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�¢¥¤¥­¨¥

�®«ìè¨¥ ¤¨­ ¬¨ç¥áª¨¥ á¨áâ¥¬ë, ¯®¢¥¤¥­¨¥ ª®â®àëå ®¯¨áë¢ ¥âáï ¡®«ìè¨¬ ç¨á«®¬ ®¡ëª­®-
¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢áâà¥ç îâáï ¢® ¬­®£¨å ¯à¨«®¦¥­¨ïå. �­¨ ¢®§­¨ª îâ ¨
¯à¨ ®¯â¨¬ «ì­®¬ ã¯à ¢«¥­¨¨ á¨áâ¥¬ ¬¨ á § ¯ §¤ë¢ ­¨ï¬¨, á¨áâ¥¬ ¬¨ á à á¯à¥¤¥«¥­­ë¬¨ ¯ -
à ¬¥âà ¬¨. �¨­â¥§ ®¯â¨¬ «ì­ëå ®¡à â­ëå á¢ï§¥© ¤«ï â ª¨å á¨áâ¥¬ ¯à¥¤áâ ¢«ï¥â ¢¥áì¬  á«®¦-
­ãî § ¤ çã.

� ¤ ­­®© à ¡®â¥ ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¡®«ìè¨¬¨ á¨áâ¥¬ ¬¨ ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî
¯à¨­æ¨¯  ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ [1]. �®£« á­® ¥¬ã ®¯â¨¬ «ì­ë¥ ®¡à â­ë¥ á¢ï§¨ ­¥
áâà®ïâáï § à ­¥¥ (¤® ­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï), ¨å â¥ªãé¨¥ §­ ç¥­¨ï, ­¥®¡å®¤¨¬ë¥ ¤«ï
ã¯à ¢«¥­¨ï, ¢ëç¨á«ïîâáï ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¯® å®¤ã ¯à®æ¥áá  ã¯à ¢«¥­¨ï. �«ï ¤¨-
­ ¬¨ç¥áª¨å á¨áâ¥¬ ã¬¥à¥­­®© à §¬¥à­®áâ¨ ¯à¨­æ¨¯ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥-
¬¥­¨ à¥ «¨§®¢ ­ ¢ [2]{[4]. �à¨ íâ®¬ á ¯®¢ëè¥­¨¥¬ à §¬¥à­®áâ¨ á¨áâ¥¬ à áâ¥â ¨ âàã¤®¥¬ª®áâì
®¯¥à æ¨©, çâ® âà¥¡ã¥â ¯à¨¢«¥ç¥­¨ï ¢ëç¨á«¨â¥«ì­ëå ãáâà®©áâ¢ ¡®«ìè¥© ¬®é­®áâ¨. �®­ïâ­®,
çâ® ¢á¥£¤  áãé¥áâ¢ã¥â â ª ï à §¬¥à­®áâì á¨áâ¥¬ë ã¯à ¢«¥­¨ï, ¯à¨ ª®â®à®© ¤®áâã¯­ë¥ ¢ëç¨-
á«¨â¥«ì­ë¥ ãáâà®©áâ¢  ­¥ á¯à ¢«ïîâáï á ­¥®¡å®¤¨¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¢ à¥ «ì­®¬ ¢à¥¬¥­¨.

�¥«ì ¤ ­­®© à ¡®âë | ®¯¨á âì ¬¥â®¤ë à á¯ à ««¥«¨¢ ­¨ï ¢ëç¨á«¥­¨©, ¯®§¢®«ïîé¨¥ ®¯â¨-
¬ «ì­® ã¯à ¢«ïâì ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ ¡®«ìè¨¬¨ á¨áâ¥¬ ¬¨. �àã£¨¥ á¯®á®¡ë ã¯à ¢«¥­¨ï ¡®«ì-
è¨¬¨ á¨áâ¥¬ ¬¨ ®¯¨á ­ë ¢ [5], [6].

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á¨áâ¥¬ã ã¯à ¢«¥­¨ï, ¯®¢¥¤¥­¨¥ ª®â®à®© ­  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨ T = [t�; t�] ®¯¨-
áë¢ ¥âáï ãà ¢­¥­¨¥¬

_x = A(t)x+ b(t)u; x(t�) = x0; (1)

£¤¥ x = x(t) 2 Rn | á®áâ®ï­¨¥ á¨áâ¥¬ë ã¯à ¢«¥­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t; u = u(t) 2 R| §­ ç¥­¨¥
ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï; A(t) 2 Rn�n, b(t) 2 Rn; t 2 T; | ªãá®ç­®-­¥¯à¥àë¢­ë¥ ¬ âà¨ç­ ï ¨
¢¥ªâ®à­ ï äã­ªæ¨¨.

�ã¤¥¬ áç¨â âì, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï A(t), t 2 T , ¨¬¥¥â á¯¥æ¨ «ì­ãî áâàãªâãàã (à¨á.1).
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�¨á. 1

�«ï á¨áâ¥¬ë (1) ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©1 á ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h
à áá¬®âà¨¬ «¨­¥©­ãî § ¤ çã â¥à¬¨­ «ì­®£® ã¯à ¢«¥­¨ï

c0x(t�)! max;

_x = A(t)x+ b(t)u; x(t�) = x0; (2)

g� � Hx(t�) � g�; ju(t)j � 1; t 2 T

(H 2 Rm�n; g�; g
� 2 Rm):

�¨áªà¥â­®¥ ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ u(t), t 2 T , ã¤®¢«¥â¢®àïîé¥¥ ®£à ­¨ç¥­¨î ju(t)j � 1,
t 2 T , ¡ã¤¥¬ ­ §ë¢ âì ¯à®£à ¬¬®© (¤®¯ãáâ¨¬ë¬ ¯à®£à ¬¬­ë¬ ã¯à ¢«ïîé¨¬ ¢®§¤¥©áâ¢¨¥¬),
¥á«¨ á®®â¢¥âáâ¢ãîé ï ¥¬ã âà ¥ªâ®à¨ï x(t), t 2 T , á¨áâ¥¬ë (1) ¢ ¬®¬¥­â ¢à¥¬¥­¨ t� ¯®¯ ¤ ¥â ­ 
â¥à¬¨­ «ì­®¥ ¬­®¦¥áâ¢® x(t�) 2 X� = fx 2 Rn : g� � Hx � g�g.

�à®£à ¬¬  u0(t), t 2 T , ¨ âà ¥ªâ®à¨ï x0(t), t 2 T , ­ §ë¢ îâáï ®¯â¨¬ «ì­ë¬¨ (¯à®£à ¬¬­ë¬
à¥è¥­¨¥¬ § ¤ ç¨ (2)), ¥á«¨ ¢¤®«ì ­¨å ªà¨â¥à¨© ª ç¥áâ¢  ¤®áâ¨£ ¥â ¬ ªá¨¬ «ì­®£® §­ ç¥­¨ï:
c0x0(t�) = max

u
c0x(t�).

�à¨ § ¤ ­­®¬ " � 0 áã¡®¯â¨¬ «ì­ë¥ ("-®¯â¨¬ «ì­ë¥) ¯à®£à ¬¬ã u"(t), t 2 T , ¨ âà ¥ªâ®à¨î
x"(t), t 2 T , ®¯à¥¤¥«¨¬ ­¥à ¢¥­áâ¢®¬ c0x0(t�)� c0x"(t�) � ".

�«ï ®¯à¥¤¥«¥­¨ï ¯®§¨æ¨®­­®£® à¥è¥­¨ï (®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï â¨¯  ®¡à â­®© á¢ï§¨)
§ ¤ ç¨ (2) ¯®£àã§¨¬ ¥¥ ¢ á¥¬¥©áâ¢® § ¤ ç

c0x(t�)! max;

_x = A(t)x+ b(t)u; x(�) = z; (3)

g� � Hx(t�) � g�; ju(t)j � 1; t 2 T (�) = [�; t�];

§ ¢¨áïé¥¥ ®â áª «ïà  � 2 Th ¨ ¢¥ªâ®à  z 2 Rn.
�ãáâì u0(t j �; z), t 2 T (�), | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (3) ¤«ï ¯®§¨æ¨¨ (�; z); X� |

¬­®¦¥áâ¢® á®áâ®ï­¨© z, ¤«ï ª®â®àëå áãé¥áâ¢ãîâ ¯à®£à ¬¬­ë¥ à¥è¥­¨ï § ¤ ç¨ (3).
�ã­ªæ¨î

u0(�; z) = u0(� j �; z); z 2 X� ; � 2 Th; (4)

­ §®¢¥¬ ®¯â¨¬ «ì­ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ (¯®§¨æ¨®­­ë¬ à¥è¥­¨¥¬
§ ¤ ç¨ (2), ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§ìî).

�¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ (4) ®¯à¥¤¥«ï¥âáï ¯® ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (1), ­® ¯à¥¤­ §­ ç¥­®
¤«ï ã¯à ¢«¥­¨ï à¥ «ì­®© (ä¨§¨ç¥áª®©) á¨áâ¥¬®©. � ¬ª­¥¬ ¯®á«¥¤­îî ®¯â¨¬ «ì­®© ®¡à â­®©

1�ã­ªæ¨ï u(t), t 2 T , ­ §ë¢ ¥âáï [3] ¤¨áªà¥â­®© á ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h = (t� � t�)=N (N| ­ âã-
à «ì­®¥ ç¨á«®), ¥á«¨ u(t) � u(�); t 2 [�; � + h[; � = Th = ft�; t� + h; : : : ; t� � hg.
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á¢ï§ìî (4) ¨ § ¯¨è¥¬ ¯®¢¥¤¥­¨¥ § ¬ª­ãâ®© á¨áâ¥¬ë ¢ á«¥¤ãîé¥© ä®à¬¥:

_x = A(t)x+ b(t)u0(t; x) + w; x(t�) = x0; (5)

£¤¥ u0(t; x(t)) = u0(�; x(�)), t 2 [�; � + h[, � 2 Th; w | á®¢®ªã¯­®áâì ç«¥­®¢, ®¯¨áë¢ îé¨å
­¥â®ç­®áâ¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï ¨ ¯®áâà®¥­¨ï ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨,   â ª¦¥
¢®§¬ãé¥­¨ï, ¤¥©áâ¢ãîé¨¥ ­  ä¨§¨ç¥áªãî á¨áâ¥¬ã ¢ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï. �«ï ªà âª®áâ¨ ¡ã¤¥¬
¢ ¤ «ì­¥©è¥¬ w ­ §ë¢ âì ¢®§¬ãé¥­¨¥¬.

�®¤ âà ¥ªâ®à¨¥© ­¥«¨­¥©­®© § ¬ª­ãâ®© á¨áâ¥¬ë (5) ¯®­¨¬ ¥âáï à¥è¥­¨¥ «¨­¥©­®£® ¤¨ää¥-
à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï _x = A(t)x+ b(t)u(t) + w, x(t�) = x0, á u(t) � u0(t; x(t)), t 2 T .

� áá¬®âà¨¬ ¯®¢¥¤¥­¨¥ § ¬ª­ãâ®© á¨áâ¥¬ë (5) ¢ ª®­ªà¥â­®¬ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï, ¯® å®¤ã
ª®â®à®£® à¥ «¨§ã¥âáï ­¥¨§¢¥áâ­®¥ ®£à ­¨ç¥­­®¥ ªãá®ç­®-­¥¯à¥àë¢­®¥ ¢®§¬ãé¥­¨¥ w�(t), t 2 T .
�­® ¯®à®¤¨â âà ¥ªâ®à¨î x�(t), t 2 T , ã¤®¢«¥â¢®àïîéãî â®¦¤¥áâ¢ã

_x�(t) � A(t)x�(t) + b(t)u0(t; x�(t)) + w�(t); x�(t�) = x0; t 2 T:

�ã­ªæ¨î u�(t), t 2 T :

u�(t) � u�(�) = u0(�; x�(�)) = u0(� j �; x�(�)); t 2 [�; � + h[; � 2 Th;

­ §®¢¥¬ à¥ «¨§ æ¨¥© ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ (4) ¢ ª®­ªà¥â­®¬ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï.
�®«ãç¥­¨¥ ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© u�(t), t 2 T , á ¯®¬®éìî § à ­¥¥ (¤® ­ ç «  ¯à®æ¥á-

á  ã¯à ¢«¥­¨ï) á¨­â¥§¨à®¢ ­­®© ®¡à â­®© á¢ï§¨ (4) ­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ ã¯à ¢«¥­¨¥¬ ¯®
¯à¨­æ¨¯ã ®¡à â­®© á¢ï§¨. �â  ¯à®¡«¥¬  ¤® á¨å ¯®à ®áâ ¥âáï ­¥à¥è¥­­®© ¤ ¦¥ ¤«ï á¨áâ¥¬ (1)
ã¬¥à¥­­®© à §¬¥à­®áâ¨.

