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�¥®à¨ï ¯à®áâà ­áâ¢ ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨,   â ª¦¥ ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  ¨ ¢«®¦¥­-
­ëå ¢ ­¨å ¯®¤¬­®£®®¡à §¨© à §à ¡®â ­  ¤®áâ â®ç­® ¯®«­®; ¢®¯à®áë ¯à®áâà ­áâ¢  ª®­ä®à¬­®©
á¢ï§­®áâ¨ ¨ ¢«®¦¥­­ëå ¢ ­¥£® ¯®¤¬­®£®®¡à §¨© ®áâ ¢ «¨áì á« ¡® ¨§ãç¥­­ë¬¨. �áª«îç¥­¨¥ á®-
áâ ¢«ï¥â à ¡®â  [1], ¯®«®¦¨¢è ï ­ ç «® ¨§ãç¥­¨î ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¯à®áâà ­áâ¢ 
ª®­ä®à¬­®© á¢ï§­®áâ¨, ª®â®à®¥, ª á®¦ «¥­¨î, ­¥ ¯®«ãç¨«® ¤®áâ â®ç­®£® à §¢¨â¨ï ¢ ¨áá«¥¤®-
¢ ­¨ïå ¤àã£¨å ¬ â¥¬ â¨ª®¢ (­ ¯à., ®¡§®à [2]).

� ¤ ­­®© à ¡®â¥ ­ ©¤¥­® ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ¯à®áâà ­áâ¢®
¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 á ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã Q2

n �
Pn;n+1 ï¢«ï¥âáï ¨§®¬®àä­ë¬ ¯à®áâà ­áâ¢ã ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n; ¨§ãç îâáï ­¥ª®â®àë¥
¢®¯à®áë ¢­ãâà¥­­¥© £¥®¬¥âà¨¨ ­®à¬ «¨§®¢ ­­®£® ¯à®áâà ­áâ¢  Cn;n.

�  ¯à®âï¦¥­¨¨ ¢á¥£® ¨§«®¦¥­¨ï ¨­¤¥ªáë ¯à®¡¥£ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï: �; �; � = 0; n+ 1;
i; j; k; l; s; t = 1; n; I;K;L = 1; n+ 1; A;B = n+ 1; n+N ; u; v; w = 1; r.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

� áá¬®âà¨¬ à áá«®¥­­®¥ ¬­®£®®¡à §¨¥ M á n-¬¥à­®© ¡ §®© Bn, N -¬¥à­ë¬¨ á«®ï¬¨ EN ¨
r-ç«¥­­®© £àã¯¯®© �¨ Gr. �®£« á­® â¥®à¥¬¥ � àâ ­ {� ¯â¥¢  [3], [4] á¨áâ¥¬  ¯ä ää®¢ëå
ä®à¬ !u ¢ à áá«®¥­­®¬ ¬­®£®®¡à §¨¨ M ãáâ ­ ¢«¨¢ ¥â äã­¤ ¬¥­â «ì­®-£àã¯¯®¢ãî á¢ï§­®áâì
á® áâàãªâãà­®© £àã¯¯®© Gr, ®¯à¥¤¥«¥­­®© ¨­¢ à¨ ­â­ë¬¨ ä®à¬ ¬¨ !u, â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ä®à¬ë !u á¢ï§ ­ë áâàãªâãà­ë¬¨ ãà ¢­¥­¨ï¬¨

D!u =
1
2
cuvw!

v ^ !w +
1
2
Ru
ij�

i ^ �j; (1)

£¤¥ cuvw = �cuwv = const, Ru
ij = �Ru

ji, D�
i = �j ^ �ij , �

i = aijdu
j | ¡ §®¢ë¥ ä®à¬ë �ä ää  ­  Bn,

ui | ª®®à¤¨­ âë â®çª¨ ¡ §ë Bn.
�á«¨ xA(u) | á«®¥¢ë¥ ª®®à¤¨­ âë â®çª¨ á«®ï EN(u), â® ®¯à¥¤¥«ïîé¥¥ á¢ï§­®áâì ®â®¡à -

¦¥­¨¥  á®á¥¤­¥£® á«®ï EN(u+ du) ­  ¨áå®¤­®¥ ¯à®áâà ­áâ¢® EN(u) ¨¬¥¥â ¢¨¤ [3]

xA(u+ du)
 
�! xA(u; du) = xA(u)� �Au (u)!

u(u; du) + �"A; (2)

¯à¨ç¥¬ lim
�!0

"A = 0.

