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� â¥®à¨¨ ®¡à âëå § ¤ ç â¥¯«®®¡¬¥  [1]{[3] à áá¬ âà¨¢ îâáï § ¤ ç¨ ¯® ¢®ááâ ®¢«¥¨î
¥¨§¢¥áâëå ¨áâ®ç¨ª®¢ â¥¯«  ¯® ¤®¯®«¨â¥«ìë¬ ¨§¬¥à¥¨ï¬ â¥¬¯¥à âãàë. � «®£¨ç® ä®à-
¬ã«¨àãîâáï ¨ ¥ª®â®àë¥ ¢ ¦ë¥ ¯à¨ª« ¤ë¥ ¯à®¡«¥¬ë £¨¤à®£¥®«®£¨¨.

�®¦® ¢ë¤¥«¨âì ª ª á ¬®áâ®ïâ¥«ìë¥ § ¤ ç¨ á«ãç ¨, ª®£¤  à¥è¥¨¥ ¨§¢¥áâ® ¢ ¥¡®«ì-
è®¬ ç¨á«¥ â®ç¥ª [4]{[6]. � íâ¨å ãá«®¢¨ïå ¤«ï ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¥®¡å®¤¨¬® áã§¨âì ª« áá
¤®¯ãáâ¨¬ëå ¯à ¢ëå ç áâ¥© ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©. �® ¬®£¨å ¯à¨ª« ¤ëå ¯à®¡«¥¬ å ¥áâ¥-
áâ¢¥® áç¨â âì, çâ® ¥¨§¢¥áâ®© ï¢«ï¥âáï ¯à ¢ ï ç áâì ª ª äãªæ¨ï ®â ¢à¥¬¥¨.

�â¬¥ç¥ë¥ ®¡à âë¥ § ¤ ç¨ ¢ àï¤¥ ¢ ¦ëå á«ãç ¥¢ ã¤®¡® ä®à¬ã«¨à®¢ âì ª ª § ¤ ç¨
ã¯à ¢«¥¨ï [7]. �«ï ¯à¨¡«¨¦¥®£® ¢®ááâ ®¢«¥¨ï ¥¨§¢¥áâ®© ¯à ¢®© ç áâ¨ ¨á¯®«ì§ãîâáï
à §«¨çë¥ ¯®¤å®¤ë, ª®â®àë¥ ¡ §¨àãîâáï ¯à¥¦¤¥ ¢á¥£®   ¬¥â®¤ å à¥£ã«ïà¨§ æ¨¨ [8]. � ª®© ®¡-
é¨© ¢ëç¨á«¨â¥«ìë©  «£®à¨â¬ ¯à¨ à¥è¥¨¨ áãé¥áâ¢¥® ¥ª®àà¥ªâëå § ¤ ç ¨¤¥â¨ä¨ª æ¨¨
¤«ï ¬®£®¬¥àëå ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¯à¨¬¥ï¥âáï,  ¯à¨¬¥à, ¢ [9], [10].

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ®¡à â ï § ¤ ç  ¢®ááâ ®¢«¥¨ï ¯à ¢®© ç áâ¨ ®¤®¬¥à®-
£® ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¯® ¨§¢¥áâ®¬ã à¥è¥¨î. �â¬¥ç îâáï ®á®¡¥®áâ¨ â ª®© § ¤ ç¨,
á¢ï§ ë¥ á ¥¥ í¢®«îæ¨®®áâìî, á ¢®§¬®¦®áâìî ¯®á«¥¤®¢ â¥«ì®£® ®¯à¥¤¥«¥¨ï ¯à ¢®© ç -
áâ¨ ¯à¨ ¢®§à áâ ¨¨ ¢à¥¬¥¨. �¨á«¥®¥ à¥è¥¨¥ ¯à®¢®¤¨âáï á ¨á¯®«ì§®¢ ¨¥¬ £à ¤¨¥âëå
¨â¥à æ¨®ëå ¬¥â®¤®¢ ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  ¥¢ï§ª¨ [11], [12]. �¥£ã«ïà¨§ æ¨ï ¢ ¨â¥à æ¨-
®ëå ¬¥â®¤ å à¥è¥¨ï ¥ª®àà¥ªâëå § ¤ ç ¤®áâ¨£ ¥âáï §  áç¥â á®£« á®¢ ¨ï ç¨á«  ¨â¥à æ¨©
á ¯®£à¥è®áâìî ¢å®¤ëå ¤ ëå [12]{[14]. �à¥¤áâ ¢«¥ë à¥§ã«ìâ âë ç¨á«¥®£® à¥è¥¨ï ¬®-
¤¥«ì®© § ¤ ç¨, ª®â®àë¥ ¤¥¬®áâà¨àãîâ ¢®§¬®¦®áâ¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à ¢®© ç áâ¨ ¯ à ¡®«¨-
ç¥áª®£® ãà ¢¥¨ï ¯à¨ à §«¨ç®¬ ãà®¢¥ ¯®£à¥è®áâ¥© ¢® ¢å®¤ëå ¤ ëå.