�¥«ì ¤ ­­®© à ¡®âë| ®¯¨á âì ¬¥â®¤ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ ¡®«ìè¨-
¬¨ á¨áâ¥¬ ¬¨ (1), ¯à¨ ª®â®à®¬ ®¯â¨¬ «ì­ ï ®¡à â­ ï á¢ï§ì (4) ­¥ áâà®¨âáï,   â¥ªãé¨¥ §­ ç¥­¨ï
u�(�), � 2 Th, ¥¥ à¥ «¨§ æ¨¨ ¢ëç¨á«ïîâáï ¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ � 2 Th §  ¢à¥¬ï,
­¥ ¯à¥¢®áå®¤ïé¥¥ h.

2. �¯®à­ ï ¯à®£à ¬¬  ¨ á®¯à®¢®¦¤ îé¨¥ ¥¥ í«¥¬¥­âë

�à¥¤¢ à¨â¥«ì­® ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥ ¯®­ïâ¨ï [7]. �á¯®«ì§ãï ä®à¬ã«ã �®è¨

x(t) = F (t; t�)x0 +
Z t

t�

F (t; #)b(#)u(#)d# (6)�
F (t; #) = F (t)F�1(#); F (t) 2 Rn�n : _F = A(t)F; F (t�) = E

�
;

§ ¯¨è¥¬ § ¤ çã (2) ¢ íª¢¨¢ «¥­â­®© äã­ªæ¨®­ «ì­®© ä®à¬¥X
s2Th

ch(s)u(s)! max; g�(t�) �
X
s2Th

dh(s)u(s) � g�(t�); ju(s)j � 1; s 2 Th; (7)

£¤¥ ch(s), dh(s), s 2 Th; g�(t�), g�(t�) áâà®ïâáï \¤¨­ ¬¨ç¥áª¨" á ¯®¬®éìî äã­ªæ¨©  c(t), G(t),
t 2 T , ¯à¥¤áâ ¢«ïîé¨å à¥è¥­¨ï á®¯àï¦¥­­ëå ãà ¢­¥­¨©

_ 0c = � 0cA(t);  c(t
�) = c; _G = �GA(t); G(t�) = H;

¯® ä®à¬ã« ¬

ch(s) =
Z s+h

s

 0c(t)b(t)dt; dh(s) =
Z s+h

s

G(t)b(t)dt; s 2 Th; (8)

g�(t�) = g� �G(t�)x0; g�(t�) = g� �G(t�)x0:

� ¤ ç  «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (7) ¨¬¥¥â m ®á­®¢­ëå ¤¢ãáâ®à®­­¨å ®£à ­¨ç¥­¨©-­¥-
à ¢¥­áâ¢, N ¯¥à¥¬¥­­ëå ¨ ¯«®â­® § ¯®«­¥­­ãî ¬ âà¨æã ãá«®¢¨© (dh(s), s 2 Th). �á«¨ ¯¥à¨®¤
ª¢ ­â®¢ ­¨ï h ¤®áâ â®ç­® ¡®«ìè®©, â® à §¬¥àë m �N § ¤ ç¨ (7) ­¥¢¥«¨ª¨ ¨ ®­  ¬®¦¥â ¡ëâì
à¥è¥­  áâ ­¤ àâ­ë¬¨ ¬¥â®¤ ¬¨ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ ­¥¡®«ìè®£®

5



®¡ê¥¬  ®¯¥à â¨¢­®© ¯ ¬ïâ¨ §  ¢à¥¬ï, ­¥ ¯à¥¢®áå®¤ïé¥¥ h. �¤­ ª®, ¯à¨ ¬ «ëå ¯¥à¨®¤ å ª¢ ­-
â®¢ ­¨ï h § ¤ ç  (7) áâ ­®¢¨âáï \¯®«ã¡®«ìè®©", ¤«ï åà ­¥­¨ï ¥¥ ¯ à ¬¥âà®¢ âà¥¡ã¥âáï ¡®«ìè®©
®¡ê¥¬ ®¯¥à â¨¢­®© ¯ ¬ïâ¨, á®á¥¤­¨¥ áâ®«¡æë dh(s), dh(s + h) ¥¥ ¬ âà¨æë ãá«®¢¨© áâ ­®¢ïâáï
¯®çâ¨ ª®««¨­¥ à­ë¬¨, çâ® § âàã¤­ï¥â ¡ëáâà®¥ à¥è¥­¨¥ § ¤ ç¨ áâ ­¤ àâ­ë¬¨ ¬¥â®¤ ¬¨.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ®¯¨á ­¨î íää¥ªâ¨¢­ëå ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (2) á ãç¥â®¬ ¥¥
¤¨­ ¬¨ç¥áª®© ¯à¨à®¤ë ¨ áâàãªâãàë ¬®¤¥«¨ (1), ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ­¥®¡å®¤¨¬ë¥ ¯®­ïâ¨ï.

�á­®¢­ë¬ ¨­áâàã¬¥­â®¬ ¯à¥¤« £ ¥¬ëå ¬¥â®¤®¢ ï¢«ï¥âáï ®¯®à . �ë¤¥«¨¬ ¢ I = f1; 2; : : : ;mg
¨ ¢ Th â ª¨¥ ­¥¯ãáâë¥ ¯®¤¬­®¦¥áâ¢  I®¯, T®¯, çâ® jI®¯j = jT®¯j ¨ ­¥ ¢ëà®¦¤¥­  ¬ âà¨æ 

D®¯ = D(I®¯; T®¯) =
�
dhi(s); s 2 T®¯
i 2 I®¯

�
(dhi(s) | i- ï ª®¬¯®­¥­â  ¢¥ªâ®à  dh(s)).

� àã K®¯ = fI®¯; T®¯g ­ §®¢¥¬ ®¯®à®©. � á«ãç ¥ I®¯ = T®¯ = ; á®¢®ªã¯­®áâì K®¯ = fI®¯; T®¯g
| ¯ãáâ ï ®¯®à  ¯® ®¯à¥¤¥«¥­¨î. � àã fu(�);K®¯g ¨§ ¯à®£à ¬¬ë u(�) = (u(t); t 2 T ) ¨ ®¯®àë
K®¯ ¡ã¤¥¬ ­ §ë¢ âì ®¯®à­®© ¯à®£à ¬¬®©.

�¯®à­ãî ¯à®£à ¬¬ã fu(�);K®¯g á®¯à®¢®¦¤ îâ á«¥¤ãîé¨¥ í«¥¬¥­âë.
1. �®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï x(t), t 2 T , ¨ ¢ëå®¤­®© á¨£­ « z = Hx(t�).
2. �¥ªâ®à ¯®â¥­æ¨ «®¢ � = (�®¯; �­): �­ = (�i; i 2 I­) = 0, I­ = I n I®¯; �®¯ = (�i; i 2 I®¯) |

à¥è¥­¨¥ ¢¥ªâ®à­®£® ãà ¢­¥­¨ï

� 0
®¯
D®¯ = c0

®¯
; c®¯ = (ch(s); s 2 T®¯): (9)

�á«¨ ®¯®à  ¯ãáâ ï, â® � = 0.
3. �®âà ¥ªâ®à¨ï  (t), t 2 T , | à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï _ 0 = � 0A(t) á ­ ç «ì­ë¬

ãá«®¢¨¥¬  0(t�) = c0 � � 0H.
4. �®¯à®£à ¬¬ 

�h(s) =
Z s+h

s

�(t)dt; s 2 Th; �(t) =  0(t)b(t); t 2 T: (10)

� ¬®¬¥­âë s 2 T®¯ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® �h(s) = 0, T®¯ | ¬­®¦¥áâ¢® ®¯®à­ëå ­ã«¥©
ª®¯à®£à ¬¬ë. �­®¦¥áâ¢® ­¥®¯®à­ëå ­ã«¥© ª®¯à®£à ¬¬ë ®¯à¥¤¥«ï¥âáï ª ª

T­0 = fs 2 Th n t� : �h(s� h)�h(s) < 0g:

5. �á¥¢¤®¯à®£à ¬¬  !(s), s 2 Th. �­ ç «  § ¤ îâáï §­ ç¥­¨ï ¯á¥¢¤®¯à®£à ¬¬ë ¢ ­¥®¯®à­ë¥
¬®¬¥­âë !(s) = sign �h(s), s 2 T­ = Th n T®¯. � â¥¬ ­ å®¤ïâáï ®¯®à­ë¥ ª®¬¯®­¥­âë ¯á¥¢¤®¯à®-
£à ¬¬ë !®¯ = (!(s), s 2 T®¯) ¨§ ãà ¢­¥­¨ï D®¯!®¯ = �®¯ � H®¯{0(t�), £¤¥ �®¯ = (�i; i 2 I®¯):
�i = g�i, ¥á«¨ �i < 0; �i = g�i , ¥á«¨ �i > 0; �i 2 [g�i; g�i ], ¥á«¨ �i = 0; i 2 I®¯; H®¯ | ¬ âà¨æ , á®áâ -
¢«¥­­ ï ¨§ áâà®ª hi, i 2 I®¯, ¬ âà¨æë H; {0(t�) | á®áâ®ï­¨¥ (6) ¢ ¬®¬¥­â t� ¯à¨ ã¯à ¢«ïîé¥¬
¢®§¤¥©áâ¢¨¨ u(t) = !(s), t 2 [s; s+ h[, s 2 T­; u(t) = 0, t 2 [s; s+ h[, s 2 T®¯.

6. �á¥¢¤®âà ¥ªâ®à¨ï {(t); t 2 T , | à¥è¥­¨¥ ãà ¢­¥­¨ï (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t�) = x0
¨ ã¯à ¢«ïîé¨¬ ¢®§¤¥©áâ¢¨¥¬ u(t) = !(s), t 2 [s; s+ h[, s 2 Th.

7. �ëå®¤­®© ¯á¥¢¤®á¨£­ « � = H{(t�).
�¥£ã«ïà­®© ­ §®¢¥¬ ®¯®àã K®¯, á®¯à®¢®¦¤ îé¨¥ í«¥¬¥­âë ª®â®à®© ã¤®¢«¥â¢®àïîâ á®®â­®-

è¥­¨ï¬ �i 6= 0, i 2 I®¯; �h(s) 6= 0, s 2 T­; �h(s � h)�h(s + h) < 0, ¥á«¨ s 2 T®¯, t� < s < t� � h;
�h(t� + h) 6= 0, ¥á«¨ t� 2 T®¯; �h(t� � 2h) 6= 0, ¥á«¨ t� � h 2 T®¯.

