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�à¨ ¢ëç¨á«¥­¨¨ ¨­â¥£à «®¢ ¨ à¥è¥­¨¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (á¬., ­ ¯à., [1], [2] ¨ ¡¨-
¡«¨®£à ä¨î ¢ ­¨å) ç áâ® ¨á¯®«ì§ã¥âáï ª¢ ¤à âãà­ ï ä®à¬ã« 

1Z
�1

f(�)d�p
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nX0

k=0

f(�k) +Rn(f); n 2 N; (1)

£¤¥ f(�) 2 C[�1; 1], Rn(f) | ®áâ â®ç­ë© ç«¥­, èâà¨å ã §­ ª  áã¬¬ë §¤¥áì ¨ ¤ «¥¥ ®§­ ç ¥â, çâ®
¯à¨ k = 0 ¨ k = n á®®â¢¥âáâ¢ãîé¨¥ ¥¥ á« £ ¥¬ë¥ á«¥¤ã¥â à §¤¥«¨âì ­  2, ã§«ë

�k = cos �k; �k =
k�

n
; k = 0; n; n 2 N; (2)

| íªáâà¥¬ «ì­ë¥ â®çª¨ ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  ¯¥à¢®£® à®¤  Tn(�) = cosn arccos � , �1 � � � 1,
  N | ¬­®¦¥áâ¢® ¢á¥å ­ âãà «ì­ëå ç¨á¥«.

�¨¦¥ ãáâ ­ ¢«¨¢ îâáï áâàãªâãà­ë¥ ¨  ¯¯à®ªá¨¬ â¨¢­ë¥ á¢®©áâ¢  ä®à¬ã«ë (1) ¤«ï äã­ª-
æ¨¨ f(�) ¨§ à §«¨ç­ëå ª« áá®¢.

�¥®à¥¬  1. �¢ ¤à âãà­ ï ä®à¬ã«  (1) â®ç­  ¤«ï «î¡®£® ¬­®£®ç«¥­  áâ¥¯¥­¨ ­¥ ¢ëè¥

2n � 1. �à®¬¥ â®£®, ®­  â®ç­  ¤«ï ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  ¯¥à¢®£® à®¤  Tl(�) = cos l arccos �
áâ¥¯¥­¥© l = l(n), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

2nr + 1 � l � 2n(r + 1)� 1; n 2 N; (3)

£¤¥ r | ¯à®¨§¢®«ì­®¥ ­ âãà «ì­®¥ ç¨á«®.

�®ª § â¥«ìáâ¢®. �¥à¢ãî ç áâì â¥®à¥¬ë, ª ª ¨§¢¥áâ­® ([3], c. 117{118), ¤®áâ â®ç­® ¤®ª § âì
¤«ï ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  Tl(t), l = 0; 1; : : : ; 2n� 1. �à¨ l = 0 ¨¬¥¥¬

Rn(1) =
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1 = � � � = 0:

�ãáâì 1 � l � 2n� 1. �®£¤ , ¨á¯®«ì§ãï á®®â­®è¥­¨ï (1) ¨ (2), «¥£ª® ­ å®¤¨¬
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sin(l� + �l=2)
2 sin(�l=2)

� 1
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cos l�

�
= 0;

£¤¥ Dn(�) | ï¤à® �¨à¨å«¥ ¯®àï¤ª  n. � â® ¦¥ ¢à¥¬ï «¥£ª® ¯®ª § âì, çâ®

Rn(T2n) =
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�1

T2n(�)d�p
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k=0

T2n(�k) = 0� �

n

nX0

k=0

cos 2k� = �1 6= 0:

� ª¨¬ ®¡à §®¬,  «£¥¡à ¨ç¥áª ï áâ¥¯¥­ì â®ç­®áâ¨ ª¢ ¤à âãà­®© ä®à¬ã«ë (1) à ¢­  2n� 1.
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� «¥¥, ¤«ï ¢á¥å l, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ (3), «¥£ª® ­ å®¤¨¬

