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1. �¢¥¤¥­¨¥. �á®¡¥­­®áâìî ¯à®¢¥¤¥­­®£® ¢ ¤ ­­®© à ¡®â¥ ¨áá«¥¤®¢ ­¨ï ª®­â ªâ­®£® à á¯à¥-
¤¥«¥­¨ï ­  P3 ï¢«ï¥âáï á®¯®áâ ¢«¥­¨¥ £¥®¬¥âà¨¨ íâ®£® à á¯à¥¤¥«¥­¨ï á £¥®¬¥âà¨¥© ¢«®¦¥­­®£®
¢ P3 ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï.

� ¨¡®«¥¥ ¨­â¥à¥á­ë¬¨ ®¤­®à®¤­ë¬¨ âà¥å¬¥à­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ ª®­â ªâ­ë¬¨ ¬­®£®®¡à -
§¨ï¬¨ ï¢«ïîâáï 1) (P(T �P2); �), £¤¥ � = x0dy0+x1dy1+x2dy2; 2) (P3; !), £¤¥ ! = x3dx0� 3x2dx1+
3x1dx2 � x0dx3.

�® â¥®à¥¬¥ � à¡ã ([1], á. 328) âà¥å¬¥à­ë¥ ª®­â ªâ­ë¥ ¬­®£®®¡à §¨ï «®ª «ì­® ¨§®¬®àä­ë.
�®áª®«ìªã (P3; !) ¨ (P(T �P2); �) ï¢«ïîâáï ¯à¨¬¥à ¬¨  «£¥¡à ¨ç¥áª¨å ¬­®£®®¡à §¨©, ¥áâ¥áâ¢¥­-
­® ¯®áâ ¢¨âì ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¡¨à æ¨®­ «ì­®£® ¨§®¬®àä¨§¬  ¬¥¦¤ã ­¨¬¨, â. ¥. â ª®£®
­¥ ¢áî¤ã ®¯à¥¤¥«¥­­®£® ¨§®¬®àä¨§¬ , ª®â®àë© á®åà ­ï¥â ª®­â ªâ­ë¥ áâàãªâãàë ¨ § ¤ ¥âáï
à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨. �à®áâ®© ¡¨à æ¨®­ «ì­ë© ¨§®¬®àä¨§¬, á®åà ­ïîé¨© ª®­â ªâ­ë¥
áâàãªâãàë, ¡ë« ¯à¥¤«®¦¥­ �®¡¥àâ®¬ �à © ­â®¬ ¢ [2], £¤¥ à¥è «áï ¢®¯à®á ® ª®­ä®à¬­®¬ ¯à¥¤-
áâ ¢«¥­¨¨ ¤¢ã¬¥à­ëå ¬¨­¨¬ «ì­ëå ¯®¢¥àå­®áâ¥© ¨ ¤®ª § ­®, çâ® ¢á¥ ®­¨ ¯®«ãç îâáï ¨§ à¨¬ -
­®¢ëå ¯®¢¥àå­®áâ¥©. � ¦­ë¬ â¥å­¨ç¥áª¨¬ ¯à¨¥¬®¬ ¡ë« ¯®áâà®¥­­ë© â ¬ ¦¥ ¡¨à æ¨®­ «ì­ë©
¨§®¬®àä¨§¬ f ¨§ P(T �C P2 ) ¢ C P3 á® áâ ­¤ àâ­ë¬¨ ª®­â ªâ­ë¬¨ ä®à¬ ¬¨ ¨ ¤®ª § ­­ ï ¨¬

�¥®à¥¬  1 ([2]). �ãáâì C | ª®­â ªâ­ ï ªà¨¢ ï ¢ C P3 . �®£¤  C ï¢«ï¥âáï ¯àï¬®© ¨«¨

¨¬¥¥â ¢¨¤ f( eD), £¤¥ eD � P(T �C P2) | £®à¨§®­â «ì­®¥ ¯®¤­ïâ¨¥ ¯à¨¢¥¤¥­­®© ¨ ­¥¯à¨¢®¤¨¬®©

¯«®áª®© ªà¨¢®© D � C P2 áâ¥¯¥­¨, ¯® ªà ©­¥© ¬¥à¥, 2.

� ¯®¬®éìî ¨§®¬®àä¨§¬  f ª ¦¤ ï ª®¬¯«¥ªá­ ï à æ¨®­ «ì­ ï ¨­â¥£à «ì­ ï ªà¨¢ ï ¯®-
«ãç « áì ¨§ à æ¨®­ «ì­®©  «£¥¡à ¨ç¥áª®© ªà¨¢®© ­  ª®¬¯«¥ªá­®© ¯à®¥ªâ¨¢­®© ¯«®áª®áâ¨ á
¯®¬®éìî ¤¢ãå ®¯¥à æ¨©: 1) ¯®¤­ïâ¨¥ ªà¨¢®© ¢ P(T �P2); 2) ¡¨à æ¨®­ «ì­®¥ ®â®¡à ¦¥­¨¥ íâ®£®
¬­®£®®¡à §¨ï ¢ P3.