�®«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  XA ¯à®áâà ­áâ¢  M ­ §ë¢ ¥âáï [3] ¨­¢ à¨ ­â­ë¬ ®â­®á¨-
â¥«ì­® á¢ï§­®áâ¨ ¯à®áâà ­áâ¢ , ¥á«¨ ¯à¨ ®¯à¥¤¥«ïîé¥¬ á¢ï§­®áâì ¨­ä¨­¨â¥§¨¬ «ì­®¬ ®â®-
¡à ¦¥­¨¨ (2) «®ª «ì­ë© ®¡ê¥ªâ á®á¥¤­¥£® á«®ï EN(u+ du) ®â®¡à ¦ ¥âáï (¢ £« ¢­®¬) ¢ «®ª «ì-
­ë© ®¡ê¥ªâ ¨áå®¤­®£® á«®ï EN(u). �®£« á­® [3] ¯®«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  XA ¨­¢ à¨ ­â-
­® ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ â®«ìª® â®£¤ , ª®£¤  ®¯à¥¤¥«ïîé ï ¥£® á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¨¬¥¥â ¢¨¤

dXA = �Au (X)!
u; (3)

£¤¥ �Au (X) | á¨áâ¥¬  ®á­®¢­ëå äã­ªæ¨©, ®¯à¥¤¥«ïîé¨å ®¡ê¥ªâ XA, !u | ä®à¬ë á¢ï§­®áâ¨
¯à®áâà ­áâ¢ .
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�¥ ¢áïª®¥ ¯à®áâà ­áâ¢® M á® á¢ï§­®áâìî ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® á¢ï§­®áâ¨
£¥®¬¥âà¨ç¥áª¨¬ ®¡ê¥ªâ®¬; ­ «¨ç¨¥ ¨­¢ à¨ ­â­®£® ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ ®¡ê¥ªâ  XA ¯à¨¢®-
¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬ ¤«ï ª®¬¯®­¥­â Ru

ij â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï.
�ãáâì à áá«®¥­­®¥ ¯à®áâà ­áâ¢® M á äã­¤ ¬¥­â «ì­®-£àã¯¯®¢®© á¢ï§­®áâìî ï¢«ï¥âáï ¯à®-

áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1; ¡ §®© ¯à®áâà ­áâ¢  Pn;n+1 á«ã¦¨â ¬­®£®®¡à §¨¥ Bn,
á«®ï¬¨ | ¯à®¥ªâ¨¢­ë¥ ¯à®áâà ­áâ¢  Pn+1 à §¬¥à­®áâ¨ n + 1, áâàãªâãà­ ï £àã¯¯  Gr ¨¬¥¥â
¯®àï¤®ª r = (n + 1)(n + 3). �®à¬ë á¢ï§­®áâ¨ f!ug � f!��g, !

�
� = 0 ¯®¤ç¨­¥­ë áâàãªâãà­ë¬

ãà ¢­¥­¨ï¬ (áà. á (1))

D!
�
� = !

�
� ^ !

�
� +

1
2
R
�
�st!

s
0 ^ !

t
0; !�� = 0; (4)

¯à¨ íâ®¬ ­¥§ ¢¨á¨¬ë¥ ¯¥à¢ë¥ ¨­â¥£à «ë u1; u2; : : : ; un ¢¯®«­¥ ¨­â¥£à¨àã¥¬®© á¨áâ¥¬ë «¨­¥©­®
­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨© !i0 = 0 ï¢«ïîâáï «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨ â®çª¨ A(u) ¡ §ë Bn. �
â¥ªãé¥© â®çª®© A(u) 2 Bn á¢ï§ë¢ ¥âáï (n + 1)-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn+1, ®â­¥-
á¥­­®¥ ª â®ç¥ç­®¬ã à¥¯¥àã fA�g, ¯à¨ç¥¬ A0(u) � A(u). �®à¬ë !

�
� ®¯à¥¤¥«ïîâ £« ¢­ãî ç áâì

®â®¡à ¦¥­¨ï  «®ª «ì­®£® ¯à®áâà ­áâ¢  Pn+1(u+ du) ­  ¨áå®¤­®¥ Pn+1(u) [1], [3]:

A�(u+ du)
 
�! A�(u; du) = A�(u) + !��A�(u) + � � "��A�; (5)

£¤¥ � =
p
(!1)2 + � � � + (!n0 )2, lim

�!0
"
�
� = 0. �âàãªâãà­ë¥ ãà ¢­¥­¨ï (4) ®¡¥á¯¥ç¨¢ îâ ¨­¢ à¨ ­â-

­®áâì £« ¢­®© ç áâ¨ ®â®¡à ¦¥­¨ï (5) ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¥¬¥©áâ¢  à¥¯¥à®¢.
� áâàãªâãà­ëå ãà ¢­¥­¨ïå (4) äã­ªæ¨¨ R�

�st ª®á®á¨¬¬¥âà¨ç­ë ¯® s, t, ¨ ¨å á®¢®ªã¯­®áâì
¯à¥¤áâ ¢«ï¥â á®¡®© â¥­§®à ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Pn;n+1:

r�R
�
�st + 2R�

�st�
0
0 = 0; (6)

£¤¥ �| á¨¬¢®« ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯ à ¬¥âà ¬ æ¥­âà®¯à®¥ªâ¨¢­®© £àã¯¯ë ä¨ªá¨à®¢ ­­®£®
á«®ï, â. ¥. ¯à¨ !i0 = 0,   ��� = !��

��
!k
0
=0
. �â¬¥â¨¬, çâ® á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

¤¢¨¦¥­¨ï à¥¯¥à  fA�g ¢ á«®¥ ¨¬¥¥â ¢¨¤ �A� = ���A�, ®âªã¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â �
n+1
0 = 0, â. ¥.