Rn(Tl) =

1Z
�1

Tl(�)d�p
1� � 2

� �

n

nX0

k=0

Tl(�k) = 0� �

n

nX0

k=0

cos k�l = ��

n

�
Dn(�l)� 1

2
cos l�

�
= 0:

� ¬¥ç ­¨¥. �â¢¥à¦¤¥­¨¥,  ­ «®£¨ç­®¥ ¢â®à®© ç áâ¨ â¥®à¥¬ë 1, á¯à ¢¥¤«¨¢® â ª¦¥ ¤«ï
ª¢ ¤à âãà­®© ä®à¬ã«ë �à¬¨â  (­ ¯à., [2], [3]) á ã§« ¬¨ tk = cos 2k�1

2n
�, k = 1; n, ï¢«ïîé¥©áï

ä®à¬ã«®© ­ ¨¢ëáè¥©  «£¥¡à ¨ç¥áª®© áâ¥¯¥­¨ â®ç­®áâ¨.

�¥®à¥¬  2. �á«¨ äã­ªæ¨ï f(t) ¨¬¥¥â ­  [�1; 1] ®£à ­¨ç¥­­ãî ¯à®¨§¢®¤­ãî ¯®àï¤ª  2n, â®
¤«ï ®áâ â®ç­®£® ç«¥­  ª¢ ¤à âãà­®© ä®à¬ã«ë (1) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

Rn(f) = � �

22n�1
f (2n)(�)
(2n)!

;

£¤¥ � | ­¥ª®â®à ï â®çª  ¨§ ¨­â¥à¢ «  (�1; 1).
�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ H(�) ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ �à¬¨â , ®¤­®§­ ç­®

®¯à¥¤¥«ï¥¬ë© ¯® ãá«®¢¨ï¬ (­ ¯à., [2], [3])

H(�k) = f(�k); k = 0; n; H 0(�k) = f 0(�k); k = 1; n� 1; (4)

£¤¥ ã§«ë �k ¯à¨¢¥¤¥­ë ¢ (2). �®£¤  ¢ á¨«ã (2), (4) á¯à ¢¥¤«¨¢  ä®à¬ã« 

r(�) � f(�)�H(�) =
f (2n)(�)
(2n)!


(�); �1 � � � 1;

£¤¥


(�) = (� � �0)(� � �1)
2 � � � (� � �n�1)

2(� � �n) = (� 2 � 1)
U 2
n�1(�)
22n�2

= � 1
22n�2

sin2 n arccos �;

  Um(�) = (1 � � 2)�1=2 sin(m + 1) arccos � | ¬­®£®ç«¥­ë �¥¡ëè¥¢  ¢â®à®£® à®¤  áâ¥¯¥­¨ m.
�®íâ®¬ã

r(�) = �f (2n)(�)
(2n)!

1
22n�2

sin2 n arccos � = �f (2n)(�)
(2n)!

1� � 2

22n�2
U 2
n�1(�); �1 � � � 1: (5)

�â¥¯¥­ì ¬­®£®ç«¥­  H(�) à ¢­  2n� 1 , ¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 1 ¨ ãá«®¢¨© (4) ¨¬¥¥¬
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�âáî¤  ¢ á¨«ã (1) ¨ (5) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬
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22n�2
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:

�¥®à¥¬  3. �¢ ¤à âãà­ ï ä®à¬ã«  (1) áå®¤¨âáï ¤«ï «î¡®© äã­ªæ¨¨ f(�), ¨­â¥£à¨àã¥¬®©
¯® �¨¬ ­ã ­  [�1; 1]. �á«¨ ¦¥ f(�) 2 C[�1; 1], â® áª®à®áâì áå®¤¨¬®áâ¨ ¬®¦¥â ¡ëâì ®¯à¥¤¥-

«¥­  ­¥à ¢¥­áâ¢®¬

jRn(f)j � 2�E2n�1(f); n 2 N; (6)

£¤¥ E2n�1(f) | ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f(�)  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥-

­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ 2n� 1.
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�®ª § â¥«ìáâ¢®. �¥à¢ ï ç áâì â¥®à¥¬ë ®ç¥¢¨¤­  ¢ á¨«ã â®£®, çâ® ª¢ ¤à âãà­ ï áã¬¬  ¢
(1) ï¢«ï¥âáï ®¤­®© ¨§ ¨­â¥£à «ì­ëå áã¬¬ �¨¬ ­  ¤«ï ¨­â¥£à «  ¨§ (1).