�¥â®¤ �à © ­â  ¯®§¢®«ï¥â à¥è âì à §«¨ç­ë¥ ¢®¯à®áë. � ª, ¯à®¡«¥¬®© ï¢«ï¥âáï ¯®áâà®¥­¨¥
ï¢­ëå ¯à¨¬¥à®¢ ®¤­®à®¤­ëå £« ¤ª¨å «¥¦ ­¤à®¢ëå ¬­®£®®¡à §¨©, ª®â®à ï «¥£ª® à §à¥è¨¬  [3]
á ¯à¨¬¥­¥­¨¥¬ ª®­áâàãªæ¨¨ �à © ­â .

�á­®¢­®© æ¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¯¥à¥­¥á¥­¨¥ ª®­áâàãªæ¨¨ �à © ­â  ¢ ¢¥é¥áâ¢¥­-
­ãî ®¡« áâì ¨ ¥¥ £¥®¬¥âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï. � ¯. 2 ­ ©¤¥­ ¢¥é¥áâ¢¥­­ë©  ­ «®£ ¯à¥®¡à -
§®¢ ­¨ï �à © ­â .

� ç¨­ ï á à ¡®â �.�®áá , �.�.�¨­æ®¢  [4], ¨áá«¥¤®¢ ­¨¥ ª®­â ªâ­ëå áâàãªâãà ­  âà¥å¬¥à-
­ëå ¬­®£®®¡à §¨ïå ¯à®¢®¤¨«®áì á ¯®¬®éìî ¨§ãç¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå § ¤ ­­®£® à á¯à¥¤¥-
«¥­¨ï. �®áª®«ìªã ª®­â ªâ­ ï áâàãªâãà  ¢ P3 ®¯à¥¤¥«ï¥âáï ­®à¬ªà¨¢®©, ¯®ª § «®áì ¥áâ¥áâ¢¥­-
­ë¬ ®å à ªâ¥à¨§®¢ âì ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¨ ¨å ç áâ­ë¥ ª« ááë, ¨á¯®«ì§ãï ­¥¯®áà¥¤áâ¢¥­­®
­®à¬ªà¨¢ãî. �â  § ¤ ç  à¥è ¥âáï ¢ ¯. 3.

�¨à æ¨®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¥¤«®¦¥­­®¥ �à © ­â®¬, á¢ï§ë¢ ¥â £¥®¬¥âà¨î ®¡®¨å ¬­®-
£®®¡à §¨© ¨ á¢®¤¨â ¢ àï¤¥ á«ãç ¥¢ ¢®¯à®áë, ª á îé¨¥áï ¨­â¥£à «ì­ëå ªà¨¢ëå, ª ¢®¯à®á ¬ ®
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ªà¨¢ëå ­  ¯à®¥ªâ¨¢­®© ¯«®áª®áâ¨. �â®â ä ªâ ¯®§¢®«ï¥â à¥è âì § ¤ çã ® á®¥¤¨­¨¬®áâ¨ ¤¢ãå
â®ç¥ª âà¥å¬¥à­®£® ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  à æ¨®­ «ì­®© ¨­â¥£à «ì­®© ªà¨¢®©. �®¯à®á ®
á®¥¤¨­¨¬®áâ¨ ¤¢ãå â®ç¥ª ªãá®ç­® ¨­â¥£à «ì­®© ªà¨¢®© ¯®áâ ¢«¥­ ¨ à¥è¥­ �¦®ã (1939) ¨ � -
è¥¢áª¨¬ (1938). � 1963 £®¤ã �¬í©« (Smale) ¯®áâ ¢¨« ¢®¯à®á ® ¢®§¬®¦­®áâ¨ á®¥¤¨­¨âì ¤¢¥ â®çª¨
C1-£« ¤ª®© ªà¨¢®©. �â  § ¤ ç  ¡ë«  à¥è¥­  �.�.�¥à­¥­ª® [5]. � íâ®© § ¤ ç¥ ¨¤¥â à¥çì ® ¯à®-
¨§¢®«ì­®© ª®­â ªâ­®© áâàãªâãà¥ ­  ¯à®¨§¢®«ì­®¬ £« ¤ª®¬ ¬­®£®®¡à §¨¨. �á«¨ ¢ P

3 § ¤ ­ 
ª®­â ªâ­ ï áâàãªâãà , â® ¥áâ¥áâ¢¥­­® ¯®áâ ¢¨âì ¢®¯à®á ® á®¥¤¨­¨¬®áâ¨ ¤¢ãå â®ç¥ª à æ¨®­ «ì-
­®© ¨­â¥£à «ì­®© ªà¨¢®© ¨ ®¯à¥¤¥«¨âì ­ ¨¬¥­ìèãî áâ¥¯¥­ì ªà¨¢®©, ¤®áâ â®ç­®© ¤«ï à¥è¥­¨ï
§ ¤ ç¨. �â  § ¤ ç  à¥è ¥âáï ¢ ¯. 4.

