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� ¤ ®© à ¡®â¥ á ¨á¯®«ì§®¢ ¨¥¬ ¬¥â®¤  äãªæ¨© �ï¯ã®¢  ¨áá«¥¤ãîâáï ãá«®¢¨ï  á¨¬-
¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨© ¥ ¢â®®¬ëå á¨áâ¥¬ ¯® «¨¥©®¬ã ¨ ¥«¨¥©®¬ã ¯à¨¡«¨-
¦¥¨ï¬.

1. � áá¬®âà¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

_X = A(t)X (1)

¨ á®®â¢¥âáâ¢ãîéãî ¢®§¬ãé¥ãî á¨áâ¥¬ã

_X = A(t)X+R(t;X): (2)

�¤¥áì X = (x1; : : : ; xn)� | n-¬¥àë© ¢¥ªâ®à ¥¨§¢¥áâëå äãªæ¨©, ¬ âà¨æ  A(t) § ¤   ¨ ¥-
¯à¥àë¢  ¯à¨ t � 0, ¢¥ªâ®à ï äãªæ¨ï R(t;X) ¥¯à¥àë¢  ¯à¨ t � 0, kXk < H (H | ¯®«®¦¨-
â¥«ì ï ¯®áâ®ï ï, kXk =

p
x21 + � � � + x2n), ¨ ã¤®¢«¥â¢®àï¥â ¢ ¤ ®© ®¡« áâ¨ ¥à ¢¥áâ¢ã

kR(t;X)k � c kXk� ; (3)

£¤¥ c > 0, � > 1. � ª¨¬ ®¡à §®¬, (1) ï¢«ï¥âáï á¨áâ¥¬®© ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¤«ï á¨áâ¥¬ë (2).
�ãáâì á¨áâ¥¬  (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ . �áá«¥¤ã¥¬ ãá«®¢¨ï, ¯à¨ ¢ë¯®«¥¨¨ ª®â®àëå

ã«¥¢®¥ à¥è¥¨¥ ¢®§¬ãé¥®© á¨áâ¥¬ë â ª¦¥ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬.
�.�.�ï¯ã®¢ë¬ ¡ë«® ¤®ª § ® [1], çâ® ¥á«¨ ãà ¢¥¨ï ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï  ¢â®®¬-

ë, â® ¢®§¬ãé¥¨ï à áá¬ âà¨¢ ¥¬®£® ¢¨¤  ¥  àãè îâ  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã-
«¥¢®£® à¥è¥¨ï. � á«ãç ¥, ª®£¤  ¬ âà¨æ  A § ¢¨á¨â ®â t, ¨§¢¥áâë ªà¨â¥à¨¨ �.�.�ï¯ã®¢ ,
�.�.�¥àá¨¤áª®£®, �.�.� «ª¨ , �.�¥àà®  ¨ �.� áá¥à  ãáâ®©ç¨¢®áâ¨ ¯® ¥ ¢â®®¬®¬ã «¨-
¥©®¬ã ¯à¨¡«¨¦¥¨î ([2], c. 360{369; [3], c. 266{274). �¤ ª® ãª § ë¥ ªà¨â¥à¨¨ ï¢«ïîâáï
¤®áâ â®çë¬¨, ¯à¨ç¥¬ ¢ ¨å ¯à¥¤¯®« £ ¥âáï, çâ® à¥è¥¨ï ¥¢®§¬ãé¥®© á¨áâ¥¬ë ã¡ë¢ îâ
¯® íªá¯®¥æ¨ «ì®¬ã § ª®ã. � ®¡é¥¬ á«ãç ¥ ãá«®¢¨¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ á¨áâ¥-
¬ë ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¥ ï¢«ï¥âáï ¨ ¥®¡å®¤¨¬ë¬, ¨ ¤®áâ â®çë¬ ¤«ï  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë (2) ([2], c. 357{360).

�à¥¤¯®«®¦¨¬, çâ® ¤«ï á¨áâ¥¬ë (1) áãé¥áâ¢ã¥â â ª ï ª¢ ¤à â¨ç ï ä®à¬  V (t;X) =
X�D(t)X á ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© ¨ ®£à ¨ç¥®© ¯à¨ t � 0 á¨¬¬¥âà¨ç®© ¬ âà¨æ¥©
D(t), çâ® ¯à¨ ¢á¥å t � 0 ¨ X 2 En á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

a1kXk
2 � V (t;X) � a2kXk

2; (4)

dV

dt

���
(1)
� ��(t)kXk2: (5)

�¤¥áì a1, a2 | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥,   äãªæ¨ï �(t) ¥¯à¥àë¢  ¨ ¥®âà¨æ â¥«ì   
¯à®¬¥¦ãâª¥ [0;+1). � ¯à¨¬¥à, ¥á«¨ ¯à¨ ¢á¥å t � 0 ¨¬¥¥¬ �j(t) � 0, j = 1; : : : ; n, £¤¥ �j(t) |
á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë A(t) +A�(t), â® ¬®¦® áç¨â âì ([3], c. 149{150), çâ® V (X) = kXk2,
�(t) = � max

j=1;:::;n
�j(t).
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�ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥

