®¡« áâì á¢®¥£® ®¯à¥¤¥«¥­¨ï, â® ¨á¯®«ì§ã¥âáï ¯à ¢¨«® áã¬¬¨à®¢ ­¨ï �©­èâ¥©­ .

1. �«îà «ì­ ï áâàãªâãà  ­  ¬­®£®®¡à §¨¨

�ãáâì M | £« ¤ª®¥ ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n(q + 1).

�¯à¥¤¥«¥­¨¥ 1. �ää¨­®à­®¥ ¯®«¥ J ­ M ­ §ë¢ ¥âáï ¯®çâ¨ ¯«îà «ì­®© áâàãªâãà®©, ¥á«¨
¤«ï «î¡®© â®çª¨ x 2M áãé¥áâ¢ã¥â à¥¯¥à ª á â¥«ì­®£® ¯à®áâà ­áâ¢  TxM , ¢ ª®â®à®¬ ¬ âà¨æ 
J(x) ¨¬¥¥â ¢¨¤ 0
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£¤¥ E | ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à  n� n.
�®çâ¨ ¯«îà «ì­ ï áâàãªâãà  ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®©, ¥á«¨ ­  M áãé¥áâ¢ã¥â  â« á A, ¢

ª ¦¤®© ª àâ¥ ª®â®à®£® ª®®à¤¨­ âë  ää¨­®à­®£® ¯®«ï J ¯®áâ®ï­­ë.

�«ï  ää¨­®à­ëå ¯®«¥© A, B ­ M ®¡®§­ ç¨¬ ç¥à¥§ fA;Bg ªàãç¥­¨¥ | â¥­§®à­®¥ ¯®«¥ â¨¯ 
(1,2) (á¬. [2]). �¥­§®à­®¥ ¯®«¥ fJ; Jg ­ §ë¢ ¥âáï â¥­§®à®¬ �¥©¥­å¥©á  ¯«îà «ì­®© áâàãªâãàë
J .

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ä ªâ¨ç¥áª¨ ¡ë«® ¤®ª § ­® ¢ [3], ­® ¤«ï ã¤®¡áâ¢  ç¨â â¥«¥© ¬ë ¥£®
¯à¨¢®¤¨¬ ­¨¦¥ ¢ ­¥áª®«ìª® ¨­®© ä®à¬¥.

�â¢¥à¦¤¥­¨¥ 1. �®çâ¨ ¯«îà «ì­ ï áâàãªâãà  J ¨­â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  â¥­§®à �¥©¥­å¥©á  fJ; Jg à ¢¥­ ­ã«î.

�®ª § â¥«ìáâ¢®. �á«¨ áâàãªâãà  J ¨­â¥£à¨àã¥¬ , â® ¢ ª àâ å  â« á  A ª®®à¤¨­ âë J i
j

¯®áâ®ï­­ë, á«¥¤®¢ â¥«ì­®,

fJ; Jgijk = Jp
j @pJ

i
k � Jp

k@pJ
i
j + J i

p@kJ
p
j � J i

p@jJ
p
k = 0:
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�¡à â­®, ¯ãáâì fJ; Jg(X;Y ) = 0. �§ [4] ¨§¢¥áâ­®, çâ® ¤«ï ¨­â¥£à¨àã¥¬®áâ¨ áâàãªâãàë J

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë fJs; Jrg(X;Y ) = 0 8r; s = 1; q. �®ª ¦¥¬ íâ® â®¦¤¥áâ¢® ¯®
¨­¤ãªæ¨¨.

�ãáâì s = 1. �à®¢¥¤¥¬ ¨­¤ãªæ¨î ¯® r. �«ï r = 1 íâ® ¤ ­®:

[JX; JY ]� J [JX; Y ]� J [X;JY ] + J2[X;Y ] = fJ; Jg(X;Y ) = 0:

�ãáâì fJ; Jrg = 0. � ¤® ¤®ª § âì, çâ® fJ; Jr+1g = 0. �á¯®«ì§ãï à ¢¥­áâ¢® ­ã«î â¥­§®à®¢
fJ; Jg(JrX;Y ) ¨ fJ; Jg(X;JrY ), ¯®«ãç ¥¬

fJ; Jr+1g(X;Y ) = [JX; Jr+1Y ]� Jr+1[JX; Y ]� J [X;Jr+1Y ] + 2Jr+2[X;Y ] +

+[Jr+1X;JY ]� Jr+1[X;JY ]� J [Jr+1X;Y ] = J([JX; JrY ] + [JrX;JY ]�

�J [JrX;Y ]� J [X;JrY ]� Jr[JX; Y ]� Jr[X;JY ] + 2Jr+1[X;Y ]) =

= JfJ; Jrg(X;Y ) = 0:

�­ ç¨â, fJ; Jrg = 0 8r = 1; q.
�à®¢¥¤¥¬ ¨­¤ãªæ¨î ¯® áâ¥¯¥­¨ s. �ãáâì fJs; Jrg = 0. � ¤® ¤®ª § âì, çâ® fJs+1; Jrg = 0. � ª

ª ª fJ; Jg(JsX;Jr�2Y ) = 0, fJ; Jg(JsX;Jr�3Y ) = 0, : : : , fJ; Jg(JsX;Y ) = 0, â® ¨¬¥¥â ¬¥áâ® á«¥-
¤ãîé ï æ¥¯®çª  à ¢¥­áâ¢: [Js+1X;Jr�1Y ]� J [JsX;Jr�1Y ] = J [Js+1X;Jr�2Y ]� J2[JsX; Jr�2Y ] =
� � � = Jr�1[Js+1X;Y ] � Jr[JsX;Y ]. �®£¤ , ¨á¯®«ì§ãï à ¢¥­áâ¢® ­ã«î â¥­§®à®¢ fJ; Jrg(X;Y ) ¨
fJ; Jg(JsX;Jr�1Y ), ¯®«ãç ¥¬

fJs+1; Jrg(X;Y ) = [Js+1X; JrY ]� Jr[Js+1X;Y ]� Jr[X;Js+1Y ] + 2Jr+s+1[X;Y ] +

+[JrX;Js+1Y ]� Js+1[X;JrY ]� Js+1[JrX;Y ] = J([Js+1X;Jr�1Y ]� Jr�1[Js+1X;Y ]�

�Jr�1[X;Js+1Y ] + 2Jr+s[X;Y ] + [Jr�1X;Js+1Y ]� Js[X;JrY ]� Js[JrX;Y ] + [JsX; JrY ]�

�J [JsX;Jr�1Y ]� J [Jr�1X; JsY ] + [JrX;JsY ]) = J([Js+1X; Jr�1Y ]� Jr�1[Js+1X;Y ]�

�Jr[X;JsY ]� J [Jr�1X;JsY ] + [Jr�1X;Js+1Y ]� Jr�1[X; Js+1Y ]�

�Jr[JsX;Y ])� J [JsX;Jr�1Y ] = 0: �

�¯à¥¤¥«¥­¨¥ 2. �­â¥£à¨àã¥¬ ï ¯®çâ¨ ¯«îà «ì­ ï áâàãªâãà  ­ §ë¢ ¥âáï ¯«îà «ì­®©
áâàãªâãà®©.