!n+1
0 = �n+1

0k !k0 : (7)

�¥¦¤ã ª®¬¯®­¥­â ¬¨ â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï áãé¥áâ¢ã¥â «¨­¥©­ ï § ¢¨á¨¬®áâì R�
�st=0,

ª®â®à ï ï¢«ï¥âáï à¥§ã«ìâ â®¬ § ¬ëª ­¨ï ãà ¢­¥­¨ï !�� = 0 (á¬. (4)).
�¨áâ¥¬  äã­ªæ¨© RI

0st á®£« á­® ãà ¢­¥­¨ï¬ (6) ®¡à §ã¥â ¯®¤â¥­§®à â¥­§®à  R�
�st,   ¨¬¥­­®,

â¥­§®à ªàãç¥­¨ï ¯à®áâà ­áâ¢  Pn;n+1. �«ï ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨
0

P n;n+1 ¡¥§ ªàã-
ç¥­¨ï ¨§ (4) á«¥¤ã¥â ãà ¢­¥­¨¥ D!I0 = !K0 ^ (!IK � �IK!

0
0), § ¬ëª ï ª®â®à®¥ á ¨á¯®«ì§®¢ ­¨¥¬

(7), ¯®«ãç¨¬

RI
(lst) � �I(lR

0
j0jst) +�n+1

0(l R
I
jnjst) � �In�

n+1
0(l R

0
j0jst) = 0: (8)

�®®â­®è¥­¨ï (8) ¯à¥¤áâ ¢«ïîâ á®¡®©  ­ «®£¨ ¨§¢¥áâ­ëå â®¦¤¥áâ¢ �¨çç¨.

2. �à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨

�®¯ãáâ¨¬, çâ® ¯à®áâà ­áâ¢® Pn;n+1 ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª
®¢ «ì­®£® â¨¯  Q2

n, ¯à®å®¤ïé¨å ç¥à¥§ æ¥­âàë á®®â¢¥âáâ¢ãîé¨å á«®¥¢ (¯®«¥ «®ª «ì­ëå £¨¯¥à-
ª¢ ¤à¨ª � à¡ã):

g��x
�x� = 0; g00 = 0; g�� = g��; jg��j 6= 0; (9)

�g�� � g���
�
� � g���

�
� = �g��; D� = � ^ �00: (10)

� ãà ¢­¥­¨ïå (9) ª®íää¨æ¨¥­âë g�� ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® áª «ïà­®£® ¬­®¦¨â¥«ï
� 6= 0 : eg�� = � � g��; ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (10) â¥¯¥àì § ¯¨èãâáï ¢ ¢¨¤¥ �eg�� � eg������
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�eg����� = (� ln � + �)eg��. � ª ª ª ä®à¬  � ¥áâì ¯®«­ë© ¤¨ää¥à¥­æ¨ «, â. ¥. � = �F , â® ¢ ¯®á«¥¤-

­¨å ãà ¢­¥­¨ïå §  áç¥â á®®â¢¥âáâ¢ãîé¥£® ¢ë¡®à  � ¬®¦­® áç¨â âì e� def= � ln � + � = 0.
�¨¦¥ ¯à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­­ë¬ â ª®¥ ­®à¬¨à®¢ ­¨¥ ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï «®ª «ì-

­®£®  ¡á®«îâ  (9); ¯à¨ íâ®¬ ãà ¢­¥­¨ï (10) ¯à¨¬ãâ ¢¨¤

�g�� � g���
�
� � g���

�
� = 0;

â. ¥.

�g0i � g0i�
0
0 � g0k�

k
i � g0;n+1�

n+1
i = 0;

�g0;n+1 � g0;n+1(�
0
0 + �n+1

n+1)� g0k�
k
n+1 = 0;

�gn+1;n+1 � 2(�0
n+1 + gn+1;k�

k
n+1 + gn+1;n+1�

n+1
n+1) = 0; (11)

�gij � gik�
k
j � gkj�

k
i � gi0�

0
j � g0j�

0
i � gi;n+1�

n+1
j � gn+1;j�

n+1
i = 0;

�gi;n+1 � gk;n+1�
k
i � gi;n+1�

n+1
n+1 � gi0�

0
n+1 � gik�

k
n+1 � g0;n+1�

0
i � gn+1;n+1�

n+1
i = 0:

�®£« á­® «¥¬¬¥ �.�.�áâ¨ ­ã [5], ãà ¢­¥­¨ï (11) ¯®§¢®«ïîâ ¯à®¢¥áâ¨ â ªãî ª ­®­¨§ æ¨î
à¥¯¥à  R = fA�g, ¯à¨ ª®â®à®©

gn+1;n+1 = g0i = gn+1;i = 0; g0;n+1 = 1; (12)

¯à¨ íâ®¬ á¯à ¢¥¤«¨¢®

�n+1
i = �0

n+1 = �0
0 + �n+1

n+1 = �0
i + gik�

k
n+1 = 0; �gij � gik�

k
j � gkj�

k
i = 0: (13)