'(t) =
Z t

0
�(�)d� ! +1 ¯à¨ t! +1: (6)

�®£¤ , ¨á¯®«ì§ãï ¥à ¢¥áâ¢  (4), (5), ã¡¥¦¤ ¥¬áï ([4], á. 70{75), çâ® á¨áâ¥¬  (1)  á¨¬¯â®â¨ç¥áª¨
ãáâ®©ç¨¢ , ¯à¨ç¥¬ ¤«ï ¢á¥å t0 � 0, t � t0, X0 2 E

n ¨¬¥¥â ¬¥áâ® ®æ¥ª 

kX(t;X0; t0)k �
q
a2=a1kX0k�(t)=�(t0):

�¤¥áì X(t;X0; t0) | à¥è¥¨¥ á¨áâ¥¬ë (1), ¯à®å®¤ïé¥¥ ¯à¨ t = t0 ç¥à¥§ â®çªã X0; �(t) =
exp(�'(t)=(2a2)).

�¥®à¥¬  1. �á«¨ ¨â¥£à « Z +1

0

���1(t)dt

áå®¤¨âáï, â® ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �ãáâì L = sup
t�0

kD(t)k. �ë¡¥à¥¬ ¯®«®¦¨â¥«ì®¥ ç¨á«® T â ª, çâ®¡ë ¯à¨

t � T ¢ë¯®«ï«¨áì ¥à ¢¥áâ¢ 

2
p
a2=a1 �(t) < H;

cL

a1

�
4 a2
a1

���1

2
Z +1

t

���1(�)d� < ln 2:
(7)

� áá¬®âà¨¬ à¥è¥¨¥ X(t) = X(t;X0; t0) á¨áâ¥¬ë (2),  ç «ìë¥ ¤ ë¥ ª®â®à®£® ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨ï¬ kX0k < �(t0), t0 � T , ¨ ¯®ª ¦¥¬, çâ® ¯à¨ ¢á¥å t � t0 á¯à ¢¥¤«¨¢  ®æ¥ª 

kX(t)k < 2
q
a2=a1�(t): (8)

�¥©áâ¢¨â¥«ì®, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ¬®¬¥â ¢à¥¬¥¨ t1 > t0, çâ®   ¯à®¬¥¦ãâª¥ [t0; t1) ¢ë-
¯®«¥® ¥à ¢¥áâ¢® (8),   ¯à¨ t = t1 ®® ®¡à é ¥âáï ¢ à ¢¥áâ¢®, â® ¯à¨ ¢á¥å t 2 [t0; t1] ¯®«ãç¨¬

dV (t;X(t))
dt

� ��(t) kX(t)k2 + 2cLkX(t)k�+1 �
�
�
�(t)
a2

+
2cL
a1
kX(t)k��1

�
V (t;X(t)):

�â¥£à¨àãï ¤ ®¥ ¥à ¢¥áâ¢® ¢ ¯à¥¤¥« å ®â t0 ¤® t1 ¨ ¯à¨¬¥ïï ®æ¥ª¨ (4) ¨ (7), ¨¬¥¥¬

kX(t1)k <
q
a2=a1 �(t1) exp

�
cL

a1

Z t1

t0

kX(�)k��1d�
�
<

<
q
a2=a1 �(t1) exp

�
cL

a1

�
4a2
a1

���1

2
Z +1

t0

���1(�)d�
�
< 2

q
a2=a1 �(t1):

�à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î. � ç¨â, à¥è¥¨¥ X(t) ¯à¨ ¢á¥å t � t0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (8).
�á¯®«ì§ãï ¤®ª § ®¥ á¢®©áâ¢® à¥è¥¨© á¨áâ¥¬ë (2),   â ª¦¥ ¨å ¥¯à¥àë¢ãî § ¢¨á¨¬®áâì

®â  ç «ìëå ¤ ëå ¢ â®çª¥ X0 = 0, ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�«¥¤áâ¢¨¥. �ãáâì �(t) = a(t + 1)� , £¤¥ a > 0, � � �1. �®£¤  ¯à¨ � > �1 ã«¥¢®¥ à¥è¥¨¥
á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¯à¨ ¢á¥å � > 1. �á«¨ � = �1, â® ¤«ï  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® � > 1 + 2a2=a.
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�à¨¬¥à 1. � áá¬®âà¨¬ áª «ïà®¥ ãà ¢¥¨¥

_x = ��(t)x+ x�; (9)

£¤¥ ¥¯à¥àë¢ ï ¨ ¥®âà¨æ â¥«ì ï   ¯à®¬¥¦ãâª¥ [0;+1) äãªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨î (6), � | à æ¨® «ì®¥ ç¨á«® á ¥ç¥âë¬ § ¬¥ â¥«¥¬, � > 1.

�¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (9) ¨¬¥¥â ¢¨¤

x(t; x0; t0) = x0 exp (�'(t) + '(t0))
�
1� (� � 1)x��10

Z t

t0

exp
�
� (� � 1)('(�) � '(t0))

�
d�

�� 1

��1

:

�«¥¤®¢ â¥«ì®, ã«¥¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (9)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  áå®¤¨âáï ¨â¥£à «
+1R
0

exp(�(� � 1)'(t))dt.

� ¬¥ç ¨¥ 1. � à ¡®â¥ [5] ¤«ï á¨áâ¥¬ë (2) á ¤¨ £® «ì®© ¬ âà¨æ¥© A(t) ¯®«ãç¥ë ¥®¡-
å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï. �¥§ã«ìâ âë
íâ®© à ¡®âë,   â ª¦¥ à áá¬®âà¥ë© ¯à¨¬¥à ¯®ª §ë¢ îâ, çâ® ®¯à¥¤¥«¥ë¥ ¢  áâ®ïé¥© áâ âì¥
¤®áâ â®çë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¡«¨§ª¨ ª ¥®¡å®¤¨¬ë¬.

� ¬¥ç ¨¥ 2. �à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï �(t) ¢ ®æ¥ª¥ (5) ¬®¦¥â ¯à¨¨¬ âì § ç¥¨ï
à §ëå § ª®¢. � íâ®¬ á«ãç ¥ ¤«ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë (2)
¤®áâ â®ç®, çâ®¡ë áå®¤¨«áï ¨â¥£à «Z +1

0

exp
�
�
� � 1
2

Z t

0

 (�)�(�) d�
�
dt;

£¤¥

 (t) =

(
1=a2 ¯à¨ �(t) � 0;
1=a1 ¯à¨ �(t) < 0:

� ¬¥ç ¨¥ 3. �¥®à¥¬  1 ¬®¦¥â ¡ëâì ¤®ª §   á ¨á¯®«ì§®¢ ¨¥¬ à¥§ã«ìâ â®¢ à ¡®âë ([6],
c. 132{138). �¤ ª® ¢ ãª § ®© à ¡®â¥ ¯à¥¤¯®« £ «®áì, çâ® § à ¥¥ ¨§¢¥áâ  ®æ¥ª  ¤«ï äã-
¤ ¬¥â «ì®© ¬ âà¨æë á¨áâ¥¬ë «¨¥©®£® ¯à¨¡«¨¦¥¨ï,   ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨-
¢®áâ¨ ¡ë«¨ ¯®«ãç¥ë á ¯®¬®éìî à¥è¥¨ï ¨â¥£à «ìëå ¥à ¢¥áâ¢.

�®ª ¦¥¬ ¤ «¥¥, çâ® ¯à¥¤«®¦¥ë© ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 á¯®á®¡ ®æ¥ª¨ à¥è¥¨©
¬®¦® ¯à¨¬¥ïâì ¨ ¤«ï  å®¦¤¥¨ï ªà¨â¥à¨¥¢  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ¥«¨¥©®¬ã
¥ ¢â®®¬®¬ã ¯à¨¡«¨¦¥¨î.

2. �ãáâì á¨áâ¥¬  ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ¨¬¥¥â ¢¨¤

_X = F(t;X): (10)

�¤¥áì ¢¥ªâ®à ï äãªæ¨ï F(t;X) ®¯à¥¤¥«¥  ¨ ¥¯à¥àë¢  ¯à¨ ¢á¥å t � 0, X 2 En ¨ ï¢«ï¥âáï
®¤®à®¤®© ¯® X ¯®àï¤ª  �, £¤¥ � | à æ¨® «ì®¥ ç¨á«® á ¥ç¥âë¬ ç¨á«¨â¥«¥¬ ¨ § ¬¥ â¥-
«¥¬, � > 1.

� àï¤ã á á¨áâ¥¬®© (10) à áá¬®âà¨¬ ¢®§¬ãé¥ãî á¨áâ¥¬ã

_X = F(t;X) +R(t;X): (11)

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äãªæ¨ï R(t;X) ¥¯à¥àë¢  ¯à¨
t � 0, kXk < H ¨ ã¤®¢«¥â¢®àï¥â ¢ ãª § ®© ®¡« áâ¨ ¥à ¢¥áâ¢ã (3), ¯à¨ç¥¬ ¢ ¤ ®¬ á«ãç ¥
áç¨â ¥¬, çâ® � > �.