�â¬¥â¨¬, çâ® § ¤ ­¨¥ ­  ¬­®£®®¡à §¨¨M ¯«îà «ì­®© áâàãªâãàë íª¢¨¢ «¥­â­® § ¤ ­¨î ­ 
M áâàãªâãàë ¬­®£®®¡à §¨ï ­ ¤  «£¥¡à®© ¯«îà «ì­ëå ç¨á¥« R("q ) = fa0 + a1" + � � � + aq"

q j

"q+1 = 0, ai 2 R, i = 0; qg [1].
�«ï ¤ «ì­¥©è¥£® ­ ¬ ¯®­ ¤®¡¨âáï ¯®­ïâ¨¥ £®«®¬®àä­®£® ¢¥ªâ®à­®£® ¯®«ï. �ãáâì (M;J) |

¬­®£®®¡à §¨¥ ­ ¤  «£¥¡à®© R("q ). �®£¤  ­ M áãé¥áâ¢ã¥â  â« áA = (U�; '�) á £®¬¥®¬®àä¨§¬ ¬¨
'� : U� ! R("q )n,

'�(x) = (X i = xi + "xn+i + � � �+ "qxqn+i); i = 1; n;

äã­ªæ¨¨ áª«¥©ª¨ ª®â®à®£® ï¢«ïîâáï R("q )-¤¨ää¥à¥­æ¨àã¥¬ë¬¨ (á¬. [1]). � àâë á®®â¢¥âáâ¢ã-
îé¥£® ¬ ªá¨¬ «ì­®£®  â« á  ¡ã¤¥¬ ­ §ë¢ âì R("q )-ª àâ ¬¨. �¨ää¥à¥­æ¨ « d'�� : R("q )n !

R("q )n ï¢«ï¥âáï R("q )-«¨­¥©­ë¬ ®â®¡à ¦¥­¨¥¬ á¢®¡®¤­ëå R("q )-¬®¤ã«¥©,   ®â®¡à ¦¥­¨¥ x 2

U�

T
U� ! d'��jx 2 R("q )n

2

ï¢«ï¥âáï R("q )-¤¨ää¥à¥­æ¨àã¥¬ë¬.
�á«¨ à áá¬®âà¥âì á«®© ª á â¥«ì­®£® à áá«®¥­¨ï ª ª á¢®¡®¤­ë© R("q )-¬®¤ã«ì, ¢§ï¢ ¢ ª -

ç¥áâ¢¥ ã¬­®¦¥­¨ï ­  " ¤¥©áâ¢¨¥ J , â® âà®©ª  (TM; �;M) ï¢«ï¥âáï à áá«®¥­¨¥¬ á R("q )-
¤¨ää¥à¥­æ¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ áª«¥©ª¨, ¯à¨­¨¬ îé¨¬¨ §­ ç¥­¨¥ ¢ £àã¯¯¥ R("q )- ¢â®¬®à-
ä¨§¬®¢ á¢®¡®¤­®£® R("q )-¬®¤ã«ï. �­ ç¨â, ­  â®â «ì­®¬ ¯à®áâà ­áâ¢¥ ª á â¥«ì­®£® à áá«®¥­¨ï
TM ¬®¦­® ®¯à¥¤¥«¨âì áâàãªâãàã ¬­®£®®¡à §¨ï ­ ¤ R("q ).
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�¯à¥¤¥«¥­¨¥ 3. �¥ªâ®à­®¥ ¯®«¥ v : M ! TM ­ §ë¢ ¥âáï £®«®¬®àä­ë¬, ¥á«¨ v ï¢«ï¥âáï
R("q )-¤¨ää¥à¥­æ¨àã¥¬ë¬ ®â®¡à ¦¥­¨¥¬.

�â¬¥â¨¬, çâ® ¢¥ªâ®à­®¥ ¯®«¥ v £®«®¬®àä­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à®¨§¢®¤­ ï �¨
 ää¨­®à­®£® ¯®«ï J ¢¤®«ì v ®¡à é ¥âáï ¢ ­ã«ì. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¢¥ªâ®à­®¥ ¯®«¥ v £®«®-
¬®àä­®, â® ®¡à é¥­¨¥ ¢ ­ã«ì ¯à®¨§¢®¤­®© �¨ ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ¢¨¤  £®«®¬®àä­ëå
äã­ªæ¨©. �¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ¬®¦­® ¯®«ãç¨âì, à¥è ï á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå LvJ = 0.

2. �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï ¯«îà «ì­®© áâàãªâãàë

�ãáâì (M;J) | ¬­®£®®¡à §¨¥ ­ ¤  «£¥¡à®© R("q ) ¨ dimR("q)M = n. �¢¥¤¥¬ ¬­®¦¥áâ¢®  ä-
ä¨­®à®¢

Eq(M) = fAx 2 End(TxM) j x 2M; Aq+1
x = 0; rank(Ax) = nqg:

�¯à¥¤¥«¥­  ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï � : Eq(M)!M , �(Ax) = x:

�â¢¥à¦¤¥­¨¥ 2. �  Eq(M) áãé¥áâ¢ã¥â áâàãªâãà  £« ¤ª®£® ¬­®£®®¡à §¨ï â ª ï, çâ®

âà®©ª  Eq = (Eq(M); �;M) ï¢«ï¥âáï ¯®¤à áá«®¥­¨¥¬ à áá«®¥­¨ï  ää¨­®à®¢ ­  M.

�®ª § â¥«ìáâ¢®. �ãáâì Fq ï¢«ï¥âáï ®à¡¨â®© â®çª¨0
BBBBBB@

0 0 : : : 0 0
E 0 : : : 0 0
0 E : : : 0 0
...

