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� ¯ à ««¥«¥¯¨¯¥¤¥ D = fx0 < x < x1; y0 < y < y1; z0 < z < z1g à áá¬®âà¨¬ ãà ¢¥¨¥

L(u) �
2X

�;�=0

1X
=0

a��(x; y; z)
@�+�+u

@x�@y�@z
= F (x; y; z): (1)

�«®áª¨© ¥£®   «®£, ª®£¤  a��1 � 0 ¤«ï ¢á¥å �, � (z ¬®¦® áç¨â âì ¯à¨ íâ®¬ ¯ à ¬¥âà®¬ ¨«¨
¢®®¡é¥ ®âáãâáâ¢ãîé¨¬), á®¤¥à¦¨â ¢ á¥¡¥ ãà ¢¥¨¥ �ãáá¨¥áª {�ï¢  uxxyy � uxx + uyy = 0
¨§ â¥®à¨¨ ª®«¥¡ ¨© ([1], ä®à¬ã«  (20)) ¨ ãà ¢¥¨¥ �««¥à  uy = (aux + buxy)y, ®¯¨áë¢ îé¥¥
¯à®æ¥áá ä¨«ìâà æ¨¨ ¯à¨ ¯®£«®é¥¨¨ ¢« £¨ ª®àï¬¨ à áâ¥¨© ([2], á. 261). �¡é¥¥ ¤¢ã¬¥à®¥
ãà ¢¥¨¥ á® áâ àè¥© ¯à®¨§¢®¤®© uxxy à áá¬ âà¨¢ «®áì ¢ à ¡®â å [3]{[9]. � (1) á®¤¥à¦¨âáï
â ª¦¥ á«ãç © ãà ¢¥¨ï á® áâ àè¥© ¯à®¨§¢®¤®© uxyz, ¨§ãç ¢è¨©áï ¢ [10]{[12]. �à ¢¥¨ï á â -
ª®© ¯à®¨§¢®¤®© ¨á¯®«ì§ãîâáï ¯à¨ ¬®¤¥«¨à®¢ ¨¨ ¯à®æ¥áá®¢ ¢¨¡à æ¨¨ ¨ ¨£à îâ áãé¥áâ¢¥ãî
à®«ì ¢ â¥®à¨ïå  ¯¯à®ªá¨¬ æ¨¨ ¨ ®â®¡à ¦¥¨© ([13], á. 109). � ¯®¤®¡ë¬ ãà ¢¥¨ï¬ á¢®¤¨âáï
§ ¤ ç  ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï ¯à¥®¡à §®¢ ¨ï ®¤¨å ®¡ëª®¢¥ëå «¨¥©ëå ¤¨ää¥-
à¥æ¨ «ìëå ®¯¥à â®à®¢ ¢ ¤àã£¨¥ [14]. � ª¨¬ ®¡à §®¬, ¬®¦® à áá¬ âà¨¢ âì (1) ª ª ®¡®¡é¥¨¥
àï¤  ¨áá«¥¤®¢ ëå à ¥¥ ãà ¢¥¨©.

�ã¤¥¬ ¤ «¥¥ áç¨â âì, çâ® a221 � 1, £« ¤ª®áâì ®áâ «ìëå ª®íää¨æ¨¥â®¢ ®¯à¥¤¥«ï¥âáï ¢ª«î-
ç¥¨ï¬¨

a�� 2 C
�+�+(D); F 2 C2+2+1(D); (2)

£¤¥ C�+�+ | ª« áá ¥¯à¥àë¢ëå ¢ D äãªæ¨© ¢¬¥áâ¥ á ¨å ¯à®¨§¢®¤ë¬¨ @r+s+t=@xr@ys@zt

(r = 0; : : : ; �; s = 0; : : : ; �; t = 0; : : : ; ).
1. �ãáâì X, Y , Z | £à ¨ D ¯à¨ x = x0, y = y0, z = z0 á®®â¢¥âáâ¢¥®.

� ¤ ç  (�ãàá ). � ©â¨ ¢ D à¥è¥¨¥ ãà ¢¥¨ï (1) ª« áá  C2+2+1, ã¤®¢«¥â¢®àïîé¥¥ £à -
¨çë¬ ãá«®¢¨ï¬

ujX = '(y; z); ujY =  (x; z); ujZ = �(x; y);

uxjX = '1(y; z); uyjY =  1(x; z); (3)

� 2 C2+2(Z); '; '1 2 C
2+1(X);  ;  1 2 C

2+1(Y ):

�  à¥¡à å D ¯à¥¤¯®«®¦¨¬ ¢ë¯®«¥ë¬¨ ãá«®¢¨ï á®£« á®¢ ¨ï

'(y0; z) =  (x0; z); '(y; z0) = �(x0; y);  (x; z0) = �(x; y0);

'1(y0; z) =  x(x0; z);  1(x0; z) = 'y(y0; z);

¯à¨ íâ®¬ á ¬¨ á®£« á®¢ ë¥ § ç¥¨ï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë.
�ã¤¥¬ à¥è âì ¤ ãî § ¤ çã ¯ãâ¥¬ à §¢¨â¨ï ¢ à¨ â  ¬¥â®¤  �¨¬   ¨§ à ¡®â [9], [11].