�.�.�à á®¢áª¨© [7] ãáâ ®¢¨«, çâ® ¥á«¨ ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (10)  á¨¬¯â®â¨ç¥áª¨
ãáâ®©ç¨¢® ¨ ¢á¥ ¥¥ à¥è¥¨ï ¯à¨ t! +1 áâà¥¬ïâáï ª  ç «ã ª®®à¤¨ â á® áª®à®áâìî, á®®â¢¥â-
áâ¢ãîé¥©  ¢â®®¬®© á¨áâ¥¬¥ (F(t;X) � F(X)), â®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á®åà ï¥âáï
¨ ¤«ï ¢®§¬ãé¥ëå ãà ¢¥¨©.
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�¯à¥¤¥«¨¬ § ¢¨á¨¬®áâì ¬¥¦¤ã áª®à®áâìî áâà¥¬«¥¨ï ª ã«î à¥è¥¨© á¨áâ¥¬ë ¯¥à¢®£® ¯à¨-
¡«¨¦¥¨ï ¨ ¯®àï¤ª®¬ ¢®§¬ãé¥¨©, ¥  àãè îé¨å  á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ã«¥¢®£®
à¥è¥¨ï.

�ãáâì ¤«ï á¨áâ¥¬ë (10) áãé¥áâ¢ã¥â ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï ¯à¨ ¢á¥å t � 0, X 2 En

äãªæ¨ï V (t;X), ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ ¬

a1kXk
m � V (t;X) � a2kXk

m;

@V@X
 � a3kXk

m�1; (12)

dV

dt

���
(10)

� ��(t)kXkm+��1: (13)

�¤¥áì a1, a2, a3, m | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¯à¨ç¥¬ m > 1,   �(t) | ¥¯à¥àë¢ ï ¨
¥®âà¨æ â¥«ì ï ¯à¨ t � 0 äãªæ¨ï, ¤«ï ª®â®à®© ¢ë¯®«¥® ãá«®¢¨¥ (6). �à¨¬¥ïï ¬¥â®¤
®æ¥®ª ([4], á. 70{75), ã¡¥¦¤ ¥¬áï, çâ® ¯à¨ ¢á¥å t0 � 0, t � t0, X0 2 E

n ¤«ï à¥è¥¨ï X(t;X0; t0)
á¨áâ¥¬ë (10) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kX(t;X0; t0)k �
�
a2
a1

� 1

m

kX0k

�
1 +

�� 1
ma2

kX0k
��1('(t) � '(t0))

�� 1

��1

:

�¢¥¤¥¬ ®¡®§ ç¥¨¥ � = (� � �)=(� � 1). � «¥¥ ®¯à¥¤¥«¨¬ ç¨á«® b > 0, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î '(t) > 0 ¯à¨ t � b.

�¥®à¥¬  2. �á«¨

lim
t!+1

1
'(t)

Z t

b

'��(�)d� = 0;

â® ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (11)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®¤®© äãªæ¨¨ V (t;X) ¢ á¨«ã ¢®§¬ãé¥®© á¨áâ¥¬ë ¯à¨
t � 0, kXk < H ¯®«ãç ¥¬

dV

dt

���
(11)

�

�
� �(t) a

�1���1
m

2 + c a3 a
�1���1

m

1 kXk���
�
V 1+��1

m : (14)

�ë¡¥à¥¬ ¯®«®¦¨â¥«ìë¥ ç¨á«  � ¨ L â ª, çâ®¡ë ¨¬¥«¨ ¬¥áâ® ¥à ¢¥áâ¢ 

� <
ma2
�� 1

; L >
2ma2
�� 1

�
a2
a1

���1
m

:

� ¤ ¤¨¬ T � b  áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë ¯à¨ ¢á¥å t � T ¢ë¯®«ï«¨áì ãá«®¢¨ï

L < '(t)H��1; 2a3cL
�

�
a2
a1

�1+��1

m
Z t

b

'��(�)d� < '(t):

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¨â¥£à¨àãï ¥à ¢¥áâ¢® (14) ¨ ¯à¨¬¥ïï ®æ¥ª¨ (12),
¯®ª ¦¥¬, çâ® ¥á«¨  ç «ìë¥ ¤ ë¥ à¥è¥¨ï X(t;X0; t0) á¨áâ¥¬ë (11) ã¤®¢«¥â¢®àïîâ ãá«®-
¢¨ï¬ kX0k

��1 < �='(t0), t0 � T , â® ¯à¨ ¢á¥å t � t0 ¨¬¥¥¬ kX(t;X0; t0)k��1 < L='(t). �à¨ íâ®¬
à áá¬ âà¨¢ ¥¬®¥ à¥è¥¨¥   ¯à®¬¥¦ãâª¥ [t0;+1) ®áâ ¥âáï ¢ ®¡« áâ¨ kXk < H.