...
0 0 : : : E 0

1
CCCCCCA

®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë GL(n(q+1);R) ­  gl(n(q+1);R) á®¯àï¦¥­¨ï¬¨. �§ [6] ¨§¢¥áâ­®,
çâ® ®à¡¨â  ¥áâì ¯®£àã¦¥­­®¥ ¯®¤¬­®£®®¡à §¨¥. �«ï ª ¦¤®£® x 2 M áãé¥áâ¢ã¥â ª àâ  (U;') ¨
¤¨ää¥®¬®àä¨§¬ ' : ��1(U)! U � Fq, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã

'(Ax) = (x; kAxk); £¤¥ kAxk | ¬ âà¨æ  Ax ¢ ­ âãà «ì­®¬ à¥¯¥à¥.

�­®¦¥áâ¢® â ª¨å ¯ à (U;') ¨ ¡ã¤¥â ®¡à §®¢ë¢ âì  â« á «®ª «ì­® âà¨¢¨ «ì­®£® à áá«®¥­¨ï
Eq.

�® ®¯à¥¤¥«¥­¨î ¯«îà «ì­ ï áâàãªâãà  | íâ® á¥ç¥­¨¥ J :M ! Eq(M) à áá«®¥­¨ï Eq.

�¯à¥¤¥«¥­¨¥ 4. �¥ä®à¬ æ¨¥© ¯«îà «ì­®© áâàãªâãàë J ­ §ë¢ ¥âáï £« ¤ª®¥ ®â®¡à ¦¥­¨¥
~J : R �M ! Eq(M), (t; x) 2 R �M ! ~Jt(x) = ~J(t; x) 2 Eq(M) â ª®¥, çâ®

1) 8t 2 R, ~Jt :M ! Eq(M) | ¯«îà «ì­ ï áâàãªâãà  ­  M ,
2) ~J0 = J .

�¯à¥¤¥«¥­¨¥ 5. �ãáâì ~Jt(x) | ¤¥ä®à¬ æ¨ï ¯«îà «ì­®© áâàãªâãàë. �ää¨­®à­®¥ ¯®«¥ V =
d

dt

����
t=0

~Jt ­  M ­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥© ¯«îà «ì­®© áâàãªâãàë J .

�â¢¥à¦¤¥­¨¥ 3 (á¢®©áâ¢  ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¨). �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à-
¬ æ¨ï V áâàãªâãàë J ¨¬¥¥â á«¥¤ãîé¨¥ á¢®©áâ¢ :

1) V Jq + JV Jq�1 + J2V Jq�2 + � � �+ JqV = 0,
2) fV; Jg = 0.
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�®ª § â¥«ìáâ¢®. 1) �ãáâì ~Jt(x) | â ª®¥ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯«îà «ì­ëå
áâàãªâãà, çâ® ~J0(x) = J(x) 8x 2 M . �à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯® t à ¢¥­áâ¢® ~Jq+1

t (x) = 0, ¨¬¥-
¥¬ �

d

dt

����
t=0

~Jt(x)
�
� Jq(x) + J(x) �

�
d

dt

����
t=0

~Jt(x)
�
� Jq�1(x) +

+ � � �+ Jq(x) �
�
d

dt

����
t=0

~Jt(x)
�
= 0;

çâ® ¨ ¤®ª §ë¢ ¥â ¯¥à¢®¥ á¢®©áâ¢®.
2) �â®à®¥ á¢®©áâ¢® ¯®«ãç¨¬, ¯à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯® t à ¢¥­áâ¢® f ~Jt; ~Jtg = 0.

� áá¬®âà¨¬ ç áâ­ë© á«ãç ©, ª®£¤  ¤¥ä®à¬ æ¨ï ¯«îà «ì­®© áâàãªâãàë J ¯®à®¦¤ ¥âáï ®¤-
­®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢ ft ¬­®£®®¡à §¨ï M , â. ¥.

~Jt(x) = (df�1t jft(x)) � J(ft(x)) � dftjx; x 2M:

� ª¨¥ ¤¥ä®à¬ æ¨¨ ­ §ë¢ îâáï ­¥áãé¥áâ¢¥­­ë¬¨. �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï ¢ íâ®¬ á«ã-

ç ¥ á®¢¯ ¤ ¥â á ¯à®¨§¢®¤­®© �¨ LXJ  ää¨­®à­®£® ¯®«ï J ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï X =
d

dt

����
t=0

ft.

�­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï, ®¯à¥¤¥«ï¥¬ ï ®¤­®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© ¤¨ää¥®¬®à-
ä¨§¬®¢ ­  M , ­ §ë¢ ¥âáï ­¥áãé¥áâ¢¥­­®©.

�§ ãâ¢¥à¦¤¥­¨ï 3) á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢® ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© ¯«îà «ì­®©
áâàãªâãàë J ®¡à §ã¥â ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® D(J) ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ á¥ç¥­¨©  ä-
ä¨­®à­®£® à áá«®¥­¨ï T 1

1M ! M ,   ¨§ á¢®©áâ¢ ¯à®¨§¢®¤­®© �¨ á«¥¤ã¥â, çâ® ­¥áãé¥áâ¢¥­­ë¥
¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¤¥ä®à¬ æ¨¨ ®¡à §ãîâ ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® D0(J) ¢ D(J).

�¯à¥¤¥«¥­¨¥ 6. �à®áâà ­áâ¢®¬ áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© ¯«îà «ì-
­®© áâàãªâãàë J ­ §ë¢ ¥âáï ä ªâ®à-¯à®áâà ­áâ¢®

D�(J) =
D(J)
D0(J)

:

3. �¯¨á ­¨¥ ¯à®áâà ­áâ¢  áãé¥áâ¢¥­­ëå ¤¥ä®à¬ æ¨©

�ãáâì (M;J) | ¬­®£®®¡à §¨¥ ­ ¤  «£¥¡à®© R("q ). �¥«ì ¯ à £à ä  á®áâ®¨â ¢ ¤®ª § â¥«ìáâ¢¥
á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬ . D�(J) �= H1(M;Xh), £¤¥ Xh | ¯ãç®ª £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© ­  (M;J).