�¥®¬¥âà¨ç¥áª¨ â ª ï á¯¥æ¨ «¨§ æ¨ï à¥¯¥à R ®§­ ç ¥â á«¥¤ãîé¥¥: ¨­¢ à¨ ­â­ ï «®ª «ì­ ï
£¨¯¥àª¢ ¤à¨ª  � à¡ã Q2

n ®ª § « áì ®â­¥á¥­­®© ª à¥¯¥àã 1-£® ¯®àï¤ª , ¯à¨ ª®â®à®© ¢¥àè¨­ë
A0, An+1 ¯à¨­ ¤«¥¦ â £¨¯¥àª¢ ¤à¨ª¥ Q2

n,   ¢¥àè¨­ë Ai «¥¦ â ­  ¯¥à¥á¥ç¥­¨¨ ª á â¥«ì­ëå
£¨¯¥à¯«®áª®áâ¥© ª Q2

n ¢ â®çª å A0, An+1.
�®®â­®è¥­¨ï (7), (13) £®¢®àïâ ® â®¬, çâ® ¢ ª ¦¤®¬ á«®¥ ¯à®áâà ­áâ¢  Pn;n+1 ¤¥©áâ¢ã¥â ¯®¤-

£àã¯¯  £àã¯¯ë ¯à®¥ªâ¨¢­ëå ¯à¥®¡à §®¢ ­¨©, ï¢«ïîé ïáï áâ æ¨®­ à­®© ¯® ®â­®è¥­¨î ª £¨¯¥à-
ª¢ ¤à¨ª¥ � à¡ã Q2

n; íâ  ¯®¤£àã¯¯  § ¢¨á¨â ®â
(n+1)(n+2)

2
¯ à ¬¥âà®¢.

�à¨ â ª®¬ ¢ë¡®à¥ ¯®«ï à¥¯¥à®¢ R á®£« á­® ([6], á. 65) ­ §®¢¥¬ ¯®«¥¬ ¯®«ã¨§®âà®¯­ëå à¥¯¥-
à®¢, ãà ¢­¥­¨¥ £¨¯¥àª¢ ¤à¨ª¨ � à¡ã ¯®«ï (9) ¢ á¨«ã (12) ¨¬¥¥â ¢¨¤

gijx
ixj + 2x0xn+1 = 0; jgij j 6= 0: (14)

�§ (7), (13) á«¥¤ãîâ á®®â­®è¥­¨ï

!n+1
0 = �n+1

0k !k0 ; !0
n+1 = �0

n+1;k!
k
0 ; !n+1

i = �n+1
ik !k0 ;

!0
0 + !n+1

n+1 = Bk!
k
0 ; gik!

k
n+1 + !0

i = �ik!
k
0 ; (15)

dgij � gik!
k
j � gkj!

k
i = gijk!

k
0 :

�à®¤®«¦ ï ãà ¢­¥­¨ï á¨áâ¥¬ë (15), á ¨á¯®«ì§®¢ ­¨¥¬ (4) ¯®«ãç¨¬

d�n+1
0i � �n+1

0k !ki +�n+1
0i !n+1

n+1 � �n+1
0l �n+1

0i !ln+1 = �n+1
0is !

s
0;

d�0
n+1;i +�0

n+1;i(2!
0
0 � !n+1

n+1)� �0
n+1;k(!

k
i +�n+1

0i !kn+1) + gks�si!0
k = �0

n+1;is!
s
0;

d�n+1
ik � �n+1

is !sk � �n+1
sk !si � �n+1

0k (�n+1
is !sn+1 + !0

i ) = �n+1
iks !

s
0;

dBi +Bi!
0
0 +Bs!

s
i + !0

i � �n+1
li !ln+1 �Bl�n+1

0i !ln+1 = Bis!
s
0; (16)

d�ik + 2�ik!
0
0 � �is!

s
k � �sk!

s
i + (gisk + gisBk)!

s
n+1 � �is�

n+1
0k !sn+1 = �iks!

s
0;

dgijk + gijk!
0
0 � gijs!

s
k � gisk!

s
j � gsjk!

s
i � gijs�

n+1
0k !sn+1 + (gik +�n+1

ik )!0
j + (gjk +�n+1

jk )!0
i = gijks!

s
0;
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£¤¥

2�n+1
0[ik] = �2�n+1

[ik] +�n+1
il Rl

0ik �Rn+1
0ik ;

2�0
n+1[ik] = �0

n+1;lR
l
0ik �R0

n+1;ik;

2�n+1
i[ks] = �2�n+1

i[k Bs] +�n+1
il Rl

0ks �Rn+1
iks ;

2B[is] = BlR
l
0is � (R0

0is +Rn+1
n+1;is); (17)

2�i[ks] = 2(gi[k +�n+1
i[k )�0

jn+1js] � gilR
l
n+1;ks �R0

iks +�ilRl
0ks;