1.�®¤¥«ì ï § ¤ ç . � ª ç¥áâ¢¥ ¬®¤¥«ì®© à áá¬®âà¨¬ § ¤ çã ¢®ááâ ®¢«¥¨ï ¯à ¢®© ç áâ¨
®¤®¬¥à®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï. � ç¥¬ á ¯®áâ ®¢ª¨ ¯àï¬®© § ¤ ç¨. �¥è¥¨ï u(x; t)
®¯à¥¤¥«ïîâáï ¢ ¯àï¬®ã£®«ì¨ª¥

QT = 
� [0; T ]; 
 = fx j 0 � x � lg; 0 � t � T:

�ãªæ¨ï u(x; t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

@u

@t
=

@

@x

�
k(x)

@u

@x

�
+ f(x; t); 0 < x < l; 0 < t � T; (1)

¯à¨ áâ ¤ àâëå ®£à ¨ç¥¨ïå k(x) � { > 0. �à ¨çë¥ ¨  ç «ìë¥ ãá«®¢¨ï ¤«ï ¯à®áâ®âë
¢®§ì¬¥¬ ®¤®à®¤ë¬¨

u(0; t) = 0; u(l; t) = 0; 0 < t � T; (2)

u(x; 0) = 0; 0 � x � l: (3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë òò 01-01-00477, 02-01-00555).
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� ¯àï¬®© § ¤ ç¥ (1){(3) à¥è¥¨¥ u(x; t) ®¯à¥¤¥«ï¥âáï ¯® ¨§¢¥áâë¬ ª®íää¨æ¨¥âã k(x) ¨
¯à ¢®© ç áâ¨ f(x; t). � à áá¬ âà¨¢ ¥¬®© ®¡à â®© § ¤ ç¥ ¥¨§¢¥áâ®© ¡ã¤¥â ¯à ¢ ï ç áâì f(x; t)
(¬®é®áâì ¨áâ®ç¨ª®¢), ® á ¬® à¥è¥¨¥ u(x; t) ¯à¥¤¯®« £ ¥âáï ¨§¢¥áâë¬. �«ï ¢ëç¨á«¥¨ï
¯à ¢®© ç áâ¨ ¨¬¥¥¬ ¨§ (1) ï¢ãî ä®à¬ã«ã

f(x; t) =
@u

@t
�

@

@x

�
k(x)

@u

@x

�
; 0 < x < l; 0 < t � T: (4)

�å®¤ë¥ ¤ ë¥ § ¤ ë á ¯®£à¥è®áâìî, ¨ ¯®íâ®¬ã ¯àï¬®¥ ¨á¯®«ì§®¢ ¨¥ (4) § âàã¤¨-
â¥«ì®. � ¨¡®«¥¥ ¯à¨æ¨¯¨ «ìë¬ ï¢«ï¥âáï ¢«¨ï¨¥ ¥â®ç®£® § ¤ ¨ï à¥è¥¨ï. �ãáâì ¢¬¥-
áâ® â®ç®£® à¥è¥¨ï § ¤ ç¨ (1){(3) u(x; t) ¨§¢¥áâ  äãªæ¨ï u�(x; t), ¯à¨ç¥¬ ¢ ¥ª®â®à®© ®à¬¥
¯ à ¬¥âà � ®¯à¥¤¥«ï¥â ãà®¢¥ì ¯®£à¥è®áâ¨ ¢ § ¤ ¨¨ à¥è¥¨ï, â. ¥.

ku�(x; t)� u(x; t)k � �: (5)

�ã¦® ¨á¯®«ì§®¢ âì á¯¥æ¨ «ìë¥ ¢ëç¨á«¨â¥«ìë¥  «£®à¨â¬ë ãáâ®©ç¨¢®£® ç¨á«¥®£® ¤¨ää¥-
à¥æ¨à®¢ ¨ï. �«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¬®¦® ¨á¯®«ì§®¢ âì  «£®à¨â¬ë ª®¥ç®à §®áâ-
®© à¥£ã«ïà¨§ æ¨¨, ª®£¤  ¢ ª ç¥áâ¢¥ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ¢ëáâã¯ îâ è £¨ ¤¨áªà¥â¨§ -
æ¨¨. �ë ¥ ¡ã¤¥¬ ¯®¤à®¡® ®¡áã¦¤ âì ¢®§¬®¦®áâ¨ â ª®£® ¯®¤å®¤  ¢ ¤ ®© à ¡®â¥. �â¬¥â¨¬
â®«ìª®, çâ® ¢ íâ®¬ á«ãç ¥ ¯à¨ à¥è¥¨¨ ®¡à â®© § ¤ ç¨ (2){(5) ¥®¡å®¤¨¬® á®£« á®¢ë¢ âì á
¯®£à¥è®áâìî ¢ § ¤ ¨¨ u(x; t) è £ ¤¨áªà¥â¨§ æ¨¨ ¯® ¯à®áâà áâ¢ã ¨ ¯® ¢à¥¬¥¨.

