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���������������-�������������� ��������� ������� 1

� áá¬ âà¨¢ ¥âáï ­ ç «ì­ ï § ¤ ç 

A(t) _x+B(x; t) = 0; t 2 T = [t0; t1]; (1)

x(t0) = x0; (2)

£¤¥ A(t) | n � n-¬ âà¨æ , B(x; t) | n-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï, x � x(t) | ¨áª®¬ ï ¢¥ªâ®à-
äã­ªæ¨ï, (x(t); t) 2 U = Rn�T , x0 | § ¤ ­­ë© ¢¥ªâ®à ¨§Rn, _ � d=dt. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï,
çâ®

detA(t) = 0 8t 2 T (3)

¨, ªà®¬¥ â®£®, ¢å®¤­ë¥ ¤ ­­ë¥ ®¡« ¤ îâ ­¥®¡å®¤¨¬®© £« ¤ª®áâìî: A(t) 2 C1(T ), B(x; t) 2 C2(U).
�¨áâ¥¬ë ¢¨¤  (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (3), ­ §ë¢ îâáï ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨-

ç¥áª¨¬¨ ãà ¢­¥­¨ï¬¨ (���) [1] ¨ ¢áâà¥ç îâáï ¢® ¬­®£¨å ®¡« áâïå ¯à¨«®¦¥­¨©, ­ ¯à¨¬¥à, ¯à¨
 ­ «¨§¥ í«¥ªâà®­­ëå áå¥¬ í«¥ªâà¨ç¥áª¨å á¥â¥© ¨ ¬¥å ­¨ç¥áª¨å ª®­áâàãªæ¨© [1]{[4]. � ­ áâ®ï-
é¥¥ ¢à¥¬ï ¤®ª § ­ àï¤ â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© § ¤ ç ¢¨¤  (1), (2), ­® ¢á¥ ®­¨ ¢ á«ãç ¥
­¥«¨­¥©­®© ¢¥ªâ®à-äã­ªæ¨¨ B(x; t) ï¢«ïîâáï «®ª «ì­ë¬¨ ([2], á. 160; [3], á. 36), ¢ â® ¢à¥¬ï ª ª
áãé¥áâ¢ã¥â ¤®¢®«ì­® ®¡è¨à­ë© ª« áá § ¤ ç, ¤«ï ª®â®àëå ­¥®¡å®¤¨¬ë ­¥«®ª «ì­ë¥ ãâ¢¥à¦¤¥-
­¨ï. � ç áâ­®áâ¨, ¤«ï á¨áâ¥¬ A(t) _x+B(x; t; u) = 0, £¤¥ u � u(t) | ã¯à ¢«¥­¨¥, ¯à¨ ¯®áâ ­®¢ª¥
§ ¤ ç ®¡ ã¯à ¢«ï¥¬®áâ¨ ¨ ­ ¡«î¤ ¥¬®áâ¨ ­¥®¡å®¤¨¬® ¯à¥¤¯®«®¦¥­¨¥ ® ¯à®¤®«¦¨¬®áâ¨ à¥è¥-
­¨© ­  ¢¥áì ®âà¥§®ª T . �à®¬¥ â®£®, ­¥«®ª «ì­ë¥ â¥®à¥¬ë ¢ ¦­ë ¨ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ���,
¯®áª®«ìªã ¤ îâ ã¢¥à¥­­®áâì ¢ ®âáãâáâ¢¨¨ ­  ®âà¥§ª¥ ®¯à¥¤¥«¥­¨ï á¨áâ¥¬ë ®á®¡ëå â®ç¥ª. � -
¯à¨¬¥à, ¢ [4] à áá¬ âà¨¢ ¥âáï ­ ç «ì­ ï § ¤ ç , ¨¬¥îé ï ¨§¢¥áâ­®¥ à¥è¥­¨¥ 8t 2 (�1;+1),
®¤­ ª® ¢ â®çª å

p
�k, k = 1; 2; : : : , ®â ¤ ­­®£® à¥è¥­¨ï ®â¢¥â¢«ïîâáï ­¥¨§¢¥áâ­ë¥ à¥è¥­¨ï ¨

¯à¨ ç¨á«¥­­ëå à áç¥â å ¨¬¥¥â ¬¥áâ®  ¢®áâ, ¥á«¨ ®âà¥§®ª T á®¤¥à¦¨â â®çª¨
p
�k.