�®¢  ¨á¯®«ì§ãï ¥¯à¥àë¢ãî § ¢¨á¨¬®áâì à¥è¥¨© ®â X0 ¢ â®çª¥ X0 = 0, ¯®«ãç ¥¬ ãâ¢¥à-
¦¤¥¨¥ â¥®à¥¬ë.

�«¥¤áâ¢¨¥. �ãáâì �(t) = a(t+ 1)� , £¤¥ a > 0, �1 < � � 0. �®£¤  ¯à¨

� > �� �(�� 1)=(� + 1) (15)

ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (11)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.
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� ¬¥ç ¨¥ 4. �á«¨ äãªæ¨ï �(t) ¢ ®æ¥ª¥ (13) ¯à¨¨¬ ¥â § ç¥¨ï à §ëå § ª®¢, â® ¤«ï
 á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë (11) ¤®áâ â®ç® ãá«®¢¨ï

lim
t!+1

1
g(t)

Z t

b

g��(�)d� = 0;

£¤¥ g(t) =
tR
0

 (�)�(�) d� , g(t) > 0 ¯à¨ t � b,   äãªæ¨ï  (t) ¨¬¥¥â ¢¨¤

 (t) =

8<
:a

�1���1
m

2 ¯à¨ �(t) � 0;

a
�1���1

m

1 ¯à¨ �(t) < 0:

� ¬¥ç ¨¥ 5. � «®£¨çë¬ ®¡à §®¬ ¬®¦® ¯®«ãç¨âì ¤®áâ â®çë¥ ãá«®¢¨ï  á¨¬¯â®â¨-
ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¢ á«ãç ¥, ª®£¤  ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ë ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï ï¢«ïîâáï
®¡®¡é¥®-®¤®à®¤ë¬¨ äãªæ¨ï¬¨ ([8], c. 187{188).

3. �®ª ¦¥¬ â¥¯¥àì, çâ® â¥®à¥¬  2 ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ªà¨â¥à¨¨  á¨¬¯â®â¨ç¥áª®© ãáâ®©-
ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï ¤«ï ¥ª®â®àëå ª« áá®¢ ¥«¨¥©ëå á¨áâ¥¬ á ¥®£à ¨ç¥ë¬¨ ¢®§-
¬ãé¥¨ï¬¨.

� áá¬®âà¨¬ á¨áâ¥¬ã

_X = F(X); (16)

£¤¥ í«¥¬¥âë ¢¥ªâ®à  F(X) ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ®¤®à®¤ë¬¨ äãªæ¨-
ï¬¨ ¯®àï¤ª  �, � | à æ¨® «ì®¥ ç¨á«® á ¥ç¥âë¬ ç¨á«¨â¥«¥¬ ¨ § ¬¥ â¥«¥¬, � > 1.

�à¥¤¯®«®¦¨¬, çâ® ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (16)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �§¢¥áâ® ([4],
c. 115{123), çâ® ¢ íâ®¬ á«ãç ¥ ¤«ï ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë áãé¥áâ¢ãîâ äãªæ¨¨ �ï¯ã®¢  V (X)
¨ W (X), ®¡« ¤ îé¨¥ á¢®©áâ¢ ¬¨

1) V (X) ¨ W (X) | ¯®«®¦¨â¥«ì®-®¯à¥¤¥«¥ë¥ äãªæ¨¨;
2) V (X) ¨ W (X) | ®¤®à®¤ë¥ äãªæ¨¨ ¯®àï¤ª  m ¨ m+ �� 1 á®®â¢¥âáâ¢¥®, m > 1;
3) äãªæ¨ï V (X) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¨

dV

dt

���
(16)

= �W (X):

�ãáâì § ¤   ¢®§¬ãé¥ ï á¨áâ¥¬ 

_X = F(X) +R(t;X): (17)

�ã¤¥¬ áç¨â âì, çâ® äãªæ¨ï R(t;X) ¥¯à¥àë¢  ¯à¨ t � 0, kXk < H ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥-
áâ¢ã

kR(t;X)k � c(t+ 1) kXk� ; (18)

£¤¥ c;  > 0, � > �. � ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ë¥ ¢®§¬ãé¥¨ï ï¢«ïîâáï ¥®£à ¨ç¥ë¬¨
äãªæ¨ï¬¨ ¢à¥¬¥¨.