2. �¥é¥áâ¢¥­­ë©  ­ «®£ ¯à¥®¡à §®¢ ­¨ï �à © ­â . �ãáâì C P
3 | âà¥å¬¥à­®¥ ª®¬-

¯«¥ªá­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®. �  ­¥¬ § ¤ ­  áâ ­¤ àâ­ ï áâàãªâãà , ª®â®à ï ¢  ää¨­-
­®© ª àâ¥ (1 : z1 : z2 : z3) ¨¬¥¥â ¢¨¤ � = dz1 � z3dz2 + z2dz3. �ãáâì D � C P

2 | ¯à¨¢¥¤¥­­ ï
¨ ­¥¯à¨¢®¤¨¬ ï ­ ¤ C ªà¨¢ ï, ¨ Dreg | £« ¤ª ï ç áâì D. �®£¤  â®çª¨ Dreg ¢¬¥áâ¥ á ª á -
â¥«ì­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ ä®à¬¨àãîâ ªà¨¢ãî ¢ P(T �P2). �â® ¤ ¥â ¯®¤­ïâ¨¥ Dreg ¢ P(T �P2).
� ¬ëª ­¨¥ � à¨áª®£® íâ®£® ¯®¤­ïâ¨ï ¢ P(T �P2) ¥áâì ¯®¤­ïâ¨¥ D ¢ P(T �P2). �­® ­ §ë¢ ¥âáï
[6] £®à¨§®­â «ì­ë¬ ¯®¤­ïâ¨¥¬ D ¨ ®¡®§­ ç ¥âáï eD. �à¨¢ ï eD £« ¤ª ï, ¥á«¨ ªà¨¢ ï D ¨¬¥¥â
â®«ìª® ­¥à §¢¥â¢«¥­­ë¥ ¨«¨ ¯à®áâë¥ ®á®¡¥­­®áâ¨ â¨¯  ª«î¢ .

�à © ­â ®¯à¥¤¥«¨« [2] ¡¨à æ¨®­ «ì­®¥ ª®­â ªâ­®¥ ®â®¡à ¦¥­¨¥ f : P(T �P2)! C P
3 , ¯®« £ ï

(x : y; [�1 : �2]) ª ª (�1 : x�1 � 1

2
y�2 : y�1 : 1

2
�2), £¤¥ (x; y) | ª®®à¤¨­ âë ­  C 2 � C P

2 ,   (�1; �2)
| ®¤­®à®¤­ë¥ ª®®à¤¨­ âë á«®ï.

�ãé¥áâ¢ã¥â ¥áâ¥áâ¢¥­­ ï ª®­â ªâ­ ï áâàãªâãà  ­  P(T �P2) [6]. �¨à æ¨®­ «ì­®¥ ®â®¡à ¦¥­¨¥
f ª®­â ªâ­® ¢ â®¬ á¬ëá«¥, çâ® ®­® ®â®¡à ¦ ¥â ª®­â ªâ­ë¥ ªà¨¢ë¥ ¢ ª®­â ªâ­ë¥ ªà¨¢ë¥. �ãáâì
U2 = fx2 = 0g � C P2 |  ää¨­­®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® á  ää¨­­ë¬¨ ª®®à¤¨­ â ¬¨ (x; y) =
(x0=x2; x1=x2). �  U2 ¬ë ¬®¦¥¬ ®â®¦¤¥áâ¢¨âì á«®¥¢ë¥ ª®®à¤¨­ âë [�1; �2] á [�y0; y1]. � ª¨¬
®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ �à © ­â  ¬®¦¥â ¡ëâì ¯¥à¥®¯à¥¤¥«¥­® ¢ ¢¨¤¥ [6]

f([x0 : x1 : x2]; [y0 : y1 : y2]) = [2x2y0 : 2x0y0 + x1y1 : 2x1y0 : �x2y1]:

�¥®à¥¬  2 ([6]). �ãáâì C | ª®­â ªâ­ ï ªà¨¢ ï ¢ C P3 . �®£¤  C ï¢«ï¥âáï ¯àï¬®© ¨«¨

¨¬¥¥â ¢¨¤ f( eD), £¤¥ eD � C P2 | £®à¨§®­â «ì­®¥ ¯®¤­ïâ¨¥ ¯à¨¢¥¤¥­­®© ¨ ­¥¯à¨¢®¤¨¬®© ¯«®áª®©

ªà¨¢®© D áâ¥¯¥­¨, ¯® ªà ©­¥© ¬¥à¥, 2.

�¥®à¥¬  �à © ­â  á¢®¤¨â ¨áá«¥¤®¢ ­¨¥ ª®­â ªâ­ëå ªà¨¢ëå ¢ C P3 ª ¨áá«¥¤®¢ ­¨î  «£¥¡à -
¨ç¥áª¨å ªà¨¢ëå ¢ C P2 ¨ ¨å ¯®¤­ïâ¨© ¢ P(T �P2). � ¦­ë¬ á¢®©áâ¢®¬ ®â®¡à ¦¥­¨ï f ï¢«ï¥âáï â®,
çâ® ®­® ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬, á®åà ­ïîé¨¬ ª®­â ªâ­ë¥ ä®à¬ë, ¨ íâ® á®®â¢¥âáâ¢¨¥ ï¢«ï¥âáï
à æ¨®­ «ì­ë¬.