2gij[ks] = 2(�n+1
i[k �jjjs] +�n+1

j[k �jijs]) + gijlR
l
0ks + gilR

l
jks + gjlR

l
iks:

�à ¢­¥­¨ï¬ (16) ã¤®¢«¥â¢®àïîâ ®å¢ âë

�n+1
0i = �0

n+1;i = Bi = �ik = gijk = 0; �n+1
ik = �gik; (18)

¯à¨ íâ®¬ ¢ á¨«ã (15) á¯à ¢¥¤«¨¢®

�n+1
0is = �0

n+1;is = �iks = gijks = �n+1
iks = Bis = 0: (19)

�§ á®®â­®è¥­¨© (17) á®£« á­® (19) ­ å®¤¨¬

Rn+1
0st = R0

n+1;st = 0; R0
0st +Rn+1

n+1;st = 0;

Rn+1
ist + gilR

l
0st = 0; gilR

l
n+1;st +R0

ist = 0; gilR
l
jst + gjlR

l
ist = 0:

(20)

�à¨ ®å¢ â å (18) ãà ¢­¥­¨ï (15) § ¯¨èãâáï ¢ ¢¨¤¥

a) !n+1
0 = !0

n+1 = !0
0 + !n+1

n+1 = 0;

¡) !n+1
i + gik!

k
0 = 0; !0

i + gik!
k
n+1 = 0; (21)

¢) dgij � gik!
k
j � gkj!

k
i = 0:

� á¨«ã jgij j 6= 0 á¯à ¢¥¤«¨¢®

gikgkj = �ij ; dgik + gis!ks + gsk!is = 0: (22)

�®£« á­® ([7]; [8], á. 10) ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë �ä ää  !
�
� ®â (n+1)(n+2)

2
¯ à ¬¥âà®¢

£àã¯¯ë ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©, ®áãé¥áâ¢«ïîé¨¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¯¥à¥¬¥é¥­¨¥ ¯®-
«ã¨§®âà®¯­®£® à¥¯¥à  n-¬¥à­®£® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à 
gij , ã¤®¢«¥â¢®àïîâ § ¢¨á¨¬®áâï¬ ¢¨¤  (21); ¯à¨ íâ®¬ ¢ á¨«ã ®â®¡à ¦¥­¨ï � à¡ã ¢á¥ â®çª¨
ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ®â®¡à ¦ îâáï ¢ â®çª¨ ­¥¯®¤¢¨¦­®© £¨¯¥àª¢ ¤à¨ª¨ � à¡ã (14)
¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn+1,   £¨¯¥àáä¥àë ¤¥©áâ¢¨â¥«ì­ëå à ¤¨ãá®¢ ¯à®áâà ­áâ¢  Cn | ¢
â®çª¨ ¯à®áâà ­áâ¢  Pn+1, «¥¦ é¨¥ ¢­¥ ®¢ «ì­®© £¨¯¥àª¢ ¤à¨ª¨ (14).

�¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥. �á«¨ ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn+1 § ¤ ­  ­¥¯®¤¢¨¦­ ï £¨-
¯¥àª¢ ¤à¨ª  ®¢ «ì­®£® â¨¯  Q2

n, â®, ª ª ¨§¢¥áâ­® ([6]; [9], á. 485), â®çª ¬ ¯à®áâà ­áâ¢  Pn+1 á
¯®¬®éìî áâ¥à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¨ áâ ¢ïâáï ¢ á®®â¢¥âáâ¢¨¥ «¨¡® â®çª¨, «¨¡® £¨¯¥àáä¥àë
Q2
n�1 ¤¥©áâ¢¨â¥«ì­®£® ¨«¨ ¬­¨¬®£® à ¤¨ãá®¢, «¨¡® £¨¯¥à¯«®áª®áâ¨ �n�1, ¯à®å®¤ïé¨¥ ç¥à¥§ ®¤­ã

â®çªã, ­ §ë¢ ¥¬ãî ­¥á®¡áâ¢¥­­®©, ª®â®àë¥ ï¢«ïîâáï ®¡à §ãîé¨¬¨ í«¥¬¥­â ¬¨ ª®­ä®à¬­®£®
¯à®áâà ­áâ¢  Cn.

�â® £®¢®à¨â ® â®¬, çâ® ª ¦¤ë© æ¥­âà®¯à®¥ªâ¨¢­ë© á«®© Pn+1 ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®©
á¢ï§­®áâ¨ Pn;n+1 á ¯®«¥¬ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã (14) ¨§®¬®àä¥­ ª®­ä®à¬­®¬ã ¯à®-
áâà ­áâ¢ã Cn.