�«ï á¨áâ¥¬ ¢ ­®à¬ «ì­®© ä®à¬¥ (¢ ä®à¬ã«¥ (1) A(t) = En) ­¥«®ª «ì­ë¥ â¥®à¥¬ë áãé¥áâ¢®-
¢ ­¨ï ¡ §¨àãîâáï «¨¡® ­  ¯à¥¤¯®«®¦¥­¨¨ ® £«®¡ «ì­®© «¨¯è¨æ¥¢®áâ¨ ¢¥ªâ®à-äã­ªæ¨¨ B(x; t)
([5], á. 392), «¨¡® ­  ­¥ª®â®àëå à §¤¥« å â¥®à¨¨ ãáâ®©ç¨¢®áâ¨, ¢ª«îç ï â¥®à¥¬ã � -� ««ï ([6],
á. 276). �¤¥áì ¨ ­¨¦¥ E� | ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à­®áâ¨, à ¢­®© ¨­¤¥ªáã. �¬¥îâáï ¨ ¡®«¥¥
á«®¦­ë¥ ¬¥â®¤ë, ®á­®¢ ­­ë¥ ­  ¨áá«¥¤®¢ ­¨¨ á¯¥ªâà  ®¯¥à â®à  ¬ âà¨æë �ª®¡¨ ®â ¢¥ªâ®à-
äã­ªæ¨¨ B(x; t) ([5], â¥®à¥¬  �¥¢§­¥à ). � ¤ ­­®© à ¡®â¥ ¨á¯®«ì§®¢ ­ë  ­ «®£¨ ¯¥à¢ëå ¤¢ãå
¯®¤å®¤®¢.

�¯à¥¤¥«¥­¨¥ 1. �¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à �l=
lP

j=0
Wj(t; Z)(d=dt)j , £¤¥ Z=(x; _x; :::; x(l+1)),

Wj(t; Z) | £« ¤ª¨¥ n � n-¬ âà¨æë, ­ §ë¢ ¥âáï «¥¢ë¬ à¥£ã«ïà¨§¨àãîé¨¬ ®¯¥à â®à®¬ (���)
¤«ï á¨áâ¥¬ë (1), ¥á«¨

�l � [A(t) _x+B(x; t)] = A(x; t) _x+ B(x; t) 8x 2 C l+1(T ); (x(t); t) 2 U;
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(¯à®¥ªâ 04-01-00857).
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¨ detA(x0; t0) 6= 0. �¨­¨¬ «ì­® ¢®§¬®¦­®¥ ç¨á«® l ­ §ë¢ ¥âáï ¨­¤¥ªá®¬ á¨áâ¥¬ë.

�¯à¥¤¥«¥­¨¥ 2 ([1], á. 31). �®«ã®¡à â­®© ¬ âà¨æ¥© ª m � n-¬ âà¨æ¥ A ­ §ë¢ ¥âáï n �m-
¬ âà¨æ  A�, ã¤®¢«¥â¢®àïîé ï ¬ âà¨ç­®¬ã ãà ¢­¥­¨î AA�A = A.

�¯à¥¤¥«¥­¨¥ 3 ([1], á. 52). �¥­ã«¥¢®© ¬­®£®ç«¥­ det(�G + H), £¤¥ � | áª «ïà­ë© ¯ à -
¬¥âà (¢ ®¡é¥¬ á«ãç ¥ ª®¬¯«¥ªá­ë©), ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à ­£-áâ¥¯¥­ì", ¥á«¨ rankG =
deg det(�G+H), £¤¥ deg | á¨¬¢®« áâ¥¯¥­¨ ¬­®£®ç«¥­ .

�¥¬¬  1 ([2], á. 52). �­®£®ç«¥­ �(�) = det(�diagfEr; 0g+ kbijk2i;j=1) ã¤®¢«¥â¢®àï¥â ªà¨â¥-

à¨î \à ­£-áâ¥¯¥­ì" â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  det b22 6= 0. �®«¥¥ â®£®, ª®à­¨ �(�) á®¢¯ ¤ îâ
á ª®à­ï¬¨ ¬­®£®ç«¥­  �1(�) = det[�Er + (b11 � b12b

�1
22 b21)] ¨ �(�) = �1(�) det b22.

� ¬¥ç ­¨¥ 1. �á«¨ ¬­®£®ç«¥­ det(�G+H) ­¥­ã«¥¢®©, â® ­ ©¤ãâáï ­¥®á®¡¥­­ë¥ ¯®áâ®ï­­ë¥
¬ âà¨æë P; Q: P (�G+H)Q = �diagfEd; Ng+diagfJ;En�dg, £¤¥ Nk = 0, k � n�d, J | ­¥ª®â®àë©
¡«®ª ¯®¤å®¤ïé¥© à §¬¥à­®áâ¨ [1]. �âáî¤  ¢ëâ¥ª ¥â, çâ® d = deg det(�G+H) � rankG ¨ ªà¨â¥à¨©
\à ­£-áâ¥¯¥­ì" ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  N = 0.

