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�  ¯«®áª®áâ¨ ­¥«¨­¥©­ ï § ¤ ç  �¨¬ ­  áâ¥¯¥­­®£® â¨¯ 

[�+(t)]� = G(t)[��(t)]� ; t 2 L n fet g; (1)

¢ ª« áá¥ äã­ªæ¨© á ¤®¯ãáâ¨¬ë¬¨ ­ã«ï¬¨ ­  ª®­âãà¥ à áá¬ âà¨¢ « áì ¢¯¥à¢ë¥ �.�. � å®¢ë¬
[1] ¯à¨ �; � 2 N. �.�. �®«®çª® [2], ¨áá«¥¤ãï § ¤ çã (1) ¤«ï ¬­®£®á¢ï§­®© ®¡« áâ¨ ¨ ªãá®ç­®-
¯®áâ®ï­­ëå æ¥«ëå ¯®ª § â¥«¥© �, �, ¯®«ãç¨« ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ à §à¥è¨¬®-
áâ¨. �.�. �à¦ ­®¢ [3], [4] ¯à¨ äã­ªæ¨®­ «ì­ëå ¯®ª § â¥«ïå �, � ¨§ãç¨« à §«¨ç­ë¥ á¨âã æ¨¨,
á¢ï§ ­­ë¥ á ­ã«ï¬¨ äã­ªæ¨© ��(t) ­  L. �à¨ íâ®¬ â®çª  et ­¥ ä¨ªá¨à®¢ « áì, ¨ ¤®¯ãáª «®áì
 ­ «¨â¨ç¥áª®¥ ¯à®¤®«¦¥­¨¥ ¢ ¯®«ã®ªà¥áâ­®áâ¨ ­ã«¥© á®®â¢¥âáâ¢¥­­® á«¥¢  ¨ á¯à ¢  ã äã­ªæ¨©
[�+(t)]� ¨ [��(t)]�. � à ¡®â¥  ¢â®à  [5] ¯à¨ ¨§¬¥­¥­­®© ¯®áâ ­®¢ª¥ § ¤ ç¨ (1) á ä¨ªá¨à®¢ ­­®©
â®çª®© et ¯®«ãç¥­ ªà¨â¥à¨© à §à¥è¨¬®áâ¨ ¢ á«ãç ¥ äã­ªæ¨®­ «ì­ëå ¯®ª § â¥«¥©. �  à¨¬ ­®-
¢®© ¯®¢¥àå­®áâ¨ à®¤  1,   â ª¦¥ ¥¥  ­ «®£¥ | ¯ à ««¥«®£à ¬¬¥, § ¤ ç  (1) á ¯®áâ®ï­­ë¬¨
¯®ª § â¥«ï¬¨ ¢ ª« áá¥ äã­ªæ¨© ¡¥§ ­ã«¥© ­  ª®­âãà¥ à áá¬ âà¨¢ « áì �.�.� è¥¢áª¨¬ [6], [7].

� ¤ ­­®© à ¡®â¥ ¤«ï § ¤ ç¨ (1) ¯à¨ ¯®áâ®ï­­ëå ¯®ª § â¥«ïå ¢ ¯ à ««¥«®£à ¬¬¥ ¯®«ãç¥­ë
ªà¨â¥à¨© à §à¥è¨¬®áâ¨ ¨ à¥è¥­¨¥ ¢ ï¢­®¬ ¢¨¤¥. � ­  ­ «¨§ ãá«®¢¨© à §à¥è¨¬®áâ¨ ¢ § ¢¨á¨-
¬®áâ¨ ®â ç¨á«  ­ã«¥© à¥è¥­¨ï ¨ ¨å à á¯®«®¦¥­¨ï, ¢ª«îç ï á«ãç © £à ­¨ç­ëå ­ã«¥©. �¡éãî
â¥®à¨î ¤®¯®«­ï¥â ¯à¨¬¥à, ¢ ª®â®à®¬ ®¯à¥¤¥«¥­ ¯à®¨§¢®« ¢å®¤ïé¨å ¢ à¥è¥­¨¥ ¯®áâ®ï­­ëå.

1. �à¨â¥à¨© à §à¥è¨¬®áâ¨, ï¢­ë© ¢¨¤ à¥è¥­¨ï

�ãáâì R = fz 2 C j z = t1 + s1!1 + s2!2; 0 < s1 < 1; 0 < s2 < 1g | ¢­ãâà¥­­®áâì ¯ à «-
«¥«®£à ¬¬ , Im(!2=!1) > 0, l1, l01 | ¥£® ¡®ª®¢ë¥ áâ®à®­ë, l2, l02 | ­¨¦­¥¥ ¨ ¢¥àå­¥¥ ®á­®¢ ­¨ï,
ftkg = ft1; t1+!1; t1+!1+!2; t1+!2g | ¢¥àè¨­ë. �ãáâì @R | £à ­¨æ  ®¡« áâ¨ R, ®à¨¥­â¨à®-
¢ ­­ ï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨, L = fz 2 C j jzj = 1g, L � R | ®ªàã¦­®áâì, ®à¨¥­â¨à®¢ ­­ ï
¯® ç á®¢®© áâà¥«ª¥. �¥à¥§ D+ ®¡®§­ ç¨¬ ¤¢ãá¢ï§­ãî ®¡« áâì á £à ­¨æ¥© @D+ = L[@R,   ç¥à¥§
D� = R nD+ | ®¤­®á¢ï§­ãî (à¨á. 1).
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�à¥¡ã¥âáï ­ ©â¨ ¢á¥ äã­ªæ¨¨ �(z) 6� 0,  ­ «¨â¨ç¥áª¨¥ ¢ R n L, ­¥¯à¥àë¢­ë¥ ¢ D� (â.¥.
�(z) 2 H1(D�) \ C(D�)), ¨¬¥îé¨¥ ª®­¥ç­®¥ ç¨á«® ­ã«¥©, ¯® £à ­¨ç­ë¬ ãá«®¢¨ï¬

[�+(t)]� = G(t)[��(t)]� ; t 2 L n 
; (2)

�+(t+ !k) = �+(t); t 2 lk; k = 1; 2; (3)