�ãáâì Q(�) | ¯à®¨§¢®«ì­ë©  «£¥¡à ¨ç¥áª¨© ¬­®£®ç«¥­ áâ¥¯¥­¨ ­¥ ¢ëè¥ 2n � 1. �®£¤  ¨§
â¥®à¥¬ë 1 ¨ ä®à¬ã«ë (1) ¤«ï «î¡®© äã­ªæ¨¨ f 2 C[�1; 1] ­ å®¤¨¬

jRn(f)j �
����

1Z
�1

f(�)�Q(�)p
1� � 2

d�

����+ �

n

����
nX0

k=0

[Q(�k)� f(�k)]
���� �

� � max
�1���1

jf(�)�Q(�)j+ � max
0�k�n

jQ(�k)� f(�k)j � 2�kf �Qk;

£¤¥ k�k| ­®à¬  ¢ ¯à®áâà ­áâ¢¥ C[�1; 1]. �âáî¤  ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ ¬­®£®ç«¥­ Q(�) á«¥¤ã¥â
®æ¥­ª  (6).

�â¬¥â¨¬, çâ® â¥®à¥¬  3 ¨ ¯àï¬ë¥ â¥®à¥¬ë â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨© (­ ¯à., [4], [5])
¯®§¢®«ïîâ ãáâ ­®¢¨âì áª®à®áâì áå®¤¨¬®áâ¨ ¨ íää¥ªâ¨¢­ë¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ª¢ ¤à âãà­®©
ä®à¬ã«ë (1) ¢ § ¢¨á¨¬®áâ¨ ®â áâàãªâãà­ëå á¢®©áâ¢ äã­ªæ¨¨ f(�) 2 C[�1; 1].

�à¨¢¥¤¥­­ë¥ ¢ëè¥ ãâ¢¥à¦¤¥­¨ï ¤®¯®«­ïîâáï á«¥¤ãîé¨¬¨ ¤¢ã¬ï â¥®à¥¬ ¬¨.

�¥®à¥¬  4. �á«¨ äã­ªæ¨ï f(�) ¨¬¥¥â ­  [�1; 1] ¢â®àãî ®£à ­¨ç¥­­ãî ¯à®¨§¢®¤­ãî, â® ¤«ï

®áâ â®ç­®£® ç«¥­  ª¢ ¤à âãà­®© ä®à¬ã«ë (1) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

Rn(f) =
�3

12n2
f�f 0(� ) + (� 2 � 1)f 00(� )g; n 2 N; (7)

£¤¥ � | ­¥ª®â®à ï â®çª  ¨§ ¨­â¥à¢ «  (�1; 1).
�®ª § â¥«ìáâ¢®. �®« £ ï

� = cos �; �1 � � � 1; 0 � � � �; ef(�) = f(cos �); (8)

¨§ (1) ¨ (2) ­ å®¤¨¬ ä®à¬ã«ã

�Z
0

ef(�)d� = �

n

nX0

k=0

ef(�k) +Rn( ef); n 2 N; (9)

ï¢«ïîéãîáï ª¢ ¤à âãà­®© ä®à¬ã«®© âà ¯¥æ¨© á ã§« ¬¨ �k = k�=n (k = 0; n) ¤«ï äã­ªæ¨¨ef(�) 2 C[0; �]. � á¨«ã (1), (2), (7) ¨ (8) ¨¬¥¥¬ Rn(f) = Rn( ef). �á­®, çâ® äã­ªæ¨ï ef(�) ¨¬¥¥â
¢â®àãî ®£à ­¨ç¥­­ãî ¯à®¨§¢®¤­ãî ¢ [0; �] ¨ ¢ á¨«ã (8)

ef 00(�) = (1� � 2)f 00(�)� �f 0(�): (10)