�«ï á®ªà é¥¨ï ®¡ê¥¬  ä®à¬ã« ¤ «¥¥ ®¯¥à â®àë ¤¨ää¥à¥æ¨à®¢ ¨ï ¨ ¨â¥£à¨à®¢ ¨ï ¡ã¤¥¬
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§ ¯¨áë¢ âì á ¯®¬®éìî á¨¬¢®«®¢ Dk
t . � ¨¬¥®, ¥á«¨ k = 1; 2; : : : , â® Dk

t ' � @k'=@tk; ¥á«¨

k = �1;�2; : : : , â® Dk
t ' �

tR
t0

(t��)�k�1'(�)

(�k�1)!
d� ; D0

t | ¥¤¨¨çë© ®¯¥à â®à.

�¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï

2X
i1=0

2X
i2=0

1X
i3=0

(�1)(i1+i2+i3)+1Di1�2
x Di2�2

y Di3�1
z (ai1i2i3R) = 1; (4)

ª®â®à®¥ áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ([15], á. 180),  §®¢¥¬ äãªæ¨¥© �¨¬   R(x; y; z; �; �; �). �ç¥-
¢¨¤®, § ¯¨áì (4) «¥£ç¥ ¢á¥£® ¯®«ãç¨âì, ®â¯à ¢«ïïáì ®â á®¯àï¦¥®£® á (1) ãà ¢¥¨ï

L�(V ) �
2X

i1=0

2X
i2=0

1X
i3=0

(�1)(i1+i2+i3)+1Di1
x D

i2
y D

i3
z (ai1i2i3V ) = 0: (5)

�«ï «î¡®© äãªæ¨¨ u ¨§ ª« áá  C2+2+1(D) ¨¬¥¥â ¬¥áâ® â®¦¥áâ¢®

(uR)xxyyz � RL(u) +
2X

i1=0

2X
i2=0

1X
i3=0

0<i1+i2+i3<5

(�1)i1+i2+i3�1Di1
x D

i2
y D

i3
z [uAi1i2i3 ] +

+ fu(a020R)y + uz(a021R)y + ux(a120R)y + uxz(a121R)y +

+ uxx(a220R)y + uxxzRygy + fu(a200R)x + uz(a201R)x + uy(a210R)x +

+ uyz(a211R)x + uyy(a220R)x + uyyzRxgx + fu(a220R)xy + uzRxygxy; (6)

£¤¥

ai1i2i3(�; �; �) =
2X

�1=i1

2X
�2=i2

1X
�3=i3

(�1)�1+�2+�3D�1�i1
x D�2�i2

y D�3�i3
z (a�1�2�3R):

�¤¥áì a�� § ¢¨á¨â ®â (x; y; z),   R ¨ ¥¥ ¯à®¨§¢®¤ë¥ | ®â (x; y; z; �; �; �). �ë¢®¤ â®¦¤¥áâ¢  (6)
¯à¥¤áâ ¢«ï¥â í¢à¨áâ¨ç¥áªãî § ¤ çã. � ¬ ¦¥ à¥§ã«ìâ â ¯à®é¥ ¢á¥£® ¯à®¢¥à¨âì ¥¯®áà¥¤áâ¢¥-
ë¬ ¢ëç¨á«¥¨¥¬. �à¨ íâ®¬ á«¥¤ã¥â ãç¥áâì, çâ® ¯® (x; y; z) R ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (5).

�«ï ¤ «ì¥©è¥£®  ¬ ¯® ¤®¡ïâáï á®®â®è¥¨ï

Ai1i2i3(x; y; z) � 0 (i1 = 0; 2; i2 = 0; 2; i3 = 0; 1; 0 < i1 + i2 + i3 < 5); (7)

á¯à ¢¥¤«¨¢®áâì ª®â®àëå ¬®¦¥â ¡ëâì ¥¯®áà¥¤áâ¢¥® ãá¬®âà¥  ¨§ (4).
�®«®¦¨¬ ¢ (6) x = �, y = �, z = , � = x, � = y, � = z ¨ ¢ëç¨á«¨¬ ®â ¯à ¢®© ¨ «¥¢®© ç áâ¥©