£¤¥ �; � 2 C n f0g, 
 = f�jgr1, â®çª¨ �j 2 L ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­ë ¨ à §«¨ç­ë, r � 1, G(t)
| £�¥«ì¤¥à®¢  äã­ªæ¨ï ­  L, G(t) 6= 0. �«ï ®¯à¥¤¥«¥­­®áâ¨ áç¨â ¥¬, çâ® â®çª¨ �1; �2; : : : ; �r
à á¯®«®¦¥­ë ¢ ¯®àï¤ª¥ ®¡å®¤  L ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �ã¤¥¬ à áá¬ âà¨¢ âì ¤¢  á«ãç ï:
á«ãç © A, ª®£¤  ¢á¥ â®çª¨ �j , j = 1; r, ï¢«ïîâáï ­ã«ï¬¨ (¤àã£¨å ­ã«¥© ­  L ­¥â) äã­ªæ¨¨
�(z) = ��(z), z 2 D� (â. ¥. lim��(z) = 0 ¯à¨ z ! �j , z 2 D�), ¨ á«ãç © B, ª®£¤  ��(t) 6= 0,
t 2 L, 
 = f�1g, â. ¥. â®çª  �1 ï¢«ï¥âáï â®çª®© à §àë¢  ªà ¥¢®£® ãá«®¢¨ï. �á«®¢¨¥ (2) á«¥¤ã¥â
¯®­¨¬ âì â ª, çâ® áãé¥áâ¢ãîâ ¢¥â¢¨ ln��(t) ­  L n 
, ¯à¨ ª®â®àëå ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

exp[� ln�+(t)] = G(t) exp[� ln��(t)]:

�­ «¨â¨ç¥áª®£® ¯à®¤®«¦¥­¨ï äã­ªæ¨© [�+(t)]�, [��(t)]� ¢ ¯®«ã®ªà¥áâ­®áâ¨ â®çª¨ �j ­¥ âà¥¡ã-
¥âáï.

�®«ãç¨¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ § ¤ ç¨. �¡®§­ ç¨¬ ¢á¥ ¢®§¬®¦­ë¥ ­ã«¨ äã­ª-
æ¨¨ �(z) ¢ � n L (á ãç¥â®¬ ¨å ªà â­®áâ¨ ¨  ­ «¨â¨ç­®áâ¨ äã­ªæ¨¨ �(z) ­  @R): aj 2 � n D�,
j = 1; n+; bj 2 D�, j = 1; n�, £¤¥ � = R [ l1 [ l2 [ ft1g. � äã­ªæ¨¨ �(z) ¢ë¤¥«¨¬ ï¢­® íâ¨ ­ã«¨,
¨á¯®«ì§ãï äã­ªæ¨î �¥©¥àèâà áá  �(z;!1; !2) = �(z) [8],

�+(z) =
� n+Y
j=1

�(z � aj)
�(z � z0)

�
F+(z); (4)

��(z) =
� n�Y
j=1

�(z � bj)
�
F�(z); (5)

£¤¥ â®çª  z0 2 D� ä¨ªá¨à®¢ ­ , F (z) 2 H1(D�) \ C(D�), F (z) 6= 0 ¢ � n L. �¤­®§­ ç­®¥
¢ë¤¥«¥­¨¥ ¢¥â¢¥© 	�(z) = lnF�(z) ¢ D� ¢®§¬®¦­®, â. ª. ã F�(z) ­¥â ­ã«¥© ¢ D� ¨ á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ ¢ëª« ¤ª¨:

F+(t+ !k) = F+(t) exp
�
�k

n+X
j=1

(aj � z0)
�
; t 2 lk; k = 1; 2;

�k = 2�(!k=2), �(z) = �(z;!1; !2) | äã­ªæ¨ï �¥©¥àèâà áá  =) F 0+(t+!k)
F+(t+!k)

= F 0+(t)
F+(t)

=) R
@R

F 0(t)dt
F (t)

= 0

=) [lnF+(t)]L1 = [lnF+(t)]@R = 0, £¤¥ L1 | «î¡®© § ¬ª­ãâë© ª®­âãà ¢ R, ®à¨¥­â¨à®¢ ­­ë©
¯à®â¨¢ ç á®¢®© áâà¥«ª¨, ¯à¨ç¥¬ L � intL1, [f ]L1| ¨§¬¥­¥­¨¥ f ¢¤®«ì L1.

�à ¥¢®¥ ãá«®¢¨¥ (2) ¤«ï äã­ªæ¨¨ F (z) á ãç¥â®¬ (4), (5) ¯à¥®¡à §ã¥âáï ¢ ãá«®¢¨¥ ¢¨¤ 

[F+(t)]� = G1(t)[F
�(t)]�; t 2 L n 
; (6)

£¤¥

G1(t) = G(t)
n+Y
j=1

�
�(t� z0)
�(t� aj)

�� n�Y
j=1

[�(t� bj)]
� :

�¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ¢¥â¢¨ ¬­®£®§­ ç­ëå ¬­®¦¨â¥«¥© äã­ªæ¨¨
G1(t),   â ª¦¥ lnG(t) ä¨ªá¨à®¢ ­ë ­  L n f�1g.

�ç¨âë¢ ï, çâ® äã­ªæ¨¨ lnF�(t) â¥àïîâ ­¥¯à¥àë¢­®áâì ¢ â®çª å �j , ¯à®«®£ à¨ä¬¨àã¥¬ ãá«®-
¢¨¥ (6). �®«ãç¨¬

�	+(t) = �	�(t) + g(t); t 2 L n 
; (7)
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£¤¥ g(t) = lnG1(t)+2�iNk(t), 	(z) = lnF (z), Nk(t) =
n
N0, t 2 �1�2; N0+

kP
j=2

�j , t 2 �k�k+1, k = 2; r,

�r+1 = �1
o
,

�j = mj � �kj � �lj ; (8)

N0; kj ; lj ;mj 2 Z ¯à®¨§¢®«ì­ë, j = 2; r =) g(�j � 0)� g(�j + 0) = 2�i�j , j = 1; r, £¤¥

�1 = { �
rX

j=2

�j � �n+ � �n�: (9)

�á«¨ r = 1, â® ¥¤¨­áâ¢¥­­®© â®çª®© à §àë¢  äã­ªæ¨¨ g(t) ï¢«ï¥âáï �1, Nk(t) = N0 ­  L n f�1g,
  áã¬¬ 

rP
j=2

�j ¢ (9) ®âáãâáâ¢ã¥â. �®«ãç¥­ 

�¥®à¥¬  1. �à ¥¢ ï § ¤ ç  (2), (3) íª¢¨¢ «¥­â­  á®¢®ªã¯­®áâ¨ «¨­¥©­ëå § ¤ ç (7) ¢ ª« áá¥
äã­ªæ¨© 	�(z) 2 H1(D�) \ C(D� n 
) á ãá«®¢¨¥¬

	+(t+ !k) = 	+(t) + �k

n+X
j=1

(aj � z0) + 2�i eNk; t 2 lk; k = 1; 2; (10)

£¤¥ eNk 2 Z, ¯à¨ç¥¬ ¢ á«ãç ¥ A

limRe	�(z) = �1 ¯à¨ z ! �j ; j = 1; r; (11)

  ¢ á«ãç ¥ B äã­ªæ¨¨ 	�(z) ­¥¯à¥àë¢­ë ¢ â®çª¥ �1.

�¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (2), (3) ­¥®¡å®¤¨¬  à §à¥è¨¬®áâì ¢ æ¥«ëå ­¥®âà¨-
æ â¥«ì­ëå ç¨á« å n+, n� ¢ á«ãç ¥ A á¨áâ¥¬ë

Re[({ � �n+ � �n�)=�] > 0; Re[({ � �n+ � �n�)=�] > 0; (12)

£¤¥ { = indLG(t),   ¢ á«ãç ¥ B | ãà ¢­¥­¨ï

�n+ + �n� = { () �1 = 0: (13)

�®ª § â¥«ìáâ¢®. �ç¨âë¢ ï íª¢¨¢ «¥­â­®áâì ªà ¥¢ëå § ¤ ç (2), (3) ¨ (7), ¡ã¤¥¬ ¨áª âì
­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ § ¤ ç (7). �ãáâì ª« áá eB = H1(D�) \ C(D� n 
). �¥à¥§ bB
®¡®§­ ç¨¬ ¯®¤ª« áá äã­ªæ¨© ¨§ eB, ¤«ï ª®â®àëå

Re	�(z) �M < +1
¯à¨ z 2 D� ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª �j ¬­®¦¥áâ¢  
. �¥è¥­¨ï ª« áá  bB, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
(11) ¢ â®çª å �j ¢ á«ãç ¥ A ¨ ­¥¯à¥àë¢­ë¥ ¢ �1 ¢ á«ãç ¥ B, ï¢«ïîâáï ¨áª®¬ë¬¨.

�®§ì¬¥¬ ¨­â¥£à « I(z) = 1
2�i

R
L

g(�)�(� � z)d� . � ®ªà¥áâ­®áâ¨ â®ç¥ª 
 ®­ ¨¬¥¥â ¯®¢¥¤¥­¨¥

(­ ¯à., [9]) I(z) = �j ln(z � �j) + Ij(z), j = 1; r, £¤¥ äã­ªæ¨¨ Ij(z) ®£à ­¨ç¥­ë. �®íâ®¬ã I(z) 2eB. �¢¥¤¥¬ äã­ªæ¨¨ �+(z) = �	+(z) � I+(z), ��(z) = �	�(z) � I�(z). �®áª®«ìªã ­  L n 

äã­ªæ¨ï �(z) ­¥¯à¥àë¢­ , â® ¢ â®çª å 
 ®­  ¬®¦¥â ¨¬¥âì «¨èì ¨§®«¨à®¢ ­­ë¥ ®á®¡¥­­®áâ¨. �§
à ááã¦¤¥­¨©,  ­ «®£¨ç­ëå [5] ¤«ï äã­ªæ¨®­ «ì­ëå ¯®ª § â¥«¥©, á«¥¤ã¥â, çâ® íâ¨ ®á®¡ë¥ â®çª¨
¬®£ãâ ¡ëâì â®«ìª® ¯®«îá ¬¨ ¯¥à¢®£® ¯®àï¤ª  ¨ â®«ìª® ¯à¨ �=� < 0 ¢ íâ¨å â®çª å. �¤­ ª®,
¥á«¨ �, � ¯®áâ®ï­­ë¥, â® äã­ªæ¨ï �(z) ®£à ­¨ç¥­  ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª 
. �¥§ ¯®â¥à¨ ®¡é­®áâ¨
¯®ª ¦¥¬ íâ® ¤«ï á«ãç ï �j = 1. �ãáâì �(z) ¢ ®ªà¥áâ­®áâ¨ �j = 1 ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ �(z) =
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c1=(z � 1) +�1(z), £¤¥ �1(z) ®£à ­¨ç¥­ . �®£¤  ¢ á«ãç ¥ A ¤«ï äã­ªæ¨¨ 	(z), ã¤®¢«¥â¢®àïîé¥©
ãá«®¢¨î (11), ¨¬¥¥¬

limRe
�

c1
�(z � 1)

+
�j

�
ln(z � 1)

�
= �1; z ! 1; z 2 D+;

limRe
�

c1
�(z � 1)

+
�j

�
ln(z � 1)

�
= �1; z ! 1; z 2 D�:

�á«¨ z áâà¥¬¨âáï ª �j = 1 ¯® L, â® ¤«ï ¢ë¯®«­¥­¨ï íâ¨å ãá«®¢¨© ­¥®¡å®¤¨¬®, çâ®¡ë
Im(c1=�) = 0, Im(c1=�) = 0; â®£¤  ¯¥à¢ë¥ á« £ ¥¬ë¥ ®£à ­¨ç¥­ë, ®âªã¤  á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

Re(�j=�) > 0; Re(�j=�) > 0; j = 1; r; (14)

çâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® �=� < 0. �­ ç¨â, c1 = 0, çâ® ¯à¨¢®¤¨â á­®¢  ª (14), á«¥¤áâ¢¨¥¬ ç¥£®
¢ á¨«ã (9) ¡ã¤ãâ ­¥à ¢¥­áâ¢  (12).

� á«ãç ¥ B ª ª 	(z), â ª ¨ �(z) ¢ ®ªà¥áâ­®áâ¨ â®çª¨ �1 ®£à ­¨ç¥­ë. �®íâ®¬ã �1 = 0 ()
(13).

� ¬¥â¨¬, çâ® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¢ ®ªà¥áâ­®áâ¨ �j ¨¬¥îâ ¬¥áâ® ¯à¥¤-
áâ ¢«¥­¨ï

[�+(z)]� = (z � �j)�j	+
j (z); [��(z)]� = (z � �j)�j	�j (z); (15)

£¤¥ äã­ªæ¨¨ 	�j (z) ®£à ­¨ç¥­ë ¨ ­¥ ®¡à é îâáï ¢ ­ã«ì ¢ ¯®«ã®ªà¥áâ­®áâïå â®çª¨ �j , j = 1; r.
� ©¤¥¬ à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨, áç¨â ï ãá«®¢¨ï â¥®à¥¬ë 2 ¢ë¯®«­¥­­ë¬¨. �®£¤  ®¯à¥¤¥-

«¥­ë ç¨á«  n+, n� ¨ ç¨á«® � =
rP

j=1
�j ¨§ (9). �­ ï �, ­ å®¤¨¬ �j , j = 1; r, ãç¨âë¢ ï (8), (14).

