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�â âìï ¯®á¢ïé¥­  ¨§ãç¥­¨î ¢§ ¨¬®á¢ï§¨ ¯®¢¥¤¥­¨ï ª®íää¨æ¨¥­â®¢ âà¨£®­®¬¥âà¨ç¥áª¨å àï-
¤®¢ ¬­®£¨å ¯¥à¥¬¥­­ëå ¨ £« ¤ª®áâ¨ áã¬¬ íâ¨å àï¤®¢ ¢ ¯à®áâà ­áâ¢ å Lp.

�ãáâì m | à §¬¥à­®áâì ¯à®áâà ­áâ¢ , T = [��; �], ¨ äã­ªæ¨ï f(x) = f(x1; : : : ; xm) 2 L(Tm)
¢áî¤ã ¯à¥¤¯®« £ ¥âáï 2�-¯¥à¨®¤¨ç¥áª®© ¯® ª ¦¤®© ¯¥à¥¬¥­­®©. �¥à¥§X

n2Zm

an(f)e
inx =

X
n2Zm

ane
inx

¡ã¤¥¬ ®¡®§­ ç âì ªà â­ë© àï¤ �ãàì¥ äã­ªæ¨¨ f(x), £¤¥ n = (n1; : : : ; nm), x = (x1; : : : ; xm),

nx =
mP
l=1

nlxl.

�¯à¥¤¥«¥­¨¥ 1. �ãáâì äã­ªæ¨ï !(�) ­¥ã¡ë¢ îé ï, ­¥¯à¥àë¢­ ï ­  [0; 1]m, !(0) = 0,
!(� + �) � !(�) + !(�), ¯à¨ 0 � j�j � j�j � j�j + j�j � 1. �®£¤  !(�) ­ §ë¢ ¥âáï ¬®¤ã«¥¬ ­¥-

¯à¥àë¢­®áâ¨.

�§¢¥áâ­  ¤®ª § ­­ ï � à¤¨ ¨ �¨ââ«¢ã¤®¬

�¥®à¥¬  �.

 ) �á«¨ 1 < p � 2 ¨ f(x) 2 Lp(Tm), â®

X
n2Zm

jan(f)j
p

mY
j=1

(jnj j+ 1)p�2 � c(p;m)kfkpp:

¡) �á«¨ 2 � p <1 ¨ ç¨á«  fangn2Zm â ª®¢ë, çâ®

Jp(a) =
� X
n2Zm

jan(f)j
p

mY
j=1

(jnj j+ 1)p�2
�1=p

<1;

â® ­ ©¤¥âáï äã­ªæ¨ï f(x) 2 Lp(Tm) â ª ï, çâ® ¤«ï «î¡®£® n 2 Zm

an(f) = an ¨ kfkp � c(p;m)Jp(a):

�«ï m = 1 ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬®¦­® ­ ©â¨ ¢ [1],   ¤«ï m > 1 ¥£® ¬®¦­® ¯®«ãç¨âì
¯à¨¬¥­¥­¨¥¬ ¨­¤ãªæ¨¨.

�à®¬¥ â®£®, � à¤¨ ¨ �¨ââ«¢ã¤ § ¬¥â¨«¨, çâ® ¢ ®¤­®¬¥à­®¬ á«ãç ¥ ¤«ï àï¤®¢
1P
n=1

ane
inx, £¤¥

a1 � a2 � � � � � 0, an ! 0 ¯à¨ n!1, á¯à ¢¥¤«¨¢ ¨ ¡®«¥¥ â®ç­ë© à¥§ã«ìâ â ([1], x 9.5).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò06-01-00268) ¨ ¯à®£à ¬¬ë \�¥¤ãé¨¥ ­ ãç­ë¥ èª®«ë", £à ­â ò��-4681.2006.1.
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�®§¤­¥¥ â¥®à¥¬  A ®¡®¡é « áì ¢ à ¡®â å [2] (¤«ï ª®íää¨æ¨¥­â®¢, ¬®­®â®­­ëå ¢ á¬ëá«¥
� à¤¨), [3] (¤«ï ª®íää¨æ¨¥­â®¢, ¬®­®â®­­ëå ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î), [4] (¤«ï  ­¨§®âà®¯­®£®
á«ãç ï).