3. �à¨â¥à¨© áã¡®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë
¨ ªà¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë

�¢¥¤¥­­ë¥ ¯®­ïâ¨ï ¨á¯®«ì§ãîâáï ¯à¥¦¤¥ ¢á¥£® ¤«ï ä®à¬ã«¨à®¢ª¨ ªà¨â¥à¨¥¢ áã¡®¯â¨¬ «ì-
­®áâ¨ ¯à®£à ¬¬ë ¨ ®¯â¨¬ «ì­®áâ¨ ®¯®àë, ¢ëâ¥ª îé¨å ¨§ á®®â¢¥âáâ¢ãîé¨å ªà¨â¥à¨¥¢ ¤«ï § -
¤ ç «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï [7].
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�à¨­æ¨¯ "-¬ ªá¨¬ã¬ . �à¨ «î¡®¬ " � 0 ¤«ï "-®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë u(t), t 2 T , ¨
á®®â¢¥âáâ¢ãîé¥© âà ¥ªâ®à¨¨ x(t), t 2 T , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª®© ®¯®àë
K®¯, çâ® ­  í«¥¬¥­â å, á®¯à®¢®¦¤ îé¨å ®¯®à­ãî ¯à®£à ¬¬ã fu(�);K®¯g, ¢ë¯®«­ïîâáï

1) ãá«®¢¨¥ ª¢ §¨¬ ªá¨¬ã¬  ¤«ï ¯à®£à ¬¬ëZ s+h

s

 0(t)b(t)dt u(s) = max
juj�1

Z s+h

s

 0(t)b(t)dt u � "u(s); s 2 T­;

2) ãá«®¢¨¥ ª¢ §¨âà ­á¢¥àá «ì­®áâ¨ ­  ¯à ¢®¬ ª®­æ¥ âà ¥ªâ®à¨¨

�izi = max
g�i�z�g�i

�iz � "zi; i 2 I®¯;

3) ãá«®¢¨¥ "-â®ç­®áâ¨ X
s2T­

"u(s) +
X
i2I®¯

"zi � ":

�à¨ " = 0 ãâ¢¥à¦¤¥­¨¥ ­ §ë¢ ¥âáï ¯à¨­æ¨¯®¬ ¬ ªá¨¬ã¬ . �¯®à  K®¯, ® ª®â®à®© ¨¤¥â à¥çì
¢ ¯à¨­æ¨¯¥ ¬ ªá¨¬ã¬ , ¨¤¥­â¨ä¨æ¨àã¥â ®¯â¨¬ «ì­ãî ¯à®£à ¬¬ã u0(t), t 2 T , ¨ ­ §ë¢ ¥âáï
®¯â¨¬ «ì­®©; ¥¥ á®¯à®¢®¦¤ îâ ®¯â¨¬ «ì­ë¥ í«¥¬¥­âë.

�§ ¯®áâà®¥­¨ï ¯á¥¢¤®¯à®£à ¬¬ë !(t), t 2 T , ¢¨¤­®, çâ® íâ  äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã
¬ ªá¨¬ã¬ , ®¤­ ª® ­  ­¥© ¨ ¯®à®¦¤¥­­®© ¥î ¯á¥¢¤®âà ¥ªâ®à¨¨ {(t), t 2 T , ¬®£ãâ ­ àãè âìáï
¯àï¬ë¥ ®à£ ­¨ç¥­¨ï ju(s)j � 1 ¢ ®¯®à­ë¥ ¬®¬¥­âë s 2 T®¯ «¨¡® â¥à¬¨­ «ì­ë¥ ®£à ­¨ç¥­¨ï
g�i � h0ix(t

�) � g�i ¤«ï ­¥®¯®à­ëå ¨­¤¥ªá®¢ i 2 I­. �âáî¤  á«¥¤ã¥â
�à¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë. �«ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë K®¯ ­¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç­®, çâ®¡ë ­  ­¥ª®â®àëå á®¯à®¢®¦¤ îé¨å ¥¥ ¯á¥¢¤®¯à®£à ¬¬¥ !(s), s 2 Th, ¨ ¢ëå®¤­®¬
¯á¥¢¤®á¨£­ «¥ � ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

j!(s)j � 1; s 2 T®¯; g�i � �i � g�i ; i 2 I­: (11)

�ª § ­­ ï ¯á¥¢¤®¯à®£à ¬¬  ï¢«ï¥âáï ®¯â¨¬ «ì­®© ¯à®£à ¬¬®© § ¤ ç¨ (2):

u0(t) = !(s); t 2 [s; s+ h[; s 2 Th:

4. �¢ §¨¤¥ª®¬¯®§¨æ¨ï äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨©

� ®á­®¢ã ¬¥â®¤  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ ¡®«ìè¨¬¨ á¨áâ¥¬ ¬¨ (1)
¯®«®¦¨¬ ¯à®æ¥¤ãàã ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ ¥¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© F (t), t 2 T . �®
¨§¡¥¦ ­¨¥ ¢ ®¡é¥¬ á«ãç ¥ á«®¦­ëå ®¡®§­ ç¥­¨© ®£à ­¨ç¨¬áï ç áâ­ë¬ á«ãç ¥¬ á¨áâ¥¬ë (1)
¢¨¤ 

_xi =
n1X
k=1

aik(t)xk + ai(t)xn1+1 + bi(t)u; xi(t�) = x0i; i = 1; n1;

_xi =
nX

k=n1+1

aik(t)xk + ai(t)x1 + bi(t)u; xi(t�) = x0i; i = n1 + 1; n;

(12)

£¤¥ aik(t), ai(t), bi(t), t 2 T , i; k = 1; n, | ªãá®ç­®-­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.
�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  à¥è¥­¨© F (t) = (fij(t); i; j = 1; n), t 2 T , á¨áâ¥¬ë (12) ¤«ï ª ¦¤®-

£® j = 1; n ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

_fij =
n1X
k=1

aik(t)fkj + ai(t)fn1+1 j ; i = 1; n1;

_fij =
nX

k=n1+1

aik(t)fkj + ai(t)f1j ; i = n1 + 1; n;
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á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ fij(t�) = �ij , £¤¥ �ij = 1 ¯à¨ i = j, �ij = 0 ¯à¨ i 6= j, i; j = 1; n (á¨¬¢®«
�à®­¥ª¥à ).

� ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥­¨ï äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© ­ã¦­® ¯ à ««¥«ì­®
¯à®¨­â¥£à¨à®¢ âì n á¨áâ¥¬ ¨§ n ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �®¤ ª¢ §¨¤¥-
ª®¬¯®§¨æ¨¥© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© ¡ã¤¥¬ ¯®­¨¬ âì áª®«ì ã£®¤­® â®ç­ãî ¥¥  ¯-
¯à®ªá¨¬ æ¨î äã­ªæ¨ï¬¨ ~fij(t), t 2 T , i; j = 1; n, ¤«ï ¢ëç¨á«¥­¨ï ª®â®àëå ¤®áâ â®ç­® ¯ à «-
«¥«ì­® ¨­â¥£à¨à®¢ âì á¨áâ¥¬ë ­¥ ¡®«¥¥ ç¥¬ n1 ¨ n2 = n�n1 ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©.

�à®æ¥¤ãàã ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ ­ ç­¥¬ á  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨© fn1+1 j(t), f1j(t), t 2 T ,
j = 1; n. �«ï íâ®£® ¯à®¬¥¦ãâ®ª T à §®¡ì¥¬ ­  ç áâ¨ T s, s = 1; s�, ­  ª ¦¤®© ¨§ ª®â®àëå  ¯-
¯à®ªá¨¬¨àã¥¬ ãª § ­­ë¥ äã­ªæ¨¨ ª®­¥ç­®-¯ à ¬¥âà¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨. �®¢®ªã¯­®áâì ¯®-
«ãç¥­­ëå â ª¨¬ ®¡à §®¬ äã­ªæ¨© ®¡®§­ ç¨¬ ç¥à¥§ pn1+1 j(t), p1 j(t), t 2 T , j = 1; n.

�ë¡¥à¥¬ ¬®¬¥­âë t0 = t� < t1 < t2 < � � � < tq� < tq�+1 = t�. �à®¨­â¥£à¨àã¥¬ á¨áâ¥¬ã
(1) ­  ¢á¥¬ ¯à®¬¥¦ãâª¥ ã¯à ¢«¥­¨ï T ¨ § ¯®¬­¨¬ §­ ç¥­¨ï F (tq), q = 1; q� + 1 (F (t0) = E).
�®áâà®¨¬ äã­ªæ¨¨ �ij(t), t 2 T , i = 2; n1, j = 1; n, ¯à®¨­â¥£à¨à®¢ ¢ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_�ij =
n1X
k=2

aik(t)�kj + ai1(t)p1j(t) + ai(t)pn1+1 j(t); i = 2; n1; (13)

­  ¯à®¬¥¦ãâª å [tq; tq+1[ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �ij(tq)=fij(tq), i=2; n1, j=1; n, q=0; q�; ¨ äã­ª-
æ¨¨ �ij(t), t 2 T , i = n1 + 2; n, j = 1; n, ¯à®¨­â¥£à¨à®¢ ¢ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©

_�ij =
nX

k=n1+2

aik(t)�kj + ai(t)p1j(t) + ai n1+1(t)pn1+1 j(t); i = n1 + 2; n; (14)

­  ¯à®¬¥¦ãâª å [tq; tq+1[ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �ij(tq) = fij(tq), i = n1 + 2; n, j = 1; n, q = 0; q�.
�«ï «î¡®£® � > 0 ¬®¦­® ¯®¤®¡à âì ãç áâª¨ T s, s = 1; s�, ª®«¨ç¥áâ¢® ¯ à ¬¥âà®¢  ¯¯à®ªá¨-

¬ æ¨¨ ­  ­¨å äã­ªæ¨© f1j(t), fn1+1 j(t), t 2 T , j = 1; n, ¨ ¬®¬¥­âë tq, q = 1; q�, â ª¨¬ ®¡à §®¬,
çâ®¡ë äã­ªæ¨¨ p1j(t), pn1+1 j(t), �ij(t), i; j = 1; n, t 2 T ,  ¯¯à®ªá¨¬¨à®¢ «¨ í«¥¬¥­âë äã­¤ ¬¥­-
â «ì­®© ¬ âà¨æë à¥è¥­¨© F (t), t 2 T , á â®ç­®áâìî �, â. ¥. çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

jf1j(t)� p1j(t)j � �; jfn1+1 j(t)� pn1+1j(t)j � �;

jfij(t)� �ij(t)j � �; t 2 T; i = 2; n1; i = n1 + 2; n; j = 1; n:

� âà¨æã

eF (t) =

0BBBBBBBBBBB@

p11(t) : : : p1n(t)
�21(t) : : : �2n(t)

: : : : : : : : : : : : : : : : : : : : :
�n11(t) : : : �n1n(t)
pn1+11(t) : : : pn1+1n(t)
�n1+21(t) : : : �n1+2n(t)
: : : : : : : : : : : : : : : : : : : : :
�n1(t) : : : �nn(t)

1CCCCCCCCCCCA
(15)

­ §®¢¥¬ ª¢ §¨¤¥ª®¬¯®§¨æ¨¥© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (12) ¢ ¬®¬¥­â ¢à¥-
¬¥­¨ t 2 T .
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5. �á¯®¬®£ â¥«ì­ë¥ ¯®áâà®¥­¨ï

� ¤ «ì­¥©è¥¬ ¤«ï ¢ëç¨á«¥­¨ï §­ ç¥­¨© í«¥¬¥­â®¢ (8) ¨ ª®¯à®£à ¬¬ë (10) ¢ ¬®¬¥­âë s 2 Th
¡ã¤¥¬ ¯®«ì§®¢ âìáï (à ¡®ç¨¬¨) ä®à¬ã« ¬¨

ch(s) = c0F (t�)
Z s+h

s

eF�1(t)b(t)dt; dh(s) = HF (t�)
Z s+h

s

eF�1(t)b(t)dt; s 2 Th;

�h(s) = (c0 � � 0H)F (t�)
Z s+h

s

eF�1(t)b(t)dt: (16)

�®¯à®£à ¬¬ã �h(s) ¤«ï ¢á¥å s 2 Th ¢ëç¨á«¨¬ «¨èì ®¤­ ¦¤ë, ¤® ­ ç «  à ¡®âë  «£®à¨â¬ .
�à¨ íâ®¬ ¢ëç¨á«¨¬ ¨ á®åà ­¨¬ ¤«ï ¨á¯®«ì§®¢ ­¨ï ­  ¨â¥à æ¨ïå ç¨á«® 
 = sign �h(t�), ¥á«¨
t� 2 T­; 
 = sign �h(t� + h), ¥á«¨ t� 2 T®¯; ¨ ¬­®¦¥áâ¢® ­¥®¯®à­ëå ­ã«¥© ª®¯à®£à ¬¬ë T­0.

