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1.

�âà¥¬ïáì à á¯à®áâà ¨âì ¬¥â®¤ë â¥®à¨¨ � «ã  à §à¥è¥¨ï  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¢
à ¤¨ª « å   ¯à®¡«¥¬ã ¨â¥£à¨à®¢ ¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, �.�¨ § «®¦¨« ®á®¢ë
â¥®à¨¨ ¥¯à¥àë¢ëå £àã¯¯ ¯à¥®¡à §®¢ ¨©. � §¢¨â¨î £«ã¡®ª¨å ¨¤¥© �¨, á¢ï§ ëå á ¯à¨«®-
¦¥¨ï¬¨ £àã¯¯ �¨ ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬, ¯®á¢ïé¥ë à ¡®âë [1]{[9] ¨ ¤à.

�¨ áâà¥¬¨«áï ¯à¨¤ âì á¨¬¬¥âà¨ï¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®âç¥â«¨¢ë© £¥®¬¥âà¨ç¥-
áª¨© å à ªâ¥à. �.� àâ  ¨áª « â ª®¥ ®¡®¡é¥¨¥ ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ , ª®â®à®¥ ¯®§¢®«¨«®
¡ë à áá¬ âà¨¢ âì ¨â¥£à «ìë¥ ªà¨¢ë¥ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
¢â®à®£® ¯®àï¤ª  ª ª £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ ®¡®¡é¥®£® ¯à®áâà áâ¢ . �®§¤ ¢ ï â¥®à¨î ¯à®-
áâà áâ¢ á ¯à®¥ªâ¨¢®© á¢ï§®áâìî, � àâ  ¯®¤ç¥àª¨¢ « ¥¥ § ç¥¨¥ ¤«ï ¨áá«¥¤®¢ ¨ï ¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨©. �¥â®¤ë ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨, ¢ ç áâ®áâ¨, ¬¥â®¤ë â¥®à¨¨
� àâ  , ¯®§¢®«ïîâ à §¢¨âì á¨áâ¥¬ â¨ç¥áª¨© £¥®¬¥âà¨ç¥áª¨© ¯®¤å®¤ ª ®¯à¥¤¥«¥¨î ¨ ¨§ãç¥-
¨î «®ª «ìëå ¨ ¥«®ª «ìëå á¨¬¬¥âà¨© ¡®«ìè¨å ª« áá®¢ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© ¨ ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¨  å®¦¤¥¨î ¨å à¥è¥¨©.

�á®¢ ¬ â ª®£® ¯®¤å®¤  ¯®á¢ïé¥ë áâ âì¨ [10], [11] ¨ ¤à., ¢ ª®â®àëå à §¢¨¢ ¥âáï ¯à®¥ªâ¨¢-
 ï £¥®¬¥âà¨ï á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � [10] ®¡áã¦¤ îâáï £àã¯¯®¢ë¥ á¢®©áâ¢ 
ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å ¢ ¯à®áâà áâ¢ å á à¨¬ ®¢®© ¨  ää¨®© á¢ï§®áâï¬¨. �î¡ ï â®ç¥ç-
 ï á¨¬¬¥âà¨ï ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å ¢ â ª®¬ ¯à®áâà áâ¢¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à -
§®¢ ¨¥¬. � ¤àã£®© áâ®à®ë, ¯à®¥ªâ¨¢ë¥ ¯à¥®¡à §®¢ ¨ï à¨¬ ®¢ëå ¬®£®®¡à §¨© ®¯à¥¤¥«ï-
îâ á¨¬¬¥âà¨¨ £ ¬¨«ìâ®®¢ëå á¨áâ¥¬ ¨ ¯à¥®¡à §®¢ ¨ï �¨{�¥ª«ã¤  ãà ¢¥¨© � ¬¨«ìâ® {
�ª®¡¨ á ª¢ ¤à â¨çë¬¨ £ ¬¨«ìâ®¨  ¬¨.

� ¯à¥¤ë¤ãé¨å à ¡®â å  ¢â®à®¢ ¨§ãç îâáï £àã¯¯®¢ë¥ á¢®©áâ¢  á¨áâ¥¬ (à §à¥è¥ëå ®â-
®á¨â¥«ì® áâ àè¨å ¯à®¨§¢®¤ëå) ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  á ¯à ¢ë¬¨
ç áâï¬¨, ªã¡¨ç¥áª¨¬¨ ®â®á¨â¥«ì® ¯¥à¢ëå ¯à®¨§¢®¤ëå. � ª®£®-«¨¡® ¯à¥¤¢ à¨â¥«ì®£® ¯à¥¤-
¯®«®¦¥¨ï ®  «¨ç¨¨ £¥®¬¥âà¨ç¥áª®© áâàãªâãàë (à¨¬ ®¢®©,  ää¨®© ¨ â. ¯.) ¢ ¯à®áâà áâ¢¥
§ ¢¨á¨¬ëå ¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå á¨áâ¥¬ë ¥ ¤¥« ¥âáï. �áâ ®¢«¥ § ª® ¯à¥®¡à §®¢ ¨ï
á¨áâ¥¬ë ¯à¨ ®¡é¥© § ¬¥¥ ¯¥à¥¬¥ëå ¨ ¯®ª § ®, çâ® ®¯à¥¤¥«¥ë¥ ª®¬¡¨ æ¨¨ ª®íää¨æ¨¥-
â®¢ á¨áâ¥¬ë ¯à¥®¡à §ãîâáï ¯à¨ â ª®© § ¬¥¥ ª ª ª®¬¯®¥âë ¯à®¥ªâ¨¢®© á¢ï§®áâ¨. �à¨¬¥-
ç â¥«ì®, çâ® ª ¦¤ ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì, § ¯¨á  ï ¢ ª®®à¤¨ â å, ¬®¦¥â ¡ëâì ¯®«ãç¥ 
â ª¨¬ ®¡à §®¬ | «î¡ ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì   n-¬¥à®¬ ¬®£®®¡à §¨¨ M ®¯à¥¤¥«ï¥âáï «®-
ª «ì® á¨áâ¥¬®© S ¨§ n � 1 (à §à¥è¥ëå ®â®á¨â¥«ì® ¢â®àëå ¯à®¨§¢®¤ëå) ®¡ëª®¢¥ëå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª , ¯à ¢ë¥ ç áâ¨ ª®â®àëå ï¢«ïîâáï ¯®«¨®¬ ¬¨

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-
¤®¢ ¨© (£à â ò 02-01-00996).
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âà¥âì¥© áâ¥¯¥¨ ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå ¥¨§¢¥áâëå äãªæ¨©, ¨ ª ¦¤ ï ¤¨ää¥à¥æ¨ «ì-
 ï á¨áâ¥¬  S § ¤ ¥â ( áá®æ¨¨à®¢ ãî) ¯à®¥ªâ¨¢ãî á¢ï§®áâì   M . �ë¬¨ á«®¢ ¬¨, â¥®-
à¨ï á¨áâ¥¬ S ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¥áâì â¥®à¨ï ¯à®¥ªâ¨¢ëå á¢ï§®áâ¥©. �®ª § ®,
çâ® £àã¯¯  á¨¬¬¥âà¨© ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë S ï¢«ï¥âáï £àã¯¯®© ¯à®¥ªâ¨¢ëå ¯à¥®¡à -
§®¢ ¨© ¢ n-¬¥à®¬ ¯à®áâà áâ¢¥ á  áá®æ¨¨à®¢ ®© ¯à®¥ªâ¨¢®© á¢ï§®áâìî, çâ® ¯®§¢®«ï¥â
¨á¯®«ì§®¢ âì ¯®«ãç¥ë¥ ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¬®£®ç¨á«¥ë¥ à¥§ã«ìâ âë â¥®à¨¨
 ¢â®¬®àä¨§¬®¢ £¥®¬¥âà¨ç¥áª¨å áâàãªâãà ¯à¨ ¨áá«¥¤®¢ ¨¨ á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨©.

� ¤ ®© áâ âì¥ ¨áá«¥¤ãîâáï £àã¯¯®¢ë¥ á¢®©áâ¢  á¨áâ¥¬ ¤¢ãå (à §à¥è¥ëå ®â®á¨â¥«ì®
¢â®àëå ¯à®¨§¢®¤ëå) ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª , ¯à ¢ë¥
ç áâ¨ ª®â®àëå ï¢«ïîâáï ¯®«¨®¬ ¬¨ âà¥âì¥© áâ¥¯¥¨ ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå ¥¨§¢¥áâëå
äãªæ¨©. �   ª« áá¨ä¨ª æ¨ï íâ¨å á¨áâ¥¬, ¤®¯ãáª îé¨å ç¥âëà¥å¬¥àë¥ à §à¥è¨¬ë¥ £àã¯-
¯ë á¨¬¬¥âà¨©, ¥ á®¤¥à¦ é¨¥  ¡¥«¥¢®© ¯®¤£àã¯¯ë G3. �«ï ª ¦¤®© á¨áâ¥¬ë ãª § ë ¥®¡å®-
¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå ®  § ¬¥®© ¯¥à¥¬¥ëå ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥ 
ª ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬¥, ¨â¥£à «ìë¥ ªà¨¢ë¥ ª®â®à®© ï¢«ïîâáï ¯àï¬ë¬¨ «¨¨ï¬¨ ¨
¢ëà ¦ îâáï âà¥¬ï «¨¥©ë¬¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¨«¨ ¤¢ã¬ï «¨¥©ë¬¨ ãà ¢-
¥¨ï¬¨ á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨. �  ï ª« áá¨ä¨ª æ¨ï ¤¨ää¥à¥æ¨ «ìëå á¨áâ¥¬
®á®¢     ª« áá¨ä¨ª æ¨¨ �.�. �ã«â ®¢  âà¥å¬¥àëå ¯à®áâà áâ¢ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ¯®
£àã¯¯ ¬  ¢â®¬®àä¨§¬®¢ [12]{[14]. �ã«â ®¢ ¨á¯®«ì§®¢ «, ¢ ç áâ®áâ¨, ª« áá¨ä¨ª æ¨î ç¥âë-
à¥å¬¥àëå ¢¥é¥áâ¢¥ëå  «£¥¡à �¨, ¥ á®¤¥à¦ é¨å âà¥å¬¥à®©  ¡¥«¥¢®© ¯®¤ «£¥¡àë, ¤ ãî
�.�.�àãçª®¢¨ç¥¬ [15], [16], ¨áå®¤¨¢è¨¬ ¨§ ª« áá¨ä¨ª æ¨¨ �¨ ç¥âëà¥å¬¥àëå ª®¬¯«¥ªáëå
 «£¥¡à �¨ (á¬. [17],   â ª¦¥ [18], £«. 11). �« áá¨ä¨ª æ¨ï �àãçª®¢¨ç  á®¤¥à¦¨â ¯ïâì ¥¨§®-
¬®àäëå â¨¯®¢ ç¥âëà¥å¬¥àëå ¢¥é¥áâ¢¥ëå  «£¥¡à �¨, ¥ á®¤¥à¦ é¨å âà¥å¬¥à®©  ¡¥«¥¢®©
¯®¤ «£¥¡àë, ª®â®àë¥ ¬ë  §ë¢ ¥¬ â¨¯ ¬¨ �¨{�àãçª®¢¨ç .

