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�¥â®¤®¬ £à ­¨ç­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© à¥è¥­  § ¤ ç  ¤¨äà ªæ¨¨ ¯«®áª®© í«¥ªâà®-
¬ £­¨â­®© ¢®«­ë ­  ®¡« áâ¨ á ¡¥áª®­¥ç­®© £à ­¨æ¥©. � ¤ ç  á¢¥¤¥­  ª à¥è¥­¨î ¨­â¥£à «ì­®£®
ãà ¢­¥­¨ï ¢â®à®£® à®¤ . �®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ ª« áá¨ç¥áª®£® à¥-
è¥­¨ï ªà ¥¢®© § ¤ ç¨. �®áâà®¥­ë  «£®à¨â¬ë ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï, ®á­®¢ ­­ë¥ ­   ¯¯à®ª-
á¨¬ æ¨¨ á¯« ©­ ¬¨ à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï, íª¢¨¢ «¥­â­®£® ªà ¥¢®© § ¤ ç¥. � ¥âáï
®¡®á­®¢ ­¨¥ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ á ¯®¬®éìî ¢ à¨ ­â  ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢
 ­ «¨§ , ¯à¥¤«®¦¥­­®£® �.�. � ¡¤ã«å ¥¢ë¬ [1].

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì a | ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® ¨ f(x) 2 C1;�[�a; a], 0 < � � 1, f(�a) =
f 0(�a) = 0. �¡®§­ ç¨¬ ç¥à¥§ ef(x) ¯à®¤®«¦¥­¨¥ ­ã«¥¬ äã­ªæ¨¨ f(x) ­  ¢áî ç¨á«®¢ãî ®áì R.
� áá¬®âà¨¬ ­  ¯«®áª®áâ¨ R2 á ª®®à¤¨­ â ¬¨ x ¨ y ®¡« áâì S = f(x; y) : y > ef(x), �1 < x <1g.
�â¬¥â¨¬, çâ® £à ­¨æ  ®¡« áâ¨ S á®¢¯ ¤ ¥â á ®áìî 0x §  ¨áª«îç¥­¨¥¬ ¨­â¥à¢ «  (�a; a) ¨ ¥¥
¬®¦­® ¢ëà §¨âì á®®â­®è¥­¨¥¬

� � @S = f(x; ef(x)) : �1 < x <1g = �� [ �0;
�� = f(x; f(x)) : x 2 (�a; a)g; �0 = f(x; 0) : x 62 (�a; a)g:

� áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã.
� ©â¨ äã­ªæ¨î u(x; y) 2 C2(S) \ C(S), ®¡« ¤ îéãî ¯à ¢¨«ì­®© ­®à¬ «ì­®© ¯à®¨§¢®¤­®©

(­ ¯à., [2]), ã¤®¢«¥â¢®àïîéãî ¢ ®¡« áâ¨ S ãà ¢­¥­¨î �¥«ì¬£®«ìæ 

4u(x; y) + k2u(x; y) = 0; (x; y) 2 S; (1)

£à ­¨ç­®¬ã ãá«®¢¨î �¥©¬ ­ 

@u(P )
@~nP

= �@u0(P )
@~nP

; P = (x; y) 2 �; (2)

£¤¥ u0(x; y) = ei(�x��y), �, � | á®áâ ¢«ïîé¨¥ ¢®«­®¢®£® ¢¥ªâ®à  ¯ ¤ îé¥© ¢®«­ë ¯® ®áï¬ x ¨ y,
  ç¥à¥§ @=@~nP ®¡®§­ ç¥­  ¯à ¢¨«ì­ ï ­®à¬ «ì­ ï ¯à®¨§¢®¤­ ï ¢ â®çª¥ P ; ãá«®¢¨î ¨§«ãç¥­¨ï
­  ¡¥áª®­¥ç­®áâ¨

u� = eikrO

�
1p
r

�
;

@u�

@r
� iku� = eikro

�
1p
r

�
; r !1; (3)

Imk � 0; u�(x; y) = u(x; y)� ei(�x��y):