�® ¬­®¦¥áâ¢ã T0 = T®¯
S
T­0

S
ft�; t

�g = fsk; k = 0; k� + 1g ®¯®à­ëå ¨ ­¥®¯®à­ëå ­ã«¥©
ª®¯à®£à ¬¬ë ¨ ª®­æ®¢ ¯à®¬¥¦ãâª  ã¯à ¢«¥­¨ï ®¯à¥¤¥«¨¬ ¯à®¬¥¦ãâª¨ Tk, k = 0; k�, §­ ª®¯®-
áâ®ï­áâ¢  ª®¯à®£à ¬¬ë:

Tk = [sk; sk+1 � h]; ¥á«¨ sk =2 T®¯; Tk = [sk + h; sk+1 � h]; ¥á«¨ sk 2 T®¯

(¥á«¨ t� � h 2 T®¯, â® áç¨â ¥âáï Tk� = ;). �®£¤  !(s) = (�1)k
, s 2 Tk, k = 0; k�.
�®áâà®¨¬ ¢¥ªâ®à

p = HF (t�)x0 +
k�X
k=0

(�1)k
HF (t�)
Z
t2Tk

eF�1(t)b(t)dt:

�â®â ¢¥ªâ®à ¡ã¤¥¬ åà ­¨âì ¨ ¨á¯®«ì§®¢ âì ­  ¨â¥à æ¨ïå ¤«ï ¢ëç¨á«¥­¨ï §­ ç¥­¨© ¯á¥¢¤®¯à®-
£à ¬¬ë ¢ ®¯®à­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨

D®¯!®¯ = �®¯ � p®¯; p®¯ = (pi; i 2 I®¯); (17)

¨ ¢ëå®¤­®£® ¯á¥¢¤®á¨£­ « 

� = p+Dj®¯j!®¯; Dj®¯j = (dh(s); s 2 T®¯): (18)

�«ï ¤ «ì­¥©è¥£® ¨á¯®«ì§®¢ ­¨ï ­  ¨â¥à æ¨ïå á®åà ­¨¬ á«¥¤ãîéãî ¨­ä®à¬ æ¨î: 1) ®¯®à-
­ãî ¯à®£à ¬¬ã fu(�); K®¯g (¤«ï ¯àï¬®£® ¬¥â®¤ ) ¨«¨ ®¯®àã K®¯ (¤«ï ¤¢®©áâ¢¥­­®£® ¬¥â®¤ );
2) ¬ âà¨æã Dj®¯j; 3) ¢¥ªâ®à ¯®â¥­æ¨ «®¢ �; 4) ç¨á«® 
; 5) ¬­®¦¥áâ¢® ­¥®¯®à­ëå ­ã«¥© ª®¯à®-
£à ¬¬ë T­0; 6) §­ ç¥­¨ï eF (s), s 2 T®¯

S
T­0; 7) ¢¥ªâ®à p; 8) §­ ç¥­¨ï ¯á¥¢¤®¯à®£à ¬¬ë !(s) ¢

®¯®à­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ s 2 T®¯; 9) ¢ëå®¤­®© ¯á¥¢¤®á¨£­ « �.
�áâ¥áâ¢¥­­®© å à ªâ¥à¨áâ¨ª®© íää¥ªâ¨¢­®áâ¨ ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç ®¯â¨¬ «ì­®£® ã¯à -

¢«¥­¨ï ï¢«ï¥âáï ª®«¨ç¥áâ¢® ¯®«­ëå (­  ¢á¥¬ ¯à®¬¥¦ãâª¥ T ) ¨­â¥£à¨à®¢ ­¨© á¨áâ¥¬ ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­¥®¡å®¤¨¬®¥ ¤«ï ¯®áâà®¥­¨ï ®¯â¨¬ «ì­®£® (áã¡®¯â¨¬ «ì-
­®£®) ã¯à ¢«¥­¨ï [8]. � á¢ï§¨ á íâ¨¬ §  ¥¤¨­¨æã âàã¤®¥¬ª®áâ¨ k-£® à §àï¤  ¬¥â®¤®¢ ¢®§ì¬¥¬
®¤­® ¨­â¥£à¨à®¢ ­¨¥ á¨áâ¥¬ë ¨§ k ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ­  ¯à®¬¥¦ãâª¥ T . � ª á«¥¤ã-
¥â ¨§ ¯à¥¤«®¦¥­­ëå ¢ëè¥ ¯à ¢¨« ¯®áâà®¥­¨ï ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë
¨ ¨­ä®à¬ æ¨¨ 1){9), âàã¤®¥¬ª®áâì íâ¨å ®¯¥à æ¨© à ¢­  ®¤­®© ¥¤¨­¨æ¥ n-£® à §àï¤  ¨ ¤¢ã¬
¥¤¨­¨æ ¬ à §àï¤  nmax = maxfn1 � 1; n2 � 1g.

6. �àï¬®© ¬¥â®¤ ¯®áâà®¥­¨ï áã¡®¯â¨¬ «ì­ëå ¯à®£à ¬¬

�àï¬ë¥ ¬¥â®¤ë ¯®áâà®¥­¨ï áã¡®¯â¨¬ «ì­ëå ¯à®£à ¬¬ æ¥«¥á®®¡à §­® ¨á¯®«ì§®¢ âì ¢ â¥å á¨-
âã æ¨ïå, ª®£¤  ¨¬¥¥âáï ¤®áâ â®ç­® å®à®è ï ­ ç «ì­ ï ¯à®£à ¬¬  ¨ ¯à®¡«¥¬  á®áâ®¨â ¢ ­¥¡®«ì-
è®¬ ¥¥ ã«ãçè¥­¨¨ ¤® áã¡®¯â¨¬ «ì­®© ¯à®£à ¬¬ë. �à¥¤« £ ¥¬ë© ¯àï¬®© ¬¥â®¤ ¯à¥¤áâ ¢«ï¥â
¯®á«¥¤®¢ â¥«ì­®¥ ã«ãçè¥­¨¥ ®¯®à­ëå ¯à®£à ¬¬

fu1(�); K1
®¯
g ! fu2(�); K2

®¯
g ! � � � ! fuK(�); KK

®¯
g;
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¯à¨ ª®â®à®¬ ­ ç «ì­ ï ®¯®à­ ï ¯à®£à ¬¬  ¯à®¨§¢®«ì­ ,   ª®­¥ç­ ï ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î
áã¡®¯â¨¬ «ì­®áâ¨. �¡é ï ¨â¥à æ¨ï ¬¥â®¤ 

fu(�); K®¯g ! fu(�); K®¯g (19)

®á­®¢ ­  ­  ã¬¥­ìè¥­¨¨ ®æ¥­ª¨ áã¡®¯â¨¬ «ì­®áâ¨ �(u(�); K®¯) = c0{(t�)� c0x(t�):

�(u(�); K®¯) � �(u(�); K®¯):

�â¥à æ¨î (19) á®áâ ¢¨¬ ¨§ ¤¢ãå ¯à®æ¥¤ãà: 1) ¯à®æ¥¤ãàë § ¬¥­ë ¯à®£à ¬¬ë u(�) ! u(�)
á®£« á­® ¯à¨­æ¨¯ã ã¬¥­ìè¥­¨ï ¬¥àë ­¥®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë �(u(�)) = c0x0(t�) � c0x(t�),
çâ® íª¢¨¢ «¥­â­® ¢ë¯®«­¥­¨î ­¥à ¢¥­áâ¢  c0x(t�) � c0x(t�); 2) ¯à®æ¥¤ãàë § ¬¥­ë ®¯®àë K®¯ !
K®¯ á®£« á­® ¯à¨­æ¨¯ã ã¬¥­ìè¥­¨ï ¬¥àë ­¥®¯â¨¬ «ì­®áâ¨ ®¯®àë �(K®¯) = c0{(t�) � c0{0(t�)
(íª¢¨¢ «¥­â­® c0{(t�) � c0{(t�)) [7].

�â¥à æ¨î (19) ­ ç­¥¬ á ¯à®¢¥àª¨ ªà¨â¥à¨ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë. �á«¨ ¢ë¯®«­ïîâáï ­¥à -
¢¥­áâ¢  (11), â® K®¯ | ®¯â¨¬ «ì­ ï ®¯®à  ¨ à¥è¥­¨¥ § ¤ ç¨ (2) § ¢¥àè ¥âáï ­  ®¯â¨¬ «ì­®©
¯à®£à ¬¬¥ u0(t) � !(t), t 2 T . � ¯à®â¨¢­®¬ á«ãç ¥ ¢ëç¨á«¨¬ ®æ¥­ªã áã¡®¯â¨¬ «ì­®áâ¨ ®¯®à-
­®© ¯à®£à ¬¬ë �(u(�); K®¯). � á«ãç ¥ �(u(�); K®¯) � " à¥è¥­¨¥ § ¤ ç¨ (2) ¯à¥ªà é ¥âáï ­ 
áã¡®¯â¨¬ «ì­®© ¯à®£à ¬¬¥ u"(t) = u(t), t 2 T .

�ãáâì �(u(�);K®¯) > ". �®áâà®¨¬ ¤®¯ãáâ¨¬®¥ ­ ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï ¯à®£à ¬¬ë l(s) =
!(s)� u(s), s 2 Th, ¨ ¢ëç¨á«¨¬ ­®¢ãî ¯à®£à ¬¬ã u(s) = u(s) + �0l(s), s 2 Th, £¤¥

�0 = minf1; �(s0); �i0g; �(s0) = min �(s); s 2 T®¯; �i0 = min �i; i 2 I­;

�(s) =

(
(sign l(s)� u(s))=l(s); ¥á«¨ l(s) 6= 0;

+1; ¥á«¨ l(s) = 0; s 2 T®¯;

�i =

8>><>>:
(g�i � zi)=li; ¥á«¨ li < 0;

(g�i � zi)=li; ¥á«¨ li > 0;

+1; ¥á«¨ li = 0; i 2 I­;

l = � � z:

�æ¥­ª  áã¡®¯â¨¬ «ì­®áâ¨ ®¯®à­®© ¯à®£à ¬¬ë fu(�); K®¯g à ¢­ 

�(u(�); K®¯) = (1� �0)�(u(�); K®¯):

�«¥¤®¢ â¥«ì­®, ¯à¨ (1��0)�(u(�); K®¯) � " à¥è¥­¨¥ § ¤ ç¨ (2) ¯à¥ªà é ¥âáï ­  áã¡®¯â¨¬ «ì­®©
¯à®£à ¬¬¥ u"(t) = u(t), t 2 T . �à¨ �(u(�); K®¯) > " ¯¥à¥å®¤¨¬ ª ¯à®æ¥¤ãà¥ § ¬¥­ë ®¯®àë.
�­  ®áãé¥áâ¢«ï¥âáï ª ª ¨â¥à æ¨ï ¤¢®©áâ¢¥­­®£® ¬¥â®¤  (á¬. ¯. 7), ¢ ª®â®à®© ¨á¯®«ì§ãîâáï
¢ëç¨á«¥­­ë¥ ¢ëè¥ í«¥¬¥­âë s0, i0.

7. �¢®©áâ¢¥­­ë© ¬¥â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë

�¢®©áâ¢¥­­ë¥ ¬¥â®¤ë ¯®áâà®¥­¨ï ®¯â¨¬ «ì­ëå ¯à®£à ¬¬ æ¥«¥á®®¡à §­® ¨á¯®«ì§®¢ âì ¢ â¥å
á¨âã æ¨ïå, ª®£¤  ¨§¢¥áâ­  ­¥¤®áâ â®ç­® å®à®è ï ­ ç «ì­ ï ¯à®£à ¬¬  ¨«¨ ¥¥ ­¥â. �à¥¤« £ ¥-
¬ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®á«¥¤®¢ â¥«ì­®¥ ã«ãçè¥­¨¥ ®¯®à K1

®¯
! K2

®¯
!