2.

�ãáâì L|ä ªâ®à¨§®¢  ï ¯® æ¥âàã £àã¯¯  SL(n+1;R) ¨ L0 | ä ªâ®à¨§®¢  ï ¯® æ¥-
âàã £àã¯¯  ¬ âà¨æ ¨§ SL(n+1;R) ¢¨¤ 

 A 0
� a

, £¤¥ A 2 GL(n;R),   � | n-¬¥àë© ¢¥ªâ®à-áâà®ª .
�ãáâì L=L0 | ¢¥é¥áâ¢¥®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® à §¬¥à®áâ¨ n. �ã¤¥¬ à áá¬ âà¨¢ âì
L0 ª ª ¯®¤£àã¯¯ã £àã¯¯ë G2(n) = f(aij ; aijk)g. �« ¢®¥ ¯®¤à áá«®¥¨¥ � à áá«®¥¨ï P 2(M) á®
áâàãªâãà®© £àã¯¯®© L0 � G2(n)  §ë¢ ¥âáï ¯à®¥ªâ¨¢®© áâàãªâãà®©   M . �ã¦¥¨¥ (!i; !i

j)
  � ª ®¨ç¥áª®© ä®à¬ë (�i; �ij) à áá«®¥¨ï P 2(M)  §ë¢ ¥âáï ª ®¨ç¥áª®© ä®à¬®© à áá«®-
¥¨ï �.

�¬¥¥âáï ¥¤¨áâ¢¥ ï ®à¬ «ì ï á¢ï§®áâì � àâ   (!i; !i
j ; !j), ªà¨¢¨§  ª®â®à®©


 = (0;
i
j ;
j); 
i

j =
1
2

X
k;l

K i
jkl!

k ^ !l;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î K i
jil = 0. �â  á¢ï§®áâì  §ë¢ ¥âáï ®à¬ «ì®© ¯à®¥ªâ¨¢®© á¢ï§®-

áâìî [19]. � «®ª «ìëå ª®®à¤¨ â å (xi) ®à¬ «ì ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì � àâ   § ¤ ¥âáï
¯ à ¬¥âà ¬¨ �®¬ á  �i

jk = �i
kj , �

i
ik = 0,   ¥¥ ªà¨¢¨§ | â¥§®à®¬ �¥©«ï ¯à®¥ªâ¨¢®© ªà¨¢¨§ë

W i
jkl = �i

jkl +
1

n� 1
(�il�jk � �ik�jl); (2.1)

£¤¥

�i
jkl = @k�i

jl � @l�i
jk +�h

jl�
i
hk ��h

jk�
i
hl;

�jk = �h
jhk = @s�s

jk ��h
js�

s
hk = �kj

�
@k � @

@xk

�
:

(2.2)

� «¥¥ ¢áî¤ã ¯®¤ ¯à®¥ªâ¨¢®© á¢ï§®áâìî ¯®¨¬ ¥âáï ®à¬ «ì ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì.
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�§ (2.1), (2.2) á«¥¤ãîâ â®¦¤¥áâ¢ 

W i
jkl = �W i

jlk; W i
jkl +W i

klj +W i
ljk = 0;

@mW
i
jkl + @kW

i
jlm + @lW

i
jmk +�i

hmW
h
jkl +�i

hkW
h
jlm +�i

hlW
h
jmk �

��h
jmW

i
hkl ��h

jkW
i
hlm ��h

jlW
i
hmk =

1
1� n

(Ajkl�
i
m +Ajlm�

i
k +Ajmk�

i
l); (2.3)

£¤¥

Ajkl � @l�jk � @k�jl +�h
jk�hl ��h

jl�hk = �Ajlk: (2.4)

�« ¤ª®¥ ¬®£®®¡à §¨¥ Mn  §ë¢ ¥âáï ¬®£®®¡à §¨¥¬ (¨«¨ ¯à®áâà áâ¢®¬) ¯à®¥ªâ¨¢®©
á¢ï§®áâ¨, ¥á«¨ ¢ ª ¦¤®© ª àâ¥ (x;U) á «®ª «ìë¬¨ ª®®à¤¨ â ¬¨ x1; : : : ; xn § ¤   ¡®à £« ¤-
ª¨å äãªæ¨© (¯ à ¬¥âà®¢ �®¬ á )

�i
jk = �i

kj ; �i
ik = 0;

¯à¥®¡à §ãîé¨åáï ¯à¨ ¯¥à¥å®¤¥ ®â ®¤®© ª àâë ª ¤àã£®© ¯® § ª®ã

�i0

j0k0 = �h
pq

@xi
0

@xh
@xp

@xj0
@xq

@xk0
+

@2xh

@xj0@xk0

@xi
0

@xh
� 1
n+ 1

�
�i

0

j0
@ ln j�j
@xk0

+ �i
0

k0

@ ln j�j
@xj0

�
; (2.5)

£¤¥

� = det
�
@xi

0

@xi

�
: (2.6)

� à ¬¥âàë �®¬ á  ®¯à¥¤¥«ïîâ £¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ �i
jk,  §ë¢ ¥¬ë© ®¡ê¥ªâ®¬ ¯à®¥ªâ¨¢®©

á¢ï§®áâ¨, äãªæ¨¨ �i
jk  §ë¢ îâáï ª®íää¨æ¨¥â ¬¨ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨.

�à®¥ªâ¨¢ ï á¢ï§®áâì   ¬®£®®¡à §¨¨ Mn  §ë¢ ¥âáï ¯«®áª®©, ¥á«¨ ¢ ®ªà¥áâ®áâ¨ ª -
¦¤®© â®çª¨ x 2 Mn áãé¥áâ¢ãîâ ª®®à¤¨ âë,  §ë¢ ¥¬ë¥ ¯à®¥ªâ¨¢ë¬¨ ª®®à¤¨ â ¬¨, ¢
ª®â®àëå ¢á¥ ª®íää¨æ¨¥âë ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ®¡à é îâáï ¢ ã«ì: �i

jk = 0. �®£®®¡à §¨¥
á ¯«®áª®© ¯à®¥ªâ¨¢®© á¢ï§®áâìî  §ë¢ ¥âáï ¯«®áª¨¬.

� á â¥«ì®¥ ¯à®áâà áâ¢® ¢ ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ¥áâì ®¡ëç-
®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢®. �à®¥ªâ¨¢ ï á¢ï§®áâì § ¤ ¥â â®ç¥ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ª -
á â¥«ìë¬¨ ¯à®¥ªâ¨¢ë¬¨ ¯à®áâà áâ¢ ¬¨, á¢ï§ ë¬¨ á ¤¢ã¬ï ¡¥áª®¥ç® ¡«¨§ª¨¬¨ â®çª ¬¨.
�á«¨ ¢á¥ ª®¬¯®¥âë â¥§®à  ¯à®¥ªâ¨¢®© ªà¨¢¨§ë (2.1) ¬®£®®¡à §¨ï ¯à®¥ªâ¨¢®© á¢ï§®áâ¨
à §¬¥à®áâ¨ n > 2 à ¢ë ã«î, â® ¬®£®®¡à §¨¥ ¯«®áª®¥.