�¢®«îæ¨®ë¥ § ¤ ç¨ ®¡« ¤ îâ ®¯à¥¤¥«¥®© ¨ ¢¥áì¬  áãé¥áâ¢¥®© á¯¥æ¨ä¨ª®©. �¥è¥¨¥
§ ¤ ç¨   â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ § ¢¨á¨â â®«ìª® ®â ¯à¥¤ëáâ®à¨¨, ®â à¥è¥¨ï   ¯à¥¤è¥-
áâ¢ãîé¨¥ ¬®¬¥âë ¢à¥¬¥¨ ¨ ¥ § ¢¨á¨â ®â à¥è¥¨ï   ¯®á«¥¤ãîé¨¥ ¬®¬¥âë ¢à¥¬¥¨. � ª ï
®á®¡¥®áâì í¢®«îæ¨®ëå § ¤ ç ¬®¦¥â (¨ ç áâ® ¯à®áâ® ¤®«¦ ) ãç¨âë¢ âìáï ¯à¨ ¯®áâà®¥¨¨
¢ëç¨á«¨â¥«ìëå  «£®à¨â¬®¢. �â®  ¡á®«îâ® ®¯à ¢¤ ® ¯à¨ à áá¬®âà¥¨¨ ¯àï¬ëå § ¤ ç â¨¯ 
(1){(3), íâ® ¬®¦¥â ¡ëâì â ª¦¥ ¢ ¦® ¯à¨ à áá¬®âà¥¨¨ ®¡à âëå § ¤ ç, ¯®¤®¡ëå (2){(5).

�à¨ à¥è¥¨¨ í¢®«îæ¨®ëå § ¤ ç ¢ ®¡é¥¬ ª®â¥ªáâ¥ ¬®¦® £®¢®à¨âì ® ¤¢ãå â¨¯ å ¢ë-
ç¨á«¨â¥«ìëå  «£®à¨â¬®¢. �¥à¢ë¥ ¨§ ¨å ®á®¢ ë   ®¯à¥¤¥«¥¨¨ à¥è¥¨ï ¯® à¥è¥¨î  
¯à¥¤è¥áâ¢ãîé¨¥ ¬®¬¥âë ¢à¥¬¥¨. � íâ®¬ á«ãç ¥ ¬ë ¡ã¤¥¬ £®¢®à¨âì ® «®ª «ìëå  «£®à¨â¬ å

à¥è¥¨ï í¢®«îæ¨®ëå § ¤ ç. � £«®¡ «ìëå  «£®à¨â¬ å ¤«ï  å®¦¤¥¨ï à¥è¥¨ï   § ¤ ë©
¬®¬¥â § ¤¥©áâ¢®¢ ë ¡ã¤ãé¨¥ ¬®¬¥âë ¢à¥¬¥¨.

2. �«®¡ «ì ï à¥£ã«ïà¨§ æ¨ï. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡éãî áå¥¬ã à¥£ã«ïà¨§ æ¨¨ ¯® �.�.�¨-
å®®¢ã ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ®¡à â®© § ¤ ç¨ (2){(5).

� £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ L2(
) ®à¬ã ¨ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¢¥¤¥¬ ®¡ëçë¬ ®¡à -
§®¬:

(v; w) =
Z



v(x)w(x)dx; kvk2 = (v; v) =
Z



v2(x)dx:

�«ï äãªæ¨© v(x; t); w(x; t) 2 H, £¤¥ H = L2(QT ), ¯®«®¦¨¬

(v; w)� =
Z T

0

(v; w)dt =
Z T

0

Z



v(x)w(x)dxdt; kvk� = (v; v)1=2� :

�¯à¥¤¥«¨¬ ®¯¥à â®à

Au = �
d

dx

�
k(x)

du

dx

�
  ¬®¦¥áâ¢¥ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å (2). � L2(
)

A = A� � mE; m = {

�2

l2
:

�¡à â ï § ¤ ç  (2){(4) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

f = Du; (6)
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£¤¥ ®¯¥à â®à

Du =
du

dt
+Au (7)

®¯à¥¤¥«¥   ¬®¦¥áâ¢¥ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å  ç «ì®¬ã ãá«®¢¨î (3). �«ï ¢å®¤ëå
¤ ëå (á¬. (5)) ¨¬¥¥¬

ku� � uk� � �: (8)

�à¨ ¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ �.�.�¨å®®¢  ¯à¨¡«¨¦¥®¥ à¥è¥¨¨ f� § ¤ ç¨
(6){(8) ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ ¢ à¨ æ¨®®© § ¤ ç¨

(E + �D�D)f� = Du�: (9)

�¯¥æ¨ä¨ª  ¯à¨¬¥¥¨ï ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ ª à¥è¥¨î à áá¬ âà¨¢ ¥¬®© ®¡à â®© í¢®«î-
æ¨®®© § ¤ ç¨ ¯à®ï¢«ï¥âáï ¢ ®¯¥à â®à¥ § ¤ ç¨ D, ®¯à¥¤¥«ï¥¬®¬ á®£« á® (7). � ç áâ®áâ¨,
¥®¡å®¤¨¬® ï¢® ®¯à¥¤¥«¨âì ®¯¥à â®à D�.