�¥®à¥¬  1. �ãáâì ¤«ï á¨áâ¥¬ë (1) ¢ë¯®«­¥­ë ãá«®¢¨ï

1) rankfA(t0)jbg = r, £¤¥ r = max rankfA(t); t 2 Tg, b = B(x0; t0);
2) ¬­®£®ç«¥­ det[�A(t)+Bx(x; t)] ¨¬¥¥â ¢¨¤ ar(x; t)�r+� � � , ¯à¨ç¥¬ jar(x; t)j � { 8(x; t) 2 U ;
3) kBx(x; t)k � L 8(x; t) 2 U , kBt(x1; t)�Bt(x2; t)k � L1kx1�x2k 8(x; t) 2 U , £¤¥ Bx(x; t) =

@B(x; t)=@x, Bt(x; t) = @B(x; t)=@t, {, L, L1 | ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë.

�®£¤  ­  T ®¯à¥¤¥«¥­® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2). �®«¥¥ â®£®, ­  T ®¯à¥¤¥«¥­ ���

(¢ ç áâ­®áâ¨, ¬®¦­® ¯à¨­ïâì �1 = En + S(t)(d=dt), S(t) = En �A(t)A�(t)).

�®ª § â¥«ìáâ¢®. �®£« á­® § ¬¥ç ­¨î 1 ¨ ãá«®¢¨î 2) â¥®à¥¬ë rankA = r 8t 2 T . �¤¥áì
¨ ­¨¦¥ ¢ â¥ªáâ å ãâ¢¥à¦¤¥­¨© ¤«ï ã¯à®é¥­¨ï § ¯¨á¨ ãª § ­¨¥ § ¢¨á¨¬®áâ¨ ®â t ¬®¦¥â ®¯ãá-
ª âìáï, ¥á«¨ íâ® ­¥ ¢ë§ë¢ ¥â ¯ãâ ­¨æë. � áá¬®âà¨¬ ¯à¥¤áâ ¢«¥­¨¥ A = P diagfEr; 0gQ, £¤¥
P � P (t), Q � Q(t) 2 C2(T ), detP 6= 0, detQ 6= 0 8t 2 T , ¨§ ª®â®à®£® ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥
¯®«ã®¡à â­®© ¬ âà¨æë A� 2 C2(T ) [2]. � ç áâ­®áâ¨, ¬®¦­® ¯à¨­ïâì A� = Q�1 diagfEr; 0gP�1.
�®¤¥©áâ¢ã¥¬ ­  á¨áâ¥¬ã (1) ®¯¥à â®à®¬ En + S(d=dt). �®«ãç¨¬

A(x; t) _x+ B(x; t) = P

�
Er 0


21 + �21(x; t) �22(x; t)

�
Q _x+ B(x; t) = 0; (4)

A(x; t) = A + S[ _A + Bx], B(x; t) = B(x; t) + SBt(x; t), Bx = Bx(x; t), k�ijk2i;j=1 = P�1BxQ
�1,

k
ijk2i;j=1 = P�1 _AQ�1. � ä®à¬ã«¥ (4) ãçâ¥­®, çâ® á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï

k
ijk2i;j=1 = d[P�1AQ�1]=dt� _P�1AQ�1 � P�1A _Q�1;

P�1[E �AQ�1QA�]P = diagf0; En�rg; (5)

£¤¥ ¡«®ª 
22 � 0. � áá¬®âà¨¬ ¢ëà ¦¥­¨¥

�A+Bx = �P

�
Er 0
0 0

�
Q+ PP�1BxQ

�1Q = P

�
�Er + �11(x; t) �12(x; t)

�21(x; t) �22(x; t)

�
Q: (6)

�®£« á­® ãá«®¢¨î 2) â¥®à¥¬ë ¯ãç®ª �diagfEr; 0g + k�ijk2i;j=1 ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à ­£-
áâ¥¯¥­ì" ¤«ï «î¡ëå (x; t) 2 U . �§ «¥¬¬ë 1 á«¥¤ã¥â det�22(x; t) 6= 0 8(x; t) 2 U . �à ¢­¨¢ ï
ä®à¬ã«ë (4), (6), ¯®«ãç ¥¬ detA(x; t) = ar(x; t) = det�22(x; t) det(PQ) ¨, á®£« á­® ãá«®¢¨ï¬ 2),
3) â¥®à¥¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª 

kA�1(x; t)k � kP�1k kQ�1k(Ln�r={ + 1): (7)

�® ãá«®¢¨î 3) â¥®à¥¬ë ¨ â¥®à¥¬¥ ® áà¥¤­¥¬ [7] ¨¬¥¥¬ kB(x1; t) � B(x2; t)k � Lkx1 � x2k
8(x; t) 2 U . �á«®¢¨¥ 3) ¨ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯®§¢®«ïîâ § ¯¨á âì

kB(x; t)k � L0 + Lkxk; kBt(x; t)k � L2 + L1kxk: (8)