�«ï â®£® çâ®¡ë n-¬¥à ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì �i
jk ¡ë«  ¯«®áª®©, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,

çâ®¡ë ¯à¨ n > 2 ª®¬¯®¥âë ¥¥ â¥§®à  �¥©«ï ¯à®¥ªâ¨¢®© ªà¨¢¨§ë (2.1) ¡ë«¨ à ¢ë ã«î,
  ¯à¨ n = 2 ª®¬¯®¥âë â¥§®à  Ajkl (2.4) à ¢ï«¨áì ã«î. �à¨¢¨§  ¯à®áâà áâ¢  ®¯à¥¤¥«ï¥â
®âª«®¥¨¥ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ �i

jk ®â ¯«®áª®©. �á«¨ â¥§®à ¯à®¥ªâ¨¢®© ªà¨¢¨§ë ®â«¨ç¥
®â ã«ï, â® ¥ áãé¥áâ¢ã¥â ª®®à¤¨ â, ¢ ª®â®àëå ¢® ¢á¥å â®çª å �i

jk = 0.
�« ¤ª ï ªà¨¢ ï    ¬®£®®¡à §¨¨Mn á ¯à®¥ªâ¨¢®© á¢ï§®áâìî �i

jk  §ë¢ ¥âáï £¥®¤¥§¨ç¥-
áª®©, ¥á«¨ \¯à¨ ãáâ ®¢«¥¨¨ á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ¯à®¥ªâ¨¢ë¬¨ ¯à®áâà áâ¢ ¬¨, á¢ï§ ë¬¨
á à §«¨çë¬¨ â®çª ¬¨ íâ®© ªà¨¢®©, ®  ¤ ¥â ¯àï¬ãî" [19]. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï £¥®-
¤¥§¨ç¥áª¨å «¨¨© ¨¬¥îâ ¢¨¤ [19]

d!1 � !1!0
0 +

nP
i=0

!i!1
i

!1
= � � � =

d!n � !n!0
0 +

nP
i=0

!i!n
i

!n

¨«¨

d2xi

dt2
+�i

jk

dxj

dt

dxk

dt
= 0 (2.7)

¯à¨ ãá«®¢¨¨, çâ® t | ª ®¨ç¥áª¨© ¯ à ¬¥âà.
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�á«¨ ¯à®¥ªâ¨¢ ï á¢ï§®áâì ¯«®áª ï, â® ¢ ¯à®¥ªâ¨¢ëå ª®®à¤¨ â å ãà ¢¥¨ï (2.7) ¯à¨¨-
¬ îâ ¢¨¤

d2xi

dt2
= 0:

� ª¨¬ ®¡à §®¬, ¢ ¯®¤å®¤ïé¨å ª®®à¤¨ â å £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ n-¬¥à®£® ¯«®áª®£® ¯à®áâà -
áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ¢ëà ¦ îâáï n «¨¥©ë¬¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ (á ª -
®¨ç¥áª¨¬ ¯ à ¬¥âà®¬) ¨«¨ n� 1 «¨¥©ë¬¨ ãà ¢¥¨ï¬¨ á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨.

3.

�ãáâì M | ¤¨ää¥à¥æ¨àã¥¬®¥ ¬®£®®¡à §¨¥, (xi) | «®ª «ìë¥ ª®®à¤¨ âë   M , x 2M .
� áá¬®âà¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª 

d2x�

dxn2
+ a�(x)

dx�

dxn
dx�

dxn
dx

dxn
+ b��(x)

dx�

dxn
dx

dxn
+ c��(x)

dx�

dxn
+ d�(x) = 0 (3.1)

á n�1 ¥¨§¢¥áâë¬¨äãªæ¨ï¬¨ x1; : : : ; xn�1 ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© xn, £¤¥ a� = a�, b�� = b��,
c�� ¨ d� | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®â x1; : : : ; xn (§¤¥áì ¨ ¤ «¥¥ £à¥ç¥áª¨¥ ¨¤¥ªáë ¯à¨¨¬ îâ
§ ç¥¨ï ®â 1 ¤® n� 1). �¯à¥¤¥«¨¬ ¢¥«¨ç¨ë �i

jk:

��
� = b�� �

1
n+ 1

(b����
�
 + b���

�
� ); 2��

n� = c�� �
1

n+ 1
c���

�
�;

�n
� = �a�; ��

nn = d�; (3.2)

�n
n = � 1

n+ 1
b�� ; �n

nn = � 1
n+ 1

c��:

� ª ª ª ¯®á«¥¤¨¥ ä®à¬ã«ë ¬®¦® ®¤®§ ç® à §à¥è¨âì ®â®á¨â¥«ì® äãªæ¨©

a� = ��n
�; b�� = ��

� ��n
n�

�
� ��n

n��
�
 ;

c�� = 2��
n� ��n

nn�
�
� ; d� = ��

nn;
(3.3)

â® ¬¥¦¤ã ª®íää¨æ¨¥â ¬¨ ãà ¢¥¨ï (3.1) ¨ ¢¥«¨ç¨ ¬¨ �i
jk (3.2) áãé¥áâ¢ã¥â ¢§ ¨¬® ®¤®-

§ ç®¥ á®®â¢¥âáâ¢¨¥.
�à¨ ®¡é¥© § ¬¥¥ ¯¥à¥¬¥ëå xi = xi

�
x1

0

(xn
0

); : : : ; x(n�1)0(xn
0

); xn
0
�
, £¤¥ xn

0

| ®¢ ï ¥§ -
¢¨á¨¬ ï ¯¥à¥¬¥ ï,   x1

0

; : : : ; x(n�1)0 | ®¢ë¥ ¥¨§¢¥áâë¥ äãªæ¨¨ íâ®© ¯¥à¥¬¥®©, ä®à¬ 
ãà ¢¥¨ï (3.1) ¥ ¬¥ï¥âáï, ®¢ë¥ ª®íää¨æ¨¥âë a�00 , b�

0

�00 , c�
0

�0 , d�
0

¢ ¯à¥®¡à §®¢ ®¬ ãà ¢-
¥¨¨

�x�
0

+ a�00(x0) _x�
0

_x�
0

_x
0

+ b�
0

�00(x0) _x�
0

_x
0

+ c�
0

�0 (x0) _x�
0

+ d�
0

(x0) = 0 (3.4)

¢ëà ¦ îâáï ç¥à¥§ áâ àë¥ ª®íää¨æ¨¥âë a�, b��, c
�
� , d

� ¯® ä®à¬ã« ¬

a�00 = ��h
pqA

n0

h A
p
�0A

q
0 �An0

h @�0Ah
0 ;

b�
0

�00 = �h
pqA

�0

h A
p
�0A

q
0 +A�0

h @�0Ah
0 ��h

pqA
n0

h A
p
n0(��

0

�0A
q
0 + ��

0

0A
q
�0)�

� ��
0

�0An0

h @0Ah
n0 � ��

0

0An0

h @�0Ah
n0 ; (3.5)

c�
0

�0 = 2�h
pqA

�0

h A
p
n0A

q
�0 + 2A�0

h @n0Ah
�0 � ��

0

�0 (�h
pqA

n0

h A
p
n0A

q
n0 +An0

h @n0Ah
n0);

d�
0

= �h
pqA

�0

h A
p
n0A

q
n0 +A�0

h @n0Ah
n0

�
Ai
k0 =

@xi

@xk0
; Ai0

k =
@xi

0

@xk

�
;

¢ ª®â®àëå á«¥¤ã¥â § ¬¥¨âì ¢¥«¨ç¨ë �h
pq ¢ëà ¦¥¨ï¬¨ (3.2). �à¨ íâ®¬ ¢¥«¨ç¨ë �i

jk ¯à¥®¡à -
§ãîâáï ¯® § ª®ã

�i0

j0k0 = �h
pqA

i0

hA
p
j0A

q
k0 +Ai0

h@k0Ah
j0 �

1
n+ 1

(�i
0

j0A
l0

h@k0Ah
l0 + �i

0

k0Al0

h@j0A
h
l0): (3.6)
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�à ¢¨¢ ï (2.5), (3.6) ¨ ãç¨âë¢ ï à ¢¥áâ¢  Al0

h@k0Ah
l0 = @k0 ln j�j, ¢¨¤¨¬, çâ® ¢¥«¨ç¨ë �i

jk

(3.2), á®áâ ¢«¥ë¥ ¤«ï ãà ¢¥¨ï (3.1), ï¢«ïîâáï ª®®à¤¨ â ¬¨ ®¡ê¥ªâ  ¯à®¥ªâ¨¢®© á¢ï§®-
áâ¨, â. ¥. ¯ à ¬¥âà ¬¨ �®¬ á  (¯. 2). �®áª®«ìªã ª®íää¨æ¨¥âë ãà ¢¥¨ï (3.1) ¬®£ãâ § ¤ ¢ âì-
áï ¯à®¨§¢®«ì® ¨, ª ª ¯®ª § ® ¢ëè¥, ¬¥¦¤ã íâ¨¬¨ ª®íää¨æ¨¥â ¬¨ ¨ ¯ à ¬¥âà ¬¨ �®¬ á 
�i
jk áãé¥áâ¢ã¥â ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã § ª«îç¥¨î: «î-

¡ ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì �i
jk   ¬®£®®¡à §¨¨ M ®¯à¥¤¥«ï¥âáï «®ª «ì® á¨áâ¥¬®© ¤¨ää¥-

à¥æ¨ «ìëå ãà ¢¥¨© (3.1), ¨ ª ¦¤ ï ¤¨ää¥à¥æ¨ «ì ï á¨áâ¥¬  (3.1) § ¤ ¥â ¯à®¥ªâ¨¢ãî
á¢ï§®áâì. �ë¬¨ á«®¢ ¬¨, â¥®à¨ï ¯à®¥ªâ¨¢ëå á¢ï§®áâ¥© ¥áâì â¥®à¨ï ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© ¢¨¤  (3.1). �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ ¤ «¥¥  §ë¢ âì ¯à®¥ªâ¨¢ãî á¢ï§®áâì (3.2)
 áá®æ¨¨à®¢ ®© á ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬®© (3.1).

4.