� á¢ï§¨ á íâ¨¬ ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á § ¤ ç  ®¡ ®¯¨á ­¨¨ ª« áá®¢ H!1:::!m
p ¢ ¬¥âà¨ª¥ Lp ¢

â¥à¬¨­ å ª®íää¨æ¨¥­â®¢ ¨å âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢ �ãàì¥.
�ãáâì �m | ¬­®¦¥áâ¢® ¢á¥å m-¬¥à­ëå ¢¥ªâ®à®¢ ¨§ 0 ¨ 1. �á«¨ 
 2 �m, 
 = (
1; : : : ; 
m), â®

j
j =
mP
i=1


i. �¡®§­ ç¨¬ �1(f;x;h) =
P


2�m

(�1)j
jf(x+ 
h), £¤¥ 
h = (
1h1; : : : ; 
mhm).

�¯à¥¤¥«¥­¨¥ 2. �ãáâì f(x) 2 Lp(Tm), p 2 (1;1], £¤¥ L1 � C. �¬¥è ­­ë¬ ¬®¤ã«¥¬ ­¥¯à¥-

àë¢­®áâ¨ ­ §®¢¥¬

!p(f; �1; : : : ; �m) = sup
jh1j��1;:::;jhmj��m

k�1(f;x;h)kp:

�¯à¥¤¥«¥­¨¥ 3. �ãáâì � = (�1; : : : ; �m). �ã¤¥¬ £®¢®à¨âì, çâ® f(x) 2 Lip(�; p), p 2 (1;1],
�j 2 (0; 1), j = 1; : : : ;m, ¥á«¨

!p(f; �1; : : : ; �m) = O

� mY
j=1

h
�j
j

�
; hj ! 0+; j = 1; : : : ;m:

�à¨ p =1 á®®â¢¥âáâ¢ãîé¨© ª« áá ¡ã¤¥¬ ®¡®§­ ç âì Lip(�).

�ãáâì f(x) 2 Lp([0; �]m), m � 1, � = (�1; : : : ; �m) ¨ 0 < �i < � ¯à¨ 1 � i � m. �¡®§­ ç¨¬

kfk� p =
�Z �

�1

� � �
Z �

�m

jf(x)jpdx
�1=p

:

�¯à¥¤¥«¥­¨¥ 4. �®á«¥¤®¢ â¥«ì­®áâì ª®¬¯«¥ªá­ëå ç¨á¥« f�kgk2Nm ­ §®¢¥¬ ®¡®¡é¥­­®-

¬®­®â®­­®©, ¥á«¨ ­ ©¤¥âáï â ª®¥ ç¨á«® c > 0, çâ® ¤«ï «î¡®£® k 2 Zm ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

j�kj �
c

jQkj

��� X
r2Qk

�r
���;

£¤¥ Qk = fr 2 Zm : 0 � jrj j � jkj j, j = 1; : : : ;mg.

�ãáâì 1 � p � 1 ¨ § ¤ ­ë ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ !1(�1); : : : ; !m(�m). �¥à¥§ H!1:::!m
p ®¡®§­ -

ç¨¬ ¬­®¦¥áâ¢® ¢á¥å äã­ªæ¨© f(t) â ª¨å, çâ® f(t) 2 Lp(Tm) ¨ !p(f; �1; : : : ; �m) = O
� mQ
j=1

!j(�j)
�
.

� ®¤­®¬¥à­®¬ á«ãç ¥ ¤«ï ¬®­®â®­­ëå ª®íää¨æ¨¥­â®¢ �ãàì¥ ¨§¢¥áâ­ë á«¥¤ãîé¨¥ ãâ¢¥à-
¦¤¥­¨ï.

�¥®à¥¬  � ([5]). �á«¨ f(x) =
P
an cosnx, £¤¥ an # 0, â® ¤«ï â®£® çâ®¡ë f(x) 2 Lip(�),

0 < � < 1, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë an = O( 1
n1+�

).

�¥®à¥¬  � ([6]). �ãáâì an # 0. �®£¤  ¤«ï â®£® çâ®¡ë äã­ªæ¨ï f(x) =
P
an cosnx ¯à¨­ ¤-

«¥¦ «  ª« ááã �¨¯è¨æ  Lip(�) ¢ ¬¥âà¨ª¥ Lp, 0 < � < 1, 1 < p <1, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë an = O( 1
n1+��1=p ).

�«ï ªà â­®£® á«ãç ï ¢®§¬®¦­ë à §«¨ç­ë¥ ®¯à¥¤¥«¥­¨ï ¬®­®â®­­®áâ¨.