�¬¥¥¬

(Dv; w)� =
Z T

0

�
dv

dt
; w

�
dt+

Z T

0

(A; w)dt = (v; w)
��T
0
�

Z T

0

�
v;
dw

dt
; w

�
dt+

Z T

0

(A; w)dt = (v;Dw)�

¯à¨ ãá«®¢¨¨, çâ® v(x; 0),   w(x; T ) = 0. �¥¬ á ¬ë¬ ®¯¥à â®à D� ®¯à¥¤¥«ï¥¬ ª ª

D�w = �
dw

dt
+Aw (10)

  ¬®¦¥áâ¢¥ äãªæ¨©

w(x; T ) = 0; 0 � x � l: (11)

� ãç¥â®¬ (3), (7), (10), (11) ãà ¢¥¨¥ (9) ¤«ï  å®¦¤¥¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï f� ¥áâì
í««¨¯â¨ç¥áª®¥ ãà ¢¥¨¥, ª®â®à®¥ ¢ª«îç ¥â ¢â®àë¥ ¯à®¨§¢®¤ë¥ ¯® ¢à¥¬¥¨ ¨ ç¥â¢¥àâë¥ ¯®
¯à®áâà áâ¢ã. �«ï f� à¥ «¨§ãîâáï á«¥¤ãîé¨¥ £à ¨çë¥ ãá«®¢¨ï ¯à¨ t = 0; T :

f�(x; 0) = 0; 0 � x � l; (12)

Df�(x; T ) = 0; 0 � x � l: (13)

�â¨ ¬®¬¥âë ¤®«¦ë  ªªãà â® ®âá«¥¦¨¢ âìáï ¯à¨ ç¨á«¥®© à¥ «¨§ æ¨¨ à áá¬ âà¨¢ ¥¬®£®
¯®¤å®¤ .

�à¨ à áá¬®âà¥¨¨ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à ¢®© ç áâ¨ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®-
à®£® ¯®àï¤ª  ¬®¦® ®â¬¥â¨âì ¤¢¥ ®á®¢ë¥ ¢®§¬®¦®áâ¨. �¥à¢ ï ¨§ ¨å á¢ï§   á ¯à¨¬¥¥¨¥¬
áå¥¬ë à¥£ã«ïà¨§ æ¨¨ �.�.�¨å®®¢  ¯à¨ ¨â¥à¯à¥â æ¨¨ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à ¢®© ç áâ¨
ª ª § ¤ ç¨ à¥è¥¨ï ®¯¥à â®à®£® ãà ¢¥¨ï ¯¥à¢®£® à®¤ , ¢â®à ï | ª ª § ¤ ç¨ ¢ëç¨á«¥¨ï
§ ç¥¨© ¥®£à ¨ç¥®£® ®¯¥à â®à . �â  ¯®á«¥¤ïï ¢®§¬®¦®áâì à¥ «¨§®¢   ¢ áå¥¬¥ (8), (9)
¯à¨ ¯à¨¡«¨¦¥®¬ à¥è¥¨¨ § ¤ ç¨ (2){(5). �¬¥¥â á¬ëá« â ª¦¥ ®áâ ®¢¨âìáï   áâ ¤ àâ®¬
¢ à¨ â¥ à¥£ã«ïà¨§ æ¨¨ �.�.�¨å®®¢ .

�® § ¤ ®© ¯à ¢®© ç áâ¨ f(x; t) ¨§ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (1){(3) ®¤®§ ç® ®¯à¥¤¥«ï¥âáï
à¥è¥¨¥ u(x; t). �â® á®®â¢¥âáâ¢¨¥ ®â®¡à §¨¬ ¢¢¥¤¥¨¥¬ ®¯¥à â®à 

Gf = u: (14)

�¬¥áâ® u(x; t) § ¤   äãªæ¨ï u�(x; t), ¯à¨ç¥¬ ¢ë¯®«¥  ®æ¥ª  (8).
�à¨¡«¨¦¥®¥ à¥è¥¨¥ f� § ¤ ç¨ (5), (14) ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ § ¤ ç¨

J�(f�) = min
v2H

J�(v); (15)
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£¤¥

J�(v) = kGv � u�k
2
� + �kvk2�: (16)

�¥®¡å®¤¨¬® ®¡à â¨âì ¢¨¬ ¨¥   á«¥¤ãîé¥¥ ¢ ¦®¥ ®¡áâ®ïâ¥«ìáâ¢®. �à¨ ¨á¯®«ì§®¢ ¨¨
 «£®à¨â¬  (8), (9), ¯®áâà®¥®£®   ®á®¢¥ ¨â¥à¯à¥â æ¨¨ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ª ª § ¤ ç¨
¢ëç¨á«¥¨ï § ç¥¨© ¥®£à ¨ç¥®£® ®¯¥à â®à , áâ ¢ïâáï ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï  
¨áª®¬ãî äãªæ¨î (£à ¨çë¥ ãá«®¢¨ï â¨¯  (12), (13)). �â® ç áâ® ¥ á®¢á¥¬ ®¯à ¢¤ ® ¯à¨
¯à¨¡«¨¦¥®¬ à¥è¥¨¨ ¯à¨ª« ¤ëå ¯à®¡«¥¬. �à¨ ¨á¯®«ì§®¢ ¨¨ (15), (16) â ª¨¥ ¯à®¡«¥¬ë ¥
¢®§¨ª îâ.