�¥à¥­¥á¥¬ ¯à¥®¡à §®¢ ­¨¥ �à © ­â  ¢ ¢¥é¥áâ¢¥­­ãî ®¡« áâì ¨ ¤ ¤¨¬ ¥£® £¥®¬¥âà¨ç¥áªãî
å à ªâ¥à¨áâ¨ªã.

�ãáâì P3 = P(R4) | âà¥å¬¥à­®¥ ¢¥é¥áâ¢¥­­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®, ¯®à®¦¤¥­­®¥ ¢¥ª-
â®à­ë¬ ¯à®áâà ­áâ¢®¬ R4 .

�®ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® T �ARP
3 ª ¯à®¥ªâ¨¢­®¬ã ¯à®áâà ­áâ¢ã RP3 ¢ â®çª¥ A = p(a)

¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¯®¤¯à®áâà ­áâ¢®¬ Annhai � (R4)�, â. ¥. T �ARP
3 ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª

á®¢®ªã¯­®áâì «¨­¥©­ëå ä®à¬ ­  R4 , à ¢­ëå ­ã«î ­  ¢¥ªâ®à¥ a.
�à®¥ªâ¨¢¨§ æ¨ï ª®ª á â¥«ì­®£® à áá«®¥­¨ï

P(T �P2) =
[
A2P2

P(T �AP
2)

| ¬­®£®®¡à §¨¥ ¢á¥å ¯à®¥ªâ¨¢­ëå ¯à®áâà ­áâ¢ P(T �AP
2), ¯®à®¦¤¥­­ëå ª®ª á â¥«ì­ë¬¨ ¯à®-

áâà ­áâ¢ ¬¨ T �AP
2 ª P2 ¢® ¢á¥å ¥£® â®çª å A 2 P2.

�¯à¥¤¥«¥­¨¥ 1 ([7], á. 289). �ã«ì-¯ à®© ¢ P2 ­ §ë¢ ¥âáï ¯ à  (A;�), £¤¥ A 2 P2 ¨ � 2 �P2.
�ã«ì-¯ à  ­ §ë¢ ¥âáï ¢ëà®¦¤¥­­®©, ¥á«¨ â®çª  A = p(a) ¨ ¯àï¬ ï � = p(�) ¨­æ¨¤¥­â­ë, â. ¥.
A 2 � (¨«¨, çâ® íª¢¨¢ «¥­â­®, �(a) = 0).
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�§¢¥áâ­® [8], çâ®¬­®£®®¡à §¨¥ ¢ëà®¦¤¥­­ëå ­ã«ì-¯ à ¤¨ää¥®¬®àä­® ¯à®¥ªâ¨¢¨§ æ¨¨ P(T �P2)
ª®ª á â¥«ì­®£® à áá«®¥­¨ï ¯à®áâà ­áâ¢  P

2.
�  ¬­®£®®¡à §¨¨ P(T �P2) ª ­®­¨ç¥áª ï áâàãªâãà  § ¤ ¥âáï ãà ¢­¥­¨¥¬

� = x0dy0 + x1dy1 + x2dy2:

�­®£®®¡à §¨¥ X3 = P(T �P2) ¬®¦­® § ¤ âì ¢ ¯à®¨§¢¥¤¥­¨¨ P2� �P2 ¡¨®¤­®à®¤­ë¬ ãà ¢­¥­¨¥¬
xiyi = 0, £¤¥ M = (x0 : x1 : x2) 2 P

2, l = (y0 : y1 : y2) 2 �P2,   �P2 | ¯à®¥ªâ¨¢¨§ æ¨ï (R3)�.
�«ï â®£® çâ®¡ë ¯à¥¤áâ ¢¨âì ¯à®¨§¢¥¤¥­¨¥ ¯à®¥ªâ¨¢­ëå  «£¥¡à ¨ç¥áª¨å ¬­®£®®¡à §¨© ¢ ¢¨¤¥

¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢ , ¨á¯®«ì§ã¥¬ ¢«®¦¥­¨¥ �¥£à¥ ([9], á. 74) ¢ ¨­¢ à¨ ­â­®© ä®à¬¥ s :
P2 � �P2 ! P(gl(3;R)). �á«¨ (M; l) 2 P2 � �P2, ¯®« £ ¥¬

s(M; l) = [xiyjei 
 ej ] 2 P
8;

