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1. �ãáâì !; !0; a 2 R+ , � 2 R | ¯ à ¬¥âàë, ¯à¨ç¥¬ 0 < a < !. � ¯à®áâà áâ¢¥ L2(�a; a)
à áá¬®âà¨¬ á«¥¤ãîé¥¥ á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥:

�f(x)� 1
�i

Z a

�a
f(t)�(t� x)dt = g(x); �a < x < a; (1)

£¤¥ �(�) | ¤§¥â -äãªæ¨ï �¥©¥àèâà áá  [1] á ®á®¢ë¬¨ ¯¥à¨®¤ ¬¨ 2! ¨ 2i!0. � ª ª ª äãªæ¨ï
� ¥ç¥â ï, ¨ �(z) � 1

z
¯à¨ z ! 0, â® ãà ¢¥¨¥ (1) ï¢«ï¥âáï ¯®«ë¬ á¨£ã«ïàë¬ ¨â¥£à «ìë¬

ãà ¢¥¨¥¬ á ï¤à®¬ �®è¨. �§¢¥áâ® ([2], £«. 1), çâ® ¨â¥£à «ìë© ®¯¥à â®à

(Kf) (x) := 1
�i

Z a

�a
f(t)�(t� x)dt (2)

®£à ¨ç¥® ¤¥©áâ¢ã¥â ¢ L2(�a; a), ¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢®
K2 = I + T ; (3)

£¤¥ I | â®¦¤¥áâ¢¥ë©,   T | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à. �¯¥à â®à (2) ï¢«ï¥âáï á ¬®á®-
¯àï¦¥ë¬, ¯®áª®«ìªã ¯à¨ ¤ ®¬ ¢ë¡®à¥ ¯¥à¨®¤®¢ ¤§¥â -äãªæ¨ï   ¢¥é¥áâ¢¥®© ®á¨ ¢¥é¥-
áâ¢¥ . � è  § ¤ ç  |  ©â¨ ¢ ï¢®¬ ¢¨¤¥ ¥£® á¯¥ªâà ¨ á®¡áâ¢¥ë¥ äãªæ¨¨.

�¥« ï ¯à¨¬¥¨âì ª ãà ¢¥¨î (1) ¬¥â®¤   «¨â¨ç¥áª®£® ¯à®¤®«¦¥¨ï [3], ¢¢e¤e¬ ®¢ãî
¥¨§¢¥áâãî äãªæ¨î

F (z) :=
1
2�i

Z a

�a
f(t)�(t� z)dt; z 2 u; (4)

  «¨â¨ç¥áªãî ¢ ¯àï¬®ã£®«ì¨ª¥ u := fz = x + iy j �! 6 x 6 !; �!0 6 y 6 !0g (à¨á. 1),
à §à¥§ ®¬ ¯® ®âà¥§ªã [�a; a].
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�à¥¤¥«ìë¥ § ç¥¨ï äãªæ¨¨ F   ¨â¥à¢ «¥ (�a; a) á¢ï§ ë ä®à¬ã« ¬¨ �®å®æª®£® [3]

F+(x)� F�(x) = f(x);

F+(x) + F�(x) =
1
�i

Z a

�a
f(t)�(t� x)dt:

(5)

�ç¨âë¢ ï ¨§¢¥áâë¥ ([1], á. 53) â®¦¤¥áâ¢ 

�(z + 2!) � �(z) + 2�(!);

�(z + 2i!0) � �(z) + 2�(i!0);

¢ë¯¨è¥¬ ãá«®¢¨ï, ª®â®àë¬ ¤®«¦  ã¤®¢«¥â¢®àïâì äãªæ¨ï F   ªà ïå ¯àï¬®ã£®«ì¨ª 

F (x� i!0) = F (x+ i!0) + C�(i!0); � ! 6 x 6 !;

F (�! + iy) = F (! + iy) +C�(!); � !0 6 y 6 !0;

£¤¥

C := � 1
�i

Z a

�a
f(t)dt : (6)

�á¯®«ì§ãï (5), ¯¥à¥¯¨è¥¬ ãà ¢¥¨¥ (1) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�
�
F+(x)� F�(x)

�� �
F+(x) + F�(x)

�
= g(x); �a < x < a:

�â  § ¤ ç  ¯à¨ � = �1 ï¢«ï¥âáï § ¤ ç¥© ®¡   «¨â¨ç¥áª®¬ ¯à®¤®«¦¥¨¨ äãªæ¨¨ g á á®®â-
¢¥âáâ¢ãîé¥£® ¡¥à¥£  à §à¥§  (�a; a) ¢ ¯àï¬®ã£®«ì¨ª. � ª®£® à®¤  § ¤ ç¨ à §à¥è¨¬ë ¥ ¯à¨
«î¡®© äãªæ¨¨ g 2 L2(�a; a). �®íâ®¬ã ®¡¥ â®çª¨ � = �1 ¯à¨ ¤«¥¦ â á¯¥ªâàã ®¯¥à â®à  (2).
�ç¨â ï �2 6= 1, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© § ¤ ç¥ «¨¥©®£® á®¯àï¦¥¨ï �¨¬   á ¥¨§¢¥áâ®©
äãªæ¨¥© F :