�à¨ íâ®¬ ¢á¥£¤  ¢®§¬®¦¥­ á«ãç © ®¤­®£® £à ­¨ç­®£® ­ã«ï, ª®£¤  ¯à¨ r = 1 ¡¥à¥¬ �1 = �. �¤®¡-
­¥¥ ¨áª âì à¥è¥­¨¥ ­¥ ¯à¨¢¥¤¥­¨¥¬ ª «¨­¥©­ë¬ § ¤ ç ¬ (7), (8) (çâ®¡ë ¨§¡¥¦ âì ¢ëç¨á«¥­¨ï
¨­â¥£à «®¢),   ¯à¨¬¥­¥­¨¥¬  ­ «¨â¨ç¥áª®£® ¯à®¤®«¦¥­¨ï ¨ ¯à¥¤áâ ¢«¥­¨ï (15) ª ãá«®¢¨ï¬ (2),
(3).

�®«®¦¨¬

f(z) = exp
� rX
j=2

Z
�j�1

(�j=�)�(� � z) d� +
n�X
j=1

Z
bj�1

(�=�)�(� � z) d� +
n+X
j=1

Z
aj�1

�(� � z) d�
�
=

=
[�(z � �1)]{=�

n+Q
j=1

�(z � aj)
rQ

j=1
[�(z � �j)]�j=�

n�Q
j=1

[�(z � bj)]�=�
;

£¤¥ aj�1 2 D+. �¥â¢¨ ¬­®£®§­ ç­ëå ¬­®¦¨â¥«¥© ä¨ªá¨àã¥¬ «¨­¨ï¬¨ ¨­â¥£à¨à®¢ ­¨ï á ãç¥â®¬
(8): bj�1 2 D�,

R
�j�1

(�j=�)�(� �z)d� =
R

�j�1

(mj=�)�(� �z)d�� R
�j�1

kj�(��z)d�� R
�j�1

(�lj=�)�(� �z)d� ,

j = 2; r. � ¯¥à¢®¬ ¨­â¥£à «¥ �j�1 2 D�, ¥á«¨ z 2 D+; �j�1 2 D+, ¥á«¨ z 2 D�, ¢® ¢â®à®¬ ¨­â¥£à «¥
�j�1 2 D+,   ¢ âà¥âì¥¬ | �j�1 2 D�. �®âï äã­ªæ¨ï f(z) à §àë¢­  ¢ D� ¨ ­  L, ®¤­ ª® äã­ªæ¨¨
[f�(z)]��=� ¢ D� ¨ [f(z)]� ­  L n 
 ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨.

� ¯¨è¥¬ ãá«®¢¨¥ (2) ¢ íª¢¨¢ «¥­â­®© ä®à¬¥ [�+(t)f+(t)]� = [��(t)]�[f�(t)]�G(t) ()
�+(t)f+(t) = [��(t)]�=�f�(t)[G(t)]1=� exp(2�iN=�), £¤¥ N | «î¡®¥ æ¥«®¥ ç¨á«®.

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

F1(z) = fF+
1 (z); z 2 D+; F�

1 (z); z 2 D�g;
F+
1 (z) = �+(z)f+(z) exp[��+(z)=�];

F�
1 (z) = [��(z)]�=�f�(z) exp[(2�iN � ��(z))=�];

£¤¥ �(z) = 1
2�i

R
L

lnG(�)�(� � z) d� .
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�ã­ªæ¨ï F1(z) ­¥ ®¡à é ¥âáï ¢ ­ã«ì ¢ R,  ­ «¨â¨ç­  â ¬, â. ª. ­¥ ¨¬¥¥â áª çª  ­  L, ®¤­®-
§­ ç­  ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

F+
1 (t+ !k) = F+

1 (t) exp 
k; t 2 lk; k = 1; 2; (16)

£¤¥


k = �k

� n+X
j=1

(aj � �1) + �
n�X
j=1

(bj � �1)=�+
rX

j=2

�j(�j � �1)=�+
1

2�i�

Z
L
lnG(t)dt

�
:

�à¨â¥à¨¥¬ áãé¥áâ¢®¢ ­¨ï äã­ªæ¨¨ F1(z) á ãá«®¢¨¥¬ (16) ï¢«ï¥âáï (­ ¯à., [9]) à ¢¥­áâ¢®

1!2 � 
2!1 = 2�ie! ()

n+X
j=1

aj +
�
�

n�X
j=1

bj +
rX

j=1

�j�j

�
=� = e! + 
; (17)

£¤¥


 = � 1
2�i�

Z
L

ln[G(t)t{]dt; e! = n1!1 + n2!2; n1; n2 2 Z:

�à¨ ¢ë¯®«­¥­¨¨ (17) ¯®«ãç¨¬ F1(z) = exp(C + e�z) =)
�+(z) = [f+(z)]�1 exp[�+(z)=� + e�z + C]; (18)

��(z) = [f�(z)]��=� expf[��(z) + e�z�+ C�� 2�iN ]=�g; (19)

£¤¥ e� = n1�1 + n2�2, C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�®«ãç¥­ 

�¥®à¥¬  3. �à¨â¥à¨¥¬ à §à¥è¨¬®áâ¨ § ¤ ç¨ (2), (3) ï¢«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 2 ¨ (17).
�à¨ ¨å ¢ë¯®«­¥­¨¨ ¢á¥ à¥è¥­¨ï ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (18), (19).

2. �áá«¥¤®¢ ­¨¥ ãá«®¢¨© à §à¥è¨¬®áâ¨ â¥®à¥¬ë 2

� áá¬®âà¨¬ ¤¢  à §«¨ç­ëå á«ãç ï.
�«ãç © A. �® â¥®à¥¬¥ 2 ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï á ­ã«ï¬¨ ­  ª®­âãà¥

¡ã¤ãâ ­¥à ¢¥­áâ¢  (12). �¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �«ï ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ (12)
1) ¯à¨ Re(�=�) � 0 ­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë ­¥à ¢¥­áâ¢ 

{Re� > 0; Re�Re� > 0; (20)

2) ¯à¨ Re(�=�) < 0 ­¥®¡å®¤¨¬ë ãá«®¢¨ï

Im� Im� < 0; { Im� Im(�=�) > 0; (21)

¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï (20). �à¨ íâ®¬ ¯ àë ­ã«¥© n+; n� ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥

n+ +Re(�=�)n� < Re({=�); Re(�=�)n+ + n� < Re({=�); (22)

¨ ç¨á«® â ª¨å ¯ à ª®­¥ç­®.