�â ª, ¥á«¨ ¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®-
ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã Q2

n (á¬. (9)), â® ãà ¢­¥­¨¥ «®ª «ì­®© £¨¯¥àª¢ ¤à¨ª¨ ¢ ¯®«ã¨§®-
âà®¯­®¬ à¥¯¥à¥ § ¯¨è¥âáï ¢ ¢¨¤¥ (14), £¤¥ ª®¬¯®­¥­âë ¯®«ï á¨¬¬¥âà¨ç­®£® â¥­§®à  gij ã¤®-
¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (21¢)), ¯à¨ç¥¬ ä®à¬ë á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  Pn;n+1 ã¤®¢«¥â¢®àïîâ
(21 ), ¡)) ¨ ª®¬¯®­¥­âë ¥£® â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï | á®®â­®è¥­¨ï¬ (20).
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�¡à â­®, ¥á«¨ ª®íää¨æ¨¥­âë £¨¯¥àª¢ ¤à¨ª¨ (14) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (21¢)), â® ¨å
á®¢®ªã¯­®áâì ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ¢¨¤  (3) ¤«ï ®¡ê¥ªâ  XA = fgijg. � á¨«ã íâ®£® ¯®-
«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  fgijg, â. ¥. ¯®«¥ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã (14) ¨­¢ à¨ ­â­®
®â­®á¨â¥«ì­® á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  Pn;n+1. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ¯à®áâà ­áâ¢® Pn;n+1 á ¨­-
¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã (14) ¨§®¬®àä­® ¯à®áâà ­áâ¢ã ª®­ä®à¬­®©
á¢ï§­®áâ¨ Cn;n. �®ª § ­ 

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 ®¡« ¤ «® ¨­¢ -

à¨ ­â­ë¬ ¯®«¥¬ £¨¯¥àª¢ ¤à¨ª (14) ®¢ «ì­®£® â¨¯ , â. ¥. çâ®¡ë ®­® ¡ë«® ¨§®¬®àä­® ¯à®áâà ­-

áâ¢ã ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ ¯®«ã¨§®âà®¯­®¬ à¥¯¥à¥

¢ë¯®«­ï« áì á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (21).

� ¬¥â¨¬, çâ® ­ «¨ç¨¥ ¢ Pn;n+1 ¨­¢ à¨ ­â­®£® ¯®«ï «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª � à¡ã ®¢ «ì-
­®£® â¨¯  (14) ¯à¨¢®¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬ (20) ¤«ï ª®¬¯®­¥­â ¥£® â¥­§®à  ªà¨¢¨§­ë-
ªàãç¥­¨ï. �¤­®¢à¥¬¥­­®¥ ¢ë¯®«­¥­¨¥ íâ¨å á®®â­®è¥­¨© ¥áâì ãá«®¢¨¥ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨
®¡ê¥¤¨­¥­­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (21); ¯à¨ íâ®¬ è¨à®â  à¥è¥­¨ï ®¯à¥¤¥-
«ï¥âáï á ¯à®¨§¢®«®¬ ¢ (n+2)(n+3)

2
¯®áâ®ï­­ëå.

�â¬¥â¨¬, çâ®
1) á¨áâ¥¬  äã­ªæ¨© fR�

�stg, ã¤®¢«¥â¢®àïîé¨å ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬ (20), ¥áâì â¥­§®à
ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Cn;n ª®­ä®à¬­®© á¢ï§­®áâ¨, ¯à¨ç¥¬ á¨áâ¥¬  äã­ªæ¨© fRi

0stg
®¡à §ã¥â â¥­§®à ªàãç¥­¨ï ¯à®áâà ­áâ¢  Cn;n;

2) ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ï¢«ï¥âáï ¯®«¥ â¥­-
§®à  gij ; ®âà¨æ â¥«ì­ë© ¨­¤¥ªá ¨­¥àæ¨¨ l ª¢ ¤à â¨ç­®© ä®à¬ë gij!i0!

j
0 ¥áâì ¨­¤¥ªá ¯à®áâà ­áâ¢ 

ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n (¯à¨ l > 0 | ¯à®áâà ­áâ¢® ¯á¥¢¤®ª®­ä®à¬­®© á¢ï§­®áâ¨ ¨­¤¥ªá  l,
l = 0 | ¯à®áâà ­áâ¢® á®¡áâ¢¥­­®-ª®­ä®à¬­®© á¢ï§­®áâ¨).

� á¨«ã Rn+1
0st = 0 (á¬. (20)) ¯à®áâà ­áâ¢® Pn;n+1 á ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ £¨¯¥àª¢ ¤à¨ª � à-

¡ã (14) ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥ (RI
0st = 0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Cn;n | ¯à®áâà ­áâ¢®

ª®­ä®à¬­®© á¢ï§­®áâ¨ ¡¥§ ªàãç¥­¨ï (Ri
0st = 0). �«ï ¯à®áâà ­áâ¢ 

0

Cn;n ¡¥§ ªàãç¥­¨ï  ­ «®£¨
â®¦¤¥áâ¢ �¨çç¨ (8) ¢ á¨«ã �n+1

0i = 0 (á¬. (18)) ¯à¨¬ãâ ¢¨¤

Ri
(lst) � �i(lR

0
j0jst) = 0: (23)

�«ï ¯à®áâà ­áâ¢ 
0

Cn;n ¢ á¨«ã R
n+1
ist = 0 (á¬. (20)) á¨áâ¥¬  äã­ªæ¨© fRj

istg ®¡à §ã¥â â¥­§®à,

¯à¨ íâ®¬ ¯®  ­ «®£¨¨ á ¯à®áâà ­áâ¢®¬  ää¨­­®© á¢ï§­®áâ¨
0

An;n ¡¥§ ªàãç¥­¨ï â¥­§®à Ris
def= R

j
isj

­ §®¢¥¬ â¥­§®à®¬ �¨çç¨ ¯à®áâà ­áâ¢ 
0

Cn;n. � á«ãç ¥ á¨¬¬¥âà¨¨ â¥­§®à  Ris ¯à®áâà ­áâ¢®
0

Cn;n

­ §®¢¥¬ íª¢¨ª®­ä®à¬­ë¬.