�¤¥ï ¤®ª § â¥«ìáâ¢   ­ «®£¨ç­  á«ãç î ª®¬¯«¥ªá­®© áâàãªâãàë, à áá¬ âà¨¢ ¥¬®©, ­ ¯à¨-
¬¥à, ¢ [5]. � ç­¥¬ á ¯®áâà®¥­¨ï â®­ª®© à¥§®«ì¢¥­âë ¯ãçª  Xh. �¡®§­ ç¨¬ ç¥à¥§ 
p

R("q) ¯ãç®ª
R("q )-§­ ç­ëå R-«¨­¥©­ëå ä®à¬ áâ¥¯¥­¨ p ­  M . �«ï R("q )-ª àâë (U;X i) ®¡®§­ ç¨¬ ç¥à¥§

p

R("q)(U) ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® á¥ç¥­¨© ¯ãçª  
p

R("q), ®¯à¥¤¥«¥­­ëå ­  U . � áá¬®âà¨¬ á¥ç¥-
­¨ï �I 2 
p

R("q)(U):

�I = ��n+i = dx�n+i � "q��dxqn+i; I = 1; n(q + 1); i = 1; n; � = 0; q � 1:

�¯à¥¤¥«¨¬ ¯®¤¯à®áâà ­áâ¢®

Ap(U) = f! = !I1:::Ip�
I1 ^ : : : ^�Ip j !I1:::Ip : U �! R("q )n | £« ¤ª¨¥ äã­ªæ¨¨ g � 
p

R("q)(U)

¨ ¯®ª ¦¥¬, çâ® Ap(U) ­¥ § ¢¨á¨â ®â ¢ë¡®à  ª®®à¤¨­ â­®£® ®â®¡à ¦¥­¨ï. �«ï íâ®£® ¢¢¥¤¥¬
áâ®«¡æë ª®¢¥ªâ®à­ëå ¯®«¥© ddx� = t(dx�n+1; : : : ; dx�n+n) ¨ b�� = t(��n+1; : : : ;��n+n), £¤¥ t |
§­ ª âà ­á¯®­¨à®¢ ­¨ï. �®£¤  ¨§ ¢¨¤  R("q )-¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© [1] á«¥¤ã¥â, çâ® ¤«ï
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¤àã£®£® ª®®à¤¨­ â­®£® ®â®¡à ¦¥­¨ïX i0 ¯à¥®¡à §®¢ ­¨¥ ­ âãà «ì­®£® ª®à¥¯¥à  ¬®¦­® § ¯¨á âì
¢ ¬ âà¨ç­®¬ ¢¨¤¥ 2

666666664

ddx00ddx10
...
...ddxq0

3
777777775
=

0
BBBBBB@

B0 0 0 : : : 0
B1 B0 0 : : : 0
B2 B1 B0 : : : 0
...

...
... : : :

...
Bq Bq�1 Bq�2 : : : B0

1
CCCCCCA

2
666666664

ddx0ddx1
...
...ddxq

3
777777775
;

£¤¥ B0; B1; : : : ; Bq | n� n-¬ âà¨æë.

� ª¨¬ ®¡à §®¬, ddx�0 = �P
�=0

B���
ddx�. � §« £ ï b��0 = ddx�0�"q��ddxq0 ¯® ¡ §¨áã b�0; b�1; : : : ; b�q�1;ddxq,

¯®«ãç¨¬

b��0 =
�X

�=0

B���
ddx� � "q��(

q�1X
�=0

Bq��
ddx� +B0

ddxq):
�® ddx� = b�� + "q��ddxq, ¯®íâ®¬ã b��0 = E�0

� �̂
� + G�0ddxq ¨ ®áâ ¥âáï ¯®ª § âì, çâ® G�0 = 0.

�¥©áâ¢¨â¥«ì­®,

G�0 =
�X

�=0

"q��B��� � "q��
q�1X
�=0

"q��Bq�� � "q��B0 =

=
�X


=0

"q��+
B
 � "q��
qX


=1

"
B
 � "q��B0 =

=
qX


=�+1

"q��+
B
 = 0;

â. ª. q � � + 
 � q + 1 ¯à¨ 
 � � + 1. �­ ç¨â, Ap(U) ­¥ § ¢¨á¨â ®â ¢ë¡®à  ª®®à¤¨­ â­®£®
®â®¡à ¦¥­¨ï.

�¯à¥¤¥«¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à D : A0(U)! A1(U), ¯®«®¦¨¢

8f 2 A0(U) Df = Dif�
i +Dn+if�

n+i + � � �+D(q�1)n+if�
(q�1)n+i;

£¤¥ D�n+i = @(�+1)n+i � "@�n+i ¤«ï � = 0; q � 1, i = 1; n.
�á«¨ ¢¢¥¤¥¬ áâà®ª¨ c@� = (@�n+1; : : : ; @�n+n) ¨ bD� = (D�n+1; : : : ;D�n+n), â® D̂� = d@�+1 � c@� ¨

â ª ¦¥, ª ª ¤«ï áâ®«¡æ®¢ ª®¢¥ªâ®à®¢ �̂�, ¯®«ãç¨¬ D̂� = E�0

� D̂�0 , £¤¥ �̂�0 = E�0

� �̂
�. �®íâ®¬ã D

­¥ § ¢¨á¨â ®â ¢ë¡®à  ª®®à¤¨­ â­®£® ®â®¡à ¦¥­¨ï.
�¥¯¥àì ¬®¦­® ®¯à¥¤¥«¨âì ¤¨ää¥à¥­æ¨ « D : Ap(U)! Ap+1(U),

D! = Di! ^�i +Dn+i! ^�n+i + � � �+D(q�1)n+i! ^�(q�1)n+i 8! 2 Ap(U):

�¡®§­ ç¨¬ ç¥à¥§ Ap ¯ãç®ª ­  M , ¯®à®¦¤¥­­ë© à®áâª ¬¨ ä®à¬ ! 2 Ap(U) ¤«ï ¢á¥å R("q )-
ª àâ (U;X i). �á­®, çâ® Ap ï¢«ï¥âáï ¯ãçª®¬ ¬®¤ã«¥© ­ ¤ ¯ãçª®¬  «£¥¡à £« ¤ª¨å R-§­ ç­ëå
äã­ªæ¨©, ¨, á«¥¤®¢ â¥«ì­®, ¥áâì â®­ª¨© ¯ãç®ª [7].

� «¥¥, «®ª «ì­ë¥ ¤¨ää¥à¥­æ¨ «ë D ®¯à¥¤¥«ïîâ ¬®àä¨§¬ ¯ãçª®¢ D : Ap ! Ap+1.

�â¢¥à¦¤¥­¨¥ 4. �®àä¨§¬ D ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ á¢®©áâ¢ ¬:

1) D2 = 0
2) Ker(D : A0 ! A1) = Fh, £¤¥ Fh | ¯ãç®ª R("q )-¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ­  (M;J).