£¤¥ e0, e1, e2 ¨ e0, e1, e2 | ¤¢®©áâ¢¥­­ë¥ ¡ §¨áë R
3 ¨ (R3 )�,   P8 | ¯à®¥ªâ¨¢¨§ æ¨ï  «£¥¡àë �¨

gl(3;R) ¢¥é¥áâ¢¥­­ëå (3� 3)-¬ âà¨æ.
�à ¢­¥­¨¥ trM = 0, M 2 gl(3;R), § ¤ ¥â ¢ P8 £¨¯¥à¯«®áª®áâì P7, ¨ ®£à ­¨ç¥­¨¥ s ­  X3

®¯à¥¤¥«ï¥â ¢«®¦¥­¨¥ X3 ¢ ¯à®¥ªâ¨¢¨§ æ¨î  «£¥¡àë �¨ sl(3;R) s : X3 ! P
7 = P(sl(3;R)). �â®

¢«®¦¥­¨¥ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯à®¥ªâ¨¢­®£® à¥¯¥à  ¢ P2.

�¥®à¥¬  3. �¡à § s ¢ sl(3;R) á®áâ®¨â ¨§ ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ¬ âà¨æ A â ª¨å, çâ®
2V
A = 0, trA = 0, A 6= 0.

�¥®à¥¬  4. �à®¥ªâ¨¢­®¥ ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® P(TMX3) ¢ â®çª¥M 2 s(X3) ¨§®¬®àä-
­® ¯à®¥ªâ¨¢¨§ æ¨¨ ¯à®áâà ­áâ¢  ¢á¥å ª¢ ¤à â­ëå (3 � 3)-¬ âà¨æ A á ­ã«¥¢ë¬ á«¥¤®¬, ã¤®-

¢«¥â¢®àïîé¨å ãá«®¢¨î AM +MA = 0.

�ã¤¥¬ ­ §ë¢ âì ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® T = fA j AM + MA = 0, trA = 0g  ­ «¨â¨ç¥-

áª¨¬ ª á â¥«ì­ë¬ ¯à®áâà ­áâ¢®¬ ª ¬­®£®®¡à §¨î X3 ¢ â®çª¥ M , ¯®áª®«ìªã ¯® â¥®à¥¬¥ 4 ¥£®
¯à®¥ªâ¨¢¨§ æ¨ï á®¢¯ ¤ ¥â á ¯à®¥ªâ¨¢¨§ æ¨¥© ª á â¥«ì­®£® ¯à®áâà ­áâ¢ .

�ãáâì P(T �P2) s
�! P7 | ¢«®¦¥­¨¥ �¥£à¥ ¨

s(x0 : x1 : x2; y0 : y1 : y2) =

0
@�x1y1 � x2y2 x0y1 x0y2

x1y0 x1y1 x1y2
x2y0 x2y1 x2y2

1
A :

�®áª®«ìªã ­  sl(3;R) ¨¬¥¥âáï ª ­®­¨ç¥áª ï ª¢ ¤à â¨ç­ ï ä®à¬  (ä®à¬  �¨««¨­£ ), ¬®¦­®
á ¥¥ ¯®¬®éìî § ¤ âì ª®á®á¨¬¬¥âà¨ç¥áªãî ¡¨«¨­¥©­ãî ä®à¬ã (ä®à¬ã �¨à¨««®¢ {�ãà¨®) [1]:
¥á«¨ A 2 X3, â® ª®á®á¨¬¬¥âà¨ç¥áª ï ä®à¬  § ¤ ¥âáï ¨§ ãá«®¢¨ï


(U; V ) = B(A; [U; V ]) = 6 tr(A � [U; V ]); U; V 2 X3:

�£à ­¨ç¥­¨¥ íâ®© ª®á®á¨¬¬¥âà¨ç¥áª®© ä®à¬ë ­  ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® P3 = P(TMY ),
M 2 s(X3) = Y , ¯®§¢®«ï¥â § ¤ âì ¢ ¯à®¥ªâ¨¢¨§ æ¨¨ ª á â¥«ì­®£® ¯à®áâà ­áâ¢  P(TMY ) áâàãª-
âãàã ª®­â ªâ­®£® ¬­®£®®¡à §¨ï.

�ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â.

�¥®à¥¬  5. �ãé¥áâ¢ãîâ â®çª  M 2 s(X3) = Y ¨ ¯à®¥ªæ¨ï � ­  ª á â¥«ì­®¥ ¯à®áâà ­-

áâ¢® P(sl(3;R)) ! P(TMY ) = P3 â ª¨¥, çâ® ¯à¥®¡à §®¢ ­¨¥ s � � ¯¥à¥¢®¤¨â ¢áïªãî  «£¥¡à -

¨ç¥áªãî ªà¨¢ãî ­  P2 ¢ ¨­â¥£à «ì­ãî ªà¨¢ãî ¢ ¯à®áâà ­áâ¢¥ P3, á­ ¡¦¥­­®¬ ª ­®­¨ç¥áª®©

ª®­â ªâ­®© áâàãªâãà®© 
.

