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1. � ¤ ®© à ¡®â¥ ¨§ãç ¥âáï ®¯¥à â®à H = H0 + V ¢ L2(R), £¤¥ H0 = �d2=dx2 + x2, V
| ®¯¥à â®à ã¬®¦¥¨ï   ¢¥é¥áâ¢¥ãî, ¨§¬¥à¨¬ãî, ã¡ë¢ îéãî ¯à¨ x ! 1 äãªæ¨î. � ª
¨§¢¥áâ® (á¬.,  ¯à., [1], á. 326), á¯¥ªâà ®¯¥à â®à  H0 á®áâ®¨â ¨§ ç¨á¥« 2n + 1,   á®®â¢¥âáâ¢ãî-

é¨¥ ®à¬¨à®¢ ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ áãâì 'n(x) = Hn(x)e�x
2=2=

q
2nn!

p
�, n = 0; 1; 2; : : : ,

£¤¥ Hn(x) | ¬®£®ç«¥ë �¥¡ëè¥¢ {�à¬¨â . �á¨¬¯â®â¨ª  á®¡áâ¢¥ëå ç¨á¥« ¢®§¬ãé¥®£®
®¯¥à â®à  H = H0 + V ¤«ï £« ¤ª¨å ã¡ë¢ îé¨å   ¡¥áª®¥ç®áâ¨ äãªæ¨© ¢¯¥à¢ë¥ ¯®¤à®¡®
¨§ãç¥  ¢ à ¡®â¥ [2], £¤¥ ¨á¯®«ì§®¢ ® íâ «®®¥ à¥è¥¨¥ á ¯®¬®éìî äãªæ¨© �©à¨ ([3], á. 377).
� ª ª ª V (x) ¥ ¯à¥¤¯®« £ ¥âáï £« ¤ª®©, â® ¤«ï äãªæ¨¨ q(x) = x2+ V (x) ¥ ¬®¦¥¬ ¥¯®áà¥¤-
áâ¢¥® ¯à¨¬¥¨âì â¥å¨ªã íâ «®ëå à¥è¥¨©. � ¤ ®© à ¡®â¥ ¨á¯®«ì§ã¥¬  ¯¯ à â â¥®à¨¨
¢®§¬ãé¥¨©, ®á®¢ ë©   ¨§ãç¥¨¨  á¨¬¯â®â¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï ï¤à  à¥§®«ì¢¥âë ¥-
¢®§¬ãé¥®£® ®¯¥à â®à .

�¡®§ ç¨¬ ç¥à¥§ �n á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  H0, ç¥à¥§ Pn | á®®â¢¥âáâ¢ãîé¨¥ ¯à®-
¥ªâ®àë   á®¡áâ¢¥ë¥ ¯®¤¯à®áâà áâ¢ ,   ç¥à¥§ R0(�) | à¥§®«ì¢¥âã ®¯¥à â®à  H0, R0(�) =
(H0 � �)�1. �®£« á® [4], ¥á«¨ V ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
n!1

sup
j���nj�1=2

kR0
n(�)V k = 0;

£¤¥ R0
n(�) = R0(�)� (�n � �)�1Pn, â® á¯¥ªâà ®¯¥à â®à  H = H0 + V ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï

� = �n + (V 'n; 'n)� (V Rn(�)V 'n; 'n): (1)

�¤¥áì (�; �) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ L2(R), 'n | ®à¬¨à®¢ ë© á®¡áâ¢¥ë© ¢¥ªâ®à, á®®â-
¢¥âáâ¢ãîé¨© á®¡áâ¢¥®¬ã § ç¥¨î �n,

Rn(�) =
1X
m=0

(�1)m[R0
n(�)V ]

mR0
n(�): (2)

�à¥¤áâ ¢¨¬ ®¯¥à â®à H0 ¢ ¢¨¤¥

H0 = H0
D �H0

N ;

£¤¥ H0
D ¨ H0

N | áã¦¥¨ï H0   ¨¢ à¨ âë¥ ¯®¤¯à®áâà áâ¢  á®®â¢¥âáâ¢¥® ¥ç¥âëå ¨
ç¥âëå äãªæ¨© ¨§ H = L2(R). �ãáâì R0(�), R0