3. �®ª «ì ï à¥£ã«ïà¨§ æ¨ï. �à¨ ¯à¨¡«¨¦¥®¬ à¥è¥¨¨ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à ¢®©
ç áâ¨ ¥áâ æ¨® à®£® ãà ¢¥¨ï ¯® ¨§¢¥áâ®¬ã à¥è¥¨î ç áâ® ã¤®¡¥¥ ®à¨¥â¨à®¢ âìáï  
 «£®à¨â¬ë ®¯à¥¤¥«¥¨ï ¯à ¢®© ç áâ¨   § ¤ ë© ¬®¬¥â ¢à¥¬¥¨ á ¨á¯®«ì§®¢ ¨¥¬ ¢å®¤-
®© ¨ä®à¬ æ¨¨ â®«ìª®   ¯à¥¤è¥áâ¢ãîé¨¥ ¬®¬¥âë ¢à¥¬¥¨. �® áà ¢¥¨î á  «£®à¨â¬ ¬¨
£«®¡ «ì®© à¥£ã«ïà¨§ æ¨¨ ¢ íâ®¬ á«ãç ¥, ¢®®¡é¥ £®¢®àï, â¥àï¥¬ ¢ â®ç®áâ¨ ¯à¨¡«¨¦¥®£®
à¥è¥¨ï, ® ¯à¨®¡à¥â ¥¬ ¢ ¯« ¥ ®¯¥à â¨¢®áâ¨ [15]. �â¬¥â¨¬ ¥ª®â®àë¥ ®á®¢ë¥ ¢®§¬®¦®-
áâ¨ ¯® ¯®áâà®¥¨î  «£®à¨â¬®¢ «®ª «ì®© à¥£ã«ïà¨§ æ¨¨ ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ®¡à â®©
§ ¤ ç¨ (2){(5). Oáâ ®¢¨¬áï   «®ª «ì®¬   «®£¥ à¥£ã«ïà¨§ æ¨¨ â¨¯  (15), (16).

�á®¢ ï ¨¤¥ï á¢ï§   á â¥¬, çâ® ¯à ¢ ï ç áâì ®¯à¥¤¥«ï¥âáï ¯® à¥è¥¨î   ª ¦¤ë© ä¨ªá¨-
à®¢ ë© ¬®¬¥â. �àã£¨¬¨ á«®¢ ¬¨, à¥£ã«ïà¨§ æ¨ï ¯à®æ¥¤ãàë ç¨á«¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï
¯à®¢®¤¨âáï â®«ìª® ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬. � ªâ¨ç¥áª¨ á£« ¦¨¢ îâáï ¢å®¤ë¥ ¤ -
ë¥ â®«ìª® ¯® ç áâ¨ ¯¥à¥¬¥ëå. � ª®£® â¨¯   «£®à¨â¬ë à¥ «¨§ãîâáï ¯à¨ ¯à¥¤¢ à¨â¥«ì®©
¤¨áªà¥â¨§ æ¨¨ ¯® ¢à¥¬¥¨.

�¢¥¤¥¬ à ¢®¬¥àãî á¥âªã ¯® ¢à¥¬¥¨

!� = !� [ fTg = ftn = n�; n = 0; 1; : : : ; N0; �N0 = Tg:

�ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ®á®¢ë¬¨ ¡¥§ë¤¥ªáë¬¨ ®¡®§ ç¥¨ï¬¨ â¥®à¨¨ à §®áâëå
áå¥¬ [16]:

y = yn; by = yn+1; �y = yn�1; yt =
y � �y
�

; yt =
by � y

�
:

�ä®à¬ã«¨àã¥¬ ®¡à âãî § ¤ çã ¨¤¥â¨ä¨ª æ¨¨ ¯à ¢®© ç áâ¨ ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï
¯®á«¥ ç áâ¨ç®© ¤¨áªà¥â¨§ æ¨¨. �«ï ®á®¢ëå ¢¥«¨ç¨ á®åà ¨¬ â¥ ¦¥ ®¡®§ ç¥¨ï, çâ® ¨ ¤«ï
¥¯à¥àë¢®£® á«ãç ï. �«ï ¯à®áâ®âë ®£à ¨ç¨¬áï ç¨áâ® ¥ï¢®©  ¯¯à®ªá¨¬ æ¨¥© ¯® ¢à¥¬¥¨,
ª®£¤  ¯à ¢ ï ç áâì ®¯à¥¤¥«ï¥âáï (áà. á (4)) ¨§ ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£® á®®â®è¥¨ï

fn =
un � un�1

�
+Aun; n = 1; 2; : : : ; N0: (17)

�å®¤ë¥ ¤ ë¥ (à¥è¥¨¥ ¯àï¬®© § ¤ ç¨ un) § ¤ ë á ¯®£à¥è®áâï¬¨. �ã¤¥¬ áç¨â âì, çâ®
ãà®¢¥ì ¯®£à¥è®áâ¥© ®¯à¥¤¥«ï¥âáï ¯®áâ®ï®© �, ¯à¨ç¥¬

kun� � unk � �; n = 1; 2; : : : ; N0: (18)