� §®¢¥¬ ¤¢¥ ¤¨ää¥à¥æ¨ «ìë¥ á¨áâ¥¬ë ¢¨¤  (3.1) íª¢¨¢ «¥âë¬¨ [11], ¥á«¨ áãé¥áâ¢ã¥â
§ ¬¥  ¯¥à¥¬¥ëå, ¯à¨ ª®â®à®© ®¤  á¨áâ¥¬  ¯¥à¥å®¤¨â ¢ ¤àã£ãî. �á«¨ a�, b�� , c

�
� , d

� ¨ a�00 ,
b�

0

�00 , c�
0

�0 , d�
0

| ª®íää¨æ¨¥âë ãà ¢¥¨ï (3.1) ¢ ª®®à¤¨ â å (xi) ¨ (xi
0

) á®®â¢¥âáâ¢¥®, â®
¢ë¯®«ïîâáï ãá«®¢¨ï (3.5), (3.2) ¨«¨ íª¢¨¢ «¥â®¥ ¨¬ ãà ¢¥¨¥ (3.6), à ¢®á¨«ì®¥ (2.5).
�¬®¦¨¢ ¯®á«¥¤¥¥ ãà ¢¥¨¥   @xr

@xi0
¨ áã¬¬¨àãï ¯® i0, ¯®«ãç¨¬ à ¢¥áâ¢®

@2xr

@xj0@xk0
= �m0

j0k0

@xr

@xm0
��r

pq

@xp

@xj0
@xq

@xk0
+

1
n+ 1

�
@xr

@xj0
�k0 +

@xr

@xk0
�j0

�
; (4.1)

£¤¥

�k0 =
@2xs

@xm0@xk0

@xm
0

@xs
=
@ ln j�j
@xk0

:

�á«¨ ¯®«®¦¨âì

@xi

@xl0
= vil0 ; (4.2)

â® à ¢¥áâ¢  (4.1) ¯à¨¬ãâ ¢¨¤

@vrj0

@xk0
= �m0

j0k0vrm0 ��r
pqv

p
j0v

q
k0 +

1
n+ 1

(vrj0�k0 + vrk0�j0): (4.3)

�âáî¤ , ¤¨ää¥à¥æ¨àãï, ¢ë¢®¤¨¬

@�j0

@xk0
= �m0

j0k0�m0 +
1

n+ 1
�j0�k0 � n+ 1

n� 1
(�psv

p
j0v

s
k0 ��j0k0): (4.4)

� ¤ ç  á¢®¤¨âáï â ª¨¬ ®¡à §®¬ ª ®¯à¥¤¥«¥¨î n(n + 2) äãªæ¨© xr, vil0 , �k0 ®â n ¯¥à¥¬¥-
ëå x1

0

; : : : ; xn
0

, ã¤®¢«¥â¢®àïîé¨å ãà ¢¥¨ï¬ (4.2)|(4.4). �á«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨©
(4.2) ¢ë¯®«ïîâáï â®¦¤¥áâ¢¥® ¢á«¥¤áâ¢¨¥ à ¢¥áâ¢ (4.3),   ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥-
¨© (4.3) ¨ (4.4) ¨¬¥îâ á®®â¢¥âáâ¢¥® ¢¨¤

W i0

j0k0l0v
p
i0 �W p

qrsv
q
j0v

r
k0vsl0 = 0; (4.5)

�s0W
s0

j0l0k0 +
n+ 1
n� 1

(Aj0k0l0 �Apqsv
p
j0v

q
k0vsl0) = 0; (4.6)

£¤¥ Ajkl ®¯à¥¤¥«¥® ä®à¬ã«®© (2.4). �á«¨ à¥è¥¨¥ áãé¥áâ¢ã¥â, â® ®® á®¤¥à¦¨â ¥ ¡®«¥¥ n(n+2)
¯à®¨§¢®«ìëå ¯®áâ®ïëå.

� ª¨¬ ®¡à §®¬, ®¡é¥¥ ¯à¥®¡à §®¢ ¨¥ (xi) ! (xi
0

) ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (3.1) ¢ ¤àã-
£ãî ¤¨ää¥à¥æ¨ «ìãî á¨áâ¥¬ã (â®£® ¦¥ ¢¨¤ , á¬. ¢ëè¥) á®¤¥à¦¨â ¥ ¡®«¥¥ n(n + 2) ¯à®¨§-
¢®«ìëå ¯®áâ®ïëå.

�¨á«® n(n + 2) ¤®áâ¨£ ¥âáï ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ãá«®¢¨ï (4.5), (4.6) ¢ë¯®«-
ïîâáï â®¦¤¥áâ¢¥®. � ¯à®â¨¢®¬ á«ãç ¥ á«¥¤ã¥â ãç¨âë¢ âì ãá«®¢¨ï, ª®â®àë¥ ¯®«ãç îâáï
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¤¨ää¥à¥æ¨à®¢ ¨¥¬ ãà ¢¥¨© (4.5), (4.6) ¨ § ¬¥®© ¯¥à¢ëå ¯à®¨§¢®¤ëå ¢ëà ¦¥¨ï¬¨ ¨§
(4.3), (4.4).

� áá¬®âà¨¬, ¢ ç áâ®áâ¨, á«ãç © ¤¢ãå ¤¨ää¥à¥æ¨ «ìëå á¨áâ¥¬, ¤«ï ª ¦¤®© ¨§ ª®â®àëå
¯à¨ n > 2 ª®¬¯®¥âë â¥§®à  �¥©«ï  áá®æ¨¨à®¢ ®© ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ â®¦¤¥áâ¢¥®
à ¢ë ã«î: W i

jkl =W i0

j0k0l0 = 0, ¨, á«¥¤®¢ â¥«ì®, Ajkl = Aj0k0l0 = 0. � íâ®¬ á«ãç ¥ ãá«®¢¨ï (4.5),
(4.6) ¢ë¯®«ïîâáï â®¦¤¥áâ¢¥®, ¨ á¨áâ¥¬ë ¯¥à¥å®¤ïâ ®¤  ¢ ¤àã£ãî á ¯®¬®éìî ¯à¥®¡à §®¢ -
¨ï, á®¤¥à¦ é¥£® n(n+ 2) ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�¥§®à �¥©«ï W i
jkl (á®®â¢¥âáâ¢¥® â¥§®à Ajkl ¯à¨ n = 2) â®¦¤¥áâ¢¥® à ¢¥ ã«î, ¥á«¨

á¨áâ¥¬  ãà ¢¥¨© (3.1) ¯à¨¨¬ ¥â ¢¨¤

d2x�

dxn2
= 0 (� = 1; : : : ; n� 1);

¯à¨ íâ®¬ �i
jk = 0, ¨ ¬®£®®¡à §¨¥ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ï¢«ï¥âáï ¯«®áª¨¬ (¯. 2). �®£¤  ¨

¤«ï ¯à¥®¡à §®¢ ®© ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (3.4) â¥§®à W i0

j0k0l0 ¤®«¦¥ à ¢ïâìáï ã«î.
� ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë ¤¨ää¥à¥æ¨ «ì ï á¨áâ¥¬  (3.1) ¡ë«  íª¢¨¢ «¥â  ¤¨ää¥-
à¥æ¨ «ì®© á¨áâ¥¬¥

d2y�

dt2
= 0 (� = 1; : : : ; n� 1; t � yn); (4.7)

â. ¥. § ¬¥®© ¯¥à¥¬¥ëå (xi)! (yi) ¯à¨¢®¤¨« áì ª ¢¨¤ã (4.7), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë
¯à¨ n > 2 ª®¬¯®¥âë â¥§®à  �¥©«ï W i

jkl (2.1)  áá®æ¨¨à®¢ ®© ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ �i
jk

(3.2) ¡ë«¨ à ¢ë ã«î:

W i
jkl = 0; (4.8)

á®®â¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ¨¥ á®¤¥à¦¨â n(n+ 2) ¯à®¨§¢®«ìëå ¯®áâ®ïëå.
�§ (2.1), (2.4) ¨ (3.2) á«¥¤ã¥â

�¥®à¥¬  4.1. � ¬¥®© ¯¥à¥¬¥ëå ¤¨ää¥à¥æ¨ «ì ï á¨áâ¥¬  (3.1) ¯à¨ n > 2 ¯à¨¢®¤¨âáï
ª ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬¥ (4.7), ¨â¥£à «ìë¥ ªà¨¢ë¥ ª®â®à®© ï¢«ïîâáï ¯àï¬ë¬¨ «¨¨ï¬¨
¨ ¢ëà ¦ îâáï n «¨¥©ë¬¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¨«¨ n� 1 «¨¥©ë¬¨ ãà ¢¥¨-

ï¬¨ á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï

(2n� 1)c;� � 2(n� 2)b�;n + (n+ 1)(c�� b
�
�� � c��;� � b�c

�
� + 2(n� 2)a��d

�) = 0;

(n+ 1)f2b�b�� � ca� + (n� 2)(2a�;n � c��a�) + 2b��;� � 2b���b
�
� + a��c

�
g � 2(nb�; + b;�) = 0;

(n� 1)(4d�; � 2c�;n + 4b��d
� � c��c

�
) + �� (2c;n + c��c

�
� � 4b�d� � 4d�;�) = 0;

a�[;�] + b��[a�]� = 0; (4.9)

(n2 � 1)(c��; � 2b��;n + b��c
�
� � b��c

�
� + 2d�a�) +

+�� f(n+ 1)(b���c
�
� � c��;� � b�c

�
� � 2a��d

�) + 2nb�;n + c;�g+ (n� 1)��� (2b;n � c;) = 0;

2(n2 � 1)(2b��[�;] + 2b��[�b
�
]� � a�[�c

�
]) + ��K�� � ���K� + 4(n� 1)��� b[;�] = 0;

£¤¥ ¨á¯®«ì§®¢ ë ®¡®§ ç¥¨ï

c = c��; b� = b���;

K� = (n+ 1)(2a�;n + ca�) + 2(n+ 1)(b���b
�
� � b��;� � b��b� � a�(�c

�
)) + 2(nb�; + b;�)

(£à¥ç¥áª¨¥ ¨¤¥ªáë ¯à¨¨¬ îâ § ç¥¨ï ®â 1 ¤® n� 1, § ¯ïâ ï ®§ ç ¥â ç áâ®¥ ¤¨ää¥à¥-

æ¨à®¢ ¨¥, ªàã£«ë¥ áª®¡ª¨ §¤¥áì ¨ ¤ «¥¥ ®§ ç îâ á¨¬¬¥âà¨à®¢ ¨¥,   ª¢ ¤à âë¥ |  «ìâ¥à-

¨à®¢ ¨¥: 2a(�) = a� + a�, 2a[�] = a� � a�).
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5.