D(�), R
0
N(�) | à¥§®«ì¢¥âë ®¯¥à â®à®¢ H0, H0

D

¨ H0
N . � á¨«ã á®®â®è¥¨© 'n(�x) = (�1)n'n(x) ¯®«ãç¨¬

R0
D(�x; t; �) = �R0

D(x; t; �) = R0
D(x;�t; �);

R0
N(�x; t; �) = R0

N(x; t; �) = R0
N(x;�t; �)

¤«ï ¢á¥å x; t 2 R ¨ � 6= 2n+ 1.
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� ª¨¬ ®¡à §®¬, ¤«ï ¨§ãç¥¨ï ï¤à  R0(x; t; �) ®¯¥à â®à  R0(�) ¯à¨ x 2 (�1;1), t 2 (�1;1)
¤®áâ â®ç® ¨§ãç¨âì ï¤à  R0

D(x; t; �) ¨ R
0
N(x; t; �) ¯à¨ x � 0, t � 0. � ¤«ï íâ®£® ¯®á«¥¤¥¥ ã¤®¡¥¥

á¢ï§ âì á ï¤à ¬¨ B�
D(x; t; �) ¨ B

�
N(x; t; �) à¥§®«ì¢¥â B

�
D(�) ¨ B

�
N(�) ®¯¥à â®à®¢ L

�
D ¨ L�N

R0
D(x; t; �) =

1
2
B+
D(x; t; �); R0

N(x; t; �) =
1
2
B+
N(x; t; �); x; t � 0;

£¤¥ L�D = H0
D

��
H�

, L�N = H0
N

��
H�

, H� = fy 2 H : y(�x) = 0, x > 0g. �ãáâì R0
n(x; t; �) | ï¤à®

à¥§®«ì¢¥âë R0
n(�). �âáî¤  ¨ á®£« á® ®¯à¥¤¥«¥¨î R0

n(x; t; �) ¯à¨ x; t � 0 ¡ã¤¥¬ ¨¬¥âì

R0
n(x; t; �) =

1
2

(
B+
N(x; t; �) +B+

Dn(x; t; �); n ¥ç¥â®¥;

B+
D(x; t; �) +B+

Nn(x; t; �); n ç¥â®¥;
(3)

£¤¥

B+
Dn(x; t; �) = B+

D(x; t; �) �
2'2n+1(t)'2n+1(x)

4n+ 3� �
;

B+
Nn(x; t; �) = B+

N(x; t; �)�
2'2n(t)'2n(x)
4n+ 1� �

:

� ª¨¬ ®¡à §®¬, çâ®¡ë ¨áá«¥¤®¢ âì ¯®¢¥¤¥¨¥ ç áâ¨ R0
n(�) à¥§®«ì¢¥âë R0(�) ¢ ®ªà¥áâ®áâ¨

� = �n, ã¦® ¨§ãç¨âì ¯®¢¥¤¥¨ï B+
Dn(x; t; �) ¨ B+

Nn(x; t; �) ¢ ®ªà¥áâ®áâ¨ á®®â¢¥âáâ¢ãîé¨å
á®¡áâ¢¥ëå § ç¥¨©.

2.�®«ãç¨¬ ¯à¥¤áâ ¢«¥¨ï ¤«ï ï¤¥àB+
D(x; t; �), B

+
N(x; t; �) à¥§®«ì¢¥â B

+
D(�) ¨B

+
N(�). � ç¥¬

á ¨§ãç¥¨ï B+
D(x; t; �). �®áâà®¨¬ «¨¥©® ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï yk(x; �), £¤¥ k = 1; 2, y1(x; �) 2

L2(0;1), ãà ¢¥¨ï

�y00(x) + x2y(x) = �y(x): (4)

�«ï íâ®£®, á«¥¤ãï à ¡®â¥ [2], ¯à¨¬¥¨¬ ¬¥â®¤ íâ «®ëå à¥è¥¨©. �¢¥¤¥¬ ®¡®§ ç¥¨ï ¯à¨
x � 0, � > 0