�®ª § â¥«ìáâ¢®. �ã­ªâ 1) á«¥¤ã¥â ¨§ â®£®, çâ® DIDJ = DJDI ,   ¯. 2) | ¨§ ¢¨¤  R("q )-
¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© [1].
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�â¢¥à¦¤¥­¨¥ 5. �®á«¥¤®¢ â¥«ì­®áâì ¯ãçª®¢

0! Fh
i
! A0 D

! A1 D
! A2 D

! � � �
D
! Ap D

! � � �

ï¢«ï¥âáï â®­ª®© à¥§®«ì¢¥­â®© ¯ãçª  Fh.

�®ª § â¥«ìáâ¢®. � ª ª ª ¯ãçª¨ Ap ï¢«ïîâáï â®­ª¨¬¨ ¨ ¯®á«¥¤®¢ â¥«ì­®áâì â®ç­  ¢ ç«¥­¥
A0 ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 4), â® ¤®áâ â®ç­® ¤®ª § âì â®ç­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ç«¥­ å Ap

¤«ï p � 1, â. ¥. D-«¥¬¬ã �ã ­ª à¥. �­ ç «¥ ¤®ª ¦¥¬ á«¥¤ãîéãî «¥¬¬ã.

�¥¬¬ . �ãáâì U =
n(q+1)

�
I=1

UI � R("q )n, £¤¥ UI | á¢ï§­ ï ®ªà¥áâ­®áâì ­ã«ï ¢ R, ¨ § ¤ ­ 

G 2 A0(U) â ª ï, çâ® D�n+jG = 0 ¤«ï ¢á¥å �n+ j > �n+ i.

�®£¤  áãé¥áâ¢ã¥â â ª ï F 2 A0(U), çâ® D�n+iF = G ¨ D�n+jF = 0 ¤«ï �n+ j > �n+ i.

�®ª § â¥«ìáâ¢®. �ãáâì G =
qP

k=0
"kgk ¨ F =

qP
k=0

"kfk. �®£¤  ãà ¢­¥­¨¥ D�n+jF = G íª¢¨¢ -

«¥­â­® á¨áâ¥¬¥ ãà ¢­¥­¨©

@(�+1)n+if0 = g0; @(�+1)n+ifk � @�n+ifk�1 = gk; k = 1; q;

  ãà ¢­¥­¨¥ D�n+jF = 0 íª¢¨¢ «¥­â­®

@(�+1)n+jf0 = 0; @(�+1)n+jfk � @�n+jfk�1 = 0; �n+ j > �n+ i; k = 1; q:

�®íâ®¬ã f0 ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë

@(�+1)n+if0 = g0; @(�+1)n+if0 = 0; �n+ j > �n+ i; (S0)

¨ ¯à¨ k � 1 äã­ªæ¨ï fk à¥è ¥â á¨áâ¥¬ã

@(�+1)n+ifk = gk + @�n+ifk�1; @(�+1)n+jfk = @�n+jfk�1; �n+ j > �n+ i; (Sk)

£¤¥ äã­ªæ¨ï fk�1 | à¥è¥­¨¥ á¨áâ¥¬ë (Sk�1).
�®ª ¦¥¬ ¯® ¨­¤ãªæ¨¨ áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© á¨áâ¥¬ (Sk), k = 0; q. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬,

çâ® á¨áâ¥¬ë (Sk) ¨¬¥îâ ¢¨¤ @
n+mfk = R
n+m, 
n + m � (� + 1)n + i, ¨ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï
®ªà¥áâ­®áâ¨ U ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¤®áâ â®ç­® ¯®ª § âì, çâ® ¢ë¯®«­ï-
îâáï ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨

@
n+mR�n+l = @�n+lR
n+m; 
n+m 6= �n+ l:

�á«¨ k = 0, â® R(�+1)n+i = g0 ¨ R
n+m = 0 ¯à¨ 
n + j > (� + 1)n + i. � ª ª ª D�n+jG = 0 ¯à¨
�n+ j > �n+ i, â® @(�+1)n+jg0 = 0, ®âªã¤  ¨ á«¥¤ãîâ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨.

�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (Sk�1) ¨¬¥¥â à¥è¥­¨¥ fk�1. �®£¤  ¤«ï á¨áâ¥¬ë (Sk)

R(�+1)n+i = gk + @�n+ifk�1; R(�+1)n+j = @�n+jfk�1; �n+ j > �n+ i:

�à®¢¥à¨¬ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨

@(�+1)n+jR(�+1)n+i � @(�+1)n+jR(�+1)n+j =

= @(�+1)n+jgk + @(�+1)n+j@�n+ifk�1 � @(�+1)n+i@�n+jfk�1:

� ª ª ª fk�1 ¥áâì à¥è¥­¨¥ á¨áâ¥¬ë (Sk�1), â® @(�+1)n+jfk�1 = @�n+jfk�2 (£¤¥ ¯®« £ ¥¬ f�1 = 0).
�®íâ®¬ã

@(�+1)n+jR(�+1)n+i � @(�+1)n+jR(�+1)n+j =

= @(�+1)n+jgk + @�n+i@�n+jfk�2 � @�n+jgk�1 � @�n+j@�n+ifk�2 =

= @(�+1)n+jgk + @�n+jgk�1 = 0;
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â. ª. D�n+jG = 0 ¯® ¯à¥¤¯®«®¦¥­¨î.
� ª®­¥æ, ¯à¨ 
n+m; �n+ l > �n+ i, ¨á¯®«ì§ãï á¨áâ¥¬ã Sk�1, ¯®«ãç¨¬

@(�+1)n+lR(
+1)n+m � @(
+1)n+mR(�+1)n+l =

= @(�+1)n+l@
n+mfk�1 � @(
+1)n+m@�n+lfk�1 =

= @
n+m@�n+lfk�2 � @�n+l@
n+mfk�2 = 0: �

�â¢¥à¦¤¥­¨¥ 6 («¥¬¬  �ã ­ª à¥ ¤«ï ®¯¥à â®à  D). �ãáâì U =
n(q+1)



I=1

UI � R("q )n, £¤¥ UI

| á¢ï§­ ï ®ªà¥áâ­®áâì ­ã«ï ¢ R, ! 2 Ap(U). �á«¨ D! = 0, â® ! = D�, � 2 Ap�1(U).

�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨¬ ¨­¤ãªæ¨¥© ¯® ç¨á«ã ä®à¬ ��n+i, ¢å®¤ïé¨å ¢
à §«®¦¥­¨¥ ä®à¬ë ! ¯® ¡ §¨áã f��n+jg.