F+(x) =
�+ 1
�� 1

F�(x) +
g(x)
�� 1

; � a < x < a; (7)

F (x� i!0) = F (x+ i!0) + C�(i!0); � ! 6 x 6 !; (8)

F (�! + iy) = F (! + iy) +C�(!); � !0 6 y 6 !0: (9)

�¤¥áì C | ¥®¯à¥¤¥«¥ ï ¯®áâ®ï ï, á¢ï§  ï á äãªæ¨¥© f à ¢¥áâ¢®¬ (6). � ¤ ç  (7){
(9), à ¢®á¨«ì ï ãà ¢¥¨î (1), ï¢«ï¥âáï ¥®¤®à®¤®©, ¤ ¦¥ ¥á«¨ ãà ¢¥¨¥ (1) ®¤®à®¤®¥
(g(x) � 0).

� ¤ ç  �¨¬   ¤«ï ¤¢®ïª®¯¥à¨®¤¨ç¥áª¨å äãªæ¨© à ¥¥ ¯à¨ ¤àã£¨å ®£à ¨ç¥¨ïå à áá¬ -
âà¨¢ « áì ¢ ([3], £«. III).

2. � ç¥¬ á ¨áá«¥¤®¢ ¨ï ®¤®à®¤®© § ¤ ç¨

�f(x)� 1
�i

Z a

�a
f(t)�(t� x)dt = 0 (10)

¢ ª« áá¥ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨îZ a

�a
f(x)dx = 0: (11)

�â  § ¤ ç  à ¢®á¨«ì  á«¥¤ãîé¥© ®¤®à®¤®© § ¤ ç¥ á®¯àï¦¥¨ï   â®à¥:

F+(x) =
�+ 1
�� 1

F�(x); �a < x < a;

F (x� i!0) = F (x+ i!0); �! 6 x 6 !; (12)

F (�! � iy) = F (! � iy); �!0 6 y 6 !0:
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�®á«¥¤¨¥ ¤¢  à ¢¥áâ¢  ®§ ç îâ ¤¢®ïªãî ¯¥à¨®¤¨ç®áâì (â. ¥.   «¨â¨ç¥áªãî ¯à®¤®«¦¨¬®áâì
  â®à) äãªæ¨¨ F , ¨ ¯®íâ®¬ã ¨å ¬®¦® ®â¡à®á¨âì. � § ¤ ç¥ (12) ¯à¨¬¥¨¬ â¥®à¨î �¨¬    
â®à¥ [5]. �¥è¥¨ï¬, «¥¦ é¨¬ ¢ L2, á®®â¢¥âáâ¢ãîâ ®£à ¨ç¥ë¥ à¥è¥¨ï § ¤ ç¨ (12). � ª ª ª
ª®íää¨æ¨¥â § ¤ ç¨ (12) ¯®áâ®ïë© ¨ ¢¥é¥áâ¢¥ë©, â® ¥£® ¨¤¥ªá { ¨ ¤¥ä¥ªâë¥ ç¨á«  l ¨ l0

§ ¤ ç¨ «¥£ª® ¢ëç¨á«ïîâáï á ¯®¬®éìî  «£®à¨â¬ , ¨§«®¦¥®£® ¢ ([5], á. 131{136). � à¥§ã«ìâ â¥
®ª §ë¢ ¥âáï, çâ® ¢ á«ãç ¥ �+1

��1
> 0 ¡ã¤¥¬ ¨¬¥âì { = l = l0 = 0,   ¢ á«ãç ¥ �+1

��1
< 0 ¯®«ãç¨¬ { = �1

¨ l � l0 = 0. �â®â ¯®á«¥¤¨© á«ãç © ¯à¨ïâ®  §ë¢ âì \®á®¡ë¬". �£® ®á®¡¥®áâì § ª«îç ¥âáï
¢ â®¬, çâ® ¢®§¬®¦ë ¤¢  ¯®¤á«ãç ï: l = l0 = 0 ¨ l = l0 = 1. �¥ § ç¥¨ï ¯ à ¬¥âà  �, ¯à¨
ª®â®àëå à¥ «¨§ã¥âáï ¯®á«¥¤¨© ¯®¤á«ãç ©, ¨ ¡ã¤ãâ á®¡áâ¢¥ë¬¨ ç¨á« ¬¨ § ¤ ç¨ (10), (11).
�â®¡ë ¨å  ©â¨, § ¯¨è¥¬ ªà¨â¥à¨© ¥âà¨¢¨ «ì®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (12), ¯à¥¤áâ ¢«ïîé¨©
á®¡®© ªà¨â¥à¨© à §à¥è¨¬®áâ¨ ¢ æ¥«ëå ç¨á« å m, n ãà ¢¥¨ï

1
2�i

Z a

�a
ln

�+ 1
�� 1

dt+ 2n! + 2m!0i = 0: (13)