77



�¥©áâ¢¨â¥«ì­®, kB(x; t) � B(0; t)k � kB(0; t)k + Lkxk, kBt(x; t) � Bt(0; t)k � kBt(0; t)k + Lkxk,
®âªã¤  L0 = maxfkB(0; t)k, t 2 Tg, L1 = maxfkBt(0; t)k, t 2 Tg. �§ ãá«®¢¨ï â¥®à¥¬ë 3) ¨ ®æ¥­®ª
(7), (8) ¤«ï á¨áâ¥¬ë

_x = F (x; t) = �A�1(x; t)B(x; t)
á«¥¤ãîâ ®æ¥­ª¨

kF (x1; t)� F (x2; t)k �Mkx1 � x2k; kF (x; t)k �M0 +Mkxk 8(x; t) 2 U; (9)

£¤¥M ,M0 |­¥ª®â®àë¥ ª®­áâ ­âë. �à¨¬¥­¥­¨¥ ¯à¨­æ¨¯  á¦ âëå ®â®¡à ¦¥­¨© ¯®§¢®«ï¥â ¤®ª -
§ âì, çâ® ­ ç «ì­ ï § ¤ ç  _x = F (x; t), x(t0) = x0 ¯à¨ ¢ë¯®«­¥­¨¨ ®æ¥­®ª (9) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ x�(t) ­  ®âà¥§ª¥ T ([5], á. 79).

�î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (4). �®ª ¦¥¬, çâ® ¯à¨ ¢ë¯®«-
­¥­¨¨ ãá«®¢¨ï 1) â¥®à¥¬ë x�(t) á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ § ¤ ç¨ (1), (2). �®¯ãáâ¨¬, ­¥¢ï§ª 
�(t) = A(t) _x� + B(x�; t) 6� 0, t 2 T . � «¥¥, �1�(t) = [ _x� � F (x�; t)] = 0 ¨ ¯® ãá«®¢¨î 1) �(t0) = 0.
�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ (5), «¥£ª® ¤®ª § âì, çâ® § ¤ ç  �1�(t) = 0, �(t0) = 0 ¨¬¥¥â â®«ìª®
­ã«¥¢®¥ à¥è¥­¨¥ ([6]).

� ¬¥ç ­¨¥ 2. �«ï «®ª «ì­®£® áãé¥áâ¢®¢ ­¨ï ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ «¨èì ãá«®¢¨ï 1) â¥-
®à¥¬ë ¨ à ¢¥­áâ¢  deg det[�A(t0) +Bx(x0; t0)] = r ([2], á. 160).

� ¬¥ç ­¨¥ 3. �¯¥à â®à �1 = En + S(t)(d=dt) ¢¢¥¤¥­ ¢ à ¡®â å �.�. �ã« â®¢ .

�¥®à¥¬  2. �ãáâì ¤«ï á¨áâ¥¬ë (1) ¢ë¯®«­¥­ë ãá«®¢¨ï 1) rankfA(t0)jbg = r, £¤¥ r =
max rankfA(t), t 2 Tg, b = B(x0; t0); 2) ¬­®£®ç«¥­ deg det[�A(t) + Bx(x; t)] = r 8(x; t) 2 U ,
kB(x1; t) � B(x2; t)k � Lkx1 � x2k 8(x; t) 2 U , L | ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â . �®£¤  ­  T
®¯à¥¤¥«¥­® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2). �®«¥¥ â®£®, ­  T ®¯à¥¤¥«¥­ ��� (¢ ç áâ­®-

áâ¨, ¬®¦­® ¯à¨­ïâì �1 = En + S(t)(d=dt)).

�á«®¢¨¥ kBx(x; t)k � L ï¢«ï¥âáï ®ç¥­ì ¦¥áâª¨¬. �«ï á«ãç ï  ¢â®­®¬­ëå á¨áâ¥¬ ¥£® ¬®¦­®
¨­®£¤  ®¡®©â¨.

�¥¬¬  2. �ãáâì 1) á¨áâ¥¬  (1) ï¢«ï¥âáï  ¢â®­®¬­®© A(t) � A, B(x; t) = B(x); 2) B(x) 2
C2(U), U = fx : ka�xk � �g, £¤¥ ¢¥ªâ®à a 2 Rn ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ B(a) = 0; 3) ¬­®£®ç«¥­
det[�A+Bx(a)] ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à ­£-áâ¥¯¥­ì". �®£¤  ¯¥à¢ë¥ r ª®à­¥© å à ªâ¥à¨áâ¨-
ç¥áª®£® ¬­®£®ç«¥­  det[�En�@F (a)=@x] à ¢­ë ª®à­ï¬ ¬­®£®ç«¥­  det[�A+Bx(a)],   ®áâ «ì­ë¥
n� r ª®à­¥© à ¢­ë �1, £¤¥ F (x) = [A+ SBx(x)]�1B(x), S = En �AA�.

�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ á¨áâ¥¬ã (4) ­  ¬ âà¨æã P�1 ¨ ¯à®¨§¢¥¤¥¬ § ¬¥­ã x = Q�1y,
£¤¥ A = PdiagfEr; 0gQ, ãç¨âë¢ ï â®â ä ªâ, çâ® ¨¬¥¥¬ ¤¥«® á  ¢â®­®¬­®© á¨áâ¥¬®©. �®«ãç¨¬

�
Er 0

�21(y) �22(y)

��
_y1
_y2

�
+
�
B1(y)
B2(y)

�
= 0; y =

�
y1
y2

�
;

�
B1(y)
B2(y)

�
= PB(Q�1y); (10)

£¤¥ �ij(y) = @Bi(y)=@yj , i; j = 1; 2. �à®¨§¢®¤ï â¥ ¦¥ ¤¥©áâ¢¨ï á ¨áå®¤­®© á¨áâ¥¬®©, á®£« á­®
«¥¬¬¥ 1 ¯®«ãç¨¬

det[�A+Bx(a)] = det(PQ) det[�Er + b11 � b12b
�1
22 b21]; (11)

£¤¥ bij = �ij(Qa). �¤¥áì det b22 6= 0 ¢ á¨«ã ãá«®¢¨ï 3) ¨ «¥¬¬ë 1. �¢®¤ï ¢ á¨áâ¥¬¥ (10) § ¬¥­ã

¯¥à¥¬¥­­®© y =
�

Er 0

�b
�1

22
b21 b

�1

22

�
z =Wz, ¨ ®¡à é ï ¬ âà¨æã ¯à¨ ¯à®¨§¢®¤­®©, ¯®«ãç¨¬

_z = �W�1

�
Er 0

�21(Wz) �22(Wz)

��1 �
B1(Wz)
B2(Wz)

�
= F (z):

�ëç¨á«¨¬ ¬ âà¨æã �ª®¡¨ J(z) = @F (z)=@z ­  ¢¥ªâ®à¥ a : B(a) = 0

J(a) = �
�
b11 � b12b

�1
22 b21 b12b

�1
22

0 En�r

�
:
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�à ¢­¨¢ ï á (11) ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¯®«¨­®¬

det[�En � J(a)] = det(�Er + b11 � b12b
�1
22 b21) det((�+ 1)En�r);

ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ «¥¬¬ë.

�¥®à¥¬  3. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1, rankA = rank(AjB(x0)), ka � xk � �0, ¨ ¢á¥

ª®à­¨ ¬­®£®ç«¥­  det[�A + Bx(a)] ¨¬¥îâ ®âà¨æ â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨, â® à¥è¥­¨¥

­ ç «ì­®© § ¤ ç¨ (1), (2) ®¯à¥¤¥«¥­® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ �0 ­  ¨­â¥à¢ «¥ [t0;1) ¨, ¡®«¥¥
â®£®, kx(t) � ak ! 0 ¯à¨ t!1.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â¥®à¥¬ë ®¡ ¨áá«¥¤®¢ ­¨¨ ­  ãáâ®©ç¨¢®áâì ¢ á¬ëá«¥ �ï¯ã­®¢  ¯®
¯¥à¢®¬ã ¯à¨¡«¨¦¥­¨î ([5], á. 412) ¨ «¥¬¬ë 2.

�à¨¢¥¤¥¬ ¯à¨¬¥à ­  ¯à¨¬¥­¥­¨¥ â¥®à¥¬ë 1:
�
1� sin�(t) cos�(t)
cos�(t) 1 + sin�(t)

�
_x+

�
(�+ 3t)x1 + sin(t(x1 � x2))
(�+ 3t)x2 + cos(t(x1 + x2))

�
= 0; t 2 T;

x(0) = x0;

£¤¥ �(t) | ­¥ª®â®à ï £« ¤ª ï äã­ªæ¨ï, �(0) = 0. �ç¥¢¨¤­®, ¢á¥£¤  ¬®¦­® ¯®¤®¡à âì ­ ç «ì­®¥
§­ ç¥­¨¥ x0 â ª¨¬ ®¡à §®¬, çâ® ¡ã¤¥â ¢ë¯®«­¥­® ãá«®¢¨¥ 1) â¥®à¥¬ë 1 ¨, ªà®¬¥ â®£®, ¯à¨ � > 0
áâ àè¨© ª®íää¨æ¨¥­â ¬­®£®ç«¥­  det[�A(t) +Bx(x; t)] ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2) â¥®à¥¬ë 1:

ar(x; t) = 2�+ t[6 + cos(t(x1 � x2)) sin�(t) + sin�(t) sin(t(x1 + x2)) + cos(t(x1 � x2))�
� sin(t(x1 + x2)) + cos(t(x1 � x2)) cos �(t) + cos�(t) sin(t(x1 + x2))] � 2�:

�ë¯®«­¥­¨¥ ãá«®¢¨ï 3) â ª¦¥ «¥£ª® ¯à®¢¥àï¥¬®, ¨, ªà®¬¥ â®£®, à ­£ ¬ âà¨æë A(t) ¯®áâ®ï­¥­,
â. ª. áâ¥¯¥­ì å à ªâ¥à¨áâ¨ç¥áª®£® ¯®«¨­®¬  ­¥ ¬®¦¥â ¡ëâì ¡®«ìè¥ à ­£  ¬ âà¨æë. �«¥¤®¢ -
â¥«ì­®, à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨¥, ¯à®¤®«¦¨¬®¥ ­  T .