� � � ! KK
®¯
, ­ ç¨­ îé¥¥áï á ¯à®¨§¢®«ì­®© ®¯®àë ¨ § ª ­ç¨¢ îé¥¥áï ®¯â¨¬ «ì­®©. �¡é ï ¨â¥-

à æ¨ï ¬¥â®¤  K®¯ ! K®¯ ®á­®¢ ­ , ª ª ®â¬¥ç¥­® ¢ ¯. 6, ­  ã¬¥­ìè¥­¨¨ ¬¥àë ­¥®¯â¨¬ «ì­®áâ¨
®¯®àë.

�â¥à æ¨î ­ ç­¥¬ á ¯à®¢¥àª¨ ªà¨â¥à¨ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢
(11) § ¢¥àè¨¬ à¥è¥­¨¥ § ¤ ç¨ (2) ­  ®¯â¨¬ «ì­®© ¯à®£à ¬¬¥ u0(t), t 2 T : u0(s) = !(s), s 2 T®¯;
u0(s) = (�1)k
, s 2 Tk, k = 0; k�.

� ¯à®â¨¢­®¬ á«ãç ¥ ¯® ¨­ä®à¬ æ¨¨ 8), 9) ¢ëç¨á«¨¬ ç¨á«® �0 = maxf�(s0); �i0g, �(s0) =
max �(!(s); [�1; 1]), s 2 T®¯, �i0 = max �(�i; [g�i; g�i ]), i 2 I­, £¤¥ �(c; [a; b]) | à ááâ®ï­¨¥ ®â ç¨á«  c
¤® ®âà¥§ª  [a; b].
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� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à §«¨ç âì á¨âã æ¨¨ I) �0 = �(s0) ¨«¨ II) �0 = �i0 (¤«ï ¯à®æ¥¤ãàë § ¬¥­ë
®¯®àë ¯àï¬®£® ¬¥â®¤  I) �0 = �(s0) ¨«¨ II) �0 = �i0).

� § ¢¨á¨¬®áâ¨ ®â I), II) ¯®áâà®¨¬ ­ ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ �� =
(��®¯;��­) ¯® ¯à ¢¨« ¬

I) ��i = 0; i 2 I­;

�� 0
®¯
D®¯ = �(��h(s); s 2 T®¯)

0; ��h(s
0) = sign!(s0); ��h(s) = 0; s 2 T®¯ n s

0;

II) ��i0 = 1; ¥á«¨ �i0 > g�i0 ; ��i0 = �1; ¥á«¨ �i0 < g�i0 ; ��i = 0; i 2 I­ n i
0;

�� 0
®¯
D®¯ = ���i0(dhi0(s); s 2 T®¯)

0;

¨ ®¯à¥¤¥«¨¬ ­ ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï ª®¯à®£à ¬¬ë

��h(s) = ��� 0HF (t�)
Z s+h

s

eF�1(t)b(t)dt; s 2 Th: (20)

�®¤áç¨â ¥¬ ç¨á« 

�(t�); �(t�); e(t�); e(t�); �(s); e(s); s 2 T­0; �i; i 2 I®¯; (21)

¯® ¯à ¢¨« ¬1

�(t�) = ��h(t�)=��h(t�); ¥á«¨ �h(t�)��h(t�) < 0; �(t�) =1 ¢ ¯à®â¨¢­®¬ á«ãç ¥;

�(t�) = ��h(t� � h)=��h(t� � h); ¥á«¨ �h(t� � h)��h(t� � h) < 0;

�(t� � h) =1 ¢ ¯à®â¨¢­®¬ á«ãç ¥;

e(t�) = 0; e(t�) = �1;

e(s) = �1; ¥á«¨ �h(s� h)��h(s� h) < 0; e(s) = 0; ¥á«¨ �h(s)��h(s) < 0; s 2 T­0;

�(s) = ��h(s+ e(s)h)=��h(s+ e(s)h); s 2 T­0T
[
ft�; t

�g;

�i = ��i=��i; ¥á«¨ �i��i < 0; �i =1; ¥á«¨ �i��i � 0; i 2 I®¯:

�¤¥áì ¤«ï ¢ëç¨á«¥­¨ï �h(s� h), ��h(s� h) ¤®áâ â®ç­® ¯à®¨­â¥£à¨à®¢ âì á¨áâ¥¬ë (13), (14) ­ 
®âà¥§ª¥ [s� h; s],   ¤«ï ¢ëç¨á«¥­¨ï �h(s), ��h(s) | ­  ®âà¥§ª¥ [s; s+ h] á ¨§¢¥áâ­ë¬ ­ ç «ì­ë¬
§­ ç¥­¨¥¬ eF (s) (¨«¨ F (tq), ¥á«¨ s = tq) ¨ ¢®á¯®«ì§®¢ âìáï ä®à¬ã« ¬¨ (16), (20).

� «ì­¥©è¨¥ ¨â¥à æ¨¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ \ª®à®âª¨å" è £®¢

fi1; s1; T 1
­0; 


1; p1; �1g ! fi2; s2; T 2
­0; 


2; p2; �2g ! � � � ! fiL; sL; TL
­0; 


L; pL; �Lg:

� ç «ì­ ï á®¢®ªã¯­®áâì fi1; s1; T 1
­0; 


1; p1; �1g áâà®¨âáï ¢ § ¢¨á¨¬®áâ¨ ®â à¥ «¨§®¢ ¢è¥©áï à ­¥¥
á¨âã æ¨¨:

I) i1 = ;; s1 = s0; T 1
­0 = T­0; 
1 = 
; p1 = p; �1 = ��(!(s0); [�1; 1]);

II) i1 = i0; s1 = ;; T 1
­0 = T­0; 
1 = 
; p1 = p; �1 = ��(�i0 ; [g�i0 ; g

�
i0 ]):

�®à®âª¨© è £ ¢¨¤ 

fil = ;; sl; T l
­0; 


l; pl; �lg ! fil+1; sl+1; T l+1
­0 ; 
l+1; pl+1; �l+1g (22)

­ ç­¥¬ á ¢ëç¨á«¥­¨ï

�(sl) = ��h(s
l � h)=��h(s

l � h); ¥á«¨ e(sl) = �1;

�(sl) = ��h(sl + h)=��h(sl + h); ¥á«¨ e(sl) = 0;

1�à¥¤¯®« £ ¥âáï, çâ® ��(s� h)��h(s) � 0, s 2 T­0.
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£¤¥ ¯à¨ l = 1 e(s1) = �1, ¥á«¨ (�1)k
0


 sign!(s0) > 0, k0 | ¨­¤¥ªá ¬®¬¥­â  s0 ¢ ¬­®¦¥áâ¢¥
T0; e(s1) = 0 ¢ ¯à®â¨¢­®¬ á«ãç ¥. �à¨ sl = t�, e(sl) = �1 ¨«¨ sl = t� � h, e(sl) = 0 ¯®«®¦¨¬
�(sl) =1.

�«ï ¢ëç¨á«¥­¨ï �h(sl�h), ��h(sl�h) ¯à®¨­â¥£à¨àã¥¬ á¨áâ¥¬ë (13), (14) ­  ®âà¥§ª¥ [sl�h; sl],
  ¤«ï ¢ëç¨á«¥­¨ï �h(sl+h), ��h(sl+h) | ­  ®âà¥§ª¥ [sl; sl+2h] á ¨§¢¥áâ­ë¬ ­ ç «ì­ë¬ §­ ç¥­¨¥¬eF (sl) ¨ ¢®á¯®«ì§ã¥¬áï ä®à¬ã« ¬¨ (16), (20). �á«¨ e(s1) = 0, â® ­ ©¤¥­­®¥ §­ ç¥­¨¥ eF (sl + h)
á®åà ­¨¬ ¢¬¥áâ® eF (sl).

�®¤áç¨â ¥¬1 �l = minf�(es); �~ig, �(es) = min�(s), s 2 T l
­0

S
fsl; t�; t

�g; �~i = min�i, i 2 I®¯.
�à®¢¥¤¥¬ § ¬¥­ã (22), à §«¨ç ï á¨âã æ¨¨ a) �l = �(es) ¨ ¡) �l = �~i:

 ) il+1 = ;; sl+1 = es+ e(es)h;
T l+1
­0 = T l

­0; ¥á«¨ es = sl; T l+1
­0 = T l

­0 n es; ¥á«¨ �(sl) =1;

T l+1
­0 = (T l

­0 n es)[fsl + (e(sl) + 1)hg ¢ ®áâ «ì­ëå á«ãç ïå;


l+1 = �
l; ¥á«¨ sl = t�; e(sl) = 0 ¨«¨ sl+1 = t�; e(sl+1) = �1;


l+1 = 
l ¢ ¯à®â¨¢­®¬ á«ãç ¥;

pl+1 = pl ��pl ��pl+1; �pl = (�1)k
l+e(sl)
l dh(s

l);

�l+1 = �l + 2j��h(s
l+1)j;

(kl | ¨­¤¥ªá ¬®¬¥­â  sl ¢ ¬­®¦¥áâ¢¥ T l
0);

¡) il+1 = ei; sl+1 = ;;

T l+1
­0 = T l

­0

[
fsl + (e(sl) + 1)hg;


l+1 = �
l; ¥á«¨ sl = t�; e(sl) = 0; 
l+1 = 
l ¢ ¯à®â¨¢­®¬ á«ãç ¥;

pl+1 = pl ��pl; �l+1 = �l + (g�~i � g�~i)j��~ij:

�®à®âª¨© è £ ¢¨¤ 

fil; sl = ;; T l
­0; 


l; pl; �lg ! fil+1; sl+1; T l+1
­0 ; 
l+1; pl+1; �l+1g (23)

®â«¨ç ¥âáï ®â (22) ®âáãâáâ¢¨¥¬ ¬®¬¥­â  sl ¨ á®®â¢¥âáâ¢ãîé¨å ¥¬ã ç¨á¥« �(sl), e(sl).
�®íâ®¬ã ç¨á«® �l ¯®¤áç¨â ¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

�l = minf�(es); �~ig; �(es) = min�(s); s 2 T l
­0

[
ft�; t

�g; �~i = min�i; i 2 I®¯:

� ¬¥­ã (23) ¯à®¢¥¤¥¬ ¯® ¯à ¢¨« ¬

a) il+1 = ;; sl+1 = es+ e(es)h; T l+1
­0 = (T l

­0 n es);

l+1 = �
l; ¥á«¨ sl+1 = t�; e(sl+1) = �1; 
l+1 = 
l ¢ ¯à®â¨¢­®¬ á«ãç ¥;

pl+1 = pl ��pl+1; �l+1 = �l + 2j��h(s
l+1)j;

¡) il+1 = ei; sl+1 = ;; T l+1
­0 = T l

­0;


l+1 = 
l; pl+1 = pl; �l+1 = �l + (g�~i � g�~i)j��~ij:

� ª ¢ á¨âã æ¨¨ I), â ª ¨ ¢ á¨âã æ¨¨ II) ¯à¨ à¥ «¨§ æ¨¨ á«ãç ï  ) ¯®«®¦¨¬ e(sl+1) = e(es).
�à¨ e(sl+1) = �1 ¢¬¥áâ® §­ ç¥­¨ï ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë ¢ â®çª¥ es
¯®¤áç¨â ¥¬ ¥¥ §­ ç¥­¨¥ ¢ sl+1 = es � h. �«ï íâ®£® ¤®áâ â®ç­® ¯à®¨­â¥£à¨à®¢ âì á¨áâ¥¬ë (13),

1�à¥¤¯®« £ ¥âáï, çâ® ¢á¥ ª®­¥ç­ë¥ ç¨á«  �(s), s 2 T l
­0

S
fsl; t�; t

�)g, �i, i 2 I , à §«¨ç­ë, ªà®¬¥, ¢®§-
¬®¦­® ¯ àë �(t�), �(t�+h) ¯à¨ t�+h 2 T l

­0

S
sl, e(t�+h) = �1 ¨«¨ ¯ àë �(t�), �(t��h) ¯à¨ t��h 2 T l

­0,
e(t� � h) = 0. � íâ¨å á«ãç ïå ¯®« £ ¥¬ es 2 T l

­0.
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(14) ­  ®âà¥§ª¥ ¤«¨­ë h. � á«ãç ¥ ¡) ¯®«®¦¨¬ �~i =1. �á«¨ �l = �(t�), ¯®«®¦¨¬ �(t�) =1; ¯à¨
�l = �(t�) ¯®«®¦¨¬ �(t�) =1.