�¥à¥¯¨áë¢ ï ãà ¢¥¨¥ (13) ¢ ä®à¬¥

a

�i
ln

�+ 1
�� 1

+ 2n! + 2m!0i = 0;

¢¨¤¨¬, çâ® ®® «¥£ª® à¥è ¥âáï: n = 0,   m 6= 0 | ¯à®¨§¢®«ì®¥ æ¥«®¥ ç¨á«®. � â®£¤  á®®â¢¥â-
áâ¢ãîé¥¥ ¥¬ã § ç¥¨¥ � = �m ¤®«¦® ã¤®¢«¥â¢®àïâì ãà ¢¥¨î

ln
�m + 1
�m � 1

=
2�!0m

a
:

�¥è ï íâ® ãà ¢¥¨¥,  å®¤¨¬ á®¡áâ¢¥ë¥ ç¨á« 

�m = cth
�!0m

a
; m = �1;�2; : : :

�®« £ ï ¢ (12) � = �m,  ©¤¥¬ ®¡é¥¥ à¥è¥¨¥ § ¤ ç¨ (12)

Fm(z) = C exp
�

1
2�i

aZ
�a

ln
�m + 1
�m � 1

� �(t� z)dt+m �
�!+i!0Z
�!�i!0

�(t� z)dt
�
=

= C exp
�

1
2�i

ln
�m + 1
�m � 1

�
aZ

�a

�0(t� z)
�(t� z)

dt+m �
�!+i!0Z
�!�i!0

�0(t� z)
�(t� z)

dt

�
=

= C exp
�
!0m

ai
ln

�(a� z)
�(�a� z)

+m � ln �(�! + i!0 � z)
�(�! � i!0 � z)

�
=

= C1 exp
�
!0m

ai
ln

�(a� z)
�(a+ z)

+m � ln
�
�e�2�(!0i)(�!�i!0�z)

��
=

= C2 exp
�
!0m

ai
ln

�(a� z)
�(a+ z)

� 2m�(!0i)z
�
= C2

��
�(a� z)
�(a+ z)

�!
0

ai

� e�2z�(!0i)

�m
;

£¤¥ C, C1, C2 |¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �âáî¤  ¯à¨  ¤«¥¦ é¥¬ ¢ë¡®à¥ ¯®áâ®ï®© C2 «¥£ª®
 å®¤¨âáï ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ 'm ãà ¢¥¨ï (10), á®®â¢¥âáâ¢ãîé¥¥ á®¡áâ¢¥®¬ã § ç¥¨î
� = �m,

'm(x) = F+
m(x)� F�

m(x) =
1p
2a

��
�(a� x)
�(a+ x)

�!
0

ai

� e�2x�(!0i)

�m

; m 2 Z n f0g; �a < x < a: (14)

3. �¨áâ¥¬  äãªæ¨© (14) ®àâ®®à¬¨à®¢  ï. �®ª ¦¥¬, çâ® ®  ¯®«  ¢ ¯à®áâà áâ¢¥

L2
0(�a; a) äãªæ¨©, «¥¦ é¨å ¢ L2(�a; a) ¨ ®àâ®£® «ìëå äãªæ¨¨ '0(x) � 1. �à®¥ªâ¨àãï «¥-

¢ãî ç áâì à ¢¥áâ¢  (10)   ¯à®áâà áâ¢® L2
0(�a; a), «¥£ª® § ª«îç¨âì, çâ® íâ  «¥¢ ï ç áâì «¨èì
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¢¯®«¥ ¥¯à¥àë¢ë¬ á« £ ¥¬ë¬ ®â«¨ç ¥âáï ®â ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¢ L2
0(�a; a). �®íâ®¬ã

¤«ï ¨â¥£à «ì®£® ®¯¥à â®à  ¨§ (10) á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (3), ®âªã¤  á«¥¤ã¥â, çâ® á®¡áâ¢¥ë¥
ç¨á«  ®¯¥à â®à  T ¨§ (3) à ¢ë (�2

m� 1), ¨ ª ¦¤®¬ã â ª®¬ã á®¡áâ¢¥®¬ã ç¨á«ã á®®â¢¥âáâ¢ãîâ
¤¢¥ á®¡áâ¢¥ë¥ äãªæ¨¨ '�m(x) ¨§ (14). �à¨¬¥ïï â¥®à¥¬ã �¨«ì¡¥àâ {�¬¨¤â  ([5], á. 212),
§ ª«îç ¥¬, çâ® á¨áâ¥¬  (14) ¡ã¤¥â ¯®«®© ¢ L2

0(�a; a), ¥á«¨ ¨ â®«ìª® ¥á«¨ ãà ¢¥¨¥

(T ') (x) = 0; (15)

£¤¥ T | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¨§ (3), ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥. �á¯®«ì§ãï (3),
¯¥à¥¯¨è¥¬ ãà ¢¥¨¥ (15) ¢ á«¥¤ãîé¥¬ à ¢®á¨«ì®¬ ¢¨¤¥:

'(x) =
�K2'