�à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (17), (18)   ¬®¬¥â ¢à¥¬¥¨ t = tn ®¡®§ ç¨¬ fn� . � áá¬®-
âà¨¬ ¢®¯à®á ® ¢®ááâ ®¢«¥¨¨ äãªæ¨¨ fn� ¯® § ¤ ë¬ un� , u

n�1
� , fn�1� . �ã¤¥¬ áç¨â âì, çâ®

¯à¨¡«¨¦¥®© ¯à ¢®© ç áâ¨ fn� á®®â¢¥âáâ¢ã¥â à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

wn � wn�1

�
+Awn = fn� ; n = 1; 2; : : : ; N0; (19)

w0 = 0: (20)

� ç «  ®¯à¥¤¥«¨¬ fn� ª ª à¥è¥¨¥ § ¤ ç¨

Jn� (f
n
� ) = min

v2H
Jn� (v);
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£¤¥ H = L2(
) ¨

Jn� (v) = ku� � w(v)k2 + �kvk2: (21)

�¤¥áì á ãç¥â®¬ (19), (20) w(v) ¥áâì à¥è¥¨¥ á¥â®ç®© § ¤ ç¨

w � �w
�

+Aw = v: (22)

�â® ¯®§¢®«ï¥â § ¯¨á âì (21) ¢ ¢¨¤¥

Jn� (v) =
u� � 1

�
G� �w � G�v


2

+ �kvk2;

£¤¥

G� = G�� =
�
1
�
E +A

��1
:

�¥¬ á ¬ë¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥   ª ¦¤ë© ¬®¬¥â ¢à¥¬¥¨ t = tn ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï
G��G�f�+�f� = G��u� �

1
�
G��G� �w. � ãç¥â®¬ (22) ¨ ¢¢¥¤¥ëå ®¡®§ ç¥¨© ¯®«ãç¨¬ § ¤ çã G�1� w =

f� + 1
�
�w ¤«ï ®¯à¥¤¥«¥¨ï wn.

4. �â¥à æ¨®oe à¥è¥¨¥ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨. �à¨ à¥è¥¨¨ ®¡à âëå § ¤ ç ¬ â¥¬ â¨-
ç¥áª®© ä¨§¨ª¨  ¨¡®«ìè¥£® ¢¨¬ ¨ï § á«ã¦¨¢ îâ ¨â¥à æ¨®ë¥ ¬¥â®¤ë, ª®â®àë¥  ¨¡®«¥¥
ç¥âª® à¥ «¨§ãîâ ¨¤¥î  å®¦¤¥¨ï à¥è¥¨ï ®¡à â®© § ¤ ç¨ ç¥à¥§ ¯®á«¥¤®¢ â¥«ì®¥ à¥è¥¨¥
 ¡®à  ¯àï¬ëå § ¤ ç. �à¨ ¯à¨¡«¨¦¥®¬ à¥è¥¨¨ § ¤ ç¨ (2){(5) ¨â¥à æ¨®ë¬¨ ¬¥â®¤ ¬¨
®áâ ®¢¨¬áï   á«ãç ¥ £«®¡ «ì®© à¥£ã«ïà¨§ æ¨¨ ¢ ¢ à¨ â¥ (14){(16).

�®á«¥ á¨¬¬¥âà¨§ æ¨¨ ãà ¢¥¨ï (14) ¤¢ãåá«®©ë© ¨â¥à æ¨®ë© ¬¥â®¤ § ¯¨è¥¬ ¢ ¢¨¤¥

fk+1 � fk

�k+1
+ G�Gfk = G�u�; k = 0; 1; : : : (23)

�â¥à æ¨®ë¥ ¯ à ¬¥âàë ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  áª®à¥©è¥£® á¯ãáª  à ááç¨âë¢ îâáï ¯®
ä®à¬ã«¥

�k+1 =
krkk

2
�

kGrkk2�
; rk = G�Gfk � G�u�; k = 0; 1; : : : (24)

�¨á«® ¨â¥à æ¨© ¢ (23), (24) á®£« áã¥âáï á ¯®£à¥è®áâìî � (á¬. (8)).
�¥ «¨§ æ¨ï â ª®£® ¯®¤å®¤  á¢ï§   á ¢®§¬®¦®áâìî ¢ëç¨á«¥¨ï § ç¥¨© ®¯¥à â®à  G ¨ G�.

� ¯®¬¨¬, çâ® v = Gfk ¥áâì à¥è¥¨¥ ¯àï¬®© § ¤ ç¨

dv

dt
+Av = fk; 0 < t � T; (25)

v(0) = 0: (26)

�à¨  å®¦¤¥¨¨ § ç¥¨© á®¯àï¦¥®£® ®¯¥à â®à  w = G�v à¥è ¥âáï ¯àï¬ ï § ¤ ç 

�
dw

dt
+Aw = v; 0 � t < T; (27)

w(T ) = 0: (28)

�¥¬ á ¬ë¬, ¯à¨ § ¤ ®¬ ¨â¥à æ¨®®¬ ¯ à ¬¥âà¥ ¯¥à¥å®¤   ®¢ãî ¨â¥à æ¨î ¢ á®®â¢¥âáâ¢¨¨
á (23) á¢ï§  á à¥è¥¨¥¬ ¤¢ãå ¯àï¬ëå § ¤ ç (25), (26) ¨ (27), (28).