�¯à¥¤¥«¥­¨¥ 5. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì an1;:::;nm ¬®­®â®­­  ¢ á¬ëá«¥

� à¤¨, ¥á«¨ ¤«ï «î¡ëå n1; : : : ; nm � 1 ¢¥à­® ­¥à ¢¥­áâ¢®

1X
j1=0;:::;jm=0

(�1)jjjan1+j1;:::;nm+jm � 0:
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�¯à¥¤¥«¥­¨¥ 6. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì an1;:::;nm ¬®­®â®­­® ã¡ë¢ ¥â (¢®§-
à áâ ¥â) ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î, ¥á«¨ ¤«ï «î¡ëå n1; : : : ; nm � 1 ¨ ¤«ï «î¡ëå j1; : : : ; jm � 0
¢¥à­® ­¥à ¢¥­áâ¢®

an1;:::;nm � an1+j1;:::;nm+jm (an1+j1;:::;nm+jm � an1;:::;nm):

�ç¥¢¨¤­®, çâ® ¥á«¨ an1;:::;nm ! 0 ¯à¨ max(n1; : : : ; nm) ! 1, â® ¨§ ¬®­®â®­­®áâ¨ ¯® � à¤¨
¢ëâ¥ª ¥â ¬®­®â®­­®áâì ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î.

�«ï ¤¢®©­ëå âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢ á ª®íää¨æ¨¥­â ¬¨, ¬®­®â®­­ë¬¨ ¢ á¬ëá«¥ � à¤¨,
 ­ «®£¨ â¥®à¥¬ � ¨ � ¡ë«¨ ¯®«ãç¥­­ë ¢ [7] ¨ [8].

�¡®¡é¨¬ íâ¨ à¥§ã«ìâ âë ­  á«ãç © ¯à®¨§¢®«ì­®© ª®­¥ç­®© à §¬¥à­®áâ¨ ¨ ª®íää¨æ¨¥­â®¢,
¬®­®â®­­ëå ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î.

1. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¥à¥§ c(p;m) ­¨¦¥ ¡ã¤ãâ ®¡®§­ ç âìáï ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, § ¢¨áïé¨¥ «¨èì ®â p ¨
m (­¥ ®¡ï§ â¥«ì­® à ¢­ë¥ ¬¥¦¤ã á®¡®©).

�¥¬¬  � ([3]). �ãáâì Q(x) =
MP
n=1

ane
inx, an ¬®­®â®­­ë ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î, kak1 =

max
1�n�M

janj. �®£¤  ¤«ï
2m
m+1

< p � 2 ¨ «î¡®£® � 2 (0; 1]m

kQ(x)k�;p � c(p;m)kak1(�1(M))
m�1
2m (�1(�))

1
p�

m+1
2m ;

£¤¥ �1(k) =
mQ
l=1

kl.

�¥¬¬  � ([9]). �á«¨ 1 < p < 1, W0 | ¬­®¦¥áâ¢® ¢á¥å ®âà¥§ª®¢ ¢ Nm ¨ ª®íää¨æ¨¥­âë

�ãàì¥ äã­ªæ¨¨ f (a = fakgk2Nm) ®¡®¡é¥­­®-¬®­®â®­­ë, f 2 Lp[0; �]m, â® ¤«ï ª®íää¨æ¨¥­â®¢
�ãàì¥ ¢¥à­® ­¥à ¢¥­áâ¢®

kf(x)kp � c(p;m)
� 1X

k1=1

� � �
1X

km=1

apk

mY
j=1

kp�2j

� 1
p

:

�¥¬¬  �. �ãáâì Q(x) =
MP
n=1

an
� mQ
i=1

bni

�
einx, £¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì an ¬®­®â®­­® ã¡ë¢ -

¥â ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î,   bi = fbnig
m
ni=1

| ¬®­®â®­­® ¢®§à áâ îé¨¥, ­¥®âà¨æ â¥«ì­ë¥,

®£à ­¨ç¥­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨, i = 1; : : : ;m, p > 2m
m+1

. �®£¤ 

kQ(x)k� p � c(p;m)kak1
mY
i=1

kbik1M
m�1
2m

i �
1
p�

m+1
2m

i :

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ �¡¥«ï ª Q(x) ¯® ¯¥à¢®¬ã ¨­¤¥ªáã

Q(x) =
M1�1X
n1=1

(bn1 � bn1+1)Q1n1(x) + bM1

MX
n=1

an

mY
i=2

bnie
inx;

£¤¥ Q1n1(x) =
n1P

k1=1

M2P
n2=1

� � �
MmP
nm=1

ak1;n2;:::;nm
mQ
i=2

bnie
i(k1x1+n2x2+:::+nmxm). �®£¤ 

kQ(x)k� p �
M1�1X
n1=1

jbn1 � bn1+1j max
n1<M1

kQ1n1(x)k� p + bM1
kQ1M1

(x)k� p � 2bM1
max
n1�M1

kQ1n1(x)k� p:

�®á«¥¤®¢ â¥«ì­® ¯à¨¬¥­¨¢ ¯à¥®¡à §®¢ ­¨¥ �¡¥«ï ¯® ®áâ «ì­ë¬ ¨­¤¥ªá ¬ ¨ ¨á¯®«ì§ãï «¥¬-
¬ã A, ¯®«ãç¨¬

kQ(x)k� p � c(p;m)kak1
mY
i=1

kbik1M
m�1
2m

i �
1
p�

m+1
2m

i : �
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�¥®à¥¬  1. �ãáâì Q(x) =
MP
n=1

an
mQ
i=1

bnie
inx, £¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì an ¬®­®â®­­® ã¡ë¢ ¥â

¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î,   bni | ¬®­®â®­­® ¢®§à áâ îé¨¥, ­¥®âà¨æ â¥«ì­ë¥, ®£à ­¨ç¥­­ë¥

¯®á«¥¤®¢ â¥«ì­®áâ¨,
b2ni
bni

� const, i = 1; : : : ;m, 2m
m+1

< p < 2. �®£¤ 

kQ(x)kp � c(p;m)
� MX
n=1

apn

mY
i=1

bpnin
p�2
i

�1=p

:

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ Q(x) =
1P
n=1

an
mQ
i=1

bnie
inx, £¤¥ an = 0 ¯à¨ max(nj � Mj) > 0,

j = 1; : : : ;m.

�®áâ â®ç­® ¤®ª § âì âà¥¡ã¥¬ãî ®æ¥­ªã ¤«ï
� R
[0;�)m

jQ(x)jpdx
�1=p

, â. ª. ¨­â¥£à «ë ¯® ®áâ «ì-

­ë¬ ªã¡ ¬ ®æ¥­¨¢ îâáï  ­ «®£¨ç­®.
�¡®§­ ç¨¬ I =

R
[0;�)m

jQ(x)jpdx, ¤«ï «î¡®£® n 2 Zm
+ ¬­®¦¥áâ¢® Bn ¥áâì ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥-

­¨¥
mQ
i=1
[� � 2�ni ; � � 21�ni ].

�®£¤ 

I =
1X
n=1

Z
Bn

jQ(x)jpdx � c(p;m)
1X

��f1;:::;mg

1X
n=1

Z
Bn

jQn�(x)j
pdx;

£¤¥ Qn�(x) =
�0P
�=�

a�
mQ
s=1

b�se
i�x, ¨ ¤«ï s = 1; : : : ;m

�s = �s(n;�) =

(
1 ¤«ï s 2 �;

2ns + 1 ¤«ï s =2 �;
� 0s = � 0s(n;�) =

(
2ns ¤«ï s 2 �;

1 ¤«ï s =2 �:

�¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¡ã¤¥¬ ¯®« £ âì � = f1; : : : ; kg, k � m. �®£¤  ¥á«¨ y = (y1; : : : ; ym),
®¡®§­ ç¨¬ y(1; k) = (yk+1; : : : ; ym) ¨ y(2; k) = (y1; : : : ; yk), ¥á«¨ k < m ¨ � 6= ;. �á«¨ ¦¥ � = ;, â®

¯®« £ ¥¬ k = 0; n1 + � � � + nm = 0. �«ï k < m ¯®«®¦¨¬ Bn k =
mQ

j=k+1
[� � 2�nj ; � � 21�nj ]. �®£« á­®

¢¢¥¤¥­­ë¬ ®¡®§­ ç¥­¨ï¬ ¨¬¥¥¬ �(1; k) = (2nk+1 + 1; : : : ; 2nm + 1) ¨ � 0(2; k) = (2n1 ; : : : ; 2nk ). �à¨
k = m ¯®«®¦¨¬ y(1; k) = 0 ¨ y(2; k) = (y1; : : : ; ym).

�à¨ ä¨ªá¨à®¢ ­­®¬ n, k < m, ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à , ¯®«ãç¨¬ ®æ¥­ªã

Z
Bn

jQn�(x)jpdx �
� �0(2;k)X

�(2;k)=1

kY
s=1

bp�s

Z
Bn

����
1X

�(1;k)=�(1;k)

a�

mY
r=k+1

b�re
i�(1;k)x(1;k)

����
p

dx

�� �0(2;k)X
�(2;k)=1

1
�p�1

=

=
� �0(2;k)X

�(2;k)=1

kY
s=1

bp�s

Z
Bn k

����
1X

�(1;k)=�(1;k)

a�

mY
r=k+1

b�re
i�(1;k)x(1;k)