�®íâ®¬ã (­ ¯à., [3], c. 101) ¤«ï ª¢ ¤à âãà­®© ä®à¬ã«ë (9) ¨¬¥¥¬

Rn( ef) = � �3

12n2
ef 00(�); (11)

£¤¥ � | ­¥ª®â®à ï â®çª  ¨§ ¨­â¥à¢ «  (0; �). �ç¥¢¨¤­®, cos � = � , � 2 (�1; 1). �®£¤  ¨§ á®®â­®-
è¥­¨© (8){(11) á«¥¤ã¥â (7).

�¥®à¥¬  5. �á«¨ áãé¥áâ¢ã¥â f (r)(�) 2 C[�1; 1] (r = 0 ¨ 1; f (0) = f); â® ¤«ï ®áâ â®ç­®£®

ç«¥­  ª¢ ¤à âãà­®© ä®à¬ã«ë (1) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

jRn(f)j � �

�
�

4n

�r

!

�
dr ef(�)
d�r

;
�

n

�
; n 2 N; (12)

£¤¥ !(�; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ �(�) 2 C[0; �] á è £®¬ � 2 (0; �].
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�®ª § â¥«ìáâ¢®. �«ï äã­ªæ¨¨ ef(�) 2 C[0; �] ®¡®§­ ç¨¬ ç¥à¥§ S1
n( ef ; �) ¨­â¥à¯®«ïæ¨®­­ë©

á¯« ©­ ¯¥à¢®© áâ¥¯¥­¨ ¯® ã§« ¬ �k = k�=n (k = 0; n). �§¢¥áâ­®, çâ®

S1
n( ef ; �) =

nX
k=0

ef(�k)sk(�);
£¤¥ sk(�) = sk;n(�), k = 0; n, | äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë, ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã« ¬¨

s0;n(�) =

8<
:
�1 � �

�1 � �0
; �0 � � � �1;

0; � � �1;

sn;n(�) =

8><
>:
0; � � �n�1;
� � �n�1
�n � �n�1

; �n�1 � � � �n;

sk;n(�) =

8>>>>><
>>>>>:

� � �k�1
�k � �k�1

; �k�1 � � � �k;

�k+1 � �

�k+1 � �k
; �k � � � �k+1;

0; � =2 [�k�1; �k+1]

(k = 1; n� 1):

�®£¤  «¥£ª® ­ å®¤¨¬
�Z
0

ef(�)d� =
�Z
0

S1
n( ef ; �)d� +Qn( ef) = �

n

nX0

k=0

ef(�k) +Qn( ef); n 2 N; (13)

£¤¥ Qn( ef) | á®®â¢¥âáâ¢ãîé¨© ®áâ â®ç­ë© ç«¥­. �§ ä®à¬ã« (1), (2), (8), (9), (13) ­ å®¤¨¬

Rn(f) = Rn( ef) = Qn( ef) =
�Z
0

[ ef(�)� S1
n( ef ; �)]d�: (14)

�®áª®«ìªã f (r) 2 C[�1; 1], â® ef (r)(�) 2 C[0; �]. �®íâ®¬ã (­ ¯à., [5]) à ¢­®¬¥à­® ®â­®á¨â¥«ì­®
� 2 [0; �] ¨¬¥¥¬

j ef(�)� S1
n( ef ; �)j �

�
�

4n

�r

!

�
dr ef(�)
d�r

;
�

n

�
; n 2 N;

£¤¥ r = 0 ¨ 1. �âáî¤  ¨ ¨§ (14) á«¥¤ã¥â ­¥à ¢¥­áâ¢® (12).
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