�ãáâì ��n+i |ä®à¬  á ¬ ªá¨¬ «ì­ë¬ ­®¬¥à®¬, ¢å®¤ïé ï ¢ à §«®¦¥­¨¥ !. � ª ª ªD! = 0,
â® ¤«ï ¢á¥å ª®íää¨æ¨¥­â®¢ !I1I2:::Ip ä®à¬ë ! ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® D�n+j!I1I2:::Ip = 0 ¤«ï
�n + j > �n + i. �¥¯¥àì ¢ á¨«ã ¯à¥¤ë¤ãé¥© «¥¬¬ë áãé¥áâ¢ãîâ äã­ªæ¨¨ �I1I2:::Ip�1

2 A0(U)
â ª¨¥, çâ® D�n+i�I1I2:::Ip�1

= !I1I2:::Ip�1�n+i ¨ D�n+j�I1I2:::Ip�1
= 0 ¯à¨ �n+ j > �n+ i.

�®«®¦¨¬ â¥¯¥àì � = �I1I2:::Ip�1
�I1 ^ �I2 ^ : : : ^ �Ip�1 2 Ap�1(U). �á­®, çâ® ¢ à §«®¦¥­¨¨

ä®à¬ë ~! = ! �D� ­¥ ãç áâ¢ã¥â ��n+i, ~! à áª« ¤ë¢ ¥âáï ¯® ä®à¬ ¬ �
n+k, 
n+ k < �n+ i, ¨
D~! = 0. �®íâ®¬ã ¯® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ ~! = D~�, £¤¥ ~� 2 Ap�1(U) ¨ ! = D(~� + �), çâ® ¨
¤®ª §ë¢ ¥â «¥¬¬ã �ã ­ª à¥.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. � ª ª ª ¯®áâà®¥­­ ï à¥§®«ì¢¥­â  ¯ãçª  Fh â®­ª ï,
â® â®­ª®© ¡ã¤¥â â ª¦¥ ¨ à¥§®«ì¢¥­â 

0! Fh 
 Xh
i
Id
�! A1 
 Xh

D
�! A2 
 Xh

D
�! : : : ;

£¤¥ D = D 
 Id, Xh | ¯ãç®ª £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥©. � ª ª ª Fh 
 Xh = Xh, â® ¨§
 ¡áâà ªâ­®© â¥®à¥¬ë ¤¥ � ¬  [7] á«¥¤ã¥â, çâ® Hq(M;Xh) �= Hq(A� 
 Xh; D).

� ª ª ª ¤«ï «î¡®© â®çª¨ p 2 M ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® TpM ¥áâì á¢®¡®¤­ë© R("q )-
¬®¤ã«ì, â® ¯ãç®ª ¢¥ªâ®à­ëå ¯®«¥© X ­  M ¥áâì ¯ãç®ª ¬®¤ã«¥© ­ ¤ ¯ãçª®¬  «£¥¡à A0. �ãáâì
f@�n+ig | ­ âãà «ì­ë© à¥¯¥à R("q )-ª àâë (U;X i), â®£¤  @i 2 Xh, ¨ ¤«ï «î¡®£® ¢¥ªâ®à­®£® ¯®«ï
v 2 X(U)

v = v�n+i@�n+i = vi@i; £¤¥ vi =
qX

�=0

"�v�n+i 2 A0(U):

�®íâ®¬ã ¯ãç®ª  ää¨­®à­ëå ¯®«¥© X1
1 ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ X

1
1 = 
1 
A0 X = 
1 
A0 Xh.

�¥¯¥àì á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.

�â¢¥à¦¤¥­¨¥ 7. �ãáâì  ää¨­®à­®¥ ¯®«¥ V 2 X1
1(M) = 
1 
A0 Xh(M) ï¢«ï¥âáï ¨­ä¨­¨-

â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥© ¯«îà «ì­®© áâàãªâãàë J . �®£¤  V 2 A1 
A0 Xh(M) ¨ DV = 0.
�á«¨ V ¥áâì ­¥áãé¥áâ¢¥­­ ï ¨­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï, â® V = Dw, w 2 X(M).

�®ª § â¥«ìáâ¢®. �ãáâì (U;X i) ¥áâì R("q )-ª àâ . �ë ¡ã¤¥¬ ¯à¨¬¥­ïâì ¬ âà¨ç­ë¥ ®¡®§­ -

ç¥­¨ï. �ãáâì V jU = V�ddx� 
c@0, £¤¥ V � =
qP

�=0
"�V �

� ,   V
�
� = kV �n+j

�n+i k | n� n-¬ âà¨æë.
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� ¬¥â¨¬, çâ®

qX
�=0

Jq�� V jU J
�(c@�) = q��X

�=0

Jq�� V jU ([@�+�) =
q��X
�=0

Jq��(V 

�+�

c@
) =
=

q��X
�=0

�X

=0

V 

�+�(\@
+q��) =

q��X
�=0

qX
�=q��

V �+��q
�+�

c@� = qX
�=�

q��X
�=q��

V �+��q
�+�

c@�:

�®íâ®¬ã ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 3) ¨¬¥¥¬
q��P

�=q��
V �+��q
�+� = 0 ¤«ï ¢á¥å � : � � � � q. �®«®¦¨¢

� = �� q + � ¨ � = �� �, ¯®«ãç¨¬
�P

�=0
V �
q��+� = 0, £¤¥ � = 0; q.

�¥¯¥àì V jU =
q�1P
�=0

V�(c��+ "q��ddxq)
c@0+Vqddxq 
c@0, ¨, §­ ç¨â, ¬ âà¨ç­ë© ª®íää¨æ¨¥­â ¯à¨
ddxq 
c@0 ¥áâì

q�1X
�=0

"q��V� + Vq =
qX

�=1

"�Vq�� + Vq =
qX

�=1

"�
qX

�=0

V �
q��"

� +
X

"
V 

q =

=
qX

�=1

qX
�=0

"�+�V �
q�� +

X
"
V 


q =
qX


=1


�1X
�=0

"
V �
q�
+� +

qX

=1

"
V 

q + V 0

q =

= V 0
q +

qX

=1

"


X

�=0

V �
q�
+� = 0:

� ª¨¬ ®¡à §®¬, V j
U
=

q�1P
�=0

V�c�� ¨ V 2 A1 
A0 Xh(M).

