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1. �®áâ ­®¢ª  § ¤ ç¨

�à®¤®«¦ ï ¨áá«¥¤®¢ ­¨ï, ­ ç âë¥ ¢ à ¡®â å [1]{[3], à áá¬®âà¨¬ § ¤ çã íª®­®¬¨ç­®© ¤¨á-
ªà¥â¨§ æ¨¨ ®¯¥à â®à­ëå ãà ¢­¥­¨© I à®¤ 

Ax = f; f 2 Range(A); (1)

ª®â®à ï á®áâ®¨â ¢ ¯®áâà®¥­¨¨  «£®à¨â¬®¢, ®¡¥á¯¥ç¨¢ îé¨å § ¤ ­­ë© ãà®¢¥­ì â®ç­®áâ¨ ¢®á-
áâ ­®¢«¥­¨ï à¥è¥­¨© (1) ¯à¨ ¬¨­¨¬ «ì­®¬, ¯®-¢®§¬®¦­®áâ¨, à áå®¤®¢ ­¨¨ ¢ëç¨á«¨â¥«ì­ëå
à¥áãàá®¢. �®¤ â ª¨¬¨ à¥áãàá ¬¨ ­¨¦¥ ¡ã¤¥¬ ¯®­¨¬ âì ¤¨áªà¥â­ãî ¨­ä®à¬ æ¨î, § ¤ ­­ãî ¢
¢¨¤¥ §­ ç¥­¨© áª «ïà­ëå ¯à®¨§¢¥¤¥­¨©, ¢ëç¨á«¥­­ëå ­  ®¯¥à â®à¥ ¨ ¯à ¢®© ç áâ¨ à¥è ¥¬®£®
ãà ¢­¥­¨ï.

�®« £ ¥¬, çâ® ¢ (1) ®¯¥à â®à A ¯à¨­ ¤«¥¦¨â á®¢®ªã¯­®áâ¨ C(X) ª®¬¯ ªâ­ëå «¨­¥©­ëå
®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¤¥©áâ¢¨â¥«ì­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X. �ç¨â ¥¬, çâ® ¢ X
¢¢¥¤¥­ë áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ (�; �) ¨ ¯®à®¦¤ ¥¬ ï ¨¬ ­®à¬  kxk =

p
(x; x). �ãáâì ¢¬¥áâ®

â®ç­®© ¯à ¢®© ç áâ¨ f ¨§¢¥áâ­® «¨èì ­¥ª®â®à®¥ ¢®§¬ãé¥­¨¥ f� 2 X â ª®¥, çâ® kf � f�k � � ¨
f� =2 Range(A). �à¨¡«¨¦¥­¨ï ¡ã¤¥¬ áâà®¨âì ª ­®à¬ «ì­®¬ã à¥è¥­¨î xy ãà ¢­¥­¨ï (1), â. ¥. ª
à¥è¥­¨î (1) á ¬¨­¨¬ «ì­®© ­®à¬®© ¢ X.

�¯à¥¤¥«¨¬ â¥¯¥àì ª« áá ¨§ãç ¥¬ëå ãà ¢­¥­¨© (1). � ®â­®è¥­¨¨ xy ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¥£®
¯à¨­ ¤«¥¦­®áâì ¯à¨ ­¥ª®â®àëå � > 0 ¨ � � 1 ¬­®¦¥áâ¢ã

M�;�(A) = fx : x = jAj�u; kuk � �g; jAj = (A�A)1=2; (2)

£¤¥ A� | ®¯¥à â®à, á®¯àï¦¥­­ë© ª A. �¥à¥§ Hr, r = 1; 2; : : : , ®¡®§­ ç¨¬ ª« áá ®¯¥à â®à®¢
A 2 C(X), kAk � 1, â ª¨å, çâ® ¯à¨ «î¡®¬ m = 1; 2; : : : ¢ë¯®«­ï¥âáï

k(I � Pm)Ak � m�r; kA(I � Pm)k � m�r: (3)