�à®¨§¢®¤ï ¢ ãà ¢¥¨ïå (17) § ¬¥ã ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© � + 1 = (t + 1)+1, ¯®«ãç ¥¬
á¨áâ¥¬ã

dX

d�
=
(� + 1)�

 + 1
F(X) +Q(�;X): (19)

�¤¥áì � = �=( + 1),   ¤«ï äãªæ¨¨ Q(�;X) ¯à¨ � � 0, kXk < H á¯à ¢¥¤«¨¢  ®æ¥ª 
kQ(�;X)k � c1kXk

� , c1 > 0.
�¨ää¥à¥æ¨àãï äãªæ¨î V (X) ¢ á¨«ã á®®â¢¥âáâ¢ãîé¥© ¥¢®§¬ãé¥®© á¨áâ¥¬ë

dX

d�
=
(� + 1)�

 + 1
F(X) (20)
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¨ ¨á¯®«ì§ãï á¢®©áâ¢  ®¤®à®¤ëå äãªæ¨© ([4], c. 117{118), ¨¬¥¥¬

dV

d�

���
(20)

= �
(� + 1)�

 + 1
W (X) � �a (� + 1)� kXkm+��1;

£¤¥ a | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï. �«¥¤®¢ â¥«ì®, ¢ ¤ ®¬ á«ãç ¥ �(�) = a(� + 1)�, ¯à¨ç¥¬
�1 < � < 0.

�à¨¬¥ïï ª á¨áâ¥¬¥ (19) á«¥¤áâ¢¨¥ ª â¥®à¥¬¥ 2, ¯®«ãç ¥¬, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �à¨ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢ 

� > �+ (�� 1) (21)

ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (17)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª ¦¥¬ ¤ «¥¥, çâ® ¨¬¥¥â ¬¥áâ® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  4. �«ï â®£® çâ®¡ë ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (17) ¡ë«®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-

ç¨¢® ¯à¨ «î¡®¬ ¢®§¬ãé¥¨¨ R(t;X), ã¤®¢«¥â¢®àïîé¥¬ ãá«®¢¨î (18), ¥®¡å®¤¨¬®, çâ®¡ë ¢ë-

¯®«ï«®áì ¥à ¢¥áâ¢® (21).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã (16), ¨¬¥îéãî  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®¥ ã«¥¢®¥
à¥è¥¨¥. �ãáâì V (X) ¨ W (X) | ¯®«®¦¨â¥«ì®-®¯à¥¤¥«¥ë¥ ®¤®à®¤ë¥ äãªæ¨¨ �ï¯ã®¢ ,
á®®â¢¥âáâ¢ãîé¨¥ íâ®© á¨áâ¥¬¥.

�à¥¤¯®«®¦¨¬, çâ® ¥à ¢¥áâ¢® (21) ¥ ¢ë¯®«¥® ¨ ¯®áâà®¨¬ ¢®§¬ãé¥¨¥ R(t;X), ã¤®¢«¥-
â¢®àïîé¥¥ ãá«®¢¨î (18), ¤«ï ª®â®à®£® ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (17) ¥ ¬®¦¥â ï¢«ïâìáï  á¨¬-
¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬.

�ë¡¥à¥¬ äãªæ¨î R(t;X) = c(t+1) kXk��1X. �¨ää¥à¥æ¨àãï V (X), ¢ á¨«ã ¢®§¬ãé¥®©
á¨áâ¥¬ë ¨¬¥¥¬

dV

dt

���
(17)

= �W (X) +mc(t+ 1) kXk��1 V (X):

�«¥¤®¢ â¥«ì®,

dV

dt

���
(17)

� �W (X) � �b1 V
1+��1

m (X); b1 > 0: (22)

�ãáâì ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (17)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. � áá¬®âà¨¬ à¥è¥¨¥ X(t)
íâ®© á¨áâ¥¬ë, ®¯à¥¤¥«¥®¥   ¯à®¬¥¦ãâª¥ [0;+1) ¨ áâà¥¬ïé¥¥áï ª ã«î ¯à¨ t! +1.

�â¥£à¨àãï ¥à ¢¥áâ¢® (22), ¯®«ãç ¥¬, çâ® ¯à¨ ¢á¥å t � 0 ¢ë¯®«ï¥âáï ãá«®¢¨¥ kX(t)k��1 �
b2=(t+ 1), b2 > 0, ¨á¯®«ì§ãï ª®â®à®¥, ¡®«¥¥ â®ç® ®æ¥¨¬ ¯à®¨§¢®¤ãî

dV (X(t))
dt

� �b3kX(t)k
m+��1 + c b4(t+ 1) kX(t)km+��1 =

= kX(t)km+��1(�b3 + c b4(t+ 1) kX(t)k���) � kX(t)km+��1(�b3 + c b5(t+ 1)�):

�¤¥áì b3, b4, b5 | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, � =  � (� � �)=(�� 1).
� ª ª ª � � 0, â® ¯à¨ ¤®áâ â®ç® ¡®«ìè®¬ c ¯à ¢ ï ç áâì ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«®¦¨-

â¥«ì . � ç¨â, äãªæ¨ï V (X(t)) ¡ã¤¥â ¬®®â®® ¢®§à áâ âì   ¯à®¬¥¦ãâª¥ [0;+1), ¨ ¢ á¨«ã
¯®«®¦¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨ V (X) à¥è¥¨¥ X(t) ¥ ¬®¦¥â áâà¥¬¨âìáï ª ã«î ¯à¨ t! +1.
�à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î.