�§ â®¦¤¥áâ¢ (23) ¢ á¨«ã Rj
jst = 0 (á¬. (20)) ­ å®¤¨¬

2R[st] = (n� 2)R0
0st: (24)

� á¨«ã (24) ¤®ª § ­ 

�¥®à¥¬  2. �à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨
0

C2;2 ï¢«ï¥âáï íª¢¨ª®­ä®à¬­ë¬. �à®-

áâà ­áâ¢®
0

Cn;n ¯à¨ n > 2 ï¢«ï¥âáï íª¢¨ª®­ä®à¬­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â¥­§®à R0
0st

®¡à é ¥âáï ¢ ­ã«ì.

� ¬¥â¨¬, çâ® ¯à¨ n = 2 ¤«ï ¯à®áâà ­áâ¢ 
0

C2;2 (ª®â®à®¥ ¢á¥£¤  íª¢¨ª®­ä®à¬­®¥) â¥­§®à R0
0st

­¥®¡ï§ â¥«ì­® ­ã«¥¢®©.
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3. �­ãâà¥­­ïï £¥®¬¥âà¨ï ­®à¬ «¨§®¢ ­­®£® ¯à®áâà ­áâ¢ 
ª®­ä®à¬­®© á¢ï§­®áâ¨

1. �ãáâì ¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ £¨¯¥à-
ª¢ ¤à¨ª ®¢ «ì­®£® â¨¯  Q2

n (á¬. (14)). �®§ì¬¥¬ ­®à¬ «¨§ æ¨î ([10], á. 210) ¯à®áâà ­áâ¢  Pn;n+1

¯®«¥¬ £¨¯¥à¯«®áª®áâ¥© �n � [Xn+1;Pi], ª á îé¨åáï £¨¯¥àª¢ ¤à¨ª Q2
n(A0) ¢ á®®â¢¥âáâ¢ãîé¨å

â®çª å Xn+1 2 Q
2
n, ¯à¨ç¥¬

Pi = Ai + x0iA0: (25)

� ª ª ª ¢ ¯®«ã¨§®âà®¯­®¬ à¥¯¥à¥

�Pi = (�x0i + x0i�
0
0 � x0j�

j
i + �0

i )A0 + �
j
iPj ;

â® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥, çâ® § ¤ ­¨¥ ¯®«ï ­®à¬ «¨§ãîé¨å £¨¯¥à¯«®áª®áâ¥© �n(A0) à ¢-
­®á¨«ì­® § ¤ ­¨î ¯®«ï ª¢ §¨â¥­§®à  x0i :

dx0i + x0i!
0
0 � x0j!

j
i + !0

i = x0ij!
j
0: (26)

�¥©áâ¢¨â¥«ì­®, ¥á«¨

Xn+1 = x0n+1A0 + xjn+1Aj +An+1; (27)

â® ª á â¥«ì­ ï ª Q2
n ¢ ¥¥ â®çª¥ Xn+1 £¨¯¥à¯«®áª®áâì �n(Xn+1) ¨¬¥¥â ãà ¢­¥­¨¥ gijxix

j
n+1+ x

0+
xn+1x0n+1 = 0. �¨¯¥à¯«®áª®áâì �n � [Xn+1;Pi] á®¤¥à¦¨â â®çª¨ Pi (á¬. (25)) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤ 

xjn+1 = �gjsx0s: (28)

� á¨«ã á®®â­®è¥­¨© (27), (28) â®çª  ª á ­¨ï Xn+1 «¥¦¨â ­  £¨¯¥àª¢ ¤à¨ª¥ � à¡ã (14) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤ 

x0n+1 = �
1
2
gjsx0jx

0
s: (29)

�«¥¤®¢ â¥«ì­®, á®£« á­® (25), (27){(29) á¯à ¢¥¤«¨¢®

Xn+1 =
1
2
gjsx0jx

0
sA0 � gjsx0sPj +An+1; (30)

¯®á«¥¤­¥¥ ¨ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥.
�à®¤®«¦ ï ãà ¢­¥­¨ï (26), ­ å®¤¨¬

dx0ij + 2x0ij!
0
0 � x0ik!

k
j � x0kj!

k
i + x0i!

0
j + x0j!