�¤¥áì I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ X,   Pm | ®àâ®¯à®¥ªâ®à ­  «¨­¥©­ãî ®¡®«®çªã ¯¥à¢ëå

m í«¥¬¥­â®¢ ­¥ª®â®à®£® ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  fekg1k=1 ¢ X, â. ¥. Pm =
mP
k=1

ek(�; ek).
�à¨¬¥à®¬ ãà ¢­¥­¨ï (1) á à¥è¥­¨¥¬ ¨§ ¬­®¦¥áâ¢  (2) ¨ ®¯¥à â®à®¬ ¨§ Hr ¬®¦¥â á«ã¦¨âì

¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬ 

eAx(t) := Z 1

0

h(t; �)x(�) d� = f(t)

á ï¤à®¬ ¢ ¢¨¤¥ äã­ªæ¨¨ �à¨­  ¤«ï ªà ¥¢®© § ¤ ç¨ x(t) = �f 00(t), f(0) = f(1) = 0,

h(t; �) =

(
t(1� �); t � � ;

�(1� t); � � t;

£¤¥ x(t); f(t) 2 X = L2(0; 1). �à¨­ ¤«¥¦­®áâì ¨áª®¬®£® à¥è¥­¨ï ¬­®¦¥áâ¢ã M�;�( eA) ®§­ ç ¥â
¥£® £« ¤ª®áâì,   ¯ à ¬¥âà � å à ªâ¥à¨§ã¥â ¯®àï¤®ª ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ xy(t). �®à®è® ¨§¢¥áâ­®
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(­ ¯à., [4]), çâ® ¨­â¥£à «ì­ë© ®¯¥à â®à eA = eA� ¤¥©áâ¢ã¥â ¨§ L2(0; 1) ¢ á®¡®«¥¢áª®¥ ¯à®áâà ­áâ¢®
W 2

2 (0; 1), â. ¥. ¢ ­ è¨å ®¡®§­ ç¥­¨ïå ¯à¨­ ¤«¥¦¨â ª« ááã H2. � íâ®¬ á«ãç ¥ ãá«®¢¨î (3) ã¤®-
¢«¥â¢®àïîâ, ­ ¯à¨¬¥à, ®àâ®¯à®¥ªâ®àë ­  ¯®¤¯à®áâà ­áâ¢® âà¨£®­®¬¥âà¨ç¥áª¨å ¬­®£®ç«¥­®¢ ¨
­  á¨áâ¥¬ã ¯®«¨­®¬®¢ �¥¦ ­¤à .

� à ¬ª å ¤ ­­®© à ¡®âë ¡ã¤¥¬ áç¨â âì, çâ® ¢ (1) A 2 Hr, r = 1; 2; : : : ,   à¥è¥­¨¥ xy ¯à¨-
­ ¤«¥¦¨â M�;�(A), £¤¥ ­¥¨§¢¥áâ­ë© ¯ à ¬¥âà � ¯®« £ ¥âáï ¯à¨­ ¤«¥¦ é¨¬ ­¥ª®â®à®¬ã ®£à -
­¨ç¥­­®¬ã ¨­â¥à¢ «ã (0; �1]. �«ï á«ãç ï, ª®£¤  â®ç­®¥ §­ ç¥­¨¥ � ¨§¢¥áâ­®, § ¤ ç  ¯®áâà®¥­¨ï
íª®­®¬¨ç­®£® ¬¥â®¤  à¥è¥­¨ï (1) ¨§ãç « áì à ­¥¥  ¢â®à®¬, ­ ¯à¨¬¥à, ¢ [5].

� à ªâ¥à­®© ç¥àâ®© ­¥ª®àà¥ªâ­ëå § ¤ ç ï¢«ï¥âáï ¯®â¥àï â®ç­®áâ¨ ­ å®¦¤¥­¨ï à¥è¥­¨ï ¯®
áà ¢­¥­¨î á â®ç­®áâìî § ¤ ­¨ï ¨áå®¤­ëå ¤ ­­ëå. � ª, ­ ¨«ãçè ï £ à ­â¨à®¢ ­­ ï â®ç­®áâì
¢®ááâ ­®¢«¥­¨ï à¥è¥­¨© ¨§ M�;�(A) ®¯à¥¤¥«ï¥âáï (­ ¯à., [6], á. 14) ¢¥«¨ç¨­®© �1=(�+1)��=(�+1).
�à¥¤¯®« £ ¥¬ë©  «£®à¨â¬ à¥è¥­¨ï (1) ¤®«¦¥­ ®â¢¥ç âì ¤¢ã¬ âà¥¡®¢ ­¨ï¬: ¢®-¯¥à¢ëå, ¤®áâ¨-
£ âì ­  ¢á¥¬ ª« áá¥ ãà ¢­¥­¨© (1) ®¯â¨¬ «ì­ãî ¯® ¯®àï¤ªã â®ç­®áâì O(��=(�+1)),   ¢®-¢â®àëå,
¡ëâì íª®­®¬¨ç­ë¬ ¢ á¬ëá«¥ § âà â ã¯®¬ï­ãâ®© ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨.