âà®©®© ¨â¥£à « ¢ ¯à¥¤¥« å x0 < � < x, y0 < � < y, z0 <  < z. �á«¨ ¯à¨ íâ®¬ áç¨â âì, çâ®
u(x; y; z) ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (1), ãç¥áâì â®¦¤¥áâ¢  (7) ¨ £à ¨çë¥ ãá«®¢¨ï (3), â® ¯à¨¤¥¬
ª ä®à¬ã«¥

uxy(x; y; z) =
Z x

x0

Z y

y0

Z z

z0

R(�; �; ; x; y; z)F (�; �; )d d� d�+ '1y(y; z)R(x0; y; z; x; y; z) +

+ 1x(x; z)R(x; y0; z; x; y; z) � '1y(y0; z)R(x0; y0; z; x; y; z) +

+�xy(x; y)R(x; y; z0; x; y; z) � '1y(y; z0)R(x0; y; z0; x; y; z) �

� 1x(x; z0)R(x; y0; z0; x; y; z) + '1y(y0; z0)R(x0; y0; z0; x; y; z) �

�
2X

i1=1

2X
i2=1

i1+i2<4

(�1)i1+i2
h
Di2�1

y ('i1�1(y; z))Ai1i21(x0; y; z) +Di1�1
x ( i2�1(x; z)) �

�Ai1i21(x; y0; z) +Di1�1
x Di2�1

y (�(x; y))Ai1i21(x; y; z0)�

Di2�1
y ('i1�1(y0; z))Ai1 i21(x0; y0; z)�Di1�1

x Di2�1
y (�(x0; y))Ai1i21(x0; y; z0)�

�Di1�1
x ( i2�1(x; z0))Ai1i21(x; y0; z0) +Di2�1

y ('i1�1(y0; z0))Ai1i21(x0; y0; z0)
i
�
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�

Z x

x0

2X
i2=1

(�1)i2
h
 i2(�; z)A0i2i3(�; y0; z) +Di2�1

y �(�; y)A0i2i3(�; y; z0)�

�Di2�1
y (�(�; y0))A0i2i3(�; y0; z0)

i
d� �

Z y

y0

2X
i1=1

(�1)i1
h
'i1�1(�; z)Ai10i3(x0; �; z) +

+Di1�1
x (�(x; �))Ai10i3(x; �; z0)�Di1�1

x (�(x0; �))Ai10i3(x0; �; z0)
i
d� +

+
Z z

z0

2X
i1=1

2X
i2=1

(�1)i1+i2
h
Di2�1

y ('i1�1(y; �))Ai1i20(x0; y; �) +Di1�1
x ( i2�1(x; �))�

�Ai1i20(x; y0; �)�Di2�1
y ('i1�1(y0; �))Ai1i20(x0; y0; �)

i
d� �

�

Z x

x0

Z y

y0

�(�; �)A001(�; �; z0)d� d� +
Z x

x0

Z z

z0

2X
i2=1

(�1)i2 i2�1(�; �)A0i20(�; y0; �)d� d� +

+
Z y

y0

Z z

z0

2X
i1=1

(�1)i1'i1�1(�; �)Ai100(x0; �; �)d� d�: (8)

�âáî¤ , ®¡®§ ç¨¢ ç¥à¥§ H(x; y; z; x; y; z) ¯à ¢ãî ç áâì (8) ¡¥§ ¯¥à¢®£® á« £ ¥¬®£®, ¯à¨å®¤¨¬ ª
à¥è¥¨î à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ (1), (3)

u(x; y; z) = '(y; z) +  (x; z) � '(y0; z) +
Z x

x0

Z y

y0

H(�; �; z; �; �; z)d� d�+

+
Z x

x0

Z �

x0

Z y

y0

Z �

y0

Z z

z0

R(t1; t2; ; �; �; z)F (t1 ; t2; )d dt2 d� dt1 d�: (9)

�á«®¢¨ï £« ¤ª®áâ¨ (2) ®¡¥á¯¥ç¨¢ îâ ¯à¨ ¤«¥¦®áâì à¥è¥¨ï ª« ááã C2+2+1(D). �á«¨ áç¨â âì
',  , �, '1,  1 ¯à®¨§¢®«ìë¬¨ äãªæ¨ï¬¨, â® ¬®¦® à áá¬ âà¨¢ âì ä®à¬ã«ë (8), (9) ª ª ®¡é¥¥
áâàãªâãà®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨© ãà ¢¥¨ï (1), ¯®¤®¡® â®¬ã ª ª ¢ ([16], á. 66) íâ® á¤¥« ®
¤«ï ãà ¢¥¨ï uxy + a(x; y)ux + b(x; y)uy + c(x; y)u = 0.