����
p

dx(1; k)
�
�

� �k2�(n1+���+nk)2(n1+���+nk)(p�1) = �k2(n1+���+nk)(p�2)
�0(2;k)X
�(2;k)=1

kY
s=1

bp�sIn �(2;k):

�­ «®£¨ç­® ¤«ï k = m ¯®«ãç¨¬ ®æ¥­ªã

Z
Bn

jQn�(x)j
pdx � �m2(n1+���+nm)(p�2)

(2n1 ;:::;2nm )X
�=1

ap�

mY
s=1

bp�s :

�®«®¦¨¬ � = 1
2

�
m+1
2m

� 1
p

�
, â®£¤  1

p
� m+1

2m
+ � < 0.
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�®£« á­® ®¡®§­ ç¥­¨ï¬ ¯®«®¦¨¬ a(�; s; k) = a�1;:::;�k;2sk+1 ;:::;2sm ¯à¨ �; s 2 Zm \ Rm
+ . �®£¤ ,

¯®«ì§ãïáì «¥¬¬®© �, ¤«ï k < m ¡ã¤¥¬ ¨¬¥âì

I1=pn�(2;k) �
1X

s(1;k)=n(1;k)

�Z
Bn k

����
(2sk+1+1;:::;2sm+1)X

�(1;k)=(2sk+1+1;:::;2sm+1)

a�

mY
r=k+1

b�re
i�(1;k)x(1;k)

����
p

dx(1; k)
�1=p

�

� c(p;m)
1X

s(1;k)=n(1;k)

a(�; s; k)
mY

r=k+1

b2sr2
(sk+1+���+sm)m�k�1

2(m�k) �

� 2�(nk+1+���+nm)( 1p�
m�k+1
2(m�k)

) = c(p;m)2�(nk+1+���+nm)( 1p�
m�k+1
2(m�k)

) �

�
1X

s(1;k)=n(1;k)

a(�; s; k)
mY

r=k+1

b2sr2
(sk+1+���+sm)(m�k�1

2(m�k)
+�)2�(sk+1+���+sm)� �

� c(p;m)2�(nk+1+���+nm)( 1p�
m�k+1
2(m�k)

)2�(nk+1+���+nm)� �

�

� 1X
s(1;k)=n(1;k)

(a(�; s; k))p
mY

r=k+1

bp2sr 2
(sk+1+���+sm)

�
m�k�1
2(m�k)

+�
�
p

�1=p

:

�ª®­ç â¥«ì­® ¯®«ãç¨¬

1X
n=1

Z
Bn

jQn�(x)j
pdx � c(p;m)

1X
n=1

�0(2;k)X
�(2;k)=1

kY
l=1

bp�l �

�

� 1X
s(1;k)=n(1;k)

(a(�; s; k))p
mY

r=k+1

bp2sr2
(sk+1+���+sm)(m�k�1

2(m�k)
+�)p

�
�

� 2(n1+���+nk)(p�2)2(nk+1+���+nm)(m�k+1
2(m�k)

� 1
p��)p �

� c(p;m)
1X

n(2;k)=1

2(n1+���+nk)(p�2)
�0(2;k)X
�(2;k)=1

kY
l=1

bp�l

1X
s(1;k)=1

(a(�; s; k))p
mY

r=k+1

bp2sr �

� 2(sk+1+:::+sm)(m�k+1
2(m�k)

� 1
p��)p � 2(sk+1+:::+sm)(m�k�1

2(m�k)
+�)p =

= c(p;m)
1X

n(2;k)=1

2(n1+���+nk)(p�2)
�0(2;k)X
�(2;k)=1

kY
l=1

bp�l

1X
s(1;k)=1

(a(�; s; k))p
mY

r=k+1

bp2sr 2
(sk+1+���+sm)(p�1) �

� c(p;m)
�0(2;k)X
�(2;k)=1

kY
l=1

bp�l

1X
s(1;k)=1

(a(�; s; k))p �

�
mY

r=k+1

bp2sr 2
(sk+1+���+sm)(p�1)

kY
t=1

�p�2t � c(p;m)
1X
�=1

ap�

mY
l=1

bp�l�
p�2
l :

�­ «®£¨ç­® ¤«ï k = m ¯®«ãç¨¬ ®æ¥­ªã

1X
n=1

Z
Bn

jQn�(x)j
pdx � c(p;m)

1X
n=1

2(n1+���+nm)(p�2)

(2n1 ;:::;2nm )X
�=1

ap�

mY
s=1

bp�s � c(p;m)
1X
�=1

ap�

mY
s=1

bp�s�
p�2
s :

� ¬¥ç ­¨¥ 1. �§ â¥®à¥¬ë � à¤¨{�¨ââ«¢ã¤  á«¥¤ã¥â, çâ® ®æ¥­ª  â¥®à¥¬ë 1 ®áâ ¥âáï á¯à -
¢¥¤«¨¢®© ¨ ¯à¨ p � 2.