�
(x); �a < x < a; (16)

£¤¥ K | ®¯¥à â®à (2). �¢¥¤¥¬ ®¢ë¥ ¥¨§¢¥áâë¥ äãªæ¨¨

�(z) :=
1
2�i

Z a

�a
'(t)�(t� z)dt; 	(z) :=

1
2�i

Z a

�a
(K') (t)�(t� z)dt:

�á¯®«ì§ãï ä®à¬ã«ë �®å®æª®£® ¨ ãà ¢¥¨¥ (16), ¨¬¥¥¬ ¯à¨ x 2 (�a; a)

�+(x)� ��(x) = '(x); 	+(x)�	�(x) = (K') (x);
�+(x) + ��(x) = (K') (x); 	+(x) + 	�(x) = '(x):

�áª«îç ï ¨§ íâ¨å à ¢¥áâ¢ äãªæ¨¨ ' ¨ K', ¯®«ãç¨¬
�+(x)� ��(x) = 	+(x) + 	�(x);

�+(x) + ��(x) = 	+(x)�	�(x):

�ª« ¤ë¢ ï ¨ ¢ëç¨â ï íâ¨ à ¢¥áâ¢ ,  ©¤¥¬

�+(x) � 	+(x); ��(x) � �	�(x); �a < x < a:

�âáî¤  ¢ á¨«ã â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨ á«¥¤ã¥â �(z) � 	(z) � 0, ¨, § ç¨â, ãà ¢¥¨¥ (15)
¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥. �¥¬ á ¬ë¬ ¯®«®â  á¨áâ¥¬ë (14) ¢ ¯à®áâà áâ¢¥ L2

0(�a; a) ãáâ -
®¢«¥ .

�®¡ ¢«ïï ª á¨áâ¥¬¥ (14) ¥é¥ ®¤ã äãªæ¨î '0(x) := 1p
2a
, § ª«îç ¥¬, çâ® ®àâ®®à¬¨à®¢ -

 ï á¨áâ¥¬ 

'm(x) =
1p
2a

��
�(a� x)
�(a+ x)

�!
0

ai

� e�2x�(!0i)

�m

; m 2 Z; (17)

¯®«  ¢ ¯à®áâà áâ¢¥ L2(�a; a).
4. �á¯®«ì§ãï ¯®«ãî ®àâ®®à¬¨à®¢ ãî á¨áâ¥¬ã (17), ¢¥à¥¬áï ª ãà ¢¥¨î (1). �ãáâì

f(x) =
X
k2Z

fk'k(x); g(x) =
X
k2Z

gk'k(x)

| àï¤ë �ãàì¥ äãªæ¨© f ¨ g ¯® á¨áâ¥¬¥ (17). �®¤áâ ¢«ïï ¨å ¢ (1),  å®¤¨¬

�
X
k2Z

fk'k(x)� 1
�i

Z a

�a

X
k2Z

fk'k(t)�(t� x)dt =
X
k2Z

gk'k(x):

�®á«¥¤¥¥ à ¢®á¨«ì® á«¥¤ãîé¥¬ã:

�
X
k2Z

fk'k(x)�
X

k2Znf0g
fk�k'k(x)� f0

�i

Z a

�a

�(t� x)p
2a

dt =
X
k2Z

gk'k(x):
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� §« £ ï ¢å®¤ïé¨© áî¤  ¨â¥£à « ¢ àï¤ �ãàì¥, ¨¬¥¥¬

1

�i
p
2a

Z a

�a
�(t� x)dt =

X
k2Z

�k'k(x):

�ç¨âë¢ ï, çâ® ¢ á¨«ã ¥ç¥â®áâ¨ äãªæ¨¨ � ¢ë¯®«ï¥âáï à ¢¥áâ¢®

�0 =
1

2�ia

Z a

�a
dx

Z a

�a
�(t� x)dt = 0;

¯®«ãç¨¬
�
X
k2Z

fk'k(x)�
X

k2Znf0g
�kfk'k(x)� f0

X
k2Znf0g

�k'k(x) =
X
k2Z

gk'k(x):

�à¨à ¢¨¢ ï §¤¥áì ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå äãªæ¨ïå 'k(x), ¯à¨å®¤¨¬ ª ¡¥áª®¥ç®©
á¨áâ¥¬¥ ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ fk

�f0 = g0;

(�� �k)fk � f0�k = gk; k 2 Z n f0g: (18)

�á«¨, ¢ ç áâ®áâ¨, g(x) � 0, â® ¢á¥ gk à ¢ë ã«î, ¨ ¬ë ¨¬¥¥¬ ®¤®à®¤ãî á¨áâ¥¬ã

�f0 = 0;

(�� �k)fk � f0�k = 0; k 2 Z n f0g: (19)