�«ï á¨áâ¥¬ ¨­¤¥ªá  1 ¬®¦­® â ª¦¥ áä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì  ­ «®£ â¥®à¥¬ë �®¯ä  ®
¡¨äãàª æ¨¨ æ¨ª« .

�¥®à¥¬  4. �ãáâì

1) ¢ á¨áâ¥¬¥ A _x+ B(x; �) = 0, £¤¥ � 2 N = (��0; �0) | ç¨á«®¢®© ¯ à ¬¥âà, a | ¨§®«¨à®-

¢ ­­ ï ­¥¯®¤¢¨¦­ ï â®çª  á¨áâ¥¬ë B(a; �) = 0 8�;
2) ¢á¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ¨ � ª®¬¯®­¥­â ¢¥ªâ®à-äã­ªæ¨¨ B(x; �) ­¥¯à¥àë¢­ë ¤®

¯®àï¤ª  L+ 3, £¤¥ L � 3, ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (a; 0);
3) ¬­®£®ç«¥­ det[�A+Bx(a; �)] ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à ­£-áâ¥¯¥­ì" ¤«ï «î¡ëå �;
4) ¢á¥ ª®à­¨ ¬­®£®ç«¥­  det[�A + Bx(a; �)] ¨¬¥îâ áâà®£® ®âà¨æ â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥

ç áâ¨, ªà®¬¥ ¤¢ãå ª®¬¯«¥ªá­®-á®¯àï¦¥­­ëå ª®à­¥© �(�) = �(�) + i!(�), �(�) = �(�) �
i!(�), ¯à¨ íâ®¬ !(0) = !0 > 0, �(0) = 0, �0(0) 6= 0.

�®£¤  à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¨¬¥¥â á¥¬¥©áâ¢® ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©, ¢¨¤ ¨ á¢®©áâ¢ 

ª®â®àëå ®¯¨áë¢ îâáï ä®à¬ã« ¬¨ ¨§ ([8], c. 20).

�®ª § â¥«ìáâ¢®. �®¤¥©áâ¢ã¥¬ ­  à áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã ®¯¥à â®à®¬ En+Sd=dt ¨ ¯à¨-
¢¥¤¥¬ ¥¥ ª ­®à¬ «ì­®¬ã ¢¨¤ã. �®«ãç¨¬ á¨áâ¥¬ã, ¢ ª®â®à®© ¯à ¢ ï ç áâì ¨¬¥¥â ¢¨¤

F (x; �) = [A+ SBx(x; �)]�1B(x; �):

� á¨«ã «¥¬¬ë 2 ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë II ([8], c. 20), ¨§ ª®â®à®© á«¥¤ã¥â, çâ® á¨áâ¥¬ 
_x = F (x; �) ¨¬¥¥â ¯¥à¨®¤¨ç¥áª¨¥ à¥è¥­¨ï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ a.

�áâ «®áì ¤®ª § âì, çâ® íâ¨ ¯¥à¨®¤¨ç¥áª¨¥ à¥è¥­¨ï ï¢«ïîâáï ¨ à¥è¥­¨ï¬¨ ¨áå®¤­®© á¨áâ¥-
¬ë.

�¬­®¦¥­¨¥¬ ­  ¬ âà¨æã P ¨ § ¬¥­®© x = Qy ¯à¨¢¥¤¥¬ à áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã ª ¢¨¤ã
�
Er 0
0 0

�
_y +

�
B1(y; �)
B2(y; �)

�
= 0; (12)
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£¤¥
�
B1(y;�)
B2(y;�)

�
= PB(Qy) ¨ y = ( y1y2 ). �§ «¥¬¬ë 1 á«¥¤ã¥â det @B2(y; �)=@y2jy=a 6= 0 ¨ B2(a; �) = 0,  

§­ ç¨â, ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë ® ­¥ï¢­®© äã­ªæ¨¨, ¨ ¬®¦­® à §à¥è¨âì ¢â®à®¥ ãà ¢­¥­¨¥
á¨áâ¥¬ë (12) ®â­®á¨â¥«ì­® y2 = �(y1; �), £¤¥ B2(y1; �(y1; �)) = 0, ¨ ¢ á¨«ã ¤ ­­®£® á®®â­®è¥­¨ï
y2 ¢á¥£¤  ¡ã¤¥â ¯¥à¨®¤¨ç­ , ¥á«¨ ¯¥à¨®¤¨ç­  y1. � ª¨¬ ®¡à §®¬, ¯®«ãç¥­  á¨áâ¥¬  ¢¨¤ 