�ã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ¯¥à¥ç¨á«¥­­ë¬ ãá«®¢¨ï¬, ¡ã¤¥¬ ­ §ë¢ âì ª« áá¨ç¥áª¨¬
à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (1){(3). � áá¬ âà¨¢ ¥¬ ï ªà ¥¢ ï § ¤ ç  ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª®©
¬®¤¥«ìî ¤¨äà ªæ¨¨ ¯«®áª®© TH-¯®«ïà¨§®¢ ­­®© í«¥ªâà®¬ £­¨â­®© ¢®«­ë u0(x; y) � e�i!t, ¯ -
¤ îé¥© ¨§ ¯®«ã¯à®áâà ­áâ¢  y > 0 ­  à¥è¥âªã, £¥®¬¥âà¨ï ª®â®à®© ®¯à¥¤¥«ï¥âáï äã­ªæ¨¥©
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ef(x). � ¤ îé ï ¢®«­  å à ªâ¥à¨§ã¥âáï ª®¬¯«¥ªá­ë¬ ¢®«­®¢ë¬ ç¨á«®¬ k ¨ ã£«®¬ ¯ ¤¥­¨ï �,  
á®áâ ¢«ïîé¨¥ ¢®«­®¢®£® ¢¥ªâ®à  ¨¬¥îâ ¢¨¤ � = k sin �, � = k cos �.

�â¬¥â¨¬, çâ® § ¤ ç¨ ¤¨äà ªæ¨¨  ªãáâ¨ç¥áª¨å ¨ í«¥ªâà®¬ £­¨â­ëå ¢®«­ ­  áå®¤­ëå ®¡« -
áâïå ¯à¨ ­¥áª®«ìª® ¨­ëå ¯à¥¤¯®«®¦¥­¨ïå à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [3]{[5].

2. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï

� ¯®¬®éìî ä®à¬ã« �à¨­ , ¯à¨¬¥­¥­­ëå ¢ ®¡« áâ¨ SR = S \ BR, £¤¥ BR | ªàã£ à ¤¨ãá 
R > a, á ¯®á«¥¤ãîé¨¬ ¯¥à¥å®¤®¬ ª ¯à¥¤¥«ã ¯à¨ R!1, ¯®«ãç¥­® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  1. �á«¨ Imk � 0 ¨ Re k 6= 0, â® ªà ¥¢ ï § ¤ ç  (1){(3) ¨¬¥¥â ­¥ ¡®«¥¥ ®¤­®£®

ª« áá¨ç¥áª®£® à¥è¥­¨ï.

�«¥¤ãï [6], [7], ®¯à¥¤¥«¨¬ ®¡®¡é¥­­ë© ¯®â¥­æ¨ « ¯à®áâ®£® á«®ï

(V ')(P ) =
Z
��

G(P; P 0)'(x0)dsP 0 ;

£¤¥

G(P; P 0) =
�i

2
fH(1)

0 (kr) +H
(1)
0 (kr�)g; P = (x; z); P 0 = (x0; z0);

r =
q
(x� x0)2 + (z � z0)2; r� =

q
(x� x0)2 + (z + z0)2;

' 2 _C[�a; a],   ç¥à¥§ H(1)
0 (z) ®¡®§­ ç¥­  äã­ªæ¨ï � ­ª¥«ï ¯¥à¢®£® à®¤  ­ã«¥¢®£® ¯®àï¤ª .

�¥®à¥¬  2. �à¨ ãá«®¢¨¨ Im k � 0, Re k 6= 0 áãé¥áâ¢ã¥â ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ªà ¥¢®©

§ ¤ ç¨ (1){(3), ¯à¨ç¥¬ ¤«ï ­¥£® ¨¬¥¥â ¬¥áâ® ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

u(P ) = eu(P ) + Z
��

G(P; P 0)'(x0)dsP 0 ; P 2 S; (4)

¯«®â­®áâì ª®â®à®£® '(x) ï¢«ï¥âáï à¥è¥­¨¥¬ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£®

à®¤ 

��'(x) +
Z
��

@G(P; P 0)
@~nP

'(x0)dsP 0 = e�(P ); P = (x; f(x)) 2 ��; (5)

£¤¥ eu(P ) = eik(�x��y) + eik(�x+�y),   e�(P ) = �@(u0(P ) + eu(P ))
@~nP

.