�âáî¤  ¢¨¤®, çâ® â®çª  � = 0 ¯à¨ ¤«¥¦¨â á¯¥ªâàã ãà ¢¥¨ï (1), â. ª. ¯à¨ � = 0 á¨áâ¥¬  (18)
¥ ï¢«ï¥âáï ¡¥§ãá«®¢® à §à¥è¨¬®©. �á«®¢¨¥¬ ¥¥ à §à¥è¨¬®áâ¨ (¯à¨ � = 0) ï¢«ï¥âáï à ¢¥áâ¢®
g0 = 0, ¨ ¥á«¨ ®® ¢ë¯®«¥®, â® ª®íää¨æ¨¥â f0 ¬®¦® § ¤ âì ¯à®¨§¢®«ì®. �®« £ ï f0 = 1,
¨§ (19)  å®¤¨¬ fk = � �k

�k
¯à¨ k 2 �N. � ª ª ª �k ! �1 ¯à¨ k ! �1, â® àï¤

P
k

�� �k
�k

��2 áå®¤¨âáï,
¯®íâ®¬ã äãªæ¨ï b'(x) := � P

k2Z
�k
�k
'k(x) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã L2(�a; a). �¤ ª® ®  ¥

ï¢«ï¥âáï á®¡áâ¢¥®© äãªæ¨¥© ®¯¥à â®à  (2), á®®â¢¥âáâ¢ãîé¥© á®¡áâ¢¥®¬ã § ç¥¨î � = 0,
¢ á¨«ã ¥à ¢¥áâ¢ 

(K b') (x) = 1
�i

Z a

�a
b'(t)�(t� x)dt = � 1

�i

Z a

�a

X
k2Z

�k
�k

'k(t)�(t� x)dt =

= � 1
�i

X
k2Z

�k'k(x) =
1

�2
p
2a

Z a

�a
�(t� x)dt =

1

�2
p
2a

ln
�(a� x)
�(a+ x)

6� 0:

�®ª ¦¥¬ â¥¯¥àì, çâ® ¯¥à¥ç¨á«¥ë¥ ¢ëè¥ § ç¥¨ï �, ¯à¨ ¤«¥¦ é¨¥ á¯¥ªâàã, ¨áç¥à¯ë¢ îâ
¢¥áì á¯¥ªâà. � íâ®© æ¥«ìî ¯à¥¤¯®«®¦¨¬, çâ® § ç¥¨¥ � ¢ á¨áâ¥¬¥ (18) â ª®¥, çâ®

� =2 f0g [ f1g [ f�1g [
�
�k = cth

�!0m

a

���� k 2 Z n f0g
�
: (20)

� íâ¨å á«ãç ïå á¨áâ¥¬  (18) à §à¥è¨¬  ¡¥§ãá«®¢® ¨ ®¤®§ ç®. �¥ à¥è¥¨¥ «¥£ª® ¢ëç¨á«ï-
¥âáï ¨ ¨¬¥¥â ¢¨¤

f0 =
g0
�
; fk =

g0�k + �gk
�(�� �k)

; k 2 Z n f0g: (21)

� ª ª ª �k ! �1 ¯à¨ k ! �1 á®®â¢¥âáâ¢¥®, â® § ¬¥ â¥«ì ¢ (21) ®£à ¨ç¥ á¨§ã ¯® ¬®¤ã«î,
¯®íâ®¬ã (fk)k2Z2 l2,   äãªæ¨ï

f(x) :=
g0
�
+

X
k2Znf0g

g0�k + �gk
�(�� �k)

'k(x)
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¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã L2(�a; a) ¨ ¢ á¨«ã â¥®à¥¬ë �¨áá {�¨è¥à  ï¢«ï¥âáï (¥¤¨áâ¢¥ë¬)
à¥è¥¨¥¬ ãà ¢¥¨ï (1). �â ª, ¯à ¢ ï ç áâì ®â®è¥¨ï (20) ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥áì á¯¥ªâà

®¯¥à â®à  (2). �âáî¤  á«¥¤ã¥â, çâ® kKk = cth �!0

a
.

�¥è¨¬ â¥¯¥àì ãà ¢¥¨¥ (1) ¤«ï § ç¥¨© �, «¥¦ é¨å   á¯¥ªâà¥. �à¨ � = 0 ãà ¢¥¨¥ (1)
¯à¨®¡à¥â ¥â ¢¨¤

� 1
�i

Z a

�a
f(t)�(t� x)dt = g(x); �a < x < a: (22)

�à¨â¥à¨¥¬ ¥£® à §à¥è¨¬®áâ¨, ª ª ã¦¥ ®â¬¥ç «®áì, ï¢«ï¥âáï à ¢¥áâ¢®Z a

�a
g(x)dx = 0: (23)

� ª ª ª ®¤®à®¤®¥ ãà ¢¥¨¥ (22) ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥, â® ¢ á¨áâ¥¬¥ (18) ¯à¨ � = 0
 ¤® ¯®«®¦¨âì ¥é¥ f0 = 0. T®£¤  ¯®«ãç¨¬ fk = � gk

�k
, k 2 Zn f0g. �â ª, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï

(23) ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (22) ¨¬¥¥â ¢¨¤

f(x) = �
X
k2Z

gk
�k

'k(x):