�ãáâì � ¨ �0 | ¯à®¥ªâ¨¢ë¥ áâàãªâãàë   ¬®£®®¡à §¨ïå M ¨ M 0 á®®â¢¥âáâ¢¥®. �¨ä-
ä¥®¬®àä¨§¬ f ¨§ M ¢ M 0 ¨¤ãæ¨àã¥â ¨§®¬®àä¨§¬ f� : P 2(M) ! P 2(M 0). �á«¨ f� ¯¥à¥¢®¤¨â �
¢ �0, â® f  §ë¢ ¥âáï ¯à®¥ªâ¨¢ë¬ ¨§®¬®àä¨§¬®¬ ¨§ M ¢ M 0.

�á«¨ ¤¨ää¥®¬®àä¨§¬ f § ¤ ¥âáï ¢ «®ª «ìëå ª®®à¤¨ â å  ¡®à®¬ äãªæ¨© xi
0

=
xi

0

(x1; : : : ; xn),   ®¡à âë© ¤¨ää¥®¬®àä¨§¬ f�1 | äãªæ¨ï¬¨ xi = xi(x1
0

; : : : ; xn
0

), â® ®¡ê¥ªâ
¯à®¥ªâ¨¢®© á¢ï§®áâ¨ e�i

jk   M
0 ¢ëà ¦ ¥âáï ç¥à¥§ ®¡ê¥ªâ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ �i

jk   M
¯® ä®à¬ã«¥

e�i0

j0k0 = �p
qr

@xi
0

@xp
@xq

@xj0
@xr

@xk0
+

@2xl

@xj0@xk0

@xi
0

@xl
� 1
n+ 1

�
�i

0

j0
@ ln j�j
@xk0

+ �i
0

k0

@ ln j�j
@xj0

�
; (5.1)

£¤¥ � = det
�
@xi

0

@xj

�
| ïª®¡¨  ®â®¡à ¦¥¨ï f .

�á«¨M =M 0 ¨ � = �0, â® ¨§®¬®àä¨§¬ f  §ë¢ ¥âáï ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¢M ¨«¨
 ¢â®¬®àä¨§¬®¬ ¯à®¥ªâ¨¢®© áâàãªâãàë �. �à®¥ªâ¨¢®¥ ¯à¥®¡à §®¢ ¨¥ á®åà ï¥â ®¡ê¥ªâ ¯à®-
¥ªâ¨¢®© á¢ï§®áâ¨, â. ¥. ª®íää¨æ¨¥âë ã¢«¥ç¥®© á¢ï§®áâ¨ e�i

jk ¢ ã¢«¥ç¥®© ¨§®¬®àä¨§¬®¬
f á¨áâ¥¬¥ ª®®à¤¨ â á®¢¯ ¤ îâ á ª®íää¨æ¨¥â ¬¨ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ �i

jk.
�¥ªâ®à®¥ ¯®«¥ X   ¬®£®®¡à §¨¨M á ¯à®¥ªâ¨¢®© áâàãªâãà®© �  §ë¢ ¥âáï ¨ä¨¨â¥§¨-

¬ «ìë¬ ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¨«¨ ¯à®¥ªâ¨¢ë¬ ¤¢¨¦¥¨¥¬, ¥á«¨ ¯®à®¦¤ ¥¬ ï íâ¨¬
¯®«¥¬ ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ x 2 M «®ª «ì ï 1-¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®-
¢ ¨© á®áâ®¨â ¨§ («®ª «ìëå) ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨©, â. ¥.  ¢â®¬®àä¨§¬®¢ ¯à®¥ªâ¨¢®©
áâàãªâãàë �. �ä¨¨â¥§¨¬ «ì®¥ ¯à®¥ªâ¨¢®¥ ¯à¥®¡à §®¢ ¨¥  §ë¢ ¥âáï â ª¦¥ ¯à®¥ªâ¨¢ë¬
(ª¨««¨£®¢ë¬) ¢¥ªâ®àë¬ ¯®«¥¬.

�¥ªâ®à®¥ ¯®«¥X  M ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬ ¤¢¨¦¥¨¥¬, ¥á«¨ ¨ â®«ìª® ¥á«¨ ¢á¥ ¯à¥®¡à §®-
¢ ¨ï 't ¨§ ¯®â®ª  FX(t) á®åà ïîâ ¯à®¥ªâ¨¢ãî á¢ï§®áâì, â. ¥. ¥á«¨ ¯®«¥ ®¡ê¥ªâ  ¯à®¥ªâ¨¢®©
á¢ï§®áâ¨ ¨¢ à¨ â® ¯à¨ ¤¥©áâ¢¨¨ («®ª «ì®©) 1-¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë («®ª «ìëå) ¯à¥-
®¡à §®¢ ¨©, ¯®à®¦¤¥®© ¢¥ªâ®àë¬ ¯®«¥¬ X: e�i

jk = �i
jk. �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥

íâ®£® á®áâ®¨â ¢ ®¡à é¥¨¨ ¢ ã«ì ¯à®¨§¢®¤®© �¨ ®¡ê¥ªâ  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨:

LX�
i
jk � �l@l�

i
jk ��h

jk@h�
i +�i

pk@j�
p +�i

jq@k�
q + @jk�

i � 1
n� 1

(�ij@hk�
h + �ik@hj�

h) = 0; (5.2)

£¤¥ @jk�i � @k@j�
i ([20], [21], â. 1,   â ª¦¥ [18]).

� ª ª ª ¯à®¨§¢®¤ ï �¨ ¢¤®«ì ª®¬¬ãâ â®à  [X;Y ] ¢¥ªâ®àëå ¯®«¥©X;Y à ¢  ª®¬¬ãâ â®àã
[LX ; LY ] ¯à®¨§¢®¤ëå �¨ ¢¤®«ì íâ¨å ¯®«¥©, â® ¤«ï «î¡ëå ¤¢ãå ¯à®¥ªâ¨¢ëå ¤¢¨¦¥¨© X ¨ Y
¢ M ¨å áª®¡ª  �¨ [X;Y ] â ª¦¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬ ¤¢¨¦¥¨¥¬. �®íâ®¬ã ¬®¦¥áâ¢® P (M)
¢á¥å ¯à®¥ªâ¨¢ëå ¤¢¨¦¥¨© ¢ M ®¡à §ã¥â  «£¥¡àã �¨,  §ë¢ ¥¬ãî ¯à®¥ªâ¨¢®©  «£¥¡à®© �¨
¢ M .

�á«¨X = �i@i { ¯à®¥ªâ¨¢®¥ ¤¢¨¦¥¨¥ ¢M , â® ¢ ª ¦¤®© ª àâ¥  M ¢ë¯®«ïîâáï ãà ¢¥¨ï
(5.2). �¢¥¤¥¬ ®¢ë¥ äãªæ¨¨ uij = @j�

i, �k = @hk�
h ¨ § ¯¨è¥¬ íâ¨ ãà ¢¥¨ï ¢ ¢¨¤¥ á«¥¤ãîé¥©

á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª :

(a) @j�
i = uij ;

(b) @ku
i
j = �h

jku
i
h ��i

pku
p
j ��i

jqu
q
k � �h@h�

i
jk +

1
n� 1

(�ij�k + �ik�j);

á®¤¥à¦ é¥© n(n+ 2) ¥¨§¢¥áâëå äãªæ¨© �i, uij ¨ �k [22].
�«ï â®£® çâ®¡ë ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (a), (b) ®â®á¨â¥«ì® n(n+2)

¥¨§¢¥áâëå äãªæ¨© �i, uij ¨ �k ¢ë¯®«ï«¨áì â®¦¤¥áâ¢¥®, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë
¯à¨ n > 2 ¢ë¯®«ï«®áì à ¢¥áâ¢®

W i
jkl = 0: (5.3)
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�à¨ ãá«®¢¨¨ (5.3) ¯à¨ n > 2   ¬®£®®¡à §¨¨ M áãé¥áâ¢ãîâ ª®®à¤¨ âë, ¢ ª®â®àëå ¢á¥ ª®-
íää¨æ¨¥âë ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ®¡à é îâáï ¢ ã«ì: �i

jk = 0, â. ¥. ¬®£®®¡à §¨¥ ï¢«ï¥âáï
¯«®áª¨¬.

� ª¨¬ ®¡à §®¬, ¥á«¨ M | á¢ï§®¥ ¬®£®®¡à §¨¥ á ¯à®¥ªâ¨¢®© á¢ï§®áâìî �i
jk, â®  «£¥-

¡à  �¨ P (M) ¨ä¨¨â¥§¨¬ «ìëå ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ¢ M ¨¬¥¥â à §¬¥à®áâì á ¬®¥
¡®«ìè¥¥ n2 + 2n, £¤¥ n = dimM . � ª ª ª ¯à®¥ªâ¨¢ ï  «£¥¡à  �¨ ª®¥ç , â® ¯® â¥®à¥¬¥ � «¥
[23] £àã¯¯  bP (M) ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ¢ M ¥áâì £àã¯¯  �¨ á  «£¥¡à®© �¨ P (M).

�á«¨ dimP (M) = n2+2n, â®M ¯«®áª®¥, â. ¥. (¯à®¥ªâ¨¢ ï) ªà¨¢¨§  ¬®£®®¡à §¨ïM â®¦¤¥-
áâ¢¥® à ¢  ã«î ¨ ¢ ¯®¤å®¤ïé¨å «®ª «ìëå ª®®à¤¨ â å ¢á¥ ª®íää¨æ¨¥âë ¯à®¥ªâ¨¢®©
á¢ï§®áâ¨ ®¡à é îâáï ¢ ã«ì.

� ¯«®áª®¬ ¯à®áâà áâ¢¥ £àã¯¯®© ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ï¢«ï¥âáï (n2 + 2n)-¬¥à ï
£àã¯¯  ¤à®¡®-«¨¥©ëå ¯®¤áâ ®¢®ª ®â n ¯¥à¥¬¥ëå.