� ª¦¥ ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â
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�«¥¤áâ¢¨¥. �ãáâì 2m
m+1

< p < 2, 1 � k � m, âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ ¨¬¥¥â ¢¨¤

1X
n1=1

� � �
1X

nk=1

Mk+1X
nk+1=1

� � �
MmX
nm=1

an

� mY
j=k

bnj

�
einx;

£¤¥ ª®íää¨æ¨¥­âë an ¬®­®â®­­® ã¡ë¢ îâ ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î, bnj | ¬®­®â®­­® ¢®§à áâ -

îé¨¥, ­¥®âà¨æ â¥«ì­ë¥, ®£à ­¨ç¥­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨,
b2nj
bnj

� const, j = k; : : : ;m,   â ª¦¥
¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

1X
n1=1

� � �
1X

nk=1

Mk+1X
nk+1=1

� � �
MmX
nm=1

apn

mY
j=k

bpnj (�1(n))
p�2 � 1:

�®£¤  àï¤ áå®¤¨âáï ¯® ¯àï¬®ã£®«ì­¨ª ¬ ª f(x) 2 Lp(Tm) ¨

kf(x)kpp � c(p;m)
1X

n1=1

� � �
1X

nk=1

Mk+1X
nk+1=1

� � �
MmX
nm=1

apn

mY
j=k

bpnj (�1(n))
p�2:

2. �ï¤ë á ¬®­®â®­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨§ ª« áá®¢ H!1:::!m
p

�¥®à¥¬  2. �ãáâì
1P
n=1

ane
inx | àï¤ �ãàì¥ äã­ªæ¨¨ f(x) 2 L(Tm), p > 2m

m+1
, !i(�) | ¬®¤ã«¨

­¥¯à¥àë¢­®áâ¨ â ª¨¥, çâ® ¤«ï ¢á¥å i = 1; : : : ;m

1)
�R
0

!i(t)
t
dt = O(!i(�)),

2) �
�R
�

!i(t)
t2

dt = O(!i(�)), ª®íää¨æ¨¥­âë an ¬®­®â®­­® ã¡ë¢ îâ ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î.

�«ï â®£® çâ®¡ë f(x) 2 H!1:::!m
p , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥

an = an1;:::;nm = O

�!1( 1
n1
)

n
1� 1

p

1

� : : : �
!m( 1

nm
)

n
1� 1

p
m

�
:

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �ãáâì an = O
� mQ
s=1

!s(
1
ns

)

n
1� 1

p
s

�
.

�à®¢¥à¨¬ ¢­ ç «¥, çâ® f(x) 2 Lp(Tm). �¬¥¥¬

1X
n=1

apn

mY
j=1

(nj + 1)p�2 � c(f)
mY
j=1

1X
nj=1

!p
j (

1
nj
)

nj
� c(f)

mY
j=1

Z 1

0

!p
j (tj)
tj

dtj � c(f)
mY
j=1

Z 1

0

!j(tj)
tj

dtj <1:

�á¯®«ì§ãï â¥®à¥¬ã 3 ¨§ à ¡®âë [3], ¯®«ãç ¥¬ f(x) 2 Lp(Tm).
�¥¯¥àì ¯®ª ¦¥¬, çâ® f 2 H!1:::!m

p , â. ¥. çâ® !p(f; h1; : : : ; hm) = O(!1(h1) � : : : � !m(hm)).

� ¬¥â¨¬, çâ® �1(f;x;h) =
1P
n=1

ane
inx

mQ
j=1

(einjhj � 1). �¡®§­ ç¨¬ �j = [1=hj ], j = 1; : : : ;m.

�æ¥­¨¬ S0 =
�1P

n1=1
� � �

�mP
nm=1

ane
inx

mQ
j=1

(einjhj � 1). � ¬¥â¨¬, çâ® â. ª. !j(�j) | ¬®¤ã«ì ­¥¯à¥àë¢-

­®áâ¨, â® !j(�j)