_y1 +  (y1) = 0; £¤¥  (y1) = B1(y1; �(y1; �)):

�® ¯à ¢¨«ã ¤¨ää¥à¥­æ¨à®¢ ­¨ï ­¥ï¢­®© äã­ªæ¨¨ ¨¬¥¥¬

@ (y1)
@y1

=
@B1(y; �)
@y1

jy=a = b11 � b12b
�1
22 b21:

� á¨«ã à ¢¥­áâ¢  (11) ¨ ãá«®¢¨© 3), 4) â¥®à¥¬ë á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë �Er�(b11�b12b�122 b21)
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë II ([8], c. 20).

� ¬¥ç ­¨¥ 4. �à¨ ­¥¢ë¯®«­¥­¨¨ ªà¨â¥à¨ï \à ­£-áâ¥¯¥­ì" å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­
¢ ®¡é¥¬ á«ãç ¥ ­¥ ¤ ¥â ¨­ä®à¬ æ¨¨ ® à §à¥è¨¬®áâ¨ á¨áâ¥¬ë. � ª¦¥ ¡¥§ íâ®£® ¯à¥¤¯®«®¦¥­¨ï
­¥¢¥à­ë â¥®à¥¬ë 3 ¨ 4.

� § ª«îç¥­¨¥ áâ âì¨ à áá¬®âà¨¬ «¨­¥©­ãî á¨áâ¥¬ã á ª®íää¨æ¨¥­â ¬¨, § ¢¨áïé¨¬¨ ®â ¯ -
à ¬¥âà 

A(�) _x+B(�)x = f(t; �); � 2 N ; t 2 T; (13)

£¤¥ A(�), B(�) | n� n-¬ âà¨æë.

�¥¬¬  3 ([2], á. 47). �ãáâì ¬ âà¨æë A(�) ¨ B(�) ¢ á¨áâ¥¬¥ (13) ï¢«ïîâáï ¢¥é¥áâ¢¥­­®-

 ­ «¨â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ¯ à ¬¥âà  � ¨ áâ àè¨© ª®íää¨æ¨¥­â å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®-

£®ç«¥­  det(�A(�) + B(�)) = ad(�)�d + � � � ­¥ ¨¬¥¥â ­ã«¥© ­  ®âà¥§ª¥ N . �®£¤  áãé¥áâ¢ãîâ

â ª¨¥ ­¥®á®¡¥­­ë¥ ¢¥é¥áâ¢¥­­®- ­ «¨â¨ç¥áª¨¥ ¬ âà¨æë P (�) ¨ Q(�), çâ®

P (�)[�A(�) +B(�)]Q(�) = �

�
Ed 0
0 N(�)

�
+
�
J(�) 0
0 En�d

�
;

£¤¥ N(�) | ¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨æ  á m ª¢ ¤à â­ë¬¨ ­ã«¥¢ë¬¨ ¡«®ª ¬¨ ­  ¤¨ £®­ «¨,

Nm(�) � 0.

�«¥¤áâ¢¨¥¬ «¥¬¬ë 3 ï¢«ï¥âáï â®, çâ® ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (13) ¨¬¥¥â ¢¨¤

x�(t; c) = Q(�)
�
eJ(�)(t�t0)

0

�
á +Q(�)

0
BB@

tR
t0

eJ(�)(t�s)f1(s; �)ds

m�1P
l=0


lf2(t; �)

1
CCA ; (14)

£¤¥
�
f1(t;�)
f2(t;�)

�
= P (�)f(t; �), 
 | ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã 
z = �N(�)dz

dt
, c | ¯à®¨§-

¢®«ì­ë© ¢¥ªâ®à ¨§ Rd. �®ª § â¥«ìáâ¢® ¬®¦­® ¯à®¨§¢¥áâ¨ ¯àï¬®© ¯®¤áâ ­®¢ª®© (14) ¢ (13).
�§ ä®à¬ã«ë (14) ¢¨¤­®, çâ® à¥è¥­¨¥ á¨áâ¥¬ë (13) ¯à¨  ­ «¨â¨ç¥áª®© ¢¥ªâ®à-äã­ªæ¨¨ f(t; �)

¨ ¢ë¯®«­¥­­ëå ãá«®¢¨ïå «¥¬¬ë 3  ­ «¨â¨ç¥áª¨ § ¢¨á¨â ®â ¯ à ¬¥âà  �. �á«¨ ¦¥ áâ àè¨©
ª®íää¨æ¨¥­â ¬­®£®ç«¥­  det(�A(�)+B(�)) ¨¬¥¥â ­ã«¨ ­  N , â® ®âáãâáâ¢ã¥â ¤ ¦¥ ­¥¯à¥àë¢­ ï
§ ¢¨á¨¬®áâì à¥è¥­¨© ®â �, â. ª. ¢ ä®à¬ã«¥ (14) à §¬¥à­®áâì ¬ âà¨æë J(�) § ¢¨á¨â ®â �.