3. � à æ¨®­ «ì­ëå ¨­â¥£à «ì­ëå ªà¨¢ëå ãà ¢­¥­¨ï �ä ää  ¢ P3. �áá«¥¤ãîâáï
à æ¨®­ «ì­ë¥ ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ãà ¢­¥­¨ï ! = x3dx0 � 3x2dx1 + 3x1dx2 � x0dx3, § ¤ ­­®£®
­  ¢¥é¥áâ¢¥­­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P3.
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�¯à¥¤¥«¥­¨¥ 2. �®à¬ªà¨¢®© C3 ¡ã¤¥¬ ­ §ë¢ âì à æ¨®­ «ì­ãî  «£¥¡à ¨ç¥áªãî ªà¨¢ãî
âà¥âì¥© áâ¥¯¥­¨, ª®â®à ï ¢ ­¥ª®â®à®¬ ¯à®¥ªâ¨¢­®¬ à¥¯¥à¥ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ x0 : x1 : x2 : x3 =
1 : t : t2 : t3.

�§¢¥áâ­® ([10], á. 193), çâ® ­®à¬ªà¨¢ ï ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P3 ®¯à¥¤¥«ï¥â ª®àà¥«ï-
æ¨î, ¯à¨ ª®â®à®© ¯à®¨§¢®«ì­®© â®çª¥ X = (x0 : x1 : x2 : x3) 2 P

3 ®â¢¥ç ¥â £¨¯¥à¯«®áª®áâì á
ãà ¢­¥­¨¥¬

3X
i=0

aiy
i = 0; £¤¥ ai = (�1)i

�
3
i

�
x3�i; i = 0; 1; 2; 3;

â. ¥. ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤

�(X) : x3y0 � 3x2y1 + 3x1y2 � x0y3 = 0:

�¥®à¥¬  6. �à®¥ªâ¨¢¨§ æ¨ï ª®­â ªâ­®© ¯«®áª®áâ¨ ãà ¢­¥­¨ï ! = 0 á®¢¯ ¤ ¥â ¢ ª ¦¤®©

â®çª¥ X 2 P
3 c ¯«®áª®áâìî ª®àà¥«ïæ¨¨ �(X), § ¤ ¢ ¥¬®© ­®à¬ªà¨¢®© C3.

�â  â¥®à¥¬  ¯®§¢®«ï¥â á«¥¤ãîé¨¬ ®¡à §®¬ ®å à ªâ¥à¨§®¢ âì ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¢ P3.

�¥®à¥¬  7. �ãáâì § ¤ ­  ­¥ª®â®à ï ªà¨¢ ï 
(t), l(t) | ª á â¥«ì­ ï ¢ â®çª¥ M 2 
(t) ¨
¯ãç®ª ¯«®áª®áâ¥© �(t; �), ®áìî ª®â®à®£® ï¢«ï¥âáï ¯àï¬ ï l(t). �á«¨ ¤«ï ¯à®¨§¢®«ì­®£® t ­ ©-
¤¥âáï â ª®¥ � = �(t), çâ® á®¯à¨ª á îé¨¥áï ¯«®áª®áâ¨ ª ­®à¬ªà¨¢®© ¢ â®çª å ¯¥à¥á¥ç¥­¨ï

�(t; �(t)) c C3(t) ¯¥à¥á¥ª îâáï ¢ â®çª¥ M , â® 
(t) ï¢«ï¥âáï ¨­â¥£à «ì­®© ªà¨¢®© ãà ¢­¥­¨ï

! = 0. �¥à­® ¨ ®¡à â­®¥.

�â¢¥à¦¤¥­¨¥. �«ï â®£® çâ®¡ë â®çª¨ ¯¥à¥á¥ç¥­¨ï ¯«®áª®áâ¨ ª®àà¥«ïæ¨¨ á ­®à¬ªà¨¢®©

C3(t) ï¢«ï«¨áì ¢¥é¥áâ¢¥­­ë¬¨, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¨­â¥£à «ì­ ï ªà¨¢ ï à á¯®-

« £ « áì ¢ ®¡« áâ¨

3(x1)2(x2)2 � 4x0(x2)3 + 6x0x1x2x3 � 4(x1)3x3 � (x0)2(x3)2 � 0:

� æ¨®­ «ì­ ï ¨­â¥£à «ì­ ï ªà¨¢ ï (§¤¥áì ¨ ¤ «¥¥, ¥á«¨ ­¥ ®â¬¥ç¥­® á¯¥æ¨ «ì­®, ªà¨¢ ï
ï¢«ï¥âáï ¨­â¥£à «ì­®© ¤«ï ãà ¢­¥­¨ï ! = 0) ­¥ ï¢«ï¥âáï ¯à®¨§¢®«ì­®© ¨ ¢ â®¯®«®£¨ç¥áª®¬
á¬ëá«¥.