�¡à â­®, ¥á«¨ '�(x) | à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (5), â® äã­ªæ¨ï u(P ), ¯®áâà®-
¥­­ ï ¯® ä®à¬ã«¥ (4) á ¯«®â­®áâìî '�(x), ï¢«ï¥âáï ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨
(1){(3).

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥­® ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ¨á¯®«ì§®¢ ­¨¥¬ á¢®©áâ¢ ®¡-
®¡é¥­­®£® ¯®â¥­æ¨ «  ¯à®áâ®£® á«®ï [7], [8] ¨ ¨áá«¥¤®¢ ­¨ï ¯®¢¥¤¥­¨ï ï¤à  ¨­â¥£à «ì­®£® ãà ¢-
­¥­¨ï (5).

3. �¥â®¤ á¯« ©­-ª®««®ª æ¨¨

�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (5) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

��'(x) +
Z a

�a
h(x; �)'(�)d� = g(x); �a < x < a; (6)
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£¤¥

h(x; �) = � i�k

2

s
1 + (f 0(�))2

1 + (f 0(x))2

�
H(1)

1 (kr)
r

f(f(x)� f(�))� (x� �)f 0(x)g+

+
H

(1)
1 (kr�)
r�

f(f(x) + f(�))� (x� �)f 0(x)g
�
;

g(x) = e�(x; f(x)); �a < x < a;

r =
p
(x� �)2 + (f(x)� f(�))2, r� =

p
(x� �)2 + (f(x) + f(�))2.

�  ®âà¥§ª¥ [�a; a] à áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî á¥âªã ã§«®¢

�a < x0 < x1 < � � � < xn < a; n = 1; 2; : : : ;

ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î �n = max
1�j�n

(xj � xj�1)! 0, n!1:

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (6) ¨é¥¬ ¢ ¢¨¤¥ á¯« ©­ 

'l
n(x) =

nX
j=0l

cjs
l
j(x); 00 = 1; (7)

£¤¥ slj(x) | äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë áâ¥¯¥­¨ l.
� áá¬®âà¨¬ ¢ëç¨á«¨â¥«ì­ë¥ áå¥¬ë ­  ®á­®¢¥ á¯« ©­®¢ ­ã«¥¢®© ¨ ¯¥à¢®© áâ¥¯¥­¥©. �ã­¤ -

¬¥­â «ì­ë¥ á¯« ©­ë ­ã«¥¢®© áâ¥¯¥­¨ ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨

s0j(x) =

(
1; xj�1 < x � xj ;
0; x =2 (xj�1; xj ];

j = 1; n:

�ã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë ¯¥à¢®© áâ¥¯¥­¨ § ¤ îâáï ä®à¬ã« ¬¨ (j = 1; n)

s1j(x) =

8>><>>:
0; x � xj�1;

x� xj�1

xj � xj�1

; xj�1 � x � xj ;

xj+1 � x

xj+1 � xj
; xj � x � xj+1; 0; x � xj+1:

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë cj (j = 0l; : : : ; n) ®¯à¥¤¥«ï¥¬ á®£« á­® ¬¥â®¤ã ª®««®ª æ¨¨ ¨§
á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

cj +
nX

k=0l

�jkck = gj ; j = 0l; n; (8)

£¤¥ ¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï

gj = g(xj); j = 0l; n;

�jk =
Z a

�a

h(xk; y)slj(y)dy; j; k = 0l; n:

� ¯®¬®éìî à¥§ã«ìâ â®¢ [1], [9] ¤®ª § ­ 

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­®¥ æ¥«®¥ ç¨á«® n0 â ª®¥, çâ®

¯à¨ n � n0 á¨áâ¥¬  (8) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ fc�jg ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï 'l
n(x) (l =

0; 1), ¯®áâà®¥­­ë¥ ¯® ä®à¬ã«¥ (7) ¯à¨ cj = c�j , áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î '� á® áª®à®áâìî

k'� � 'l
nkC = O (!x(h; �n) + �n) ;

£¤¥

!x(h; �) � !x(h; �)C = sup
x;y2[�a;a]
0<j�j��

jh(x+ �; y) � h(x; y)j;

  �n ®¯à¥¤¥«¥­ë à ­¥¥.
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