2. �å¥¬  ¤¨áªà¥â¨§ æ¨¨

� á¨«ã ¯à¨­ïâëå ¢ëè¥ ¯à¥¤¯®«®¦¥­¨© § ¤ ç  (1) ï¢«ï¥âáï ­¥ãáâ®©ç¨¢®© ª ¢®§¬ãé¥­¨-
ï¬ ¯à ¢®© ç áâ¨. �â ­¤ àâ­ë¬ ¯à¨¥¬®¬ ¤«ï ®¡¥á¯¥ç¥­¨ï ãáâ®©ç¨¢®áâ¨ à¥è ¥¬®£® ãà ¢­¥­¨ï
ï¢«ï¥âáï ¥£® à¥£ã«ïà¨§ æ¨ï. � ª ç¥áâ¢¥ à¥£ã«ïà¨§ â®à  ¢®á¯®«ì§ã¥¬áï ®¡®¡é¥­­ë¬ ¬¥â®¤®¬
�¨å®­®¢  [1], ª®â®àë© á®áâ®¨â ¢ ®âëáª ­¨¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (1) ¨§ ãà ¢­¥­¨ï II à®¤ 

(A�A)q+1x�;� + �q+1x�;� = (A�A)qA�f�; (4)

£¤¥ q � �1=2, � | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨. �«ï ¯®à®¦¤ îé¥© á¨áâ¥¬ë äã­ªæ¨© ¬¥â®¤  (4)
g�(�) = �q(�q+1 + �q+1)�1 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ [1]

sup
0��<1

g�(�) � �0�
�1; sup

0��<1
�1=2g�(�) � ���

�1=2; sup
0��<1

�p(1� �g�(�)) � �p�
p; 0 � p � q + 1;

(5)

£¤¥

�� =
(2q + 1)

q+1=2
q+1

2q + 2
; �p =

(q + 1� p)1�
p

q+1 p
p

q+1

q + 1
:

�¯¨è¥¬ áå¥¬ã ¤¨áªà¥â¨§ æ¨¨, ª®â®à ï ¡ã¤¥â § ¤¥©áâ¢®¢ ­  ¯à¨ à¥è¥­¨¨ (1). �®§ì¬¥¬ ­¥-
ª®â®àãî ®£à ­¨ç¥­­ãî ®¡« áâì 
, ¯à¨­ ¤«¥¦ éãî ¬­®¦¥áâ¢ã [1;1) � [1;1) ª®®à¤¨­ â­®©
¯«®áª®áâ¨. �®¤ ¤¨áªà¥â¨§ æ¨¥© ãà ¢­¥­¨ï (1) á®£« á­® 
 ¡ã¤¥¬ ¯®­¨¬ âì ¯¥à¥å®¤ ®â ¨áå®¤­ëå
ª®íää¨æ¨¥­â®¢

Ax =
1X

i;j=1

(Aej ; ei)(x; ej)ei; f� =
1X
k=1

(f�; ek)ek

à¥è ¥¬®© § ¤ ç¨ ª ª®­¥ç­®¬¥à­ë¬ í«¥¬¥­â ¬

A
x =
X

(i;j)2


(Aej ; ei)(x; ej)ei; P
f� =
X

k2f8i:(i;j)2
g

(f�; ek)ek;