� áá¬®âà¨¬ âà¨ â®çª¨, ¯à¨­ ¤«¥¦ é¨¥ ­®à¬ªà¨¢®© C3(t),

M1 = (1 : t1 : t21 : t
3
1);M2 = (1 : t2 : t22 : t

3
2);M3 = (1 : t3 : t23 : t

3
3):

�¥®à¥¬  8. �à¨ à æ¨®­ «ì­ë¥ äã­ªæ¨¨ t1(t); t2(t); t3(t) ®¯à¥¤¥«ïîâ ¨­â¥£à «ì­ãî ªà¨¢ãî

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï ãá«®¢¨¥

t01(t3 � t2)
2 + t02(t1 � t3)

2 + t03(t2 � t1)
2 = 0:

�¤¥áì t0i = dti=dt.

� ¬¥â¨¬, çâ®, § ¤ ¢ t2, t3, ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, à §à¥è¥­­®¥ ®â­®á¨â¥«ì­®
¯à®¨§¢®¤­®©, ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥îé¥¥ «®ª «ì­®¥ à¥è¥­¨¥. �«ï â®£® çâ®¡ë à¥è¥­¨¥ ¡ë«®
£«®¡ «ì­ë¬, ¤®«¦­ë ¡ëâì á¤¥« ­ë ­¥ª®â®àë¥ ®£à ­¨ç¥­¨ï.

�ä®à¬ã«¨àã¥¬ á¯®á®¡ ¯®áâà®¥­¨ï ¨­â¥£à «ì­®© ªà¨¢®©.

�¥®à¥¬  9. �á«¨ v, w | à æ¨®­ «ì­ë¥ äã­ªæ¨¨ ¨ ¢ëà ¦¥­¨¥

V =
v0w2 � w0v2

v2 + w2 + (v + w)2

­¥ ¨¬¥¥â ¯à®áâëå ¯®«îá®¢, â® ä®à¬ã« ¬¨

t1 | ¯¥à¢®®¡à §­ ï ®â V ; t2 = t1 + w; t3 = t1 � v

§ ¤ ¥âáï à æ¨®­ «ì­ ï ¨­â¥£à «ì­ ï ªà¨¢ ï á«¥¤ãîé¥£® ¢¨¤ :

x0 : x1 : x2 : x3 = 3 : t1 + t2 + t3 : t1t2 + t1t3 + t2t3 : 3t1t2t3:

79



� ¬¥ç ­¨¥. � ¬¥â¨¬, çâ®, ¯®« £ ï ¢ ãà ¢­¥­¨¨ 2t01(v
2 + w2 + vw) = v0w2 � w0v2, � = vw

v�w
,

t1(t) = t, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î d�=dt = �2�6v��6v2� 2, ª®â®à®¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �¨ªª â¨
dx=dt = P (t) +Q(t)x+R(t)x2, £¤¥ x = � , P (t) = �2, Q(t) = �6v(t), R(t) = �6v2(t).

�à ¢­¥­¨¥ �¨ªª â¨ | íâ® á¢®¥®¡à §­ ï à¥ «¨§ æ¨ï £àã¯¯ë ¯à®¥ªâ¨¢­ëå ¯à¥®¡à §®¢ ­¨©.
�âà ¦¥­¨¥¬ íâ®£® ä ªâ  ï¢«ï¥âáï â¥®à¥¬  ® ¯®áâ®ï­áâ¢¥  ­£ à¬®­¨ç¥áª®£® ®â­®è¥­¨ï ç¥âëà¥å
à¥è¥­¨© ãà ¢­¥­¨ï �¨ªª â¨ [11]. � ¯®¬®éìî íâ®© â¥®à¥¬ë ¬®¦­® ãâ¢¥à¦¤ âì á«¥¤ãîé¥¥.

�¥®à¥¬  10. �á«¨ âà¨ ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ä®à¬ë ! ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P
3

®¯à¥¤¥«ïîâáï âà¥¬ï à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï �¨ªª â¨

d�

dt
= �2� 6v(t)� � 6v2(t)� 2;

â® ¬®¦­® ¯®áâà®¨âì ç¥â¢¥àâãî ¨­â¥£à «ì­ãî ªà¨¢ãî.

�®à¬ªà¨¢ ï C3 ¯®§¢®«ï¥â á¢ï§ âì á ¨­â¥£à «ì­®© ªà¨¢®© ¯à®¥ªâ¨¢­ë© ¨­¢ à¨ ­â ¢ \¯¥à¢®©
¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨".

� áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî ¨­â¥£à «ì­ãî ªà¨¢ãî 
(t). �®£¤  ¢ ª ¦¤®© ¯«®áª®áâ¨ ª®àà¥«ï-
æ¨¨, á¢ï§ ­­®© á â¥ªãé¥© â®çª®©M(t) ªà¨¢®©, ®¯à¥¤¥«¥­ë ç¥âëà¥ ¯àï¬ë¥. �¥à¢ë¥ âà¨ ¯àï¬ë¥
MM1, MM2, MM3 á®®â¢¥âáâ¢ãîâ M1, M2, M3 | â®çª ¬ ¯¥à¥á¥ç¥­¨ï ¯«®áª®áâ¨ ª®àà¥«ïæ¨¨ á
­®à¬ªà¨¢®© C3,   ç¥â¢¥àâ ï ¯àï¬ ï MM4 ï¢«ï¥âáï ª á â¥«ì­®© ª 
(t) ¢ M(t) (M4 | ¯à®¨§-
¢®«ì­ ï â®çª  ª á â¥«ì­®©).