�®ª § â¥«ìáâ¢®. �¥à ¢¥­áâ¢  (12) íª¢¨¢ «¥­â­ë á¨áâ¥¬¥ (22). �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©
(20) ¯ à  n+ = 0, n� = 0 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (22). �®ª ¦¥¬ ­¥®¡å®¤¨¬®áâì (20) ¨ (21). �à¨
Re(�=�) � 0 ãá«®¢¨ï (20) á«¥¤ãîâ ¨§ ­¥®âà¨æ â¥«ì­®áâ¨ «¥¢ëå ç áâ¥© ¢ (22). �à¨ Re(�=�) < 0
¨§ (22) ¨¬¥¥¬

n+ < [Re({=�) �Re(�=�)Re({=�)]=[1 �Re(�=�)Re(�=�)];

n� < [Re({=�)�Re(�=�)Re({=�)]=[1 �Re(�=�)Re(�=�)];
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=) { Im� Im(��) > 0, { Im� Im(��) > 0 =) (21). �®­¥ç­®áâì ç¨á«  à¥è¥­¨© á¨áâ¥¬ë (22)
á«¥¤ã¥â ¨§ ª®­¥ç­®áâ¨ ç¨á«  à¥è¥­¨© ª ¦¤®£® ¨§ ¥¥ ­¥à ¢¥­áâ¢. �

� § ª«îç¥­¨¥ ®áâ ­®¢¨¬áï ­  ç áâ­®¬ á«ãç ¥, ª®£¤  r > 1, �j 2 Z, j = 2; r. �¤¥áì ¤«ï
¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ (14) ¯à¨ j = 2; r ¨ ãá«®¢¨ï (12) ­¥®¡å®¤¨¬®, çâ®¡ë ç¨á«  Re�, Re�, �j ,
{ ¨¬¥«¨ ®¤¨­ ª®¢ë© §­ ª. �«ï ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢  (14) ¯à¨ j = 1 ­¥®¡å®¤¨¬® ¤®¡ ¢¨âì

ãá«®¢¨¥
�
{ �

rP
j=2

�j

�
Re� > 0 =)

��� rP
j=2

�j

��� = 1; j{j � 1. �®£¤  á¨áâ¥¬  Re(�1=�) > 0, Re(�1=�) > 0

()

n+ +Re(�=�)n� < Re
��
{ �

rX
j=2

�j

�
=�

�
;

Re(�=�)n+ + n� < Re
��
{ �

rX
j=2

�j

�
=�

� (23)

à §à¥è¨¬  ¢ æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á« å (n+, n�). �¨á«® â ª¨å ¯ à ª®­¥ç­®.

�«ãç © B. �ãáâì r = 1 ¨ �1 ­¥ ï¢«ï¥âáï ­ã«¥¬ à¥è¥­¨ï. �  ¯«®áª®áâ¨ § ¤ ç  ¡¥§ £à ­¨ç­ëå
­ã«¥© à¥è¥­¨ï ¨áá«¥¤®¢ « áì ¢ à ¡®â å [6], [7], [10]{[13] (¢ à ¡®â¥ [12] | ¤«ï  ¢â®¬®àä­ëå
äã­ªæ¨© ¢ á«ãç ¥ ­ã«¥¢®£® à®¤  äã­¤ ¬¥­â «ì­®© ®¡« áâ¨). �¤¥áì ¯® â¥®à¥¬¥ 2 ­¥®¡å®¤¨¬ë¬
ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ ¡ã¤¥â ãà ¢­¥­¨¥ (13).

�¥¬¬  1. �á«¨ Im({=�) 6= 0, â® ãà ¢­¥­¨¥ (13) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

n+ = { Im�=D; n� = �{ Im�=D; (24)

D = Re� Im� � Re � Im�, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à ¢ë¥ ç áâ¨ ¢ (24) | æ¥«ë¥ ­¥®âà¨-

æ â¥«ì­ë¥ ç¨á« .

�¥©áâ¢¨â¥«ì­®, ¢ë¤¥«ïï ¢¥é¥áâ¢¥­­ãî ¨ ¬­¨¬ãî ç áâ¨ ¢ (13), ¯®«ãç¨¬ á¨áâ¥¬ã

n+Re�+ n�Re� = {; n+ Im�+ n� Im� = 0: (25)

�à¨ Im({=�) 6= 0 ¨ D = 0 á¨áâ¥¬  ­¥ ¨¬¥¥â à¥è¥­¨ï. �à¨ D 6= 0 ¨ ãá«®¢¨ïå â¥®à¥¬ë ¨¬¥¥¬
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (24).

�¥¬¬  2. �á«¨ {=� | ¨àà æ¨®­ «ì­®¥ ç¨á«®, â® ãà ¢­¥­¨¥ (13) à §à¥è¨¬® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¯®ª § â¥«ì � ¨¬¥¥â ¢¨¤

� = ({ � �p1)=q1; q1 2 N; p1 2 N [ f0g: (26)

� íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (13) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ n+ = q1, n
� = p1.

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã §¤¥áì n+ 6= 0, â® � = ({ � �n�)=n+ =) (26). �¤¨­áâ¢¥­­®áâì
á«¥¤ã¥â ¨§ ¨àà æ¨®­ «ì­®áâ¨ �.

�¥¬¬  3. �á«¨ {=� = l=k =2 N [ f0g, â® ãà ¢­¥­¨¥ (13) ¨¬¥¥â à¥è¥­¨¥ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  �=� = p=q, d(k; q) = k, ¨ «¨¡® �=� < 0, «¨¡® ¯à¨ �=� > 0 ®âà¥§®ª [(1� en+)=q; en�=p]
á®¤¥à¦¨â æ¥«®¥ ç¨á«®. �¤¥áì (en+; en�)| ¯à®¨§¢®«ì­®¥ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (13) ¢ æ¥«ëå
ç¨á« å. �¡é¥¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

n+ = en+ + qu; n� = en� � pu (27)

¯à¨ «î¡ëå æ¥«ëå u, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

u 2 [(1� en+)=q; en�=p] ¯à¨ p > 0; (28)

u � maxf(1� en+)=q; en�=pg ¯à¨ p < 0: (29)

�¤¥áì p; l 2 Z n f0g, q; k 2 N, d(l; k) = 1, d(p; q) = 1.
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�¥©áâ¢¨â¥«ì­®, ¤«ï {=� =2 N [f0g ¨¬¥¥¬ n+ 6= 0 ¯à¨ n� � 0, ®âªã¤  á«¥¤ã¥â à æ¨®­ «ì­®áâì
�=�, â. ¥. �=� = p=q. �§ (13) ¯®«ãç¨¬

k(pn+ + qn�) = lq: (30)

�§¢¥áâ­® ([14], á. 52), çâ® ªà¨â¥à¨¥¬ à §à¥è¨¬®áâ¨ (30) ¢ æ¥«ëå ç¨á« å ï¢«ï¥âáï à ¢¥­áâ¢®
d(k; q) = k. �ãáâì ®­® ¢ë¯®«­¥­®,   (en+; en�) | ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (30). �®£¤  ¥£® ®¡é¥¥
à¥è¥­¨¥ ¢ æ¥«ëå ç¨á« å ¨¬¥¥â ¢¨¤ (27) ¯à¨ «î¡ëå u 2 Z. �à¥¡ãï ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ n+ � 1,
n� � 0, ¯®«ãç¨¬ (28), (29).