�(x; �) =
�
3
2

Z x

p
�

jt2 � �j 12dt
� 2

3

sgn(x�
p
�);

S(x; �) = j�0(x; �)j� 1

2 ; K(x; �) = S00(x; �)S�1(x; �)jx2 � �j� 1

2 ;

eQ(x; �) =
8>>><>>>:
Q(x; �) =

p
�R

x
(�� t2)

1

2 dt ¯à¨ 0 � x � p�;

Q1(x; �) =
xR
p
�

(t2 � �)
1

2 dt ¯à¨ x >
p
�:

� ª ç¥áâ¢¥ íâ «®ëå à¥è¥¨© ¢®§ì¬¥¬ äãªæ¨¨

z1(x; �) = S(x; �)Ai(�(x; �)); z2(x; �) = S(x; �)Bi(�(x; �));

£¤¥ Ai(�); Bi(�) | ¢¥é¥áâ¢¥ë¥ äãªæ¨¨ �©à¨. �®®â¢¥âáâ¢ãîé¨¥ ¨â¥£à «ìë¥ ãà ¢¥¨ï ãª -
§ ®£® ¬¥â®¤  ¨¬¥îâ ¢¨¤

y1(x; �) = z1(x; �) +
Z 1

x

H(x; t; �)y1(t; �)dt;

y2(x; �) = z2(x; �) �
Z x

0

H(x; t; �)y2(t; �)dt;

£¤¥ H(x; t; �) = fz1(x; �)z2(t; �)� z1(t; �)z2(x; �)gK(t; �)jt2 � �j1=2.
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�ãáâì äãªæ¨ï u(x; �) = [B+
D(�)h](x), £¤¥ � 6= 4n+ 3; n � 0, h(x) 2 L2(0;1). �®£¤  u(x; �)

ã¤®¢«¥â¢®àï¥â ¥®¤®à®¤®¬ã ãà ¢¥¨î

�u00(x) + x2u(x)� �u(x) = h(x) (5)

¨ ãá«®¢¨ï¬ u(0; �) = 0, u(x; �) 2 L2(0;1).
�¢¥¤¥¬ ï¤à®

G(x; t; �) =
1

W (�)

(
y1(x; �)y2(t; �); 0 � t � x <1;

y1(t; �)y2(x; �); 0 � x < t <1;

£¤¥ W (�) = y1(x; �)y02(x; �) � y01(x; �)y2(x; �).

�¥¬¬ .�ãªæ¨ï w(x; �) =
1R
0

G(x; t; �)h(t)dt ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (5) ¨ ãá«®¢¨î w(x; �) 2
L2(0;1).

�§ «¥¬¬ë á«¥¤ã¥â, çâ® äãªæ¨ï f(x; �) = u(x; �)�w(x; �) ã¤®¢«¥â¢®àï¥â ®¤®à®¤®¬ã ãà ¢-
¥¨î (4) ¨ ¯à¨ ¤«¥¦¨â L2(0;1). �«¥¤®¢ â¥«ì®, f(x; �) = Ay1(x; �); £¤¥ A� ¥ª®â®à ï ¯®áâ®-
ï ï. �¥ ¥âàã¤®  ©â¨ ¨§ ãá«®¢¨ï u(0; �) = 0. �â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �¤à  B+
D(x; t; �) ¨ B

+
Dn(x; t; �) à¥§®«ì¢¥â B+

D(�) ¨ B
+
Dn(�) á®®â¢¥âáâ¢¥® ¨¬¥-

îâ ¢¨¤

B+
D(x; t; �) = G(x; t; �)� y2(0; �)

W (�)y1(0; �)
y1(x; �)y1(t; �);

B+
Dn(x; t; �) = B+

D(x; t; �) �
2'2n+1(t)'2n+1(x)

4n+ 3� �
=

= G(x; t; �)� y2(0; �)y1(x; �)y1(t; �)
W (�)y1(0; �)

� y2(0; 4n + 3)y1(x; 4n+ 3)y1(t; 4n+ 3)
(4n+ 3� �)W (4n+ 3)(y1)0�(0; 4n+ 3)

:

� ¬¥ç ¨¥. � ª¨¥ ¦¥ ¯à¥¤áâ ¢«¥¨ï ¨¬¥îâ ï¤à  B+
N(x; t; �) ¨ B+

Nn(x; t; �) á â¥¬ ®â«¨ç¨¥¬,
çâ® ¢¬¥áâ® ®â®è¥¨ï y2(0; �)=y1(0; �) ¡ã¤¥â y02(0; �)=y

0
1(0; �), 4n+3 § ¬¥¨âáï   4n+1 ¨ ¢¬¥áâ®

(y1)0�(0; �n) ¡ã¤¥¬ ¨¬¥âì (y1)00x�(0; �n).