6.

�àã¯¯®© (â®ç¥çëå) á¨¬¬¥âà¨© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© k-£® ¯®àï¤ª 

��(t; x(k)) = 0 (� = 1; : : : ; s) (6.1)

 §ë¢ ¥âáï «®ª «ì ï £àã¯¯  �¨ G ¯à¥®¡à §®¢ ¨© ([24], x 60), ¤¥©áâ¢ãîé ï   ®âªàëâ®¬ ¯®¤-
¬®¦¥áâ¢¥ N ¯à®áâà áâ¢  T �� ¥§ ¢¨á¨¬ëå (t) ¨ § ¢¨á¨¬ëå (x) ¯¥à¥¬¥ëå á¨áâ¥¬ë ¨ ®¡« -
¤ îé ï á«¥¤ãîé¨¬ á¢®©áâ¢®¬. �ãáâì x = f(t) | à¥è¥¨¥ á¨áâ¥¬ë (6.1), ®¯à¥¤¥«¥®¥ ¢ ®¡« áâ¨

 � T . �á«¨ ¤«ï h 2 G ®¯à¥¤¥«¥® h � f , â® x = h � f(t) ¥áâì â ª¦¥ à¥è¥¨¥ á¨áâ¥¬ë.

�«£¥¡à  �¨ £àã¯¯ë G á®áâ®¨â ¨§ ¨ä¨¨â¥§¨¬ «ìëå á¨¬¬¥âà¨© | ¢¥ªâ®àëå ¯®«¥©   N ,
¯®à®¦¤ îé¨å 1-¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë á¨¬¬¥âà¨© á¨áâ¥¬ë.

�¨áâ¥¬  (6.1) ®¯à¥¤¥«ï¥â ¯®¤¬®£®®¡à §¨¥ F ¢ ¯à®áâà áâ¢¥ k-áâàã© T � �(k), ª®®à¤¨ âë
ª®â®à®£® ¯à¥¤áâ ¢«ïîâ ¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥ë¥, § ¢¨á¨¬ë¥ ¯¥à¥¬¥ë¥ ¨ ¢á¥ ¯à®¨§¢®¤ë¥ ®â
§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå ¢¯«®âì ¤® ¯®àï¤ª  k.

�¢ï§ ï «®ª «ì ï £àã¯¯  �¨ G ¯à¥®¡à §®¢ ¨© ï¢«ï¥âáï £àã¯¯®© á¨¬¬¥âà¨© ¥¢ëà®¦¤¥-
®© [9] á¨áâ¥¬ë (6.1), ¥á«¨ ¨ â®«ìª® ¥á«¨ ¥¥ k-¥ ¯à®¤®«¦¥¨¥ pr(k)G ®áâ ¢«ï¥â ¯®¤¬®£®®¡à §¨¥
F ¨¢ à¨ âë¬.

�«ï íâ®£® ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë k-¥ ¯à®¤®«¦¥¨¥ pr(k)X «î¡®£® ¢¥ªâ®à®£® ¯®«ï
X ¨§  «£¥¡àë �¨ £àã¯¯ë G ã¤®¢«¥â¢®àï«® ãá«®¢¨ï¬ ([2], á. 65; [3], á. 29; [9])

pr(k)X[��(t; x(k))] = 0 ¯à¨ ��(t; x(k)) = 0 (� = 1; : : : ; s):

�«ï á¨áâ¥¬ë

�� � �x� + a�(x) _x
� _x� _x + b��(x) _x

� _x + c��(x) _x
� + d�(x) = 0; (6.2)

£¤¥ a� = a�, b�� = b�� | äãªæ¨¨ ®â x1; : : : ; xn, �; �,  = 1; : : : ; n � 1 ¨ â®çª   ¤ x ®§ ç ¥â
¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® xn, â ª çâ® �xn = 0, íâ¨ ãá«®¢¨ï ¯à¨¨¬ îâ ¢¨¤

pr(2)X(��)
��
��=0

= 0 (� = 1; : : : ; n� 1); (6.3)

£¤¥ ( ¯à., [2], á. 57)

X = �i@i;

pr(1)X = X + (@n�� + _x�@��� � _x�@n�n � _x� _x�@��n)
@

@ _x�
;

pr(2)X = pr(1)X + [@nn�� + _x�(2@�n�� � @nn�
n��� )+

+ _x� _x(@��� � @�n�
n�� � @n�

n��� ) + �x�(@��� � 2@n�n��� )�

� _x� _x� _x@��n � 2�x� _x�@��n � _x��x�@��n]
@

@�x�
:

(6.4)
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�®¤áâ ¢¨¢ (6.4) ¢ (6.3) ¨ ¨á¯®«ì§ãï (6.2), ¯à¨¤¥¬ ª á¨áâ¥¬¥ ãà ¢¥¨©, «¥¢ë¥ ç áâ¨ ª®â®àëå
ï¢«ïîâáï ¯®«¨®¬ ¬¨ âà¥âì¥© áâ¥¯¥¨ ®â _x�. �à¨à ¢ï¢ ã«î ª®íää¨æ¨¥âë íâ¨å ¯®«¨®¬®¢,
¯®«ãç¨¬ ãà ¢¥¨ï

Xa� � a�@n�
n + 2a�(�@)�� + b��@��

n � @��
n = 0;

Xb�� + a�@n�
� + 2��(�a)�@n�

� � b��@��
� +

+ 2b��(�@)�
� + c�(�@)�

n + ��(�c
�
)@��

n + @��
� � 2��(�@)n�

n = 0; (6.5)

Xc�� + 2b���@n�
� + c��@��

� + c��@n�
n � c��@��

� + 2d�@��
n + ���d

�@��
n + 2@n��

� � ���@nn�
n = 0;

Xd� + c��@n�
� � d�@��

� + 2d�@n�n + @nn�
� = 0:

�ëç¨á«¨¢ á ¯®¬®éìî ¯®«ãç¥ëå à ¢¥áâ¢ ¨ ä®à¬ã« (3.2) ¢ëà ¦¥¨ï X�i
jk,  ©¤¥¬

LX�
i
jk � �l@l�

i
jk ��h

jk@h�
i +�i

pk@j�
p +�i

jq@k�
q + @jk�

i � 1
n+ 1

(�ij@hk�
h + �ik@hj�

h) = 0: (6.6)

�ç¥¢¨¤®, çâ® ¨§ (6.6) ¨ (3.3) á«¥¤ã¥â (6.5). � ª¨¬ ®¡à §®¬, ¢¥ªâ®à®¥ ¯®«¥ X ¯®à®¦¤ ¥â
1-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã (â®ç¥çëå) á¨¬¬¥âà¨© ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (6.2) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï (6.5) ¨«¨ à ¢®á¨«ì®¥ ¨¬ ãá«®¢¨¥ (6.6), £¤¥ ¢¥«¨ç¨ë
�i
jk ®¯à¥¤¥«¥ë ä®à¬ã« ¬¨ (3.2).
� ª ª ª ¨§ (5.2), (6.6) á«¥¤ã¥â, çâ® X ¥áâì ¨ä¨¨â¥§¨¬ «ì®¥ ¯à®¥ªâ¨¢®¥ ¯à¥®¡à §®¢ ¨¥

¢ ¯à®áâà áâ¢¥ á  áá®æ¨¨à®¢ ®© ¯à®¥ªâ¨¢®© á¢ï§®áâìî, § ¤ ¢ ¥¬®© ®¡ê¥ªâ®¬ �i
jk (¯. 3), â®

á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6.1. �àã¯¯  á¨¬¬¥âà¨© ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (6.2) ¥áâì £àã¯¯  ¯à®¥ªâ¨¢-
ëå ¯à¥®¡à §®¢ ¨© ¢ n-¬¥à®¬ ¯à®áâà áâ¢¥ á ¯à®¥ªâ¨¢®© á¢ï§®áâìî, § ¤ ¢ ¥¬®© ¢ «®-

ª «ìëå ª®®à¤¨ â å (xi) ä®à¬ã« ¬¨ (3.2).

�á«¨ ¯à¨ n > 2 â¥§®à �¥©«ï W i
jkl (2.1)  áá®æ¨¨à®¢ ®© ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ �i

jk (3.2)
®¡à é ¥âáï ¢ ã«ì, â®  áá®æ¨¨à®¢  ï ¯à®¥ªâ¨¢ ï á¢ï§®áâì ï¢«ï¥âáï ¯«®áª®© ¨ ¤®¯ãáª ¥â
¬ ªá¨¬ «ìãî (n2 + 2n)-¬¥àãî ¯à®¥ªâ¨¢ãî  «£¥¡àã �¨ (¯. 5). � íâ®¬ á«ãç ¥ ¤¨ää¥à¥æ¨-
 «ì ï á¨áâ¥¬  (6.2) § ¬¥®© ¯¥à¥¬¥ëå ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥ (4.7), ¨â¥£à «ìë¥ ªà¨¢ë¥
ª®â®à®© ï¢«ïîâáï ¯àï¬ë¬¨ «¨¨ï¬¨ (¯. 4). �âáî¤ , ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ â¥®à¥¬ã 6.1, § ª«î-
ç ¥¬, çâ® ¬ ªá¨¬ «ì ï £àã¯¯  �¨ (â®ç¥çëå) á¨¬¬¥âà¨© ¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë (3.1)
¨¬¥¥â à §¬¥à®áâì n2 + 2n, ¨ íâ® ç¨á«® ¤®áâ¨£ ¥âáï, ¥á«¨ ¨ â®«ìª® ¥á«¨ ¯à¨ n > 2 ¢ë¯®«¥ë
ãá«®¢¨ï (4.9). � íâ®¬ á«ãç ¥ (3.1) ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥

d2y�

dt2
= 0 (� = 1; : : : ; n� 1);

 «£¥¡à  �¨ á¨¬¬¥âà¨© ª®â®à®©  âïãâ    ¢¥ªâ®àë¥ ¯®«ï

Ti =
@

@yi
; Ejk = yj

@

@yk
; Ei = yiyj

@

@yj

(i; j; k; l = 1; : : : ; n, yn � t), ã¤®¢«¥â¢®àïîé¨¥ áâàãªâãàë¬ ãà ¢¥¨ï¬

[Ti; Eij ] = Tj ; [Ti; Ej ] = Eji (i 6= j);

[Ti; Ei] = Eii +
nX
l=1

Ell; [Eij ; Ekl] = �jkEil � �ilEkj ; [Eij ; Ej ] = Ei;

®áâ «ìë¥ ª®¬¬ãâ â®àë à ¢ë ã«î.
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7.