� ¬¥â¨¬, çâ® ¯à¨ �=� = p=q > 0 ¨ d(k; q) = k ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ ãà ¢­¥-
­¨ï (13) ¤«ï n+ � 1, n� � 0 ï¢«ï¥âáï ­¥à ¢¥­áâ¢® {=� � p=q () j{j � j�j,   ¤®áâ â®ç­ë¬ |
{=� � p.

�¥¬¬  4. �á«¨ {=� 2 N[f0g, â® ãà ¢­¥­¨¥ (13) ¢á¥£¤  à §à¥è¨¬® (n+ = 0, n� = {=�). �«ï
áãé¥áâ¢®¢ ­¨ï ¤àã£¨å à¥è¥­¨© ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¡ë«® á¯à ¢¥¤«¨¢® �=� = p=q
¨ «¨¡® �=� < 0, «¨¡® ¯à¨ �=� > 0 ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® {=�p � 1. �á¥ à¥è¥­¨ï ¨¬¥îâ ¢¨¤

n+ = qu, n� = {=� � pu, u = 0; 1; 2; : : : ¯à¨ p < 0; u = 0; [{=�p] ¯à¨ p > 0. �¤¥áì p 2 Z n f0g;
d(p; q) = 1, [x] | æ¥« ï ç áâì x.

�¥à¢ ï ç áâì ãâ¢¥à¦¤¥­¨ï ®ç¥¢¨¤­ . �«ï ­ å®¦¤¥­¨ï ¤àã£¨å à¥è¥­¨© á«¥¤ã¥â ¯®¢â®à¨âì
¯à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï, ¯®« £ ï ¢ ­¨å k = 1, en+ = 0, en� = {=�.

3. �áá«¥¤®¢ ­¨¥ ãá«®¢¨© à §à¥è¨¬®áâ¨ (17)

�¬¥¥â ¬¥áâ®

�¥®à¥¬  5. �à¨ n+ � 2 ãá«®¢¨î (17) ¬®¦­® ã¤®¢«¥â¢®à¨âì ¢á¥£¤ , ®áâ ¢«ïï ¯à®¨§¢®«ì-

­ë¬¨ â®çª¨ aj, j = 3; n+, bj, j = 1; n�, �j, j = 1; r.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ â®£®, çâ® ¢§ï¢ aj 2 lj [ ft1g, j = 1; 2,
¬®¦­® ¯à¥¤áâ ¢¨âì áã¬¬®© a1+a2 «î¡ãî â®çªã ¨§ ¯ à ««¥«®£à ¬¬  T (�), £¤¥ T (z) = z+t1,   § 
áç¥â e! = n1!1+n2!2 | «î¡ãî â®çªã ¯«®áª®áâ¨. �à¨ íâ®¬ æ¥«ë¥ ç¨á«  n1 ¨ n2 ä¨ªá¨àãîâáï. �

�à¨ n+ = 0 ¨ n+ = 1 ¯®«ãç¨¬ ªà¨â¥à¨© ¤«ï äã­ªæ¨¨ G(t), ¯à¨ ª®â®à®¬ áãé¥áâ¢ãîâ â®çª¨
a1 2 �nD�, bj 2 D�, j = 1; n�, �j 2 L, j = 1; r; ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (17). �ç¨â ¥¬ ãá«®¢¨ï

â¥®à¥¬ë 2 ¢ë¯®«­¥­­ë¬¨. �¡®§­ ç¨¬ R1 = j�=�jn� +
rP

j=1
j�j=�j.

�¥®à¥¬  6. �ãáâì n+ = 0. �«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  (17) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®-
¡ë â®çª  
 ¡ë«  ª®­£àãí­â­  â®çª ¬ ª®«ìæ 

2j�jmax=j�j �R1 � jzj � R1; (31)

¯à¨ç¥¬ à ¢¥­áâ¢® á«¥¢  ¤®áâ¨£ ¥âáï â®«ìª® ¯à¨ n� = 0, r � 2,   á¯à ¢  | ¯à¨ n� = 0,
r = 1. �¤¥áì j�jmax = maxfj�j jg. �á«¨ «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  (31) ®âà¨æ â¥«ì­ , â® ª®«ìæ®
¢ëà®¦¤ ¥âáï ¢ ªàã£.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ ãá«®¢¨¨ (17) n� 6= 0, r � 0 ¨«¨ n� = 0, r > 2. �®£¤  ¯à¨ ¢á¥å
¢®§¬®¦­ëå §­ ç¥­¨ïå bj , �j «¥¢ ï ç áâì (17) ¯®ªàë¢ ¥â ¢­ãâà¥­­®áâì ª®«ìæ  (31). �á«¨ n� = 0,
r = 2, â® ¢ (31) ¢®§¬®¦­® á«¥¢  à ¢¥­áâ¢®,   á¯à ¢  ¥£® ­¥ ¡ã¤¥â ¨§-§  â®£®, çâ® ¢á¥ â®çª¨ �j
à §«¨ç­ë. �á«¨ n� = 0, r = 1, â® ¯®«ãç¨¬ ®ªàã¦­®áâì jzj = j{=�j. �¤¥áì «¥¢ ï ¨ ¯à ¢ ï ç áâ¨
¢ (31) á®¢¯ ¤ãâ.

�¥®à¥¬  7. �ãáâì n+ = 1. �®£¤  ¯à¨ R1 > 1, ¢ ç áâ­®áâ¨, ¯à¨ j{=��1j > 1 à ¢¥­áâ¢ã (17)
¬®¦­® ã¤®¢«¥â¢®à¨âì ¯à¨ «î¡®¬ 
. �«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  (17) ¯à¨ R1 � 1 ­¥®¡å®¤¨¬® ¨
¤®áâ â®ç­®, çâ®¡ë â®çª  
 ¡ë«  ª®­£àãí­â­  â®çª¥ ®¡« áâ¨

S = � n fz : jzj � 1�R1g:
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�®ª § â¥«ìáâ¢®. �à¨ ¢á¥å ¢®§¬®¦­ëå §­ ç¥­¨ïå ­ã«¥© à¥è¥­¨ï �(z) «¥¢ ï ç áâì ¢ (17)
¯à¨ n+ = 1 ¨ R1 � 1 ¯®ªàë¢ ¥â ¡¥§ ¯à®¯ãáª®¢ ®¡« áâì S ¨ â®çª¨ ¢ ®ªà¥áâ­®áâ¨ @R; ª®­£àãí­â­ë¥
â®çª ¬ ®¡« áâ¨ S. �à¨ R1 > 1 «¥¢ ï ç áâì ¢ (17) ¯®ªàë¢ ¥â ¯®«­®áâìî � ¨«¨, ¢®§¬®¦­®, ¤àã£®©

¯ à ««¥«®£à ¬¬ ¯¥à¨®¤®¢. � ª ª ª ¢ á¨«ã (9) R1 � j
rP

j=1
�j + �n�j=j�j = j{=�� 1j, â® R1 > 1 ¯à¨

j{=� � 1j > 1. � á«ãç ¥ ®âáãâáâ¢¨ï £à ­¨ç­ëå ­ã«¥© ¨§ (13) ¨¬¥¥¬ R1 = j�=�jn� = j{=� � 1j,
n� = ({ � �)=�, �1 | «î¡ ï â®çª  ­  ®ªàã¦­®áâ¨.