�â¬¥â¨¬ ¥ª®â®àë¥ ®á®¢ë¥ ®á®¡¥®áâ¨ ¢ëç¨á«¨â¥«ì®© à¥ «¨§ æ¨¨ à áá¬ âà¨¢ ¥¬®£®
¨â¥à æ¨®®£® ¬¥â®¤ , ª®â®àë¥ á¢ï§ ë ¯à¥¦¤¥ ¢á¥£® á ¤¨áªà¥â¨§ æ¨¥© ¯® ¢à¥¬¥¨. �®åà ¨¬
§  á¥â®çë¬¨ äãªæ¨ï¬¨ â¥ ¦¥ ®¡®§ ç¥¨ï, çâ® ¨ ¤«ï äãªæ¨© ¥¯à¥àë¢®£®  à£ã¬¥â . �ã-
¤¥¬ ¨á¯®«ì§®¢ âì   ¨â¥à¢ «¥ 
 = [0; l] á è £®¬ h à ¢®¬¥àãî á¥âªã

! = fx j x = xi = ih; i = 0; 1; : : : ; N; Nh = lg;
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£¤¥ ! | ¬®¦¥áâ¢® ¢ãâà¥¨å ã§«®¢,   @! | ¬®¦¥áâ¢® £à ¨çëå ã§«®¢.
�® ¢ãâà¥¨å ã§« å ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à A  ¯¯à®ªá¨¬¨àã¥¬ à §®áâë¬ ®¯¥à â®-

à®¬ ¢â®à®£® ¯®àï¤ª  [16]
Ay = �(ayx)x; x 2 !;

£¤¥,  ¯à¨¬¥à, a(x) = k(x� 0:5h).
� á¥â®ç®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ L2(!) ®à¬ã ¢¢¥¤¥¬ á®®â®è¥¨¥¬ kyk = (y; y)1=2, £¤¥

(y;w) =
P
x2!

y(x)w(x)h. � ¯®¬¨¬, çâ®   ¬®¦¥áâ¢¥ äãªæ¨©, ®¡à é îé¨åáï ¢ ã«ì   @!, ¤«ï

á ¬®á®¯àï¦¥®£® ®¯¥à â®à  A ¯à¨ ®£à ¨ç¥¨ïå k(x) � { > 0, q(x) � 0 ¢¥à  ®æ¥ª 

A = A� � {�0E;

£¤¥

�0 =
4
h2

sin2
�h

2l
�

8
l2
:

�àï¬®© § ¤ ç¥ (25), (26) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á¨¬¬¥âà¨çãî à §®áâãî § ¤ çã

vn � vn�1

�
+
1
2
A(vn+1 + vn) =

1
2
(fn+1k + fnk ); n = 1; 2; : : : ; N0; (29)

v0 = 0; x 2 !: (30)

� íâ®¬ á«ãç ¥ ¯®£à¥è®áâì  ¯¯à®ªá¨¬ æ¨¨ ¨¬¥¥â ¢â®à®© ¯®àï¤®ª ª ª ¯® ¢à¥¬¥¨, â ª ¨ ¯®
¯à®áâà áâ¢ã. � «®£¨ç® à áá¬ âà¨¢ îâáï ¨ ¤àã£¨¥ ¤¢ãåá«®©ë¥ à §®áâë¥ áå¥¬ë. � ¤ ç¥
(29), (30) ¢ ®¯¥à â®à®© § ¯¨á¨ ¯à¨¤ ¤¨¬ ä®à¬ã v = Gfk, ª®â®à ï ®¯à¥¤¥«ï¥â ®¯¥à â®à G.

�«ï ¤¢ã¬¥àëå á¥â®çëå äãªæ¨© ®¯à¥¤¥«¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H = L2(QT ), ¢
ª®â®à®¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¨ ®à¬  ®¯à¥¤¥«¥ë á«¥¤ãîé¨¬ ®¡à §®¬:

(v; w)� =
N0�1X
n=1

(vn; wn)� +
�

2
(v0; w0) +

�

2
(vN0 ; wN0); kvk� =

q
(v; v)�:

�®¯àï¦¥®© ª (29), (30) ¢ H ¡ã¤¥â á¥â®ç ï § ¤ ç  (á¬. (27), (28))

�
wn � wn�1

�
+
1
2
A(wn + wn�1) =

1
2
(vn + vn�1); n = 1; 2; : : : ; N0; (31)

wN0 = 0; x 2 !: (32)

� íâ®¬ ¬®¦® ã¡¥¤¨âìáï, ¥á«¨ ¤®¬®¦¨âì áª «ïà® ãà ¢¥¨¥ (29)   wn. � ¤ ç¥ (31), (32)
á®®â¢¥âáâ¢ã¥â ª®¬¯ ªâ ï § ¯¨áì w = G�v.