£¤¥ fekg1k=1 | ¡ §¨á, ä¨£ãà¨àãîé¨© ¢ ®¯à¥¤¥«¥­¨¨ ª« áá  Hr. �¡®§­ ç¨¬ ç¥à¥§ card(
) ç¨-
á«® â®ç¥ª (i; j) ª®®à¤¨­ â­®© ¯«®áª®áâ¨, ¢å®¤ïé¨å ¢ ¬­®¦¥áâ¢® 
. �®«¥¥ íª®­®¬¨ç­ë¬ ¡ã¤¥¬
áç¨â âì â®â  «£®à¨â¬, ª®â®àë© ¨á¯®«ì§ã¥â ¤¨áªà¥â¨§ æ¨î á ¬¥­ìè¨¬ §­ ç¥­¨¥¬ card(
). � -
è¥© æ¥«ìî ï¢«ï¥âáï ¯®áâà®¥­¨¥ íª®­®¬¨ç­®£®  «£®à¨â¬ , £ à ­â¨àãîé¥£® â®ç­®áâì à¥è¥­¨ï
O(��=(�+1)) ­  ¨áá«¥¤ã¥¬®¬ ª« áá¥ ãà ¢­¥­¨©.

�«ï áâ ­¤ àâ­®© £ «¥àª¨­áª®© ¤¨áªà¥â¨§ æ¨¨ (
 = [1;m]� [1; l]) íâ  § ¤ ç  ¡ë«  à¥è¥­  ¢
[1], £¤¥ ®¯â¨¬ «ì­ë¥ §­ ç¥­¨ï m ¨ l ¢ë¡¨à «¨áì ¨§ ãá«®¢¨ï m = O(��1=r), l = O(��1=r). �âáî¤ 

card([1;m] � [1; l]) = O(��2=r):
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�à¨¢¥¤¥­­ë© à¥§ã«ìâ â ¡ë« ã«ãçè¥­ ¯à¨ �1 = 1 (â. ¥. ¤«ï «î¡®£® ­¥¨§¢¥áâ­®£® � 2 (0; 1]) ¢ [2]
§  áç¥â ¢ë¡®à  ¤àã£®© ®¡« áâ¨


 = �n := f1g � [1; 22n]
2n[
k=1

(2k�1; 2k]� [1; 22n�k]

¨  ¤ ¯â¨¢­®© áâà â¥£¨¨ ¤¨áªà¥â¨§ æ¨¨, á®áâ®ïé¥© ¢ á®£« á®¢ ­¨¨ ãà®¢­ï ¤¨áªà¥â¨§ æ¨¨
n = n(�) á ¯ à ¬¥âà®¬ à¥£ã«ïà¨§ æ¨¨ �. �¯¥à â®à A
 ¢ íâ®¬ á«ãç ¥ ¯à¨­¨¬ ¥â ¢¨¤

A
 = An :=
2nX
k=1

(P2k � P2k�1)AP22n�k + P1AP22n ; (6)

£¤¥, ª ª ¨ ¯à¥¦¤¥, Pm | ®àâ®¯à®¥ªâ®à ­  «¨­¥©­ãî ®¡®«®çªã ¯¥à¢ëå m í«¥¬¥­â®¢ ¡ §¨á 
fekg1k=1. � ª ç¥áâ¢¥ à¥£ã«ïà¨§ â®à  ¢ [2] ¡ë« ¨á¯®«ì§®¢ ­ áâ ­¤ àâ­ë© ¬¥â®¤ �¨å®­®¢  (á¬. (4)
¯à¨ q = 0),   ¯®«ãç¥­­ ï ¯à¨ íâ®¬ ®æ¥­ª  ¨­ä®à¬ æ¨®­­ëå § âà â ¨¬¥¥â ¢¨¤

card(�n) = O
�
��

�+2
(�+1)r log1+1=r 1=�

�
:

� ¬ ¯à¥¤áâ®¨â ®¡®¡é¨âì à¥§ã«ìâ â [2] ­  á«ãç © ¯à®¨§¢®«ì­®£® 0 < �1 <1 ¯ãâ¥¬ ¯à¨¬¥­¥­¨ï
®¡®¡é¥­­®£® ¬¥â®¤  �¨å®­®¢  (4), £¤¥ q � (�1� 1)=2, á á®åà ­¥­¨¥¬ ¤¨áªà¥â¨§ æ¨¨ á®£« á­® (6).

3. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�«ï ¯à®¨§¢®«ì­®£® ®¯¥à â®à  A 2 C(X) § ¯¨è¥¬ ¥£® á¨­£ã«ïà­®¥ à §«®¦¥­¨¥
Ax =

P
k
�k'k(x;  k), £¤¥ 'k;  k 2 X | á¨­£ã«ïà­ë¥ í«¥¬¥­âë A,   �k | á®®â¢¥âáâ¢ãîé¨¥

¨¬ á¨­£ã«ïà­ë¥ §­ ç¥­¨ï. �®£¤  ¤«ï í«¥¬¥­â  x� = g�(A�A)A�f ¢ë¯®«­ï¥âáï

kAx� � fk2 = ��+1jd�;�(u)j2; (7)

kxy � x�k2 = �� jc�;�(u)j2; (8)

£¤¥

jd�;�(u)j2 = �2q��+1
X
k

�
2(�+1)
k (u;  k)2

(�q+1 + �
2(q+1)
k )2

;

jc�;�(u)j2 = �2(q+1)��
X
k

�2�k (u;  k)2

(�q+1 + �2(q+1)k )2
:

(9)

�«ï äã­ªæ¨© d�;�(u) ¨ c�;�(u) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ®æ¥­ª¨.

�¥¬¬  1. �¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

jc�;�(u)j � jd�;�(u)j�=(�+1)kuk1=(�+1); jd�;�(u)j � kuk:

�®ª § â¥«ìáâ¢® «¥¬¬ë á®áâ®¨â ¢ ¯à¨¬¥­¥­¨¨ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ª (9).

�¥¬¬  2. �à¨ «î¡ëå � > 0, A 2 Hr á¯à ¢¥¤«¨¢  ®æ¥­ª 

kxy � g�(A
�
nAn)A

�
nf�k � jc�;�(u)j��=2 + ���=

p
�+

kxyk
�

(�kA�A�A�
nAnk+ �0k(A� �A�

n)Ank);

£¤¥ � =
qP

j=0
�j�q�j.
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�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ ¯®£à¥è­®áâì ¢ ¢¨¤¥

xy � g�(A�
nAn)A�

nf� = (xy � g�(A�A)A�f) + g�(A�
nAn)A�

n(f � f�) + (g�(A�A)A�f � g�(A�
nAn)A�

nf):
(10)

�à¥¡ã¥âáï ®æ¥­¨âì ¢á¥ á« £ ¥¬ë¥ ¨§ ¯à ¢®© ç áâ¨ (10). �®®â­®è¥­¨¥ (8) ¤ ¥â ®æ¥­ªã ¯¥à¢®£®
á« £ ¥¬®£®. �«ï ®æ¥­ª¨ ¢â®à®£® á« £ ¥¬®£® ¢®á¯®«ì§ã¥¬áï (5)

kg�(A�
nAn)A

�
n(f � f�)k � kf � f�k sup

0��<1
�1=2g�(�) � ���=

p
�: (11)

�à¥âì¥ á« £ ¥¬®¥ ¯¥à¥¯¨è¥¬

g�(A
�A)A�f � g�(A

�
nAn)A

�
nf = T1x

y + T2x
y; (12)

£¤¥
T1 = g�(A�A)A�A� g�(A�

nAn)A�
nAn; T2 = g�(A�

nAn)A�
n(An �A):

�®£« á­® ®¯à¥¤¥«¥­¨î ¯®à®¦¤ îé¥© á¨áâ¥¬ë äã­ªæ¨© ¨¬¥¥¬

T1 = (A�A)q+1(�q+1I + (A�A)q+1)�1 � (A�
nAn)q+1(�q+1I + (A�

nAn)q+1)�1 =

= (A�A)q+1[(�q+1I + (A�A)q+1)�1 � (�q+1I + (A�
nAn)q+1)�1] +

+[(A�A)q+1 � (A�
nAn)q+1](�q+1I + (A�

nAn)q+1)�1 =

= �q+1
qX

j=0

(�q+1I + (A�A)q+1)�1(A�A)j(A�A�A�
nAn)(A

�
nAn)

q�j(�q+1I + (A�
nAn)

q+1)�1:

�âáî¤  á«¥¤ã¥â

kT1k �
qX

j=0

�j�
j�q�j�

q�j kA�A�A�
nAnk

�q+1
� kA�A�A�

nAnk
�

qX
j=0

�j�q�j : (13)

� ãç¥â®¬ (5) ­ å®¤¨¬

kT2k � kg�(A�
nAn)kkA�

n(An �A)k � �0
�
k(A� �A�

n)Ank: (14)

�®¬¡¨­ æ¨ï (8), (10){(14) ¤ ¥â ¨áª®¬ãî ®æ¥­ªã.