�¥¯¥àì fJ; V g = 0 ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 3), ¨ ¨§ ®¯à¥¤¥«¥­¨ï â¥­§®à  �¥©¥­å¥©á  ¨ ¢¨¤ 
ª®®à¤¨­ â ¯«îà «ì­®© áâàãªâãàë J ¢ R("q )-ª àâ¥ á«¥¤ã¥â, çâ®

@(�+1)n+iV

n+k
�n+j � @(�+1)n+jV


n+k
�n+i � @�n+iV

(
�1)n+k
�n+j + @�n+jV

(
�1)n+k
�n+i = 0:

�®íâ®¬ã

@(�+1)n+i
h qX

=0

"
V 
n+k
�n+j

i
� @(�+1)n+j

h qX

=0

"
V 
n+k
�n+j

i
� "@�n+i

h qX

=1

"
�1V 
n+k
�n+j

i
+

+"@�n+j
h qX

=1

"
�1V 
n+k
�n+i

i
= 0;

®âáî¤ 

D�n+iV
k
�n+j �D�n+jV

k
�n+i = 0;

á«¥¤®¢ â¥«ì­®, DV = 0.
� ª®­¥æ, ¯ãáâì V = LwJ . �®£¤  ¥á«¨ wjU = w�n+i@�n+i, â®

V jU (@�n+j) = �@(�+1)n+jw
�n+i@�n+i + @�n+jw

�n+i@(�+1)n+i =

= �@(�+1)n+jw
i@i + @�n+i"w

i@i = �D�n+jw
i@i:

�â ª, V = �Dw, ¨ ãâ¢¥à¦¤¥­¨¥ 7,   â¥¬ á ¬ë¬ ¨ â¥®à¥¬  ¤®ª § ­ë.
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4. �à¨¬¥àë ¢ëç¨á«¥­¨ï H1(M ;Xh)

�à¨¬¥à 1. �ãáâì � : T qB ! B | ª á â¥«ì­®¥ à áá«®¥­¨¥ ¯®àï¤ª  q, n = dimB. �®£¤  ­ 
â®â «ì­®¬ ¯à®áâà ­áâ¢¥ M = T qB ®¯à¥¤¥«¥­  áâàãªâãà  n-¬¥à­®£® ¬­®£®®¡à §¨ï ­ ¤  «£¥¡à®©
R("q ) [1]. �à¨ íâ®¬, ¥á«¨ (UB ; �B) | ª àâ  £« ¤ª®© áâàãªâãàë ­  B, â® U = ��1(UB) ï¢«ï-
¥âáï ®¡« áâìî ®¯à¥¤¥«¥­¨ï R("q )-ª àâë, ¨ ¤«ï U ¢ë¯®«­ïîâáï ãá«®¢¨ï D-«¥¬¬ë �ã ­ª à¥
(ãâ¢¥à¦¤¥­¨¥ 6). �®íâ®¬ã Hk(U ;Xh) = 0 ¤«ï ¢á¥å k > 0. �«¥¤®¢ â¥«ì­®, ¥á«¨ UB | ¯®ªàëâ¨¥ B
ª®®à¤¨­ â­ë¬¨ ®ªà¥áâ­®áâï¬¨, ¨ U = ��1U| á®®â¢¥âáâ¢ãîé¥¥ ¯®ªàëâ¨¥M , â® ¯® â¥®à¥¬¥ �¥à¥
Hk(M ;Xh) �= �Hk(U;Xh), £¤¥ �Hk | ª®£®¬®«®£¨¨ �¥å . � «¥¥, ¨§ ¢¨¤  R("q )-¤¨ää¥à¥­æ¨àã¥¬ëå
äã­ªæ¨© [1] á«¥¤ã¥â, çâ® Xh(��1(UB)) | á¢®¡®¤­ë© C1(UB)-¬®¤ã«ì à ­£  n(q + 1). �¥¯¥àì, ¨á-
¯®«ì§ãï à §¡¨¥­¨¥ ¥¤¨­¨æë, ¯®¤ç¨­¥­­®¥ ¯®ªàëâ¨î UB, áâ ­¤ àâ­ë¬ ®¡à §®¬ ¯®«ãç ¥¬, çâ®
Hk(M ;Xh) �= �Hk(U;Xh) = 0 ¤«ï k > 0.

� ª¨¬ ®¡à §®¬, ª ­®­¨ç¥áª ï ¯«îà «ì­ ï áâàãªâãà  ­  â®â «ì­®¬ ¯à®áâà ­áâ¢¥ ª á â¥«ì-
­®£® à áá«®¥­¨ï ¢ëáè¥£® ¯®àï¤ª  ï¢«ï¥âáï ¦¥áâª®©.

�à¨¬¥à 2. �ãáâì G | ¤¨áªà¥â­ ï ¯®¤£àã¯¯  ¢ £àã¯¯¥ ¯ à ««¥«ì­ëå ¯¥à¥­®á®¢ ¢¥ªâ®à­®-
£® ¯à®áâà ­áâ¢  R("q ) �= Rq+1 , ¯®à®¦¤¥­­ ï ¢¥ªâ®à ¬¨ ¡ §¨á  fe0; : : : ; eqg. � ªâ®à-¬­®£®®¡à §¨¥
M = R("q )=G £®¬¥®¬®àä­® (q+1)-¬¥à­®¬ã â®àã, ¨ â. ª. G ¤¥©áâ¢ã¥â ­  R("q ) ¯®áà¥¤áâ¢®¬ R("q )-
¤¨ää¥®¬®àä¨§¬®¢, â® ­ M ®¯à¥¤¥«¥­  ¥¤¨­áâ¢¥­­ ï áâàãªâãà  ®¤­®¬¥à­®£® ¬­®£®®¡à §¨ï ­ ¤
R("q ), ¤«ï ª®â®à®© ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï � : R("q ) ! M ï¢«ï¥âáï R("q )-¤¨ää¥à¥­æ¨àã¥¬ë¬
­ ªàëâ¨¥¬. �â¬¥â¨¬, çâ® à §­ë¬ ¯®¤£àã¯¯ ¬ G á®®â¢¥âáâ¢ãîâ, ¢®®¡é¥ £®¢®àï, à §­ë¥ áâàãªâã-
àë R("q )-¬­®£®®¡à §¨ï. �¥£ª® ¢¨¤¥âì, çâ® £®«®¬®àä­®¥ ª á â¥«ì­®¥ à áá«®¥­¨¥M âà¨¢¨ «ì­®,
¯®íâ®¬ã ¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬ ¯ãçª®¢ Xh

�= Fh, á«¥¤®¢ â¥«ì­®, H1(M ;Xh) �= H1(M ;Fh).
�¥©áâ¢¨¥ £àã¯¯ë G ­  R("q ) ¬®¦­® ¯à®¤®«¦¨âì ¤® ¤¥©áâ¢¨ï ­  ª®¬¯«¥ªá¥ (A�(R("q ));D).