� ¬¥ç ­¨ï. 1�. �®, çâ® ª®­âãà L ï¢«ï¥âáï ¥¤¨­¨ç­®© ®ªàã¦­®áâìî,   ­¥ ¯à®¨§¢®«ì­ë¬
£« ¤ª¨¬ § ¬ª­ãâë¬ ª®­âãà®¬, ¨á¯®«ì§ã¥âáï áãé¥áâ¢¥­­® ¢ ¯. 3 ¤«ï ®¯¨á ­¨ï ®¡« áâ¨ à á¯®«®-
¦¥­¨ï â®çª¨ 
,   â ª¦¥ ¤«ï ã¯à®é¥­¨ï ¨áá«¥¤®¢ ­¨ï ¯®¢¥¤¥­¨ï äã­ªæ¨© ��(z) ¢ ®ªà¥áâ­®áâ¨
£à ­¨ç­ëå ­ã«¥©.

2�. �§ ¯. 2 á«¥¤ã¥â, çâ® ¢ á«ãç ¥ A ç¨á«® ­ã«¥© äã­ªæ¨© ��(z) ¢ D� ®£à ­¨ç¥­®. �®íâ®¬ã
¯®ï¢«¥­¨¥ â ¬ ¡¥áª®­¥ç­®£® ç¨á«  ­ã«¥© à¥è¥­¨ï ¢ ª ç¥áâ¢¥ ¯à¥¤¥«ì­®£® ¢ à¨ ­â  ­¥¢®§¬®¦­®.
� á«ãç ¥ B, â. ¥. ®âáãâáâ¢¨ï £à ­¨ç­ëå ­ã«¥©, ­¥®£à ­¨ç¥­­®¥ ç¨á«® ­ã«¥© ¢®§¬®¦­® ¢ á¨«ã (13)
â®«ìª® ¯à¨ �� < 0. �® â®£¤  ¯à¨ n+ !1, n� !1, ¢®-¯¥à¢ëå, ­ã«¨ à¥è¥­¨ï ¤®«¦­ë á£ãé âìáï
ª £à ­¨ç­®© â®çª¥,   §­ ç¨â, ¢ ­¥© à¥è¥­¨¥ ¡ã¤¥â ¨¬¥âì ­ã«ì, ¯à ¢¤ , ­¥¨§®«¨à®¢ ­­ë©. �®-
¢â®àëå, «¨¡® G(t) = 0 ­  L (¯à¨ Re� 6= 0, Re� 6= 0), «¨¡® argG(t) áâ ­®¢¨âáï ­¥®£à ­¨ç¥­­ë¬
(¯à¨ Re� = Re � = 0). �âáî¤  ¬®¦­® á¤¥« âì ¯à¥¤¯®«®¦¥­¨¥, çâ® äã­ªæ¨ï �(z) ¨¬¥¥â «¨èì
ª®­¥ç­®¥ ç¨á«® ­ã«¥©.

�à¨¬¥à. �áá«¥¤ã¥¬ § ¤ çã á ªà ¥¢ë¬ ãá«®¢¨¥¬

[�+(t)]1+i = 5t�3[��(t)]
p
3; (32)

¯¥à¨®¤ ¬¨ !1 = 2; 1; !2 = 4i, ¢¥àè¨­®© t1 = �(!1 + !2)=2. �¤¥áì � = 1 + i, � =
p
3, { = 3, 
 = 0.

� áá¬®âà¨¬ ¤¢  à §«¨ç­ëå á«ãç ï.
�«ãç © A. �¨áâ¥¬  (22) ¨¬¥¥â ¢¨¤

2n+ +
p
3n� < 3; n+ +

p
3n� < 3

=)
n
n+ = 0, n� = 0, � =

rP
j=1

�j = 3
o
, fn+ = 1, n� = 0, � = 2 � ig, fn+ = 0, n� = 1, � = 3 �p3g.

�£à ­¨ç¨¬áï ®âëáª ­¨¥¬ à¥è¥­¨© á ®¤­¨¬ £à ­¨ç­ë¬ ­ã«¥¬ ¨ r > 1 £à ­¨ç­ë¬¨ ­ã«ï¬¨, ª®£¤ 
�j 2 Znf0g, j = 2; r. �âáî¤  á ãç¥â®¬ (23) ¯®«ãç¨¬ á¥¬ì ¢®§¬®¦­ëå ¢ à¨ ­â®¢: 1) n+ = 0, n� = 0,
�1 = 3; 2) n+ = 1, n� = 0, �1 = 2�i; 3) n+ = 0, n� = 1, �1 = 3�p3; 4) n+ = 0, n� = 1, �1 = 2�p3,
�2 = 1; 5) n+ = 0, n� = 0, �1 = 2, �2 = 1; 6) n+ = 0, n� = 0, �1 = 1, �2 = 2; 7) n+ = 0, n� = 0,
�1 = �2 = �3 = 1. � áá¬®âà¨¬ ãá«®¢¨¥ (17). �® â¥®à¥¬¥ 6 ¢ á«ãç ¥ 1) § ¤ ç  ­¥ à §à¥è¨¬ .
� á«ãç ¥ 2) ¯® â¥®à¥¬¥ 7 § ¤ ç  ¨¬¥¥â à¥è¥­¨¥. � ©¤¥¬ ¯à®¨§¢®« ¢ à á¯®«®¦¥­¨¨ ¥£® ­ã«¥©.
�á«®¢¨¥ (17) ¨¬¥¥â ¢¨¤ a1+(1�3i)�1=2 = e!. �âáî¤  ®¯à¥¤¥«ï¥âáï ¬­®¦¥áâ¢® L� � L ¤®¯ãáâ¨¬ëå
­ã«¥© �1 : arctg 3+arg z1 < arg �1 < arctg 3�arg z1+�; arctg 3+arg z1�� < arg �1 < arctg 3�arg z1,
£¤¥ z1 = L1 \ L2, Im z1 > 0, L1 : jtj =

p
10=2, L2 : jt� 2; 1j = 1. �à¨ �1 2 L� ¨ â®«ìª® â®£¤  â®çª 

a1 2 D+ ¨«¨ a1 ª®­£àãí­â­  â®çª¥ ¨§ D+. �à¨ ¯®áâà®¥­¨¨ à¥è¥­¨ï (18), (19) á«¥¤ã¥â ¡à âìe! = 0.
� ®áâ «ì­ëå á«ãç ïå, £¤¥ n+ = 0, ¯à¨¬¥­¨¬ â¥®à¥¬ã 6. � á«ãç ¥ 4) ¨§ (31) ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

jzj < 3
p
2=2; (33)