�j
¯®çâ¨ ã¡ë¢ ¥â ([10], á. 116),   â ª¦¥ Re(einjhj � 1) = cosnjhj � 1 ¨ Im(einjhj � 1) =

sinnjhj ¯à¨ 1 � nj � �j ï¢«ïîâáï ¬®­®â®­­ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ ¯à¨ j = 1; : : : ;m. � ª¨¬
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®¡à §®¬, ¯® â¥®à¥¬¥ 1

kS0kpp � c(p;m)
�1X

n1=1

� � �
�mX

nm=1

apn

mY
j=1

jeinjhj � 1jpnp�2j �

� c(p;m)
�1X

n1=1

� � �
�mX

nm=1

mY
j=1

!j

�
1
nj

�p

n1�pj (njhj)pn
p�2
j �

� c(p;m)
mY
l=1

hpl

�1X
n1=1

� � �
�mX

nm=1

mY
j=1

!j

�
1
nj

�p

np�1j �

� c(p;m)
mY
l=1

hpl

�
!l

�
1
�l

�
�l

�p�1 �1X
n1=1

� � �
�mX

nm=1

mY
j=1

!j

�
1
nj

�
�

� c(p;m)
mY
l=1

hpl

�
!l

�
1
�l

�
�l

�p�1 mY
j=1

Z �

1
�j

!j(tj)
t2j

dtj �

� c(p;m)
mY
l=1

hpl

�
!l

�
1
�l

�
�l

�p�1 mY
j=1

�j!j

�
1
�j

�
�

� c(p;m)
mY
l=1

hpl

�
!l

�
1
�l

�
�l

�p

= c(p;m)
mY
l=1

(!l(hl))
p: (1)

�¥¯¥àì ¢®§ì¬¥¬ «î¡®¥ k < m ¨ ®æ¥­¨¬

S00 =
1X

n1=�1+1

� � �
1X

nk=�k+1

�k+1X
nk+1=1

� � �
�mX

nm=1

ane
inx

mY
j=1

(einjhj � 1):

�­ ç «  § ¬¥â¨¬, çâ®

S00 =
1X


1=0;:::;
k=0

S00
1;:::;
k =
1X


1=0;:::;
k=0

1X
n1=�1+1

� � �
1X

nk=�k+1

�k+1X
nk+1=1

� � �
�mX

nm=1

(�1)k�
1�:::�
kan �

� ei(n1(x1+
1h1)+���+nk(xk+
khk))ei(nk+1xk+1+���+nmxm)
mY

j=k+1

(einjhj � 1):

� ª¨¬ ®¡à §®¬, ¯à¨ ä¨ªá¨à®¢ ­­ëå 
1; : : : ; 
k ¤®áâ â®ç­® ®æ¥­¨âì S00
1;:::;
k . �¬¥¥¬ (á¬. á«¥¤-
áâ¢¨¥)

kS00
1;:::;
kk
p
p � c(p;m)






1X

n1=�1+1

� � �
1X

nk=�k+1

�k+1X
nk+1=1

� � �
�mX

nm=1

an �

�
kY

j=1

ei(nj��j)xj
mY

l=k+1

einlxl(einlhl � 1)





p

p

� c(p;m)
1X

n1=�1+1

� � �
1X

nk=�k+1

�k+1X
nk+1=1

� � �
�mX

nm=1

apn �

�
kY

j=1

(nj � �j)
p�2

mY
l=k+1

np�2l jeinlhl � 1jp � c(p;m)
mY

s=k+1

hps �

�
1X

n1=�1+1

� � �
1X

nk=�k+1

�k+1X
nk+1=1

� � �
�mX

nm=1

kY
j=1

�
!j

�
1
nj

��p

n1�pj (nj � �j)
p�2 �

�
mY

l=k+1

�
!l

�
1
nl

��p

np�1l � c(p;m)
mY

s=k+1

hps �
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�
kY

j=1

1X
nj=�j+1

�
!j

�
1
nj

��p

n1�pj (nj � �j)p�2
mY

l=k+1

�lX
nl=1

�
!l

�
1
nl

��p

np�1l :

�§ ®æ¥­®ª, ¯®«ãç¥­ëå à ­¥¥ ¤«ï (1), ¯à¨ l = k + 1; : : : ;m á«¥¤ã¥â

hpl

�lX
nl=1

!l

�
1
nl

�p

np�1l � c(p;m)!l

�
1
�l

�p

:

�®«ãç¨¬ ®æ¥­ªã ¤«ï
1P

nj=�j+1
!j
�
1
nj

�p
n1�pj (nj � �j)p�2, j = 1; : : : ; k,

1X
nj=�j+1

!j

�
1
nj

�p

n1�pj (nj � �j)p�2 =
� 2�jX

nj=�j+1

+
1X

nj=2�j+1

�
!j

�
1
nj

�p

n1�pj (nj � �j)p�2 �

� c(p;m)
�
!j

�
1
�j

�p

+
1X

nj=2�j+1

!j
�
1
nj

�p
nj

�
�

� c(p;m)
�
!j

�
1
�j

�p

+ !j

�
1

2�j + 1

�p�1 1X
nj=2�j+1

!j( 1
nj
)

nj

�
�

� c(p;m)
�
!j

�
1
�j

�p

+ !j

�
1

2�j + 1

�p�1 Z 1
2�j+1

0

!j(u)
u

du

�
�

� c(p;m)
�
!j

�
1
�j

�p

+ !j

�
1

2�j + 1

�p�
� c(p;m)