�¥¬¬  2 ¨ â¥®à¥¬  4 ­¥ ¨¬¥îâ ¬¥áâ , ¥á«¨ ­¥ ¢ë¯®«­ï¥âáï ªà¨â¥à¨© \à ­£-áâ¥¯¥­ì", çâ®
íª¢¨¢ «¥­â­® ¯à¨­ ¤«¥¦­®áâ¨ á¨áâ¥¬ë ª á¨áâ¥¬ ¬ ¨­¤¥ªá  1. �«ï «¨­¥©­ëå á¨áâ¥¬ ¯à®æ¥áá
¯®­¨¦¥­¨ï ¨­¤¥ªá  ¬®¦­® ¯à®¤®«¦¨âì. �á«¨ ¯®¤¥©áâ¢ã¥¬ ­  á¨áâ¥¬ã (13) ®¯¥à â®à®¬ ¢¨¤ 
En + d

dt
S(�), £¤¥ S(�) = En �A(�)A�(�), â® ¯®«ãç¨¬ ­®¢ãî á¨áâ¥¬ã

A1(�) _x+B1(�)x = f1(t; �); (15)

ã ª®â®à®© ¨­¤¥ªá ­  ¥¤¨­¨æã ¬¥­ìè¥ ¨ å à ªâ¥à¨áâ¨ç¥áª¨© ¯®«¨­®¬ det(�A1(�) +B1(�)) ¨¬¥¥â
áâ¥¯¥­ì, à ¢­ãî d + nm, £¤¥ nm | à §¬¥à­®áâì ¯®á«¥¤­¥£® ª¢ ¤à â­®£® ¡«®ª  ­  ¤¨ £®­ «¨
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¬ âà¨æë N(�). �à®¬¥ â®£®, d ª®à­¥© ­®¢®£® å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  á®¢¯ ¤ îâ á ª®à-
­ï¬¨ å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  ¨áå®¤­®© á¨áâ¥¬ë,   ®áâ «ì­ë¥ ª®à­¨ à ¢­ë �1. � ¤
á¨áâ¥¬®© (15) ¬®¦­® ¯à®¨§¢¥áâ¨ â¥ ¦¥ ¤¥©áâ¢¨ï, çâ® ¨ ­ ¤ ¨áå®¤­®©. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
®¯¥à â®à

Lm :=
m�1Y
l=0

�
En +

d

dt

�
; Sl(�) = En �Al(�)A

�

l (�); A0(�) = A(�);

á¢®¤ïé¨© á¨áâ¥¬ã (13) ª á¨áâ¥¬¥

Lm[A(�) _x+B(�)x] = Am(�) _x+Bm(�)x 8x 2 C1(T );

£¤¥ detAm(�) 6= 0 8� 2 N . � à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ ¯®á«¥¤­¥© á¨áâ¥¬ë ¨¬¥¥â d ª®à­¥©,
á®¢¯ ¤ îé¨å á ª®à­ï¬¨ å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  á¨áâ¥¬ë (13),   ®áâ «ì­ë¥ ª®à­¨ à ¢-
­ë �1. �®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ®¯¨à ¥âáï ­  à¥§ã«ìâ â ¨§ [9], £¤¥ ®­ ¤®ª § ­ ¤«ï m = 0.
�á«¨ ®âª § âìáï ®â  ­ «¨â¨ç­®áâ¨ ¬ âà¨æ A(�), B(�) ¯® ¯ à ¬¥âàã �, â® ®¯¨á ­­ë© ¢ëè¥ ¯à®-
æ¥áá ­¥ ¢á¥£¤  ®áãé¥áâ¢¨¬, â. ª. ¢ £« ¤ª®¬ á«ãç ¥ ­¥ ¢á¥£¤  ¬®¦­® ¤®®¯à¥¤¥«¨âì ¯à®¨§¢¥¤¥­¨¥
A(�)A�(�) ¤® £« ¤ª®áâ¨ ¨áå®¤­®© ¬ âà¨æë A(�), ¥á«¨ rankA(�) 6= const, � 2 N ([2], á. 45).

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à­®áâì �.�. �ã« â®¢ã §  ¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï ¨ § ¬¥ç ­¨ï, á¤¥-
« ­­ë¥ ¢ ¯à®æ¥áá¥ à ¡®âë ­ ¤ áâ âì¥©.
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