  ¨§ (17) | à ¢¥­áâ¢®
p
3b1 + (2�

p
3)�1 + �2 = e!(1 + i): (34)

� ªàã£ (33) ¯®¯ ¤ îâ âà¨ â®çª¨-¯¥à¨®¤ë e! = 0; e! = �!1. � ¦¤ ï ¨§ ­¨å ®¯à¥¤¥«ï¥â à¥è¥­¨¥.
�á«®¢¨¥ (34) ¤ ¥â ®¡« áâì D�

b � D� ¯à®¨§¢®«ì­®£® à á¯®«®¦¥­¨ï ­ã«ï b1:
D�

b = fz 2 C j 1�p3=3 � jzj < p3� 1g ¯à¨ e! = 0;
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D�
b = D1 \D� ¯à¨ e! = !1; D

�
b = D2 \D� ¯à¨ e! = �!1, £¤¥

D1 = fz 2 C
�� jz � !1(1 + i)=

p
3j < p3� 1g, D2 = fz 2 C

�� jz + !1(1 + i)=
p
3j < p3� 1g.

� ¦¤®¬ã b1 2 D�
b á®®â¢¥âáâ¢ãîâ ¨§ (34) ¤¢¥ ¯ àë ­ã«¥© �1 ¨ �2. �«ãç © 3) ¬®¦­® áç¨â âì

¯à¥¤¥«ì­ë¬ ¤«ï 4) ¯à¨ �1 = �2. �¤¥áì D�
b = fz 2 C

�� jzj = p
3 � 1g ¯à¨ e! = 0; D�

b = @D1 \D�

¯à¨ e! = !1; D
�
b = @D2 \D� ¯à¨ e! = �!1. �¤¥áì ª ¦¤®¬ã b1 2 D�

b á®®â¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­ë©
­ã«ì �1 ¨§ ãá«®¢¨ï

p
3b1 + (3�p3)�1 = e!(1 + i).

� á«ãç ¥ 7) ¨§ (31) ¨¬¥¥¬ (33),   ¨§ (17) | à ¢¥­áâ¢®

3X
j=1

�j = e!(1 + i): (35)

�à¨ e! = 0 ¨¬¥¥¬ ­ã«¨ �1, �1 exp(2�i=3), �1 exp(�2�i=3), £¤¥ �1 | «î¡ ï â®çª  ¤ã£¨ 0 � arg �1 <
2�=3. �à¨ e! = !1 à áá¬®âà¨¬ âà¥ã£®«ì­¨ª z1z2z3, £¤¥ z1 = !1(1 + i), z2 = 0,   z3 = �1 + �2
| ¯®¤¢¨¦­ ï â®çª . �à¨ �1 = �2 ®¡®§­ ç¨¬ ®áâàë¥ ã£«ë ¯à¨ ¢¥àè¨­¥ zj ç¥à¥§ 'j , j = 1; 2.
�ç¥¢¨¤­®, ¥á«¨ �2 = �3, âà¥ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ z1, z2, �1 ¨¬¥¥â ¯à¨ z1 ã£®« '2,   ¯à¨ z2 |
ã£®« '1. �ã«¨ �j , j = 1; 3, ¢ á¨«ã (35) ¬®£ãâ «¥¦ âì â®«ìª® ­  ¤ã£¥ L3 = ft 2 C j �=4 � '1 <
arg t < �=4 + '1g. � ¦¤®¬ã �1 2 L3 á®®â¢¥âáâ¢ã¥â ®¤­  ¯ à  à §«¨ç­ëå �2 ¨ �3. �¤­ ª® ¨ §¤¥áì
­¥ ¢á¥ íâ¨ âà®©ª¨ ¤ îâ à §­ë¥ à¥è¥­¨ï § ¤ ç¨ (32), ¨¡® áà¥¤¨ ­¨å ¡ã¤ãâ âà®©ª¨, ®â«¨ç îé¨¥áï
¯¥à¥áâ ­®¢ª®© ­ã«¥©. �®íâ®¬ã ¯à®¨§¢®« ¢ ¨§¬¥­¥­¨¨ �1 ¬¥­ìè¥: �=4 � '2 < arg �1 < �=4 + '2.
�à¨ e! = �!1 ¨¬¥¥¬ á®®â¢¥âáâ¢¥­­® ­ã«¨ á ¯à®â¨¢®¯®«®¦­ë¬¨ §­ ª ¬¨.

� á«ãç ¥ 5) ¨§ (31) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢a
p
2=2 < jzj < 3

p
2=2; (36)

  ¨§ (17) | à ¢¥­áâ¢® 2�1+�2 = e!(1+i). � ª®«ìæ® (36) ¯®¯ ¤ îâ ¤¢¥ â®çª¨ e! = �!1. � áá¬ âà¨¢ ï
íâ®â á«ãç © ª ª ¯à¥¤¥«ì­ë© ¤«ï 7) ¯à¨ ¤¢ãå á®¢¯ ¤ îé¨å ­ã«ïå, ¯®«ãç¨¬ ¯à¨ e! = !1 ¤¢  ­ã«ï
(�1; �2) = (exp i(�=4�'2); exp i(�=4+'1)) ¨ (exp i(�=4+'2); exp i(�=4�'1)). �à¨ e! = �!1 ¨¬¥¥¬
¥é¥ ¤¢  ­ã«ï á ¯à®â¨¢®¯®«®¦­ë¬¨ §­ ª ¬¨. �, ­ ª®­¥æ, ¢ á«ãç ¥ 6) ¯®«ãç¨¬ â¥ ¦¥ à¥è¥­¨ï
§ ¤ ç¨ (32), çâ® ¨ ¢ 5), ¨¡® §¤¥áì ­ã«¨ �1 ¨ �2 ¬¥­ïîâáï ¬¥áâ ¬¨.

�«ãç © B. �á«¨ r = 1, â®çª  �1 ­¥ ï¢«ï¥âáï ­ã«¥¬ à¥è¥­¨ï, â® ¯® «¥¬¬¥ 2 § ¤ ç  ­¥ ¨¬¥¥â
à¥è¥­¨ï.
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