�ãáâì � = �m = cth �!0m

a
, m 2 Z n f0g. � íâ®¬ á«ãç ¥ à¥è¥¨¥¬ ®¤®à®¤®© á¨áâ¥¬ë (19)

ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (fk)k2Z, ¢ ª®â®à®© fm | ¯à®¨§¢®«ì®¥ ç¨á«®,   fk = 0 ¯à¨ k 6= m.
�§ (18) «¥£ª® ¢ëâ¥ª ¥â ªà¨â¥à¨© à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (1) ¯à¨ � = �m

g0�m + �mgm = 0:

�á«¨ íâ® ãá«®¢¨¥ ¢ë¯®«¥®, â® ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¨¬¥¥â ¢¨¤

f(x) =
g0
�m

+ fm'm(x) +
X

k2Znf0;mg

g0�k + �mgk
�m(�m � �k)

'k(x);

£¤¥ fm | ¯à®¨§¢®«ì ï ¯®áâ®ï ï.
�ãáâì � = �1. �®£¤  ãà ¢¥¨¥ (1) à ¢®á¨«ì® § ¤ ç¥ ®¡   «¨â¨ç¥áª®¬ ¯à®¤®«¦¥¨¨

äãªæ¨¨ g á ¢¥àå¥£® ¡¥à¥£  à §à¥§  (�a; a) ¤® äãªæ¨¨,   «¨â¨ç¥áª®© ¢ ®¡« áâ¨, ¯®ª § -
®©   à¨á. 1, ¨ ¯à¥¤áâ ¢¨¬®© ¨â¥£à «®¬,   «®£¨çë¬ (4). �â  § ¤ ç  ¨¬¥¥â ¥ ¡®«¥¥ ®¤®£®
à¥è¥¨ï. �à¨â¥à¨¥¬ ¥¥ à §à¥è¨¬®áâ¨ ï¢«ï¥âáï ãá«®¢¨¥

X
k2Znf0g

����g0�k � gk
1 + �k

����
2

< +1: (24)

�á«¨ ®® ¢ë¯®«ï¥âáï, â® äãªæ¨ï

f(x) = �g0 +
X

k2Znf0g

g0�k � gk
1 + �k

'k(x)

¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã L2(�a; a) ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¯à¨
� = �1.

�,  ª®¥æ, ¯ãáâì � = 1. �®£¤  ãà ¢¥¨¥ (1) à ¢®á¨«ì® § ¤ ç¥ ®¡   «¨â¨ç¥áª®¬ ¯à®-
¤®«¦¥¨¨ äãªæ¨¨ f á ¨¦¥£® ¡¥à¥£  à §à¥§  (�1; 1) ¤® äãªæ¨¨,   «¨â¨ç¥áª®© ¢ ®¡« áâ¨,
¯®ª § ®©   à¨á. 1, ¨ ¯à¥¤áâ ¢¨¬®© â ¬ ¨â¥£à «®¬,   «®£¨çë¬ (4). �â  § ¤ ç    «®£¨ç 
¯à¥¤ë¤ãé¥©. �à¨â¥à¨¥¬ ¥¥ à §à¥è¨¬®áâ¨ ï¢«ï¥âáï ãá«®¢¨¥

X
k2Znf0g

����g0�k + gk
1� �k

����
2

< +1: (25)
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�á«¨ íâ® ãá«®¢¨¥ ¢ë¯®«¥®, â® ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¯à¨ � = 1 ¨¬¥¥â ¢¨¤

f(x) = g0 +
X

k2Znf0g

g0�k + gk
1� �k

'k(x):

�â¬¥â¨¬, çâ® ¢á¥ äãªæ¨¨ á¨áâ¥¬ë (14) ®¡« ¤ îâ ®¡®¨¬¨ ãª § ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨

  «¨â¨ç¥áª®© ¯à®¤®«¦¨¬®áâ¨, ¨ ¯à¨â®¬ ¤® ¤¢®ïª®-¯¥à¨®¤¨ç¥áª¨å äãªæ¨©. �®íâ®¬ã ¥áâ¥-
áâ¢¥® ®¦¨¤ âì   «®£¨çëå á¢®©áâ¢ ¨ ®â àï¤®¢ �ãàì¥ ¯® íâ®© á¨áâ¥¬¥, ®á®¡¥® ¥á«¨ ª®íää¨-
æ¨¥âë íâ¨å àï¤®¢ ¤®áâ â®ç® ¡ëáâà® áâà¥¬ïâáï ª ã«î. � ¯à¨¬¥à, ¥á«¨ àï¤ g(x) =

P
k2Z

gk'k(x)

ï¢«ï¥âáï ä¨¨âë¬ (â. ¥. ®¡àë¢ ¥âáï) å®âï ¡ë ¢ ®¤ã áâ®à®ã, â® á®®â¢¥âáâ¢ãîé¥¥ ¥à ¢¥áâ¢®
(24) ¨«¨ (25) ¡ã¤¥â  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«ïâìáï. � ª¨¬ ®¡à §®¬, ¥á«¨ ®£à ¨ç¨¢ âìáï â®«ìª® â -
ª¨¬¨ ¯à ¢ë¬¨ ç áâï¬¨, â® § ¤ ç    «¨â¨ç¥áª®£® ¯à®¤®«¦¥¨ï äãªæ¨¨ g(x) ¡ã¤¥â ®¤®§ ç®
¨ ¡¥§ãá«®¢® à §à¥è¨¬®© ¨ ª â®¬ã ¦¥ ª®àà¥ªâ®©.