�â¥à æ¨î § ¢¥àè¨¬ ¯à¨ ¤®áâ¨¦¥­¨¨ â ª®© á®¢®ªã¯­®áâ¨ fiL; sL; TL
­0; 


L; pL; �Lg, çâ® �L�0.
�®¢ãî ®¯®àã K®¯ = fI®¯; T ®¯g ¯®áâà®¨¬ ¢ ¢¨¤¥ I®¯ = (I®¯

S
i1)n iL, T ®¯ = (T®¯ ns1)

S
sL. �®¤¨ä¨-

æ¨àã¥¬ ¨­ä®à¬ æ¨î 2){9) ¤«ï á®®â¢¥âáâ¢¨ï ¥¥ ­®¢®© ®¯®à¥ K®¯. �«ï ¯®áâà®¥­¨ï Dj®¯j ¢ á«ãç ¥
I) ¨§ ¬ âà¨æë Dj®¯j ã¤ «¨¬ áâ®«¡¥æ, á®®â¢¥âáâ¢ãîé¨© ¬®¬¥­âã s0 ¨ ¯à¨ sL 6= ; ¤®¡ ¢¨¬ áâ®«¡¥æ
dh(sL). �®¢ë© ¢¥ªâ®à ¯®â¥­æ¨ «®¢ ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï (9). �®«®¦¨¬ 
 = 
L, T ­0 = TL

­0, p = pL.
�®áâà®¨¬ !®¯, � ¯® ä®à¬ã« ¬ (17), (18).

�®à®âª¨¥ è £¨ (22), (23) ®¯¨áë¢ îâ ¯¥à¥¬¥é¥­¨¥ ­¥®¯®à­ëå ­ã«¥© s 2 T­0 ¨ ®¯®à­®£® ­ã-
«ï s0 ª®¯à®£à ¬¬ë �h(t), t 2 Th, á®¯à®¢®¦¤ îé¥© \áâ àãî" ®¯®àã K®¯ ¤® ­¥®¯®à­ëå ­ã«¥©
s 2 TL

­0 ¨ ®¯®à­®£® ­ã«ï sL ª®¯à®£à ¬¬ë �h(t), t 2 Th, á®¯à®¢®¦¤ îé¥© \­®¢ãî" ®¯®àã K®¯.
�à¨ íâ®¬ ª ¦¤®¥ ¯¥à¥¬¥é¥­¨¥ ¬®¬¥­â  s 2 T l

­0

S
sl á®¯à®¢®¦¤ ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ á¨áâ¥¬

(13), (14) «¨¡® ­  ®âà¥§ª¥ [sl; sl + 2h], «¨¡® ­  [sl � 2h; sl]. �âáî¤  á«¥¤ã¥â, çâ® ¯¥à¥¬¥é¥­¨¥
­ã«ï ª®¯à®£à ¬¬ë ¨§ â®çª¨ s ¢ â®çªã s� ®¡« ¤ ¥â âàã¤®¥¬ª®áâìî 2js � s�j=(t� � t�) à §àï¤ 
k = maxfn1 � 1; n2 � 1g. � ãç¥â®¬ âàã¤®¥¬ª®áâ¨ ¢ëç¨á«¥­¨ï ç¨á¥« (21) ®¡é ï âàã¤®¥¬ª®áâì
§ ¬¥­ë ®¯®àë K®¯ ! K®¯ à ¢­ 

E = 2
X

s2T­0[s1

js� s�j=(t� � t�) + 1=N (24)

| ¥¤¨­¨æ ¬ k-£® à §àï¤ .

�¯¨á ­­ë¥ ¢ ¯¯. 6, 7 ¬¥â®¤ë ª®­¥ç­ë, ¥á«¨ ­  ¨å ¨â¥à æ¨ïå ¢áâà¥ç îâáï â®«ìª® à¥£ã«ïà-
­ë¥ ®¯®àë. � [7] ¯à¨¢¥¤¥­ë ¬®¤¨ä¨ª æ¨¨  ¤ ¯â¨¢­®£® ¬¥â®¤ , ª®­¥ç­ë¥ ¤«ï «î¡®© § ¤ ç¨
«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï.

8. �à¨¬¥à

�«ï ¨««îáâà æ¨¨ ¯à¥¤«®¦¥­­®£® ¢ áâ âì¥ ¤¢®©áâ¢¥­­®£® ¬¥â®¤  à áá¬®âà¨¬ á«¥¤ãîéãî
§ ¤ çã ãá¯®ª®¥­¨ï §  ä¨ªá¨à®¢ ­­®¥ ¢à¥¬ï á ¬¨­¨¬ «ì­ë¬ à áå®¤®¬ â®¯«¨¢  ª®«¥¡ â¥«ì­®©
¤¢ãå¬ áá®¢®© á¨áâ¥¬ë (à¨á. 2). � â¥¬ â¨ç¥áª ï ¬®¤¥«ì § ¤ ç¨ ¨¬¥¥â ¢¨¤

Z 25

0

u(t)dt �! min;

_x1 = x2; _x2 = �x1 + x3 + u; _x3 = x4; _x4 = 0;1x1 � 1;01x3; (25)

x1(0) = 0; x2(0) = 2; x3(0) = 0; x4(0) = 1;

x1(25) = x2(25) = x3(25) = x4(25) = 0; 0 � u(t) � 1; t 2 [0; 25[;

£¤¥ x1 = x1(t) | ®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¯¥à¢®© ¬ ááë, x2 = dx1=dt, x3 = x3(t) |
®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¢â®à®© ¬ ááë, x4 = dx2=dt, u = u(t) | á¥ªã­¤­ë© à áå®¤
â®¯«¨¢  ¢ ¬®¬¥­â ¢à¥¬¥­¨ t.
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�¨á. 2

� ¤ ç  (25) ¡ë«  à¥è¥­  ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ¯. 7 ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© á
¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h = 0;01. � ª ç¥áâ¢¥ ­ ç «ì­®© ¡ë«  ¢ë¡à ­  ¯ãáâ ï ®¯®à  K®¯ = ;.
�«ï ¯®áâà®¥­¨ï ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (25) ¥¥ 1-ï ¨
3-ï áâà®ª¨ ¡ë«¨ ¯à¥¤áâ ¢«¥­ë ¨­â¥à¯®«ïæ¨®­­ë¬¨ ¬­®£®ç«¥­ ¬¨ � £à ­¦  p1(t), p3(t), t 2 T ,
áâ¥¯¥­¨ P ­  ¨­â¥à¢ « å T s = [t� + (s� 1)ha; t� + sha[, s = 1; s�, ha = (t� � t�)=s�.

�«ï à §«¨ç­ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ P , s� ¡ë«¨ ¯®«ãç¥­ë à¥§ã«ìâ âë à¥è¥­¨ï: â¥à¬¨­ «ì-
­®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (25), ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢ , â®çª¨ ¯¥à¥ª«îç¥­¨ï
T®¯

S
T­0 = fsj ; j = 1; 6g ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë

u0(t) =

8>><>>:
0; t 2 [0; s1[

S
[s2 + h; s3[

S
[s4 + h; s5[

S
[s6 + h; 25[;

1; t 2 [s1 + h; s2[
S
[s3 + h; s4[

S
[s5 + h; s6[;

u0(t); t 2 [sj ; sj + h[; j = 1; 6;

¨ §­ ç¥­¨ï ®¯â¨¬ «ì­®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï ¢ ­¨å. �à®¢¥¤¥­® áà ¢­¥­¨¥ á à¥§ã«ìâ â ¬¨
à¥è¥­¨ï § ¤ ç¨ (25) ¡¥§ ¨á¯®«ì§®¢ ­¨ï ª¢ §¨¤¥ª®¬¯®§¨æ¨¨äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨©
á¨áâ¥¬ë (25).

9. �¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ à¥ «ì­®¬ ¢à¥¬¥­¨

�¯¨è¥¬ ¬¥â®¤ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ á¨áâ¥¬®© (1). � ª ®â¬¥ç¥­®
¢ ¯. 1, ¯à¨­æ¨¯ ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ ¯®¤à §ã¬¥¢ ¥â ¯®áâà®¥­¨¥ à¥ «¨§ æ¨¨ u�(�),
� 2 Th, ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ (4) ¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ � 2 Th ¤«ï â¥ªãé¥©
¯®§¨æ¨¨ (�; x�(�)) §  ¢à¥¬ï1, ­¥ ¯à¥¢®áå®¤ïé¥¥ h. �áâà®©áâ¢®, á¯®á®¡­®¥ ¢ë¯®«­ïâì íâã à ¡®-
âã, ¡ã¤¥¬ ­ §ë¢ âì ®¯â¨¬ «ì­ë¬ à¥£ã«ïâ®à®¬, à¥ «¨§ãîé¨¬ ®¯â¨¬ «ì­ãî ®¡à â­ãî á¢ï§ì ¢
à¥ «ì­®¬ ¢à¥¬¥­¨.

�«£®à¨â¬ à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à  á®áâ ¢¨¬ ¨§ ¤¢ãå ¯à®æ¥¤ãà: ­ ç «ì­®©, ­  ª®â®-
à®© ¤® ­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï áâà®¨âáï ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (2) ¤«ï ã¯à ¢«¥-
­¨ï à¥ «ì­®© á¨áâ¥¬®© (5) ­  ­ ç «ì­®¬ ®âà¥§ª¥ [t�; t� + h[; ¨ ®¡é¥©, ¢ëç¨á«ïîé¥© §­ ç¥­¨ï
u�(�), � 2 Th n t�.

�  ­ ç «ì­®© ¯à®æ¥¤ãà¥, ¨á¯®«ì§ãï ¤¢®©áâ¢¥­­ë© ¬¥â®¤, ¨§«®¦¥­­ë© ¢ ¯. 7, ¯®áâà®¨¬ ®¯â¨-
¬ «ì­ãî ®¯®àã K0

®¯
(t�) = fI0

®¯
(t�); T 0

®¯
(t�)g. � ­ ç «®¬ ¯à®æ¥áá  ã¯à ¢«¥­¨ï ®¯â¨¬ «ì­ë© à¥£ã-

«ïâ®à ¯®¤ ¥â ­  ¢å®¤ á¨áâ¥¬ë (5) á¨£­ « u�(t) = !0(t�), t 2 [t�; t�+h[, ¥á«¨ t� 2 T 0
®¯
(t�); u�(t) = 
,

t 2 [t�; t� + h[, ¥á«¨ t� =2 T 0
®¯
(t�).

1�â¨¬ ¢à¥¬¥­¥¬ § ¯ §¤ë¢ ­¨ï ¢ ¤ ­­®© à ¡®â¥ ¯à¥­¥¡à¥£ ¥¬, ¥£® ¢«¨ï­¨¥ ­  à¥è¥­¨¥ § ¤ ç¨ ­¥§­ -
ç¨â¥«ì­® ¨ ®¯¨á ­® ¢ [9].