�¥¬¬  3. �à¨ «î¡ëå � > 0, A 2 Hr ¢ë¯®«­ï¥âáï

kAx� � fk � kAng�(A
�
nAn)A

�
nf� � P
f�k+ (k(I � P
)fk2 + �2)1=2 +

kAA� �AnA
�
nkp

�
kxykb�;

£¤¥ P
 = P22n , b� = qP
j=0

�j�q�j+1=2.

�®ª § â¥«ìáâ¢®. �¥âàã¤­® ¢¨¤¥âì, çâ®

Ax� � f := Ag�(A�A)A�f � f = F1 + F2 + F3; (15)

£¤¥

F1 = �(I �Ang�(A
�
nAn)A

�
n)(f � P
f�); F2 = (Ag�(A

�A)A� �Ang�(A
�
nAn)A

�
n)f;

F3 = Ang�(A
�
nAn)A

�
nf� � P
f�:

�«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç­® ®æ¥­¨âì ­®à¬ë í«¥¬¥­â®¢ F1 ¨ F2. �ç¥¢¨¤­  ®æ¥­ª 
kI � g�(AnA

�
n)AnA

�
nk � 1. �«¥¤®¢ â¥«ì­®,

kF1k � kI �Ang�(A
�
nAn)A

�
nk kf � P
f�k �

� kI � g�(AnA
�
n)AnA

�
nk k(I � P
)f + P
(f � f�)k � (k(I � P
)fk2 + �2)1=2: (16)

59



�«ï í«¥¬¥­â  F2 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

F2 = [(AA�)q+1(�q+1I + (AA�)q+1)�1 � (AnA
�
n)

q+1(�q+1I + (AnA
�
n)

q+1)�1]f =

= [(AA�)q+1 � (AnA
�
n)

q+1](�q+1I + (AA�)q+1)�1f + (AnA
�
n)

q+1 �
�[I � (�q+1I + (AnA

�
n)

q+1)�1(�q+1I + (AA�)q+1)](�q+1I + (AA�)q+1)�1f =

= (�q+1I + (AnA
�
n)

q+1)�1[(AA�)q+1 � (AnA
�
n)

q+1](�q+1I + (AA�)q+1)�1Axy=�q+1 =

= �q+1
qX

j=0

(�q+1I + (AnA
�
n)

q+1)�1(AnA
�
n)

j(AA� �AnA
�
n)

q�j(�q+1I + (AA�)q+1)�1Axy:

�®£¤ 

kF2k � kxyk kAA� �AnA
�
nk

�q+1

qX
j=0

�j�
j�q�j+1=2�

q�j+1=2 =
kxyk kAA� �AnA

�
nkp

�

qX
j=0

�j�q�j+1=2: (17)

�¡ê¥¤¨­ïï (15){(17), ¯®«ãç ¥¬ ¨áª®¬®¥ ­¥à ¢¥­áâ¢®.

4. �ª®­®¬¨ç­ë©  «£®à¨â¬

� à ¬ª å ¨áá«¥¤ã¥¬®£®  «£®à¨â¬  ãà®¢¥­ì ¤¨áªà¥â¨§ æ¨¨ n ­¥ ä¨ªá¨à®¢ ­ § à ­¥¥,   § ¢¨-
á¨â ®â â¥ªãé¥£® §­ ç¥­¨ï ¯ à ¬¥âà  � ¨ ¢ëç¨á«ï¥âáï á®£« á­® ¯à ¢¨«ã

c12�2rnn =
�
p
�l

�(�0 + �)
; (18)

£¤¥ c1 = 1 + 2r+3,   �l | â¥ªãé¥¥ §­ ç¥­¨¥ ¯ à ¬¥âà  � ­  l-¬ è £¥ ¨â¥à æ¨¨.
� ª á«¥¤ã¥â ¨§ à ¡®âë [2], ¯à¨ â ª®¬ ¢ë¡®à¥ n(�l) ®¯¥à â®à An (6) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨

 ¯¯à®ªá¨¬ æ¨®­­ë¬¨ á¢®©áâ¢ ¬¨.