5. �®áª®«ìªã à ¢®á¨«ì ï ãà ¢¥¨î (1) § ¤ ç  á®¯àï¦¥¨ï (7){(9) ¤®¯ãáª ¥â à¥è¥¨¥ ¢
ª¢ ¤à âãà å, â® ¨ ãà ¢¥¨¥ (1) ¬®¦® à¥è¨âì ¢ ª¢ ¤à âãà å. �¤ ª® â ª®¥ à¥è¥¨¥ á ¬® ¯®
á¥¡¥ ¬ «® ¨â¥à¥á®, ¯®áª®«ìªã ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥ ãà ¢¥¨¥ (1) ¯®«®áâìî ¨áá«¥¤®¢ ® ¨
à¥è¥® ¤àã£¨¬ ¬¥â®¤®¬. �¥è¥¨¥ ¢ ª¢ ¤à âãà å ¬®¦¥â ¯à¥¤áâ ¢«ïâì ¨â¥à¥á á â®çª¨ §à¥¨ï
¨§ãç¥¨ï á¢®©áâ¢ ¯®«®© ®àâ®®à¬¨à®¢ ®© á¨áâ¥¬ë (17), ¯®áª®«ìªã íâ  á¨áâ¥¬  ï¢«ï¥âáï
®¢®©.

�®ª ¦¥¬, çâ® ¯®« ï ¢ L2(�a; a) á¨áâ¥¬  (17) ¥ ï¢«ï¥âáï ¯®«®© ¢ L1(�a; a). �«ï ¤®ª § -
â¥«ìáâ¢   ¤® ¯à¥¤êï¢¨âì å®âï ¡ë ®¤ã äãªæ¨î ' 2 L1 nL2, ®àâ®£® «ìãî ª® ¢á¥¬ äãªæ¨ï¬
á¨áâ¥¬ë (17). � íâ®© æ¥«ìî ¯à¥¤¯®«®¦¨¬, çâ® ¢ ãà ¢¥¨¨ (1) ¯à ¢ ï ç áâì H-¥¯à¥àë¢   
[�a; a], ¨ ¡ã¤¥¬ ¨â¥à¥á®¢ âìáï áãé¥áâ¢®¢ ¨¥¬ ¯®çâ¨ ®£à ¨ç¥ëå à¥è¥¨© (â. ¥. â ª¨å à¥è¥-
¨© f , ª®â®àë¥ H-¥¯à¥àë¢ë   (�a; a), ¯à¨ç¥¬ f(x) = o ((x� a)�") ¯à¨ x ! �a ¤«ï «î¡®£®
" > 0) ¯à¨ �1 < � < 1, ª®â®àë¥ ¯®¤ç¨¥ë ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨î

C =
Z a

�a
f(x)dx = 0:

�®£¤  ãà ¢¥¨¥ (1) à ¢®á¨«ì® § ¤ ç¥ (7),   ãà ¢¥¨ï (8) ¨ (9) ¬®¦® ¥ ãç¨âë¢ âì, â. ª. ¢
¨å C = 0. �à¨¬¥ïï ª § ¤ ç¥ (7) â¥®à¨î § ¤ ç¨ á®¯àï¦¥¨ï   â®à¥, § ª«îç ¥¬ á«¥¤ãîé¥¥:
ªà¨â¥à¨¥¬ ¥¥ à §à¥è¨¬®áâ¨ ï¢«ï¥âáï à ¢¥áâ¢®Z a

�a
g(t)	+(t)dt = 0; (26)

£¤¥ 	 | ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨, á®î§®© ª (7),

	�(x) =
�+ 1
�� 1

	+(x); �a < x < a; (27)

¢ ª« áá¥ äãªæ¨©, áã¬¬¨àã¥¬ëå   (�1; 1). � á¨«ã â®£®, çâ® �+1
��1

< 0, § ¤ ç  (27) ¨¬¥¥â ®¤®
«¨¥©® ¥§ ¢¨á¨¬®¥ à¥è¥¨¥. �â® à¥è¥¨¥ á®¤¥à¦¨âáï ¢ ä®à¬ã«¥

	(z) = C exp
�

1
2�i

aZ
�a

ln
�+ 1
�� 1

� �(t� z)dt+

z�Z
a

�(t� z)dt+

+ n� �
!�i!0Z

�!�i!0
�(t� z)dt+m� �

�!+i!0Z
�!�i!0

�(t� z)dt
�
; (28)