3. �®«ãç¨¬ â¥¯¥àì  á¨¬¯â®â¨ªã á¯¥ªâà  ¢®§¬ãé¥®£® ®¯¥à â®à . �§ á®®â®è¥¨© (1){(3)
á«¥¤ã¥â, çâ® ¤«ï íâ®£® ã¦ë  á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï ï¤¥à B+

D(x; t; �), B
+
Nn(x; t; �) ¢

®ªà¥áâ®áâ¨ �2n = 4n+ 1 ¨ B+
N(x; t; �), B

+
Dn(x; t; �) ¢ ®ªà¥áâ®áâ¨ �2n+1 = 4n+ 3. �§ â¥®à¥¬ë 1 ¨

§ ¬¥ç ¨ï á«¥¤ã¥â, çâ® ¤«ï íâ®£® ¤®áâ â®ç® ¯®«ãç¨âì  á¨¬¯â®â¨ªã à¥è¥¨© yk(x; �), k = 1; 2, ¨
¨å ¯à®¨§¢®¤ëå, ª®â®àë¥ ¬®¦® ¯®«ãç¨âì, ¨á¯®«ì§ãï  á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï äãªæ¨©
�©à¨.

�ãáâì f�ng1n=0� á¯¥ªâà ®¯¥à â®à  H = H0 + V . �®ª §  

�¥®à¥¬  2. �ãáâì V (x) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
10: V (x) 2 L2(R);

20:
1R
�1

(1 + jxj)�jV (x)j�dx <1, £¤¥ � > 2, � > � � 1,

â®£¤  ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï 10 á¯à ¢¥¤«¨¢® ãà ¢¥¨¥ (1),   ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï 20 ¨

¯à¨ n� 1 ¨¬¥¥â ¬¥áâ®

�n = �n +
4
�

�1=2n ���1=6nZ
0

V +(x) cos2
�
Q(x; �n)� �

4

�
(�n � x2)�1=2dx+

+
4

3�1=6n

�1=2n +��1=6nZ
�
1=2
n ���1=6n

V +(x)
�

1
61=3�2( 4

3
)
� x2 � �n

3�( 4
3
)�( 2

3
)�1=3n

+
(x2 � �n)2

65=3�2( 2
3
)�2=3n

�
dx�
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� 4
�

p
�n=2Z
0

V +(x)p
�n � x2

cos2
�
Q(x; �n)� �

4

� xZ
0

V +(t)p
�n � t2

cos 2Q(t; �n)dt dx�

� 4
�

p
�n=2Z
0

V �(x)p
�n � x2

cos2
�
Q(x; �n)� �

4

� xZ
0

V �(t)p
�n � t2

cos 2Q(t; �n)dt dx+

+
1
�

1Z
�
1=2
n +�

�1=6
n

V +(x)e�2Q1(x;�n)

p
x2 � �n

dx� 4
�

p
�n=2Z
0

V +(x)p
�n � x2

cos2
�
Q(x; �n)� �

4

�
dx�

�
p
�n=2Z
0

V +(t)(�n � t2)�1=2 cos 2Q(t; �n) arccos
tp
�n
dt+O

�
1

n1+"

�
;

£¤¥ " = (� + 1 � �)=(2�), V �(x) = (V (x)� V (�x)) =2, �(x) | £ ¬¬ -äãªæ¨ï �©«¥à , äãªæ¨¨

Q(x; �n), Q1(x; �n) ®¯à¥¤¥«¥ë ¢ëè¥.

�¨â¥à âãà 
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