�¥¬¬  4. �ãáâì ¯ à ¬¥âàë n ¨ �l á¢ï§ ­ë á®®â­®è¥­¨¥¬ (18). �®£¤  ¤«ï «î¡®£® A 2 Hr

¢ë¯®«­ï¥âáï

kA�A�A�
n(�l)

An(�l)k � �
p
�l=�; k(A�An(�l))A

�k � �
p
�l=�;

k(A� �A�
n(�l)

)An(�l)k � �
p
�l=�;

kA�An(�l)k � (�
p
�l)1=2; k(I � P22n(�l))Ak � �=�:

�à¥¤« £ ¥¬ë©  «£®à¨â¬ á®áâ®¨â ¢ á«¥¤ãîé¥¬. �à¥¤¢ à¨â¥«ì­® ãáâ ­ ¢«¨¢ îâáï §­ ç¥­¨ï
¯ à ¬¥âà®¢ �0 > 0, 0 < � < 1, q � (�1 � 1)=2, b >

p
2 + 1. �  ª ¦¤®¬ è £¥ ¨â¥à æ¨¨ l = 1; 2; : : :

­ å®¤ïâáï ­®¢ë¥ §­ ç¥­¨ï � ¨ n á®£« á­® ä®à¬ã« ¬

� = �l := �l�0 (19)

¨ (18) á®®â¢¥âáâ¢¥­­®. � â¥¬ ¢ëç¨á«ïîâáï §­ ç¥­¨ï áª «ïà­ëå ¯à®¨§¢¥¤¥­¨©

(f�; ek); (Aej ; ei) (20)

á ­®¬¥à ¬¨ k 2 (22n(�l�1); 22n(�l)], (i; j) 2 �n(�l) n �n(�l�1).
�à®¬¥¦ãâ®ç­®¥ à¥è¥­¨¥ bxl ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï

�q+1l bxl + (A�
n(�l)

An(�l))
q+1bxl = (A�

n(�l)
An(�l))

qA�
n(�l)

f�: (21)

�à ¢¨«® ®áâ ­®¢ª¨ ¢ëç¨á«¨â¥«ì­®£® ¯à®æ¥áá  ¢ë¯®«­ï¥âáï ¯® ¯à¨­æ¨¯ã ­¥¢ï§ª¨ (­ ¯à., [7]),
â. ¥. ¯à®æ¥¤ãà  § ¢¥àè ¥âáï ­  è £¥ á â ª¨¬ ­®¬¥à®¬ L, çâ®

kAn(�L)bxL � P22n(�L)f�k � b�; (22)

kAn(�l)bxl � P22n(�l)f�k > b� 8l < L: (23)

� ª ç¥áâ¢¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¡¥à¥âáï í«¥¬¥­â bxL.
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�¥¬¬  5. �ãáâì � = �L ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ­¥¢ï§ª¨ (22), (23), £¤¥ b >
p
2+ 1. �®£¤ 

­ ©¤ãâáï ª®­áâ ­âë b1; b2 > 0 â ª¨¥, çâ® ¯à¨ «î¡®¬ A 2 Hr

b1� � kAx�L � fk � b2�:

�®ª § â¥«ìáâ¢®. �«ï ­ å®¦¤¥­¨ï ¢¥àå­¥© ®æ¥­ª¨ ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï «¥¬¬ ¬¨ 3
(¯à¨ � = �L) ¨ 4,   â ª¦¥ á®®â­®è¥­¨¥¬ (22)

kAx�L � fk � (b+
p
2 + 1)�:

�â®¡ë ãáâ ­®¢¨âì ­¨¦­îî ®æ¥­ªã, ¯à¨¬¥­¨¬ ª (15), £¤¥ � = �L�1, ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª 

kAx�L�1
� fk � kAn(�L�1)bxL�1 � P22n(�L�1)f�k � (

p
2 + 1)�: (24)