2. �®à¬ã«ë (8), (9) ¤ îâ à¥è¥¨¥ § ¤ ç¨ (1), (3) ¢ ï¢®¬ ¢¨¤¥, ¥á«¨ äãªæ¨ï R ¨§¢¥áâ .
�ãáâì,  ¯à¨¬¥à,

a201 � a021 � a001 � a101 � a011 � a020 � a200 � a100 � a010 � a000 � 0: (10)

�®£¤  (4) ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ãà ¢¥¨¥ (4) ¨§ [12]. �á«¨ ¤®¯®«¨â¥«ì® ª (10) ¢ë¯®«ïîâáï
â®¦¤¥áâ¢ 

@a220
@x

+ a220a121 � a120 �0;
@a220
@y

+ a220a211 � a210 � 0;

@a211
@x

+ a211a121 � a111 �0;
@a210
@x

+ a210a121 � a110 � 0;
(11)

â® ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (14) ¨§ [12] äãªæ¨ï �¨¬   ¨¬¥¥â ¢¨¤

R(x; y; z; �; �; �) = exp
� Z z

�

a220(�; �; )d +
Z y

�

a221(�; �; z)d� +
Z x

�

a121(�; y; z)d�
�
:

� á«ãç ¥, ª®£¤  ¢¬¥áâ® ã«ï ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤¥£® â®¦¤¥áâ¢  (11) áâ®¨â ¯à®¨§¢¥¤¥¨¥
�(x)�(y)�(z),   ª®íää¨æ¨¥âë a220, a121, a211 ¨¬¥îâ ¯à¥¤áâ ¢«¥¨ï

a220 = A(z) + �xy; a121 = B(x) = �yz; a211 = C(y) + �xz; � = const;

á«¥¤ã¥â ¢®á¯®«ì§®¢ âìáï ä®à¬ã« ¬¨ (18), (25) ¨§ [12], ¢ á®®â¢¥âáâ¢¨¨ á ª®â®àë¬¨

R(x; y; z; �; �; �) = R0(x; y; z; �; �; �) 0F 2(1; 1; !);
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£¤¥ 0F 2 | ®¡®¡é¥ ï £¨¯¥à£¥®¬¥âà¨ç¥áª ï äãªæ¨ï ([17], á. 20),  

R0 � exp
� Z x

�

B(�)d� +
Z y

�

C(�)d� +
Z z

�

A()d + �(xyz � ���)
�
;

! =
Z x

�

�(�)d�
Z y

�

�(�)d�
Z z

�

�()d:

�à¨¢¥¤¥¬ ¥é¥ ®¤¨ ¯à¨¬¥à. �ãáâì ¢ (1) a221 � 1, a000 = a000(z) 6= 0,   ¢á¥ ®áâ «ìë¥ ª®íää¨-
æ¨¥âë | â®¦¤¥áâ¢¥ë¥ ã«¨. �¢¥¤¥¬ ¯à¥®¡à §®¢ ¨¥

p =
Z z

z0

a000(�)d�; (12)

®¡à â®¥ ª ª®â®à®¬ã § ¯¨è¥¬ ª ª z = s(p). �®« £ ï, çâ® (12) ¯¥à¥¢®¤¨â � ¢ q,  ¢ ! ¨ ®¡®§ ç ï
w(x; y; p) = V (x; y; s(p)) ¢ ãà ¢¥¨¨ (4), § ¯¨á ®£® ¤«ï ¤ ®£® ¯à¨¬¥à ,  ©¤¥¬

w(x; y; p) = 1 +
Z x

�

Z y

�

Z p

q

(x� �)(y � �)w(�; �; !)d! d� d�: (13)

�á«¨ ¢¢¥áâ¨ ¯¥à¥¤ ¨â¥£à «®¬ ¯ à ¬¥âà � ¨ ¯à¥¤áâ ¢¨âì, ª ª ®¡ëç®, à¥è¥¨¥ (13) ¢ ¢¨¤¥ àï¤ 
¯® áâ¥¯¥ï¬ �, â® ¯®«ãç¨¬

w(x; y; p) =
1X
k=0

1
k!
(p� q)k

[(x� �)(y � �)]2k

[(2k)!]2
: (14)

� â®¬, çâ® (14) ã¤®¢«¥â¢®àï¥â (13), ¬®¦® ã¡¥¤¨âìáï â ª¦¥ ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬.
�®¤áâ ¢«ïï ¢ (14) § ç¥¨ï p ¨ q, ¨¬¥¥¬

V (x; y; p) =
1X
k=0

1
k![(2k)!]2

�
(x� �)2(y � �)2

Z z

�

a000(�)d�
�k
:

� «®£¨ç® ¬®¦® ¢ëç¨á«¨âì V ¨ ¢ ¤àã£¨å á«ãç ïå, ª®£¤  ¢ (4) «¨èì ®¤¨ ¨§ ª®íää¨æ¨-
¥â®¢ a��, ¨¬¥ï ®¯à¥¤¥«¥ãî áâàãªâãàã, ®â«¨ç¥ ®â â®¦¤¥áâ¢¥®£® ã«ï.
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