£¤¥ C | ¯®áâ®ï ï, ln �+1
��1

= ln
���+1
��1

�� + �i,   m�, n� | ¥¨§¢¥áâë¥ æ¥«ë¥ ç¨á« , z� 2 u |
¥¨§¢¥áâ ï â®çª , ª®â®à ï ¯®¤¡¨à ¥âáï â ª, çâ®¡ë äãªæ¨ï 	 áâ «  ¤¢®ïª®¯¥à¨®¤¨ç¥áª®©. �â®
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¯®á«¥¤¥¥ âà¥¡®¢ ¨¥ ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ãà ¢¥¨î (ª®â®à®¥ ï¢«ï¥âáï ¢¥áì¬  ç áâë¬
á«ãç ¥¬ â ª  §ë¢ ¥¬®© ¯à®¡«¥¬ë ®¡à é¥¨ï �ª®¡¨):

1
2�i

�
ln
�����+ 1
�� 1

����+ �i

�
� 2a+ z� � a+ n� � 2! +m� � 2i!0 = 0:

�®á«¥¤¥¥ ãà ¢¥¨¥ ¯à¥®¡à §®¢ë¢ ¥âáï ª ¢¨¤ã

a

�i
ln
�����+ 1
�� 1

����+ ez� + n� � 2! +m� � 2i!0 = 0:

�®áª®«ìªã z� ¤®«¦ë «¥¦ âì ¢ ®á®¢®¬ ¯àï¬®ã£®«ì¨ª¥, â®

�! 6 Re z� < !; �!0 6 Im z� < !0;

¨, § ç¨â,

�! 6 Re ez = �n� � 2! < !;

�!0 6 Im ez = a

�
ln
�����+ 1
�� 1

����� 2m�!
0 < !0:

�âáî¤  ¢¨¤®, çâ® n� = 0, m� =
�

a

2�!0
ln 1+�

1��
�
, £¤¥ [�] | æ¥« ï ç áâì. �¥¬ á ¬ë¬ ¢å®¤ïé¨¥ ¢ (28)

¯ à ¬¥âàë  ©¤¥ë, ¨ ¬ë ¨¬¥¥¬

	(z) = C exp
�

1
2�i

�
ln
1 + �

1� �
+ �i

�
� ln �(a� z)

�(a+ z)
+ ln

�(z� � z)
�(a� z)

+m� � ln �(�! + i!0 � z)
�(�! � i!0 � z)

�
=

= C1 exp
�

1
2�i

ln
1 + �

1� �
� ln �(a� z)

�(a+ z)
+
1
2
ln

�(a� z)
�(a+ z)

+ ln
�(z� � z)
�(a� z)

+m� � ln(�e2�(i!0)(�i!0�z))
�
=

= C3

�
�(a� z)
�(a+ z)

� 1
2�i

ln 1+�

1��

� �(z � z�)p
�(a� z)�(a+ z)

� e�2m��(i!
0)z:

�à¨  ¤«¥¦ é¥¬ ¢ë¡®à¥ ª®áâ âë C3 ¯®«ãç¨¬ ¯à¨ x 2 (�a; a)

	+(x) =
�
�(a� x)
�(a+ x)

� 1
2�i

ln 1+�

1��

� �(x� iy�)p
�(a� x)�(a + x)

� e�2m��(i!
0)x; (29)

£¤¥ ®¡®§ ç¥® iy� = z�, ¯®áª®«ìªã Re z� = 0.
�â ª, ¢ ãá«®¢¨¥ (26) ¢å®¤¨â äãªæ¨ï (29), ª®â®à ï, ®ç¥¢¨¤®, «¥¦¨â ¢ L1(�a; a), ® ¥ «¥¦¨â

¢ L2(�a; a). �ç¨â ï, çâ® �1 < � < 1, à áá¬®âà¨¬ ãà ¢¥¨¥

�f(x)� 1
�i

Z a

�a
f(t)�(t� x)dt = 'm(x); (30)

£¤¥ 'm(x), m 2 Znf0g, | äãªæ¨¨ á¨áâ¥¬ë (17). �à ¢¥¨¥ (30) à §à¥è¨¬®, ¯®áª®«ìªã äãªæ¨ï

f(x) =
'm(x)
�� �m

ï¢«ï¥âáï ¥£® ®£à ¨ç¥ë¬ à¥è¥¨¥¬, ª®â®à®¥ ¯à¨â®¬ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
aR

�a
f(x)dx = 0.

�® ªà¨â¥à¨î (26) ¢ë¯®«ï¥âáï à ¢¥áâ¢®Z a

�a
'm(x)	+(x)dx = 0; m 2 Z n f0g:

�á«¨ ¯®«®¦¨âì e	(x) := 	+(x)�
aR

�a
	+(t)dt, â® ¡ã¤¥¬ ¨¬¥âì

aR
�a

'm(x)e	(x)dx = 0 ¤«ï ¢á¥å m 2 Z.
� ç¨â, äãªæ¨¨ e	 ®àâ®£® «ìë ª® ¢á¥¬ äãªæ¨ï¬ á¨áâ¥¬ë (17).
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