�ç¨âë¢ ï (7), ­ å®¤¨¬

kAx�L � fk2 =
X
k

�
2(�+1)
k

�
�q+1L

�q+1L + �
2(q+1)
k

�2

(v;  k)
2 =

= �2(q+1)
X
k

�2(�+1)k

�
�q+1L�1

�q+1�q+1L�1 + �
2(q+1)
k

�2

(v;  k)2 >

> �2(q+1)
X
k

�
2(�+1)
k

�
�q+1L�1

�q+1L�1 + �
2(q+1)
k

�2

(v;  k)
2:

�«¥¤®¢ â¥«ì­®,

kAx�L � fk > �q+1kAx�L�1
� fk: (25)

�®¤áâ ¢«ïï ¢ (25) á®®â­®è¥­¨ï (23) ¨ (24), ¯®«ãç ¥¬

kAx�L � fk > �q+1(b�
p
2� 1)�:

� ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¤®ª § ­® ¯à¨ b1 = �q+1(b�p
2� 1); b2 = b+

p
2 + 1.

5. �¢ §¨®¯â¨¬ «ì­®áâì  «£®à¨â¬ 

�¥®à¥¬ . �ãáâì A 2 Hr ¨ xy 2 M�;�(A), 0 < � � �1. �¯â¨¬ «ì­ë© ¯®àï¤®ª â®ç-

­®áâ¨ O(��=(�+1)) ­  § ¤ ­­®¬ ª« áá¥ ãà ¢­¥­¨© (1) à¥ «¨§ã¥âáï ¢ à ¬ª å  «£®à¨â¬  (18){
(23). �¡ê¥¬ § ¤¥©áâ¢®¢ ­­®© ¯à¨ íâ®¬ ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨ ¢¨¤  (Aej ; ei) ¨¬¥¥â ¯®àï¤®ª

O(��
�+2

(�+1)r log1+1=r(��1)).

�®ª § â¥«ìáâ¢®. �æ¥­ª  ¯®£à¥è­®áâ¨ ¤«ï ¯à¥¤« £ ¥¬®£®  «£®à¨â¬  á«¥¤ã¥â ¨§ «¥¬¬ 2, 4

kxy � bxLk � jc�;�(u)j��=2L +
�p
�L

(�� + �0 + �): (26)

�ç¨âë¢ ï ¯à ¢¨«  (18), (23) ¤«ï ¢ë¡®à  ¯ à ¬¥âà®¢ n ¨ L á®®â¢¥âáâ¢¥­­®, ¯à¨ ¯®¬®é¨ «¥¬¬ 1,
5 ¨ á®®â­®è¥­¨ï (7) ¯®«ãç ¥¬

�=
p
�L � (�=b1)1=(�+1)�(�+1)=2��=(�+1); (27)

jc�;�(u)j��=2L � �1=(�+1)(b2�)
�=(�+1):

�®¤áâ ­®¢ª  ­ ©¤¥­­ëå ¢ëè¥ ®æ¥­®ª ¢ (26) ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã

kxy � bxLk � �(�� + �0 + �)b�1=(�+1)1 �(�+1)=2 + b
�=(�+1)
2

�
�1=(�+1)��=(�+1):

�¥¬ á ¬ë¬ ¤«ï  «£®à¨â¬  (18){(23) ãáâ ­®¢«¥­ ®¯â¨¬ «ì­ë© ¯®àï¤®ª â®ç­®áâ¨.
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�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ®æ¥­¨âì ®¡ê¥¬ N ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨ ¢¨¤ 
(Aej ; ei), ¨á¯®«ì§®¢ ­­®© ¯à¨ ¯®áâà®¥­¨¨ ®¯¥à â®à  An (6). �«ï íâ®£®, ãç¨âë¢ ï (27), ¢ëç¨á«¨¬

(�
p
�L)

�1=r � ��1=rO(��
1

(�+1)r ) = O(��
�+2

(�+1)r ):

�®£¤  á ãç¥â®¬ (18) ¨¬¥¥¬

N = (n+ 1)22n = O
�
(�
p
�L)�1=r

�
n1+1=r � O(��

�+2
(�+1)r )n1+1=r = O(��

�+2
(�+1)r log1+1=r 1=�): �

�¨â¥à âãà 
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