� áá¬®âà¨¬ á¨áâ¥¬ë ¤¢ãå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª , ¤®¯ãáª îé¨¥ ç¥âëà¥å¬¥àë¥ à §à¥-
è¨¬ë¥ £àã¯¯ë á¨¬¬¥âà¨©, ¥ á®¤¥à¦ é¨¥  ¡¥«¥¢®© ¯®¤£àã¯¯ë G3. �á¯®«ì§ãï â¥®à¥¬ë 4.1, 6.1 ¨
ª« áá¨ä¨ª æ¨î �.�. �ã«â ®¢  âà¥å¬¥àëå ¯à®áâà áâ¢ ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ¯® £àã¯¯ ¬  ¢-
â®¬®àä¨§¬®¢ [12]{[14], ®á®¢ ãî   ª« áá¨ä¨ª æ¨¨ �¨{�àãçª®¢¨ç  4-¬¥àëå ¢¥é¥áâ¢¥ëå
 «£¥¡à �¨, ¯®«ãç¨¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  7.1. �á«¨ á¨áâ¥¬  ¤¢ãå ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®-

àï¤ª  ®â®á¨â¥«ì® ¥¨§¢¥áâëå äãªæ¨© x = x(t), y = y(t) ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© t

�x+ _xP +Q1 = 0;

�y + _yP +Q2 = 0;

£¤¥ â®çª   ¤ x ®§ ç ¥â ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® t ¨

P = a11(t; x; y) _x
2 + 2a12(t; x; y) _x _y + a22(t; x; y) _y

2;

Q� = b�11(t; x; y) _x
2 + 2b�12(t; x; y) _x _y + b�22(t; x; y) _y

2 + (7.1)

+c�1 (t; x; y) _x + c�2 (t; x; y) _y + d�(t; x; y) (� = 1; 2)

| ¯®«¨®¬ë ¢â®à®£® ¯®àï¤ª  ®â _x, _y á ª®íää¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ ®â x, y ¨ t, ¤®¯ãáª ¥â
ç¥âëà¥å¬¥àãî à §à¥è¨¬ãî £àã¯¯ã á¨¬¬¥âà¨©, ¥ á®¤¥à¦ éãî  ¡¥«¥¢®© ¯®¤£àã¯¯ë G3, á®

áâàãªâãàë¬¨ ãà ¢¥¨ï¬¨1 eiej = Ck
ij ¨ ¡ §¨áë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ E1; : : : ; E4 á®®â¢¥â-

áâ¢ãîé¥©  «£¥¡àë �¨, â® íâ  á¨áâ¥¬  ¨  «£¥¡à  �¨ ¯à¨ ¤«¥¦ â ®¤®¬ã ¨§ ¯¥à¥ç¨á«¥ëå

¨¦¥ â¨¯®¢. �¨áâ¥¬  (7.1) § ¬¥®© ¯¥à¥¬¥ëå (t; x; y)! (et; ex; ey) ¯à¨¢®¤¨âáï ª ¢¨¤ã

d2ex
det2 = 0;

d2ey
det2 = 0 (7.2)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï (4.9), ¢ ª®â®àëå á«¥¤ã¥â ¯®«®¦¨âì n = 3.
I. �¨áâ¥¬ë á  «£¥¡à®© �¨ á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  I

e1e4 = ce1; e2e3 = e1; e2e4 = e2; e3e4 = (c� 1)e3 (c 2 R):

�¨¯ A(4)
1 :

P = Q1 = 0; Q2 = �(y) _x2 + 2�(y) _x _y + �(y) _y2;

E1 = @t; E2 = x@t; E3 = �@x; E4 = t@t (c = 1);

¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ (. ¨ ¤.) ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

� = const; � = exp
�
�
Z
�(y)dy

��
k0 + �2

Z
exp

� Z
�(y)dy

�
dy
�
:

�¨¯ A(4)
2 :

P = 0; Q1 = �(x) _x2; Q2 =  (x);

E1 = @y; E2 = t@y; E3 = �@t; E4 = t@t + 2y@y (c = 2);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)  = const.
�¨¯ A(4)

3 :

P = 0; Q1 = �(x) _x2; Q2 = �(x) _x;

E1 = @y; E2 = @t; E3 = t@y; E4 = t@t + y@y (c = 1);

1�¤¥áì ¨ ¤ «¥¥ eiej ®§ ç ¥â «¨¥¢® ¯à®¨§¢¥¤¥¨¥ ¡ §¨áëå í«¥¬¥â®¢ ei, ej , C
k
ij | áâàãªâãàë¥ ª®-

áâ âë. �ã«¥¢ë¥ «¨¥¢ë ¯à®¨§¢¥¤¥¨ï ¢ ãà ¢¥¨ïå áâàãªâãàë ¥ ¢ë¯¨áë¢ îâáï.
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. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) � = k1 exp
� Z

�(x)dx
�
.

�¨¯ A(4)
4 :

P = Q1 = 0; Q2 =  (x)(2 _x _y � 1);

E1 = @y; E2 = @t; E3 = x@t + t@y; E4 = t@t + 2y@y (c = 2);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)  = (x+ k1)�1.

�¨¯ A(4)
5 :

P = 0; Q1 = k1 _x2 + k2e
(1�c)x _x+ k3e

2(1�c)x; Q2 = k4e
cx _x2 + k5e

x _x+ k6e
(2�c)x;

E1 = @y; E2 = t@y; E3 = �@t; E4 = (c� 1)t@t + @x + cy@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

(c� 1)k2 = 0; k5(k1 � 1)� k2k4 = 0;

4k6(c� 2) + k2k5 � 4k3k4 = 0; k22 + 4k3(2c� k1 � 2) = 0:

�¨¯ A(4)
6 :

P = 0; Q1 = k1( _y2 � 2x _y + x2); Q2 = k2 _x;

E1 = @y; E2 = @t; E3 = @x + t@y; E4 = t@t � 2x@x � y@y (c = �1);
. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) k1 = 0.

�¨¯ A(4)
7 :

P = 0; Q1 = 2k1 _x( _y � x); Q2 = k2( _y
2 � 2x _y + x2) + k3 _x;

E1 = @y; E2 = @t; E3 = @x + t@y; E4 = t@t � x@x (c = 0);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) k1 = k2 = 0.
�¨¯ A(4)

8 :

P = 0; Q1 = k1t( _x
2 � 2t _x _y + t2 _y2) + k2 _y; Q2 = k1( _x

2 � 2t _x _y + t2 _y2);

E1 = @x; E2 = @y; E3 = @t + y@x; E4 =
1
2
(x@x � t@t) + y@y (c = 1=2);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) k1 = 0.
�¨¯ A(4)

9 :

P = 0; Q1 = k1 _x
2; Q2 = k2 _x;

E1 = @y; E2 = @t; E3 = @x + t@y; E4 = t@t + q@x + y@y (c = 1; q 6= 0);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) k1k2 = 0.
�¨¯ A(4)

10 :

P = (k2y
2 + k1y + k0) _x _y; Q1 = �(2k2y + k1) _x _y + k2 _y; Q2 = (k3 � k2y) _y

2;

E1 = @t; E2 = @x; E3 = x@t + @y; E4 = t@t + x@x (c = 1);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) k1 = k2 = k3 = 0 ¨«¨ (2) k1 = k2 = k0 = 0.
�¨¯ A(4)

11 :

P = 0; Q1 = r0 _x2 + r1e
�x _x+ r2e

�2x; Q2 = s0e
cx _x2 + s1e

(c�1)x _x+ s2e
(c�2)x;

E1 = @y; E2 = @t; E3 = t@y; E4 = t@t + @x + cy@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

r1 = 0; r2(r0 � 2) = 0; s1(q0 � c+ 1) = 0; (c� 2)s2 + r2s0 = 0:

22



�¨¯ A(4)
12 :

P = qx� _x2; Q1 = 0; Q2 = rx2�+1 _x2 � 2
s

x
_x _y � qx� _x+

s

x

�
� =

2c� 3
2� c

�
;

E1 = @y; E2 = @t; E3 = x@t + t@y; E4 = t@t + (2� c)x@x + cy@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) s = 0, (2c� 3)q = 0 ¨«¨ (2) s = �1, (c� 3)q = 0.
�á«¨ á¨áâ¥¬  (7.1) ¤®¯ãáª ¥â  «£¥¡àã á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  I á ¡ §¨áë¬¨ ¢¥ª-

â®àë¬¨ ¯®«ï¬¨

E1 = @t; E2 = x@t; E3 = �@x; E4 = ct@t + (c� 1)x@x

¨«¨

E1 = @t; E2 = @x; E3 = x@t; E4 = ct@t + x@x

¯à¨ c 6= 1; 2,   â ª¦¥

E1 = @t; E2 = x@t; E3 = �@x; E4 = y@t � x@x (c = 0)

¨«¨

E1 = @t; E2 = @x; E3 = x@t + @y; E4 = ct@t + x@x + (c� 1)y@y
¯à¨ c 6= �1; 0; 1=2; 1, â® ®  ¯à¨¢®¤¨âáï ª ¢¨¤ã (7.2).