�
!j

�
1
�j

�p

+ !j

�
1
�j

�p�
� c(p;m)!j

�
1
�j

�p

:

�ª®­ç â¥«ì­® ¨¬¥¥¬ ®æ¥­ªã

!p(f;h) � c(p;m)!1(h1) � : : : � !m(hm):

�¥®¡å®¤¨¬®áâì. �«ï ä¨ªá¨à®¢ ­­®£® n = (n1; : : : ; nm) ¯®«®¦¨¬ hi =
�
1
ni

�
, i = 1; : : : ;m.

�¡®§­ ç¨¬

Pn(f ;x;h) =
1
2mi

X

2�m

(�1)j
jSn(f ; (x+ 2(
 � 1=2)h)) =
nX
k=1

�ke
ikx;

�k =

8><
>:
ak

mQ
j=1

sinkjhj ¯à¨ 1 � kj � nj ; j = 1; : : : ;m;

0 ¯à¨ max
�
k1
n1
; : : : ; km

nm

�
> 1:

�á¯®«ì§ãï â¥®à¥¬ã �¨áá  ¨ «¨­¥©­®áâì Sn(f ; t), ¯®«ãç¨¬

kPn(f ;x;h)kp =
1
2m

kSn(�1(f;x� h; 2h))kp � c(p;m)k�1(f;x; 2h)kp � c(p;m)
mY
j=1

!j(hj): (2)

�®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì f�kg1k=1 ï¢«ï¥âáï ®¡®¡é¥­­®-¬®­®â®­­®©. �á«¨ áãé¥áâ¢ã-
¥â j = 1; : : : ;m â ª®¥, çâ® kj > nj , â® âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­®. �ãáâì ¤«ï «î¡®£®
j = 1; : : : ;m ¢¥à­® 1 � kj � nj . �®£¤ 

1
mQ
j=1

kj

����
kX
r=1

�r

���� � 1
mQ
j=1

kj

kX
r=1

ar

mY
j=1

sin rjhj � c
ak
mQ
j=1

kj

kX
r=1

mY
j=1

rjhj �

� c
ak
mQ
j=1

kj

mY
j=1

k2jhj � cak

mY
j=1

sinkjhj = cj�kj; çâ® ¨ âà¥¡®¢ «®áì:
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�¥¯¥àì ¬®¦­® ¯à¨¬¥­¨âì «¥¬¬ã �. �®«ãç¨¬

kPn(f ;x;h)kp � c(p;m)
� n1X

k1=1

� � �
nmX

km=1

apk

mY
l=1

j sinklhlj
pkp�2l

�1=p

�

� c(p;m)
� n1X

k1=[n1=2]

� � �
nmX

km=[nm=2]

apk

mY
l=1

j sinklhlj
pkp�2l

�1=p

�

� c(p;m)
�
apn

mY
l=1

��
nl
2

�
hl

�p

np�2l

nl
2

�1=p

� c(p;m)
�
apn

mY
l=1

np�1l

�1=p

= c(p;m)an
mY
l=1

n
1�1=p
l :

�âáî¤  ¨ ¨§ (2) ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã

an � c(p;m)
mY
l=1

!l(hl)n
1=p�1
l � c(p;m)

mY
l=1

!l

�
1
nl

�
n
1=p�1
l : �

� ¬¥ç ­¨¥ 2. �á«¨ !(�) = �� ¯à¨ 0 � � � 1, 0 < � < 1, â® â¥®à¥¬  2 á¢®¤¨âáï ª á«¥¤ãîé¥©
â¥®à¥¬¥.

�¥®à¥¬  3. �ãáâì
1P
n=1

ane
inx | àï¤ �ãàì¥ äã­ªæ¨¨ f(x) 2 L(Tm), p > 2m

m+1
, � = (�1; : : : ; �m),

0 < �i < 1, i = 1; : : : ;m, ª®íää¨æ¨¥­âë an ¬®­®â®­­® ã¡ë¢ îâ ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î. �«ï

â®£® çâ®¡ë f(x) 2 Lip(�; p), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

an = an1;:::;nm = O
�
n

1
p�1��1
1 � : : : � n

1
p�1��m
m

�
:
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