14



�¯¨è¥¬ ®¡éãî ¯à®æ¥¤ãàã  «£®à¨â¬  à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à . �à¥¤¯®«®¦¨¬, çâ®
®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¯à®à ¡®â « ­  ¯à®¬¥¦ãâª¥ [t�; � [, ¢ëà ¡®â ¢ ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï
u�(t), t 2 [t�; � [. �ãáâì ¯®¤ ¢«¨ï­¨¥¬ íâ®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï ¨ à¥ «¨§®¢ ¢è¥£®áï ¢®§-
¬ãé¥­¨ï w�(t); t 2 [t�; � [, ä¨§¨ç¥áª ï á¨áâ¥¬  ã¯à ¢«¥­¨ï ¢ â¥ªãé¨© ¬®¬¥­â � ®ª § « áì ¢
á®áâ®ï­¨¨ x�(�). �® ¯à¥¤¯®«®¦¥­¨î, ¢ ¯à¥¤ë¤ãé¨© ¬®¬¥­â � � h ¤«ï ­ å®¦¤¥­¨ï §­ ç¥­¨ï
u�(� � h) ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à à¥è¨« § ¤ çã (3) ¤«ï ¯®§¨æ¨¨ (� �h; x�(� � h)) ¨ á®åà ­¨« ¥¥
®¯â¨¬ «ì­ãî ®¯®àã K0

®¯
(� � h). �ã­ªæ¨®­ «ì­ ï ä®à¬  íâ®© § ¤ ç¨ ¨¬¥¥â ¢¨¤X

s2Th(��h)

ch(s)u(s)! max; g�(� � h) �
X

s2Th(��h)

dh(s)u(s) � g�(� � h); (26)

ju(s)j � 1; s 2 Th(� � h) = f� � h; �; : : : ; t� � hg;

£¤¥ g�(� � h) = g� �HF (t�) eF�1(� � h)x�(� � h), g�(� � h) = g� �HF (t�) eF�1(� � h)x�(� � h).
C®áâ®ï­¨¥ x0(�), ¢ ª®â®à®¥ ¯¥à¥è«  ¡ë á¨áâ¥¬  ã¯à ¢«¥­¨ï (5) á w(t) = 0, t 2 [� � h; � ], ¨§

¯®§¨æ¨¨ (��h; x�(��h)), á¢ï§ ­® á à¥ «¨§®¢ ¢è¨¬áï á®áâ®ï­¨¥¬ x�(�) á¨áâ¥¬ë (5) á®®â­®è¥­¨¥¬

x�(�) = x0(�) + F (�)
Z �

��h

F�1(t)w�(t)dt:

�à¨ ®£à ­¨ç¥­­®¬ ¢®§¬ãé¥­¨¨ w�(t); t 2 [� � h; � ], ¨ ¤®áâ â®ç­® ¬ «ëå h > 0 ¢¥ªâ®àë x0(�),
x�(�) à §«¨ç îâáï ¬¥¦¤ã á®¡®© ­¥§­ ç¨â¥«ì­®, çâ® ¯®§¢®«ï¥â £®¢®à¨âì ® ¬ «®¬ ®â«¨ç¨¨ § ¤ ç¨
(26) ®â § ¤ ç¨X

s2Th(�)

ch(s)u(s)! max; g�(�) �
X

s2Th(�)

dh(s)u(s) � g�(�); ju(s)j � 1; s 2 Th(�) (27)

�
g�(�) = g� �HF (t�) eF�1(�)x�(�); g�(�) = g� �HF (t�) eF�1(�)x�(�)

�
;

ª®â®àãî ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¤®«¦¥­ à¥è¨âì ¢ ¬®¬¥­â � .
� à¥§ã«ìâ â¥ à¥è¥­¨ï § ¤ ç¨ (26) ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ¯. 7 ¡ë«  ¯®«ãç¥­  ¨ á®åà ­¥­ 

á«¥¤ãîé ï ¨­ä®à¬ æ¨ï: 1) ®¯â¨¬ «ì­ ï ®¯®à  K0
®¯
(� �h) = fI0

®¯
(� �h); T 0

®¯
(� �h)g, 2) ¬ âà¨æ 

D0
j®¯j(� � h), 3) ¢¥ªâ®à ¯®â¥­æ¨ «®¢ �

0(� � h), 4) ç¨á«® 
0(� � h), 5) ¬­®¦¥áâ¢® ­¥®¯®à­ëå ­ã«¥©

®¯â¨¬ «ì­®© ª®¯à®£à ¬¬ë T 0
­0(� � h), 6) §­ ç¥­¨ï eF (s), s 2 T 0

®¯
(� � h)

S
T 0
­0(� � h)

S
f� � hg,

7) ¢¥ªâ®à p0(��h), 8) ®¯®à­ë¥ §­ ç¥­¨ï ¯á¥¢¤®¯à®£à ¬¬ë !0(sj��h), s 2 T 0
®¯
(��h), 9) ¢ëå®¤­®©

¯á¥¢¤®á¨£­ « �0(� � h).
� ¤ çã (27) ¡ã¤¥¬ à¥è âì ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ¯. 7, ¢ë¡à ¢ ¢ ª ç¥áâ¢¥ ­ ç «ì­®© ®¯®àë

K1
®¯
(�) ®¯â¨¬ «ì­ãî ®¯®àã K0

®¯
(� � h). �®£¤ 

D1
j®¯j(�) = D0

j®¯j(� � h); �1(�) = �0(� � h);


1(�) = 
0(� � h); T 1
­0(�) = T 0

­0(� � h); ¥á«¨ � 62 T 0
­0(� � h);


1(�) = �
0(� � h); T 1
­0(�) = T 0

­0(� � h) n �; ¥á«¨ � 2 T 0
­0(� � h);

p1(�) = p0(� � h) +HF (t�) eF�1(�)(x�(�)� x0(�)):

�­ ç¥­¨ï á®¯à®¢®¦¤ îé¥© ¯á¥¢¤®¯à®£à ¬¬ë ¢ ®¯®à­ë¥ ¬®¬¥­âë !1
®¯
(�) = (!(s j �), s 2 T 1

®¯
(�))

­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï D0
®¯
(� � h)!1

®¯
(�) = �0

®¯
(� � h) � p1

®¯
(�). �®¯à®¢®¦¤ îé¨© ¢ëå®¤­®© ¯á¥¢-

¤®á¨£­ « à ¢¥­ �1(�) = p1(�) +D1
j®¯j(�)!

1
®¯
(�).

�à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢

j!1(sj�)j � 1; s 2 T 1
®¯
(�); g�i � �1i (�) � g�i ; i 2 I1

­
(�);

®¯â¨¬ «ì­ ï ®¯®à  § ¤ ç¨ (26) ï¢«ï¥âáï â ª¦¥ ®¯â¨¬ «ì­®© ¢ § ¤ ç¥ (27): K0
®¯
(�) = K0

®¯
(��h).

� ¯à®â¨¢­®¬ á«ãç ¥ ¯à®¢¥¤¥¬ ¨â¥à æ¨¨ ¤¢®©áâ¢¥­­®£® ¬¥â®¤  ¯. 7. �à¨ ¡«¨§ª¨å á®áâ®ï­¨ïå
x�(�), x0(�) ¤«ï ª®àà¥ªæ¨¨ ®¯â¨¬ «ì­®© ®¯®àëK0

®¯
(��h) § ¤ ç¨ (26) ¤® ¯®«ãç¥­¨ï ®¯â¨¬ «ì­®©
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®¯®àë K0
®¯
(�) § ¤ ç¨ (27) ¤®áâ â®ç­® ­¥¡®«ìè®£® ç¨á«  ¨â¥à æ¨©, á®¯à®¢®¦¤ îé¨åáï ¯¥à¥¬¥-

é¥­¨ï¬¨ ­ã«¥© ª®¯à®£à ¬¬ë ­  ­¥¡®«ìè¨å ®âà¥§ª å, ­  ª®â®àëå ¨­â¥£à¨àãîâáï ãà ¢­¥­¨ï
(13), (14). � à¥§ã«ìâ â¥ ®¡é ï âàã¤®¥¬ª®áâì ª®àà¥ªæ¨¨ ®¯®àë, ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© (24),
®ª §ë¢ ¥âáï ­¥§­ ç¨â¥«ì­®©.

�®áâà®¨¢ ®¯â¨¬ «ì­ãî ®¯®àã K0
®¯
(�) § ¤ ç¨ (27), ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¯®¤ ¥â ­  ¢å®¤

á¨áâ¥¬ë (5) á¨£­ «

u�(t) = !0(� j �); t 2 [�; � + h[; ¥á«¨ � 2 T 0
®¯
(�);

u�(t) = 
0(�); t 2 [�; � + h[; ¥á«¨ � 62 T 0
®¯
(�):

� ¬¥ç ­¨¥. �«ï â®£® çâ®¡ë ¨á¯®«ì§®¢ âì ®¯®àã K0
®¯
(�) á � 2 T 0

®¯
(�), ¢ ª ç¥áâ¢¥ ­ ç «ì­®©

¢ á«¥¤ãîé¨© ¬®¬¥­â � + h, á®¢¥àè ¥âáï ®¤¨­ ª®à®âª¨© è £ (22) á s0 = � , �1 = 0, ¯à¨ ª®â®à®¬
¬®¬¥­â � ¢ë©¤¥â ¨§ ®¯®àë.

10. �à¨¬¥à

�«ï ¨««îáâà æ¨¨ ¬¥â®¤  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ à áá¬ âà¨¢ ¥¬ ¯à¨-
¬¥à ¯. 8, ª®£¤  ­  à áá¬ âà¨¢ ¥¬ãî ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã ¤¥©áâ¢ã¥â ªãá®ç­®-­¥¯à¥àë¢­®¥ ¢®§-
¬ãé¥­¨¥, ¢ à¥§ã«ìâ â¥ ç¥£® ¯®¢¥¤¥­¨¥ à¥ «ì­®© ä¨§¨ç¥áª®© á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï¬¨

_x1 = x2; _x2 = �x1 + x3 + u; _x3 = x4; _x4 = 0;1x1 � 1;01x3 + w:

�ãáâì à¥ «¨§ãîé¥¥áï ¢ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï ¢®§¬ãé¥­¨¥ ¨¬¥¥â ¢¨¤

w�(t) = 0;3 sin(4t); t 2 [0; 9;75]; w�(t) � 0; t 2]9;75; 25]:

�â® ¢®§¬ãé¥­¨¥ ­¥¨§¢¥áâ­® à¥£ã«ïâ®àã, ®¤­ ª® ¢ ª ¦¤ë© ¬®¬¥­â t 2 Th ¥¬ã ¨§¢¥áâ­® â¥ªãé¥¥
á®áâ®ï­¨¥ á¨áâ¥¬ë x�(t).

�  à¨á. 3 ¯à¥¤áâ ¢«¥­  âàã¤®¥¬ª®áâì ª®àà¥ªæ¨¨ ®¯®à ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ­  ®âà¥§ª¥ ¤¥©-
áâ¢¨ï ¢®§¬ãé¥­¨ï.