II. �¨áâ¥¬ë á  «£¥¡à®© �¨ á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  II

e1e4 = 2e1; e2e3 = e1; e2e4 = e2; e3e4 = e2 + e3:

�¨¯ A(4)
13 :

P = 0; Q1 = r0 _x
2 + r1e

�x _x+ r2e
�2x; Q2 = s0e

2x _x2 + s1e
x _x+ x+ s2;

E1 = @y; E2 = t@y; E3 = �@t; E4 = t@t + @x +
�
2y � 1

2
t2
�
@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) r0 = 2, r1 = s1 = r2s0 + 1 = 0.
�¨¯ A(4)

14 :

P = pe�x _x2; Q1 = 0; Q2 = re�2x _x2 � 2q _x _y � pe�x _x+ q;

E1 = @y; E2 = @t; E3 = x@t + t@y; E4 = t@t � @x + 2y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) p = q = 0.
�á«¨ á¨áâ¥¬  (7.1) ¤®¯ãáª ¥â  «£¥¡àã á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  II á ¡ §¨áë¬¨

¢¥ªâ®àë¬¨ ¯®«ï¬¨

E1 = @t; E2 = @x; E3 = x@t + @y; E4 =
�
2t+

1
2
y2
�
@t + (x+ y)@x + y@y;

â® ®  ¯à¨¢®¤¨âáï ª ¢¨¤ã (7.2).
III. �¨áâ¥¬ë á  «£¥¡à®© �¨ á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  III

e1e4 = qe1; e2e3 = e1; e2e4 = e3; e3e4 = �e2 + qe3 (q 2 R; q2 < 4):

�¨¯ A(4)
15 :

P = quv3 _x2; Q1 = 0; Q2 = ru2v4 _x2 + 2v2(x� s) _x _y � quv3 _x+ v2(s� x);

E1 = @y; E2 = @t; E3 = x@t + t@y; E4 = tx@t + (x2 � qx+ 1)@x +
�
qy +

1
2
t2
�
@y;

£¤¥

u = exp
�

qp
4� q2

arctg
2x� qp
4� q2

�
; v =

1p
x2 � qx+ 1

;
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ª ¢¨¤ã (7.2) ¥ ¯à¨¢®¤¨âáï.
�¨¯ A(4)

16 :

P = p _x _y; Q1 = �p(x _x2 � _y + x);

Q2 = r _x2 � 2px _x _y + s _y2 + (px2 � 1) _x+ sx(x� 2 _y) + r;

E1 = @y; E2 = @t; E3 = @x + t@y; E4 = �x@t + t@x +
1
2
(t2 � x2)@y (q = 0);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) p = s = 0.
�á«¨ á¨áâ¥¬  (7.1) ¤®¯ãáª ¥â  «£¥¡àã á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  III á ¡ §¨áë¬¨

¢¥ªâ®àë¬¨ ¯®«ï¬¨

E1 = @t; E2 = @x; E3 = x@t + @y; E4 =
�
qt+

1
2
(x2 � y2)

�
@t � y@x + (qy + x)@y;

â® ®  ¯à¨¢®¤¨âáï ª ¢¨¤ã (7.2).
IV. �¨áâ¥¬ë á  «£¥¡à®© �¨ á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  IV

e1e4 = e1; e2e3 = e2:

�¨¯ A(4)
17 :

P = Q2 = 0; Q1 = �(x) _x2 + t�1�(x) _x+ t�2�(x);

E1 = @y; E2 = t@y; E3 = �t@t; E4 = t@t + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

� = const; � =
1
4
exp

�
�
Z
�(x)dx

��
k0 + �(� � 2)

Z
exp

� Z
�(x)dx

�
dx
�
:

�¨¯ A(4)
18 :

P = 0; Q1 = p0 _x
2 + p1t

�1 _x+ p2t
�2; Q2 = (q0 _x

2 + q1t
�1 _x+ q2t

�2)ex;

E1 = @y; E2 = t@y; E3 = �t@t; E4 = t@t + @x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

p1q0 + (1� p0)q1 = 0; p1(2� p1) + 4p0p2 = 0; (2� p1)q1 + 4(p2q0 + q2) = 0:

�¨¯ A(4)
19 :

P = 0; Q1 = 2�(y) _x _y; Q2 = �(y) _y2;

E1 = @t; E2 = @x; E3 = x@x; E4 = t@t;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

� = exp
�Z

�(y)dy
�� Z

exp
� Z

�(y)dy
�
dy + k0

��1

:

�¨¯ A(4)
20 :

P = 0; Q1 = p0 _x
2 + p1e

�x _x _y + p2e
�2x _y2; Q2 = q0e

x _x2 + q1 _x _y + q2e
�x _y2;

E1 = @y; E2 = @t; E3 = t@t; E4 = @x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

2q2 = �p1; p2(2p0 � q1 � 4)� p1
2 = 0;

q1(q1 � 2p0) + 4p1q0 = 0; p1(2� q1) + 4p2q0 = 0:
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�¨¯ A(4)
21 :

P = 0; Q1 = q _x2; Q2 = s _x _y;

E1 = @y; E2 = @t; E3 = t@t + @x; E4 = y@y + b@x (b = const 6= 0);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) s(s� 2q) = 0.
�¨¯ A(4)

22 :

P = 0; Q1 = p _x+ qe�t _y; Q2 = ret _x+ s _y;

E1 = @x; E2 = @y; E3 = @t + y@y; E4 = �@t + x@x;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) p + s = r = q = 0 ¨«¨ (2) s = p = 1, r = 0, ¨«¨
(3) s = p = �1, q = 0.

�¨¯ A(4)
23 :

P = 0; Q1 = q _x2; Q2 = r _x _y + se�2x;

E1 = @y; E2 = @t; E3 = t@t + @x; E4 = �1
2
@x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) r = s = 0 ¨«¨ (2) r = 2q, s = 0, ¨«¨ (3) q = 2,
r = 4.

�¨¯ A(4)
24 :

P = 0; Q1 = q _x2 + re�x _y; Q2 = s _x _y;

E1 = @y; E2 = @t; E3 = t@t + @x; E4 = @x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) r = s = 0 ¨«¨ (2) r = 0, s = 2q, ¨«¨ (3) q = 1,
s = 0.

�¨¯ A(4)
25 :

P = pex _y2; Q1 = q _x2; Q2 = r _x _y;

E1 = @y; E2 = @t; E3 = t@t + @x; E4 = �2@x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) p = r = 0 ¨«¨ (2) p = 0, r = 2q, ¨«¨ (3) q = 1,
r = 2.

�¨¯ A(4)
26 :

P = 0; Q1 =
p

x
_x2; Q2 =

1
x
_x(q _x+ p _y);

E1 = @y; E2 = @t; E3 = t@t + x@y; E4 = x@x + y@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) p = 0 ¨«¨ (2) p = �2.
V. �¨áâ¥¬ë á  «£¥¡à®© �¨ á¨¬¬¥âà¨© â¨¯  �¨{�àãçª®¢¨ç  V

e1e3 = e1; e2e3 = e2; e1e4 = e2; e2e4 = �e1:
�¨¯ A(4)

27 :

P = Q2 = 0; Q1 = �(x) _x2 + (2t+ �(x))(1 + t2)�1 _x+  (x)(1 + t2)�2;

E1 = @y; E2 = t@y; E3 = y@y; E4 = (1 + t2)@t + ty@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2)

� = const;  = exp
�
�
Z
�(x)dx

��
k0 +

�
1 +

1
4
�2
� Z

exp
� Z

�(x)dx
�
dx
�
:

25



�¨¯ A(4)
28 :

P = 0; Q1 = p2 _x
2 + (2t+ p1)(1 + t2)�1 _x+ p0(1 + t2)�2;

Q2 = (1 + t2)�1=2(q2(1 + t2) _x2 + q1 _x+ q0(1 + t2)�1)ex;

E1 = @y; E2 = t@y; E3 = @x + y@y; E4 = (1 + t2)@t + ty@y;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) p21 + 4(1 � p0p2) = 0, p1q2 + (1 � p2)q1 = 0,
4(p0q2 + q0)� q1p1 = 0.

�¨¯ A(4)
29 :

P = 0; Q1 = �(t) _x+ �(t) _y; Q2 = ��(t) _x+ �(t) _y;

E1 = @x; E2 = @y; E3 = x@x + y@y; E4 = x@y � y@x;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) �(t) = k0 exp
�
�
Z
�(t)dt

�
.

�¨¯ A(4)
30 :

P = 0; Q1 = �(t) _x+ �(t) _y; Q2 = �(t) _x+ (2q � �(t)) _y;

E1 = @x; E2 = @y; E3 = x@x + y@y; E4 = @t � y@x + x@y;

£¤¥

� = p0 + p1 cos 2t+ p2 sin 2t; � = q + p2 cos 2t� p1 sin 2t; � = � � 2p0;

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) p0 = p1 = p2 = 0 ¯à¨ q 6= 0 ¨ p1 = p2 = 0 ¯à¨ q = 0.
�¨¯ A(4)

31 :

P = p _x _y; Q1 = q _x2 + re�2x( _y2 + 1); Q2 = p _x;

E1 = @y; E2 = @t; E3 = t@t + @x + y@y; E4 = y@t + b@x � t@y (b = const; br = 0);

. ¨ ¤. ãá«®¢¨ï ¯à¨¢®¤¨¬®áâ¨ ª ¢¨¤ã (7.2) (1) p = r = 0 ¨«¨ (2) q = r = 0, ¨«¨ (3) p = 0, q = 2.
� ¯à¨¢¥¤¥ëå ¢ëè¥ ä®à¬ã« å k::, p::, q::, r::, s:: | ¯®áâ®ïë¥.
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