� á®®â¢¥âáâ¢¨¨ á (23) ¨â¥à æ¨®ë© ¬¥â®¤ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

fk+1 � fk

�k+1
+G�Gfk = G�u�; k = 0; 1; : : : (33)

�  ¯¥à¢®¬ íâ ¯¥ ¯à®¢®¤¨âáï à áç¥â ¯à ¢®© ç áâ¨ G�u� | á íâ®© æ¥«ìî à¥è ¥âáï ªà ¥¢ ï § ¤ ç 
â¨¯  (31), (32). �ëç¨á«¥¨¥ ¥¢ï§ª¨ rk = G�Gfk �G�u� âà¥¡ã¥â   ª ¦¤®¬ è £¥ à¥è¥¨ï ¤¢ãå
ªà ¥¢ëå § ¤ ç ((29), (30) ¨ (31), (32)). � áç¥â ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ ¯à®¢®¤¨âáï (á¬. (24))
¯® ä®à¬ã«¥

�k+1 =
krkk

2
�

kGrkk2�
; k = 0; 1; : : :

�¯à¥¤¥«¥¨¥ Grk á¢ï§ ® á à¥è¥¨¥¬ ¤®¯®«¨â¥«ì®© ªà ¥¢®© § ¤ ç¨ â¨¯  (29), (30).
� ª ç¥áâ¢¥ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ¢ëáâã¯ ¥â ç¨á«® ¨â¥à æ¨© K(�) ¢ (33). �à¨â¥à¨¥¬

¢ëå®¤  ¨§ ¨â¥à æ¨®®£® ¯à®æ¥áá  ï¢«ï¥âáï kGfK(�) � u�k� � �.
�â¬¥â¨¬, çâ® à áá¬ âà¨¢ ¥¬ë©  «£®à¨â¬ ¨á¯®«ì§ã¥âáï ¯à¨ ®¯à¥¤¥«¥ëå ®£à ¨ç¥¨ïå  

¯à ¢ãî ç áâì. � á®®â¢¥âáâ¢¨¨ á ¯à¨¬¥ï¥¬®© á¨¬¬¥âà¨§ æ¨¥© §  áç¥â ®¯¥à â®à  G   ¯à ¢ãî
ç áâì  ª« ¤ë¢ îâáï ®£à ¨ç¥¨ï fN0

� = 0, x 2 !, fn� = 0, n = 0; 1; : : : ; N , x 2 @!.
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5. �¥§ã«ìâ âë à áç¥â®¢. � áç¥âë ¢ë¯®«ï«¨áì   à ¢®¬¥à®© á¥âª¥ á ç¨á«®¬ ã§«®¢ N =
100, N0 = 100, ª®£¤  à áç¥â ï ®¡« áâì ¯à¥¤áâ ¢«ï«  á®¡®© ¥¤¨¨çë© ª¢ ¤à â (l = 1, T = 1).
�¡à â ï § ¤ ç  à¥è « áì ¢ à ¬ª å ª¢ §¨à¥ «ì®£® íªá¯¥à¨¬¥â  ¯à¨

k(x) = 1; f(x; t) = 10t(1 � t)x(1 � x):

�¥è¥¨¥ § ¤ ç¨ ¯à¨ ãà®¢¥ ¯®£à¥è®áâ¥© � = 0:001 ¯®ª § ®   à¨á. 1 (ç¨á«® ¨â¥à æ¨© à ¢-
® 3), £¤¥ ¨§®¡à ¦¥ë «¨¨¨ ãà®¢ï á è £®¬ � = 0:1 â®ç®£® (èâà¨å®¢ë¥ «¨¨¨) ¨ ¯à¨¡«¨¦¥-
®£® à¥è¥¨©. �«¨ï¨¥ ¯®£à¥è®áâ¨   â®ç®áâì ¢®ááâ ®¢«¥¨ï ¯à ¢®© ç áâ¨ ¨««îáâà¨àã¥âáï
  à¨á. 2, 3, £¤¥ ¯à¥¤áâ ¢«¥ë à¥§ã«ìâ âë à¥è¥¨ï á ¡®«ìè¨¬¨ ¨ ¬¥ìè¨¬¨ ¯®£à¥è®áâï¬¨ ¢®
¢å®¤ëå ¤ ëå. �«ï à¥è¥¨ï § ¤ ç¨ á � = 0:0001 ¯®âà¥¡®¢ «®áì á¤¥« âì 23 ¨â¥à æ¨¨.

�¨á. 1. �¥è¥¨¥ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à¨ � = 0:001

�¨á. 2. �¥è¥¨¥ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à¨ � = 0:0001
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�¨á. 3. �¥è¥¨¥ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à¨ � = 0:01

�¨á. 4. �¥è¥¨¥ § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨ ¯à¨ � = 0:001

�áâ¥áâ¢¥®, çâ® â®ç®áâì ¨¤¥â¨ä¨ª æ¨¨ áãé¥áâ¢¥® § ¢¨á¨â ®â â®ç®£® à¥è¥¨ï. � ç áâ-
®áâ¨, ¢ëè¥ ®â¬¥ç « áì ¥®¡å®¤¨¬®áâì áã¦¥¨ï ª« áá  ¨áª®¬ëå ¯à ¢ëå ç áâ¥© ¢ á¢ï§¨ á ¢ë-
¯®«¥¨¥¬ ®¤®à®¤ëx ãá«®¢¨©   ç áâïå £à ¨æë à áç¥â®© ®¡« áâ¨. �  à¨á. 4 ¯®ª § ë à¥-
§ã«ìâ âë à¥è¥¨ï § ¤ ç¨ á ¯à ¢®© ç áâìî

f(x; t) = 2x(1 � x)

¯à¨ � = 0:001.
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