�¨á. 3

11. �àã£¨¥ â¨¯ë áâàãªâãàë ¡®«ìè¨å á¨áâ¥¬

� áá¬®âà¨¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã (1), ¢ ª®â®à®© ¬ âà¨æ  A(t), t 2 T , ¨¬¥¥â áâàãªâãàã,
¨§®¡à ¦¥­­ãî ­  à¨á. 4.
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�¨á. 4

�® ¨§¡¥¦ ­¨¥ £à®¬®§¤ª¨å ®¡®§­ ç¥­¨© ¯à®æ¥¤ãàã ª¢ §¨¤¥ª®¬¯®§¨æ¨¨ äã­¤ ¬¥­â «ì­®© ¬ âà¨-
æë ®¯¨è¥¬ ¤«ï ç áâ­®£® á«ãç ï:

_x1 =
n1X
k=1

a1k(t)xk +
nX

k=n1+1

ak(t)xk + b1(t)u; x1(t�) = x01;

_xi =
n1X
k=1

aik(t)xk + bi(t)u; xi(t�) = x0i; i = 2; n1;

_xn1+1 =
nX

k=n1+1

an1+1 k(t)xk +
n1X
k=1

ak(t)xk + bn1+1(t)u; xn1+1(t�) = x0n1+1;

_xi =
nX

k=n1+1

aik(t)xk + bi(t)u; xi(t�) = x0i; i = n1 + 2; n;

(28)

£¤¥ aik(t), ak(t), bi(t), t 2 T , i; k = 1; n, | ªãá®ç­®-­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.
�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  à¥è¥­¨© F (t) = (fij(t), i; j = 1; n), t 2 T , á¨áâ¥¬ë (28) ¤«ï ª -

¦¤®£® j = 1; n ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

_f1j =
n1X
k=1

a1k(t)fkj +
nX

k=n1+1

ak(t)fkj ; _fij =
n1X
k=1

aik(t)fkj ; i = 2; n1;

_fn1+1 j =
nX

k=n1+1

an1+1 k(t)fkj +
n1X
k=1

ak(t)fkj ; _fij =
nX

k=n1+1

aik(t)fkj ; i = n1 + 2; n;

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ fij(t�) = �ij , i; j = 1; n.
�® áå¥¬¥ ¯. 4 ¯®áâà®¨¬  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨© f1j(t), fn1+1 j(t), t 2 T , j = 1; n, ª®­¥ç­®-

¯ à ¬¥âà¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ p1j(t), pn1+1 j(t), t 2 T , j = 1; n. �ëç¨á«¨¬ äã­ªæ¨¨ �ij(t), t 2 T ,
i = 2; n1, i = n1 + 2; n, j = 1; n, ¯à®¨­â¥£à¨à®¢ ¢ á¨áâ¥¬ë ãà ¢­¥­¨©

_�ij =
n1X
k=2

aik(t)�kj + ai1(t)p1j(t); i = 2; n1;

_�ij =
nX

k=n1+2

aik(t)�kj + ai n1+1(t)pn1+1 j(t); i = n1 + 2; n;

­  ¯à®¬¥¦ãâª å [tq; tq+1[ á ¨§¢¥áâ­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

�ij(tq) = fij(tq); i = 2; n1; i = n1 + 2; n; j = 1; n:

�¢ §¨¤¥ª®¬¯®§¨æ¨î äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (28) ¢ ¬®¬¥­â ¢à¥¬¥­¨
t 2 T ¯®áâà®¨¬ ¢ ¢¨¤¥ (15).
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� áá¬®âà¨¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã (1), ¢ ª®â®à®© ¬ âà¨ç­ ï äã­ªæ¨ïA(t), t 2 T , ¨¬¥¥â á¬¥-
è ­­ãî áâàãªâãàã, ¢ª«îç îéãî ª ª á¢ï§ë¢ îé¨¥ ¯¥à¥¬¥­­ë¥, â ª ¨ á¢ï§ë¢ îé¨¥ ãà ¢­¥­¨ï.
� áâ­ë© á«ãç © â ª®© á¨áâ¥¬ë § ¯¨è¥¬ ¢ ¢¨¤¥

_xi =
n1X
k=1

aik(t)xk + bi(t)u; xi(t�) = x0i; i = 1; n1;

_xn1+1 =
nX

k=n1+1

an1+1 k(t)xk +
n1X
k=1

ak(t)xk + bn1+1(t)u; xn1+1(t�) = x0n1+1;

_xi =
nX

k=n1+1

aik(t)xk + ai(t)x1 + bi(t)u; xi(t�) = x0i; i = n1 + 2; n:

(29)

�â®«¡¥æ fj(t), t 2 T , äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© F (t), t 2 T , á¨áâ¥¬ë (29) ã¤®¢«¥-
â¢®àï¥â ãà ¢­¥­¨ï¬

_fij =
n1X
k=1

aik(t)fkj ; fij(t�) = �ij ; i = 1; n1;

_fn1+1 j =
nX

k=n1+1

an1+1 k(t)fkj +
n1X
k=1

ak(t)fkj ; fn1+1 j(t�) = �n1+1 j ;

_fij =
nX

k=n1+1

aik(t)fkj + ai(t)f1j ; fij(t�) = �ij ; i = n1 + 2; n:

(30)

�®áâà®¨¬ ª¢ §¨¤¥ª®¬¯®§¨æ¨î (15) äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (29) ¢ ¢¨¤¥

eF (t) =

0BBBBBBBBB@

f11(t) : : : f1n(t)
: : : : : : : : : : : : : : : : : : : : :
fn11(t) : : : fn1n(t)
pn1+11(t) : : : pn1+1n(t)
�n1+21(t) : : : �n1+2n(t)
: : : : : : : : : : : : : : : : : : : : :
�n1(t) : : : �nn(t)

1CCCCCCCCCA
;

£¤¥ fij(t), t 2 T , i = 1; n1, j = 1; n, | à¥è¥­¨¥ á¨áâ¥¬ë (30); äã­ªæ¨¨ pn1j(t), �ij(t), t 2 T ,
i = n1 + 2; n, j = 1; n, áâà®ïâáï ¯® ¯à ¢¨« ¬ ¯. 4 á § ¬¥­®© ãà ¢­¥­¨© (14) ­  ­®¢ë¥:

_�ij =
nX

k=n1+2

aik(t)�kj + ai(t)f1j(t) + ai n1+1(t)pn1+1 j(t); i = n1 + 2; n:

12. �á¨¬¯â®â¨ç¥áª ï ª¢ §¨¤¥ª®¬¯®§¨æ¨ï

� áá¬®âà¨¬ á¨âã æ¨î, ª®£¤  ¬ âà¨æã A(t) á¨áâ¥¬ë (1) ¬®¦­® ¯®£àã§¨âì ¢ á¥¬¥©áâ¢® ¬ âà¨æ
A(t; �) = A0(t) + �A1(t) + �2A2(t) + : : : , � � 0, ®¡« ¤ îé¥¥ á¢®©áâ¢ ¬¨

1) A(t; �1) = A(t), �1 > 0 | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®,
2) A0(t) ¨¬¥¥â á¯¥æ¨ «ì­ãî áâàãªâãàã ®¤­®£® ¨§ à áá¬®âà¥­­ëå ¢ëè¥ â¨¯®¢.
�® á¥¬¥©áâ¢ã A(t; �), t 2 T , � � 0, ¯®áâà®¨¬ á¥¬¥©áâ¢® äã­¤ ¬¥­â «ì­ëå ¬ âà¨æ

F (t; �) = F0(t) + �F1(t) + �2F2(t) + � � � ; � � 0;
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£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ Fi(t), t 2 T , i = 0; 1; 2; : : : , ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨ï¬

_F0 = A0(t)F0; F0(t�) = E; (31)

_F1 = A0(t)F1 +A1(t)F0(t); F1(t�) = 0;

_F2 = A0(t)F2 +A2(t)F0(t) +A1(t)F1(t); F2(t�) = 0;

: : :

�§ (31) á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®© äã­ªæ¨¨ Fi(t), t 2 T , i = 0; 1; : : : , ¬®¦­® ¯®áâà®¨âì ª¢ -
§¨¤¥ª®¬¯®§¨æ¨¨ eFi(t), t 2 T , i = 0; 1; : : : , ¯® ¯à¨­æ¨¯ ¬, ®¯¨á ­­ë¬ ¢ ¯¯. 4, 10. �â® ¯®§¢®-
«ï¥â à á¯ à ««¥«¨âì ¢ëç¨á«¥­¨¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë F (t; �1) á¨áâ¥¬ë (1) á ¬ âà¨æ¥©
A(t) = A(t; �1) ¨ à¥è âì § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (2) â ª¨¬¨ á¨áâ¥¬ ¬¨.

13. �á¯®«ì§®¢ ­¨¥ á¯¥æ¨ «ì­®£® ¡ §¨á 

� áá¬®âà¨¬ á¨áâ¥¬ã ã¯à ¢«¥­¨ï (1) á ¤®áâ â®ç­® £« ¤ª¨¬¨ äã­ªæ¨ï¬¨ A(t), b(t), t 2 T , ­¥
®¡« ¤ îé¨¬¨ ­¨ ®¤­®© ¨§ á¯¥æ¨ «ì­ëå áâàãªâãà, ®¯¨á ­­ëå ¢ëè¥.

�®áâà®¨¬ n ¢¥ªâ®à­ëå äã­ªæ¨©

q1(t) = b(t); t 2 T; qk+1(t) = A(t)qk(t)� _qk(t); t 2 T; k = 1; n� 1:

C®áâ ¢¨¬ ¬ âà¨ç­ãî äã­ªæ¨î Q(t) = (qk(t); k = 1; n), t 2 T , ¨ ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥¥
¢ë¯®«­ï¥âáï ãá«®¢¨¥ rankQ(t) = n, t 2 T .

�à®¨§¢¥¤¥¬ § ¬¥­ã ä §®¢ëå ¯¥à¥¬¥­­ëå x(t) = Q(t)y(t), t 2 T . � ­®¢ëå ¯¥à¥¬¥­­ëå y(t) =
(yk(t), k = 1; n) á¨áâ¥¬  (1) ¯à¨¬¥â ¢¨¤

_y1 = �1(t)yn + u; _yk+1 = yk + �k+1(t)yn; k = 1; n� 1; (32)

£¤¥ �k(t), t 2 T , k = 1; n, | ª®íää¨æ¨¥­âë à §«®¦¥­¨ï äã­ªæ¨¨ qn+1(t) = A(t)qn(t) � _qn(t),

t 2 T , ¢ ¡ §¨á¥ qk(t), t 2 T , k = 1; n; qn+1(t) =
nP

k=1
�k(t)qk(t), t 2 T .

�¢ §¨¤¥ª®¬¯®§¨æ¨î äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (32) ¢ ¬®¬¥­â ¢à¥¬¥­¨
t 2 T ¯®áâà®¨¬ ¢ ¢¨¤¥

eF (t) =
0BB@

�11(t) : : : �1n(t)
: : : : : : : : : : : : : : : : : : : :
�n�1 1(t) : : : �n�1n(t)
pn1(t) : : : pnn(t)

1CCA :
�¤¥áì pnj(t), t 2 T , j = 1; n, | ª®­¥ç­®-¯ à ¬¥âà¨ç¥áª¨¥  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨© fnj(t),

t 2 T , j = 1; n, ¯®áâà®¥­­ë¥ ¯® áå¥¬¥ ¯. 4. �ã­ªæ¨¨ �kj(t), t 2 T , k = 1; n� 1, j = 1; n, |
à¥è¥­¨ï á¨áâ¥¬ ãà ¢­¥­¨©

_�1j = �1(t)pnj(t); _�kj = �k�1 j + �k(t)pnj(t); k = 2; n� 1; (33)

­  ¯à®¬¥¦ãâª å [tq; tq+1[ á ¨§¢¥áâ­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �kj(tq) = fkj(tq), k = 1; n� 1;
j = 1; n. � á¨«ã ¯à®áâ®âë á¨áâ¥¬ë (33) ¬®¦­® ¢ë¯¨á âì ï¢­ë¥ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï �kj(t),
t 2 T , k = 1; n� 1, j = 1; n:

�kj(t) =
k�1X
i=0

(t� tq)i

i!
fk�i j(tq) +

Z t

tq

� k�1X
i=0

(t� #)i

i!
�k�i(#)

�
pnj(#) d#:

� ª¨¬ ®¡à §®¬, ¢¬¥áâ® ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
­  ¨­â¥à¢ « å [s; s], ­  ¨â¥à æ¨ïå ¯à¥¤«®¦¥­­ëå ¬¥â®¤®¢ ¤®áâ â®ç­® ¢ëç¨á«ïâì ¨­â¥£à «ë ­ 
â¥å ¦¥ ¨­â¥à¢ « å, ¤«ï ç¥£® ¬®¦­® ¨á¯®«ì§®¢ âì à §­®®¡à §­ë¥ ª¢ ¤à âãà­ë¥ ä®à¬ã«ë.
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