� ¬¥ç ¨¥ 6. �§ ¤®ª § ®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ¤®áâ â®çë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë (11), ¯®«ãç¥ë¥ ¢ â¥®à¥¬¥ 2, ¡«¨§ª¨ ª ¥®¡å®¤¨¬ë¬.

4. � «¥¥ ¯®ª ¦¥¬, çâ® ¢ ¥ª®â®àëå á«ãç ïå á ¨á¯®«ì§®¢ ¨¥¬ á¯®á®¡  ¨§ [9], [10] ¯®áâà®¥¨ï
¥áâ æ¨® àëå äãªæ¨© �ï¯ã®¢  ¤«ï ¥«¨¥©ëå á¨áâ¥¬ ¬®¦® ãá¨«¨âì â¥®à¥¬ã 2.

�®¢  à áá¬®âà¨¬ ¥¢®§¬ãé¥ãî á¨áâ¥¬ã (10). �à¥¤¯®«®¦¨¬, çâ® ¤«ï ¥¥ áãé¥áâ¢ã¥â
¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï ¯®«®¦¨â¥«ì®-®¯à¥¤¥«¥ ï ®¤®à®¤ ï ¯®àï¤ª  m,
m � 2, äãªæ¨ï V (X), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (13), £¤¥ �(t) = a(t+ 1)� , a > 0, �1 < � � 0.
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�ãáâì á®®â¢¥âáâ¢ãîé ï ¢®§¬ãé¥ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤

_X = F(t;X) +B(t)Q(X): (23)

�¤¥áì B(t) | (n � k)-¬ âà¨æ , ¥¯à¥àë¢ ï ¨ ®£à ¨ç¥ ï ¯à¨ t � 0, í«¥¬¥âë k-¬¥à®£®
¢¥ªâ®à  Q(X) ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ®¤®à®¤ë¬¨ äãªæ¨ï¬¨ ¯®àï¤ª 
�, � � 1.

�à¨¬¥ïï ª ãà ¢¥¨ï¬ (23) á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 2, ¯®«ãç ¥¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ ¥à -
¢¥áâ¢  (15) ¢®§¬ãé¥¨ï ¥  àãè îâ  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï.

�®ª ¦¥¬, çâ® ¯à¨ ¥ª®â®àëå ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨ïå   ¢¥ªâ®àãî äãªæ¨î F(t;X)
¨ ¬ âà¨æã B(t)  ©¤¥ë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¬®¦® ®á« ¡¨âì.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à¨ ¢á¥å t � 0 ¨ X 2 En ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

kF(t;X)k � c1(t+ 1)� kXk�; kI(t)k � c2(t+ 1) ;

£¤¥ c1; c2 > 0, � � 0,  � 0, I(t) =
tR
0

B(�)d� . �§ ®æ¥ª¨ (13) ¨ ®£à ¨ç¥®áâ¨ ¬ âà¨æë B(t)

á«¥¤ã¥â, çâ® � � �,  � 1.

�¥®à¥¬  5. �à¨ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢ 

� > 1 + "(�� 1)=(� + 1); (24)

£¤¥ " = maxf + �� �; ( + 1)=2g, ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (23)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ äãªæ¨¨ �ï¯ã®¢  ¢ë¡¨à ¥¬ äãªæ¨î

V1(t;X) = V (X)�
�
@V

@X

��
I(t)Q(X):

�¨ää¥à¥æ¨àãï ¥¥ ¢ á¨«ã ¢®§¬ãé¥®© á¨áâ¥¬ë, ¨¬¥¥¬

dV1
dt

���
(23)

� ��(t)kX(t)km+��1 �
�
F(t;X) +B(t)Q(X)

�� @

@X

��
@V

@X

��
I(t)Q(X)

�
:

� ç¨â, ¯à¨ ¢á¥å t � 0, X 2 En á¯à ¢¥¤«¨¢ë ®æ¥ª¨

a1kXk
m � a3(t+ 1) kXk�+m�1 � V1 � a2kXk

m + a3(t+ 1)kXk�+m�1;

dV1
dt

���
(23)

� (t+ 1)� kXkm+��1
�
� a+ a4(t+ 1)+���kXk��1 + a5(t+ 1)�� kXk2����1

�
;

£¤¥ ai > 0, i = 1; : : : ; 5.
� «¥¥   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¬®¦® ¯®ª § âì áãé¥áâ¢®¢ ¨¥ ¯®«®¦¨â¥«ìëå

¯®áâ®ïëå �, L ¨ T â ª¨å, çâ® ¥á«¨ t0 � T , kX0k
��1 < �(t0 + 1)���1, â® ¯à¨ ¢á¥å t � t0 ¤«ï

à¥è¥¨ï X(t;X0; t0) á¨áâ¥¬ë (23) ¢ë¯®«¥® ãá«®¢¨¥ kX(t;X0; t0)k��1 < L(t+ 1)���1.