�ãáâì M = (m0 : m1 : m2 : m3), Mi = (m0
i : m

1
i : m

2
i : m

3
i ), i = 1; 2; 3; 4. �®çª¥ M á®®â¢¥âáâ¢ã¥â

¯«®áª®áâì ª®àà¥«ïæ¨¨ �(M). �ãáâì ª®®à¤¨­ âë ¯«®áª®áâ¨ �(M) ¥áâì a = (a0 : a1 : a2 : a3).

�¥®à¥¬  11. �«®¦­®¥ ®â­®è¥­¨¥ ç¥âëà¥å ¨­¢ à¨ ­â­ëå ¯àï¬ëå ¢ ¯«®áª®áâ¨ ª®àà¥«ï-

æ¨¨, á¢ï§ ­­ëå á â¥ªãé¥© â®çª®© ªà¨¢®©, ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

D = (MM1;MM2;MM3;MM4) =
det(M;a;M1;M3)
det(M;a;M1;M4)

�
det(M;a;M2;M3)
det(M;a;M2;M4)

;

£¤¥ det(M;a;Mi;Mj), i; j = 1; 2; 3; 4, ¥áâì ®¯à¥¤¥«¨â¥«ì, ¢ áâà®ª å ª®â®à®£® áâ®ïâ ª®®à¤¨­ âë

â®ç¥ª M , a, Mi, Mj.

4. C®¥¤¨­¨¬®áâì â®ç¥ª ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  à æ¨®­ «ì­®© ¨­â¥£à «ì­®©

ªà¨¢®©. � ª« áá¥ à æ¨®­ «ì­ëå ªà¨¢ëå ¬®¦­® à¥è âì § ¤ çã ® á®¥¤¨­¨¬®áâ¨ ¤¢ãå â®ç¥ª
âà¥å¬¥à­®£® ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  P3 à æ¨®­ «ì­®© ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ­­®£® à á-
¯à¥¤¥«¥­¨ï.

� ¤ ç .�ãáâì ¢ P3 § ¤ ­ë ¤¢¥ â®çª¨M1,M2. � ©â¨ ªà¨¢ãî 
, ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¨¬
ãá«®¢¨ï¬:

(1) M1;M2 2 
;
(2) 
 ï«ï¥âáï ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ­­®£® à á¯à¥¤¥«¥­¨ï;
(3) 
 ª á ¥âáï ¢ â®çª å M1 ¨ M2 ¯àï¬ëå L1 ¨ L2, «¥¦ é¨å ¢ ¯«®áª®áâïå ª®àà¥«ïæ¨¨ â®ç¥ª

M1, M2 á®®â¢¥âáâ¢¥­­®.

�á«¨ ®¯ãáâ¨âì ãá«®¢¨¥ (3), â®£¤  ç¥à¥§ ¤¢¥ «î¡ë¥ â®çª¨ ¢ P3 ¯à®å®¤¨â à æ¨®­ «ì­ ï  «£¥-
¡à ¨ç¥áª ï ªà¨¢ ï áâ¥¯¥­¨ 4, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (2), | ­®à¬ªà¨¢ ï C3. � ª¨¥ ªà¨¢ë¥
®¡à §ãîâ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®. �â¥¯¥­ì à æ¨®­ «ì­®© ªà¨¢®©, à¥è îé¥© ®¡éãî § -
¤ çã, à ¢­  9.

�àï¬ ï ¢ P3 á § ¤ ­­®© ­  ­¥© â®çª®© ¯à¥®¡à §ã¥âáï ¢ ªà¨¢ãî ­  X3, ï¢«ïîéãîáï ¯®¤­ï-
â¨¥¬ ­¥ª®â®à®© ªà¨¢®© ¨§ P2. � á ­¨¥ ¯¥à¢®£® ¯®àï¤ª  ¢ P3 á ¯àï¬®© ¨­â¥à¯à¥â¨àã¥âáï ­  P2

ª ª ª á ­¨¥ ¢â®à®£® ¯®àï¤ª  á ªà¨¢®© ­  ¯«®áª®áâ¨ ¢ § ¤ ­­®© â®çª¥.

�¥®à¥¬  12. �áïª¨¥ ¤¢¥ â®çª¨ ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  P3 ¬®¦­® á®¥¤¨­¨âì à æ¨®-

­ «ì­®© ¨­â¥£à «ì­®© ªà¨¢®©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (3), áâ¥¯¥­¨ ¬¥­ìè¥ «¨¡® à ¢­®© 9.

�¥§ã«ìâ âë áâ âì¨ ¡ë«¨ ¤®«®¦¥­ë  ¢â®à®¬ ­  âà¥å ¬ â¥¬ â¨ç¥áª¨å ª®­ä¥à¥­æ¨ïå [12]{[14].
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