�ãáâì (A�(R("q ));D)G |ª®¬¯«¥ªáG-¨­¢ à¨ ­â­ëåä®à¬, â®£¤  �� : (A�(M);D)! (A�(R("q ));D)G

ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �®íâ®¬ã H1(M ;Xh) �= H1((A�(R("q )); D)G).
�ãáâì Z1(R("q )) = Ker[D : A1(R("q ))! A2(R("q ))] | £àã¯¯  ª®æ¨ª«®¢. �¯à¥¤¥«¨¬ «¨­¥©­ë©

®¯¥à â®à I : Z1(R("q ))! A0(R("q )) á ¯®¬®éìî à¥ªãàà¥­â­ëå ä®à¬ã«: ¤«ï «î¡®© ! =
q�1P
�=0

!��� 2

A1(R("q )), !� =
qP

a=0
"a!a

�, ¯®«®¦¨¬ I(!) = F =
qP

a=0
"afa, £¤¥

f 0(xb) =
q�1X
�=0

Z 1

0

!0
�(x

0; tx1; : : : ; txq)x�+1dt;

fa(xb) =
q�1X
�=0

Z 1

0
[!a

�(x
0; tx1; : : : ; txq) + @�f

a�1(x0; tx1; : : : ; txq)]x�+1dt:

�¥£ª® ¯à®¢¥à¨âì, çâ® DI(!) = !.
� áá¬®âà¨¬ ª®æ¨ª« ! 2 (A0(R("q )))G, D! = 0. � ¬¥â¨¬, çâ® ¤¥©áâ¢¨¥ G ­  A0 ¯à¥¢à é ¥â

A0 ¢ G-¬®¤ã«ì, ¨ à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ � : G ! A0(R("q )), �(g) = gI(!) � I(!). �â¬¥â¨¬,
çâ® ¤¥©áâ¢¨â¥«ì­® � ¯à¨­¨¬ ¥â §­ ç¥­¨¥ ¢ G-¬®¤ã«¥ Fh, â. ª. D ¯¥à¥áâ ­®¢®ç­® á ã¬­®¦¥­¨¥¬
­  í«¥¬¥­âë G ¨, §­ ç¨â, D�(g) = 0 ¤«ï ¢á¥å g 2 G. �¥¯¥àì ! ï¢«ï¥âáï ª®£à ­¨æ¥© ¢ ª®¬-
¯«¥ªá¥ (A�(R("q ));D)G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï F 2 Fh(R("q )),
çâ® �(g) = gF � F . �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ eF = I(!) � F ¯à¨­ ¤«¥¦¨â (A0(R("q )))G ¨
D eF = !. (�®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ ®§­ ç ¥â, çâ® ¨¬¥¥â ¬¥áâ® ¨­ê¥ªâ¨¢­ë© ¬®àä¨§¬ £àã¯¯ë
H1(M ;Xh) ¢ £àã¯¯ã ª®£®¬®«®£¨© H1(G;Fh) £àã¯¯ë G c ª®íää¨æ¨¥­â ¬¨ ¢ G-¬®¤ã«¥ Fh ([8],
£«. 1), ®â®¡à ¦ îé¨© [!] ¢ �(g) = gI(��(!))� I(� � (!)).)
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�¥¯¥àì ­¥âàã¤­® ¯®ª § âì, çâ® H1(M;Xh) 6= 0. �«ï ¯à®áâ®âë à áá¬®âà¨¬ á«ãç ©, ª®£¤ 
®¡à §ãîé¨¥ G ¨¬¥îâ ¢¨¤: fek = "kgk=0;q . �®ª ¦¥¬, ­ ¯à¨¬¥à, çâ® [�0] 6= 0. �à¥¦¤¥ ¢á¥£®,
�0 = dx0�"qdxq 2 (A1(R("q )))G ¨ D�0 = 0. � «¥¥, I(�0) = x1+"x2+ � � �+"q�1xq. �«¥¤®¢ â¥«ì­®,
¤«ï g = g0e0 + � � � + gqeq, gk 2 Z, ¨¬¥¥¬ �(g) = g1 + "g2 + � � � + "q�1gq. �á«¨ [�0] = 0, â®

�(g) = F (x0 + g0; : : : ; xq + gq) � F (x0; : : : ; xq), £¤¥ F (x0; : : : ; xq) =
qP

a=0
"qfa(x0; : : : ; xq) 2 Fh. �®

¤«ï R("q )-¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¨ ¨¬¥¥¬ f 0 = f 0(x0) [1], ¯®íâ®¬ã g1 = 0, çâ® ¯à®â¨¢®à¥ç¨â
¯à®¨§¢®«ì­®áâ¨ g.

�¨â¥à âãà 

1. �¨è­¥¢áª¨© �.�., �¨à®ª®¢ �.�., �ãàë£¨­ �.�. �à®áâà ­áâ¢  ­ ¤  «£¥¡à ¬¨. { � § ­ì:
�§¤-¢® � § ­áª®£® ã­-â , 1985. { 264 á.

2. �®¡ ïá¨ �., �®¬¨¤§ã �. �á­®¢ë ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. { �.: � ãª , 1981. { 344 á.
3. Lehmann-Lejeune J. Integrabilite des G-structures de�nies par une 1-forme 0-deformable a valeures

dans le �bre tangent // Ann. Inst. Fourier. { 1966. { V. 16. { ò 2. { P. 329-387.
4. �àãçª®¢¨ç �.�. �á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ à¥£ã«ïà­®© £¨¯¥àª®¬¯«¥ªá­®© áâàãªâãàë // �ªà.

£¥®¬. á¡. { 1970. { ¢ë¯. 9. { �. 67-75.
5. Kodaira K., Spencer D.C. On deformations of complex analytic structures I{II // Ann. Math. {

1958. { V. 67. { P. 328-466.
6. �ã¡à®¢¨­ �.�., �®¢¨ª®¢ �.�., �®¬¥­ª® �.�. �®¢à¥¬¥­­ ï £¥®¬¥âà¨ï. { �.: � ãª , 1979. {

760 á.
7. �í««á �. �¨ää¥à¥­æ¨ «ì­®¥ ¨áç¨á«¥­¨¥ ­  ª®¬¯«¥ªá­ëå ¬­®£®®¡à §¨ïå. { �¥à. á  ­£«. { �.:

�¨à, 1976. { 290 á.
8. �¨è à¤¥ �. �®£®¬®«®£¨¨ â®¯®«®£¨ç¥áª¨å £àã¯¯ ¨  «£¥¡à �¨. { M.: �¨à, 1984. { 262 á.

� § ­áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â �®áâã¯¨« 

11.04.1996

12