�«¥¤áâ¢¨¥ 1. �á«¨ ¨â¥£à « I(t) ®£à ¨ç¥   ¯à®¬¥¦ãâª¥ [0;+1), â® ¯à¨ ¢ë¯®«¥¨¨
¥à ¢¥áâ¢  � > 1 + �(� � 1)=(� + 1), £¤¥ � = maxf� � �; 1=2g, ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (23)
 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�«¥¤áâ¢¨¥ 2. � á«ãç ¥, ª®£¤  � = �, ¤«ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï
¢®§¬ãé¥®© á¨áâ¥¬ë ¤®áâ â®ç®, çâ®¡ë ¨¬¥«® ¬¥áâ® ¥à ¢¥áâ¢® � > 1+(��1)(+1)=(2�+2).
�á«¨ ¦¥ � = � = 0, â® íâ® ãá«®¢¨¥ á®¢¯ ¤ ¥â á ¯®«ãç¥ë¬¨ ¢ à ¡®â å [9] (¯à¨  = 0) ¨ [10]
(¯à¨ 0 <  < 1) ªà¨â¥à¨ï¬¨  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯®  ¢â®®¬®¬ã ®¤®à®¤®¬ã ¯à¨-
¡«¨¦¥¨î (F(t;X) � F(X)).

� ¬¥ç ¨¥ 7. �à¨ �� � +  < 1 ¥à ¢¥áâ¢® (24) § ¤ ¥â ¡®«¥¥ è¨à®ªãî ®¡« áâì § ç¥¨©
¯ à ¬¥âà  � ¯® áà ¢¥¨î á ®¡« áâìî, ®¯à¥¤¥«¥®© ¥à ¢¥áâ¢®¬ (15).
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� ¬¥ç ¨¥ 8. �á«¨  < 2� + 1, â®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ã«¥¢®£® à¥è¥¨ï á¨áâ¥-
¬ë (23) ¬®¦¥â á®åà ïâìáï ¨ ¯à¨ � � �, â. ¥. ¢ á«ãç ¥, ª®£¤  ¯®àï¤®ª ®¤®à®¤®áâ¨ ¢®§¬ãé¥¨©
¥ ¯à¥¢®áå®¤¨â ¯®àï¤ª  ¯à ¢ëå ç áâ¥© ¥¢®§¬ãé¥®© á¨áâ¥¬ë.

�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã

_xs =
nX

j=1

(psj(t) + bsj(t))x
�
j ; s = 1; : : : ; n: (25)

�¤¥áì äãªæ¨¨ psj(t) ¨ bsj(t) ¥¯à¥àë¢ë ¨ ®£à ¨ç¥ë ¯à¨ t � 0, � | à æ¨® «ì®¥ ç¨á«® á
¥ç¥âë¬¨ ç¨á«¨â¥«¥¬ ¨ § ¬¥ â¥«¥¬, � > 1.

�ãáâì ¤«ï ¢á¥å t � 0 ¨ X 2 En á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

X�(P(t) +P�(t))X � �a(t+ 1)� kXk2;

£¤¥ P(t) = fpsj(t)g, s; j = 1; : : : ; n, a > 0, �1 < � � 0. �®£¤  ã«¥¢®¥ à¥è¥¨¥ ¥¢®§¬ãé¥®©
(bsj(t) � 0) á¨áâ¥¬ë  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ äãªæ¨¨ �ï¯ã®¢  ¬®¦®

¢ë¡à âì V (X) =
nP

s=1
x�+1s .

�à¥¤¯®«®¦¨¬, çâ® ¨â¥£à «ë
tR
0

bsj(�)d� â ª¦¥ ®£à ¨ç¥ë ¯à¨ t � 0.

�à¨¬¥ïï â¥®à¥¬ã 5 (§¤¥áì � = �, � =  = 0), ¯®«ãç ¥¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢ 
� > �1=2 ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (25)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

� ¬¥ç ¨¥ 9. �á¯®«ì§ãï ¯à¥¤«®¦¥ãî ¢ áâ âìïå [9], [10] ¯à®æ¥¤ãàã ¯®á«¥¤®¢ â¥«ì®£® ¯®-
áâà®¥¨ï äãªæ¨© �ï¯ã®¢ , ¬®¦® ¯à®¢¥áâ¨ ¤ «ì¥©è¥¥ ãâ®ç¥¨¥ ãá«®¢¨©  á¨¬¯â®â¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë (23). �¤ ª® ¯à¨ íâ®¬ ¯®âà¥¡ãîâáï ¤®¯®«¨â¥«ìë¥
®£à ¨ç¥¨ï   ¢¥ªâ®àãî äãªæ¨î F(t;X) ¨ ¬ âà¨æã B(t).
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