0
i � gijg

lkx0l!
0
k = x0ijk!

k
0 ; (31)

£¤¥

2x0i[jk] = x0lR
l
ijk � x0iR

0
0jk �R0

ijk + x0ilR
l
0jk: (32)

� á¨«ã ãà ¢­¥­¨© (21¢)), (22), (31) ã¡¥¦¤ ¥¬áï, çâ® á¨áâ¥¬  äã­ªæ¨©

a0ij
def= x0ij � x0ix

0
j +

1
2
gijg

lkx0l x
0
k (33)

®¡à §ã¥â â¥­§®à (¢®®¡é¥ £®¢®àï, ­¥á¨¬¬¥âà¨ç­ë©)

a) da0ij + 2a0ij!
0
0 � a0ik!

k
j � a0kj!

k
i = a0ijk!

k
0 ;

¡) a0ijk = x0ijk � x0ikx
0
j � x0ix

0
jk +

1
2
gijg

lt(x0lkx
0
t + x0l x

0
tk):

(34)

�¥­§®à a0ij ­ §®¢¥¬ ®á­®¢­ë¬ â¥­§®à®¬ ­®à¬ «¨§ æ¨¨ ¯à®áâà ­áâ¢  Pn;n+1 ¯®«¥¬ ª¢ §¨â¥­§®à 
x0i . � á«ãç ¥ á¨¬¬¥âà¨¨ ®á­®¢­®£® â¥­§®à  a0ij ­®à¬ «¨§ æ¨î ¯à®áâà ­áâ¢  Pn;n+1 ¯®  ­ «®£¨¨
á ­®à¬ «¨§ æ¨¥© ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  ([10], á. 211) ­ §®¢¥¬ £ à¬®­¨ç¥áª®©.
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�®«ïà  ª ¦¤®© â®çª¨ Pi (á¬. (25)) ®â­®á¨â¥«ì­® £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2
n (á¬. (14)) ¯¥à¥-

á¥ª ¥âáï á ­¥© ¯® á®®â¢¥âáâ¢ãîé¥© ª¢ ¤à¨ª¥
(i)

Q2
n�1, á®¤¥à¦ é¥© â®çª¨ A0, Xn+1; ¢ á¨«ã íâ®£®

á¯à ¢¥¤«¨¢®
n
\
i=1

(i)

Q2
n�1 � A0, Xn+1; Xn+1 6= A0.

� ¤ «ì­¥©è¥¬ ¨§«®¦¥­¨¨ ¡ã¤¥¬ áç¨â âì, çâ® ®¡à §ãîé¨¥ í«¥¬¥­âë (â®çª¨, £¨¯¥àáä¥àë ¨«¨
£¨¯¥à¯«®áª®áâ¨) á«®ï Cn ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ®¡®§­ ç îâáï ¯à®¯¨á­ë¬¨
« â¨­áª¨¬¨ ¡ãª¢ ¬¨ á ªãàá¨¢®¬,   á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¢ ®â®¡à ¦¥­¨¨ � à¡ã â®çª¨ á«®ï Pn+1

¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 ®¡®§­ ç îâáï ¯à®¯¨á­ë¬¨ « â¨­áª¨¬¨ ¡ãª¢ ¬¨ ¡¥§
ªãàá¨¢ . � ¯à¨¬¥à, ¤«ï ¯à®áâà ­áâ¢  Cn;n, ¨§®¬®àä­®£® Pn;n+1 á § ¤ ­­ë¬ ¨­¢ à¨ ­â­ë¬ ¯®-
«¥¬ £¨¯¥àª¢ ¤à¨ª � à¡ã (14), ¨§ ¢ëà ¦¥­¨© (25), (30) á«¥¤ã¥â

Pi = Ai + x0iA0; (250)

Xn+1 =
1
2
gjsx0jx

0
sA0 � gjsx0jPs +An+1; (300)

§¤¥áì A0, An+1, Xn+1 | â®çª¨ (£¨¯¥àáä¥àë ­ã«¥¢®£® à ¤¨ãá ), Ai | £¨¯¥àáä¥àë (¤¥©áâ¢¨â¥«ì-
­®£® à ¤¨ãá ) á«®ï Cn, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çª¨ A0, An+1,   Pi | £¨¯¥àáä¥àë ¤¥©áâ¢¨â¥«ì­®£®
à ¤¨ãá , ¯à®å®¤ïé¨¥ ç¥à¥§ â®çª¨ A0, Xn+1.

� ª¨¬ ®¡à §®¬, ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n, á®®â¢¥âáâ¢ãîé ï
à áá¬®âà¥­­®© ¢ëè¥ ­®à¬ «¨§ æ¨¨ ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n+1 á § ¤ ­­ë¬ ¨­-
¢ à¨ ­â­ë¬ ¯®«¥¬ £¨¯¥àª¢ ¤à¨ª � à¡ã (14), à ¢­®á¨«ì­  § ¤ ­¨î ¢ ­¥¬ ¤¨ää¥à¥­æ¨àã¥¬®£®
â®ç¥ç­®£® á®®â¢¥âáâ¢¨ï A0 ! Xn+1, Xn+1 6= A0, £¤¥ â®çª¨ Xn+1 ­®à¬ «¨§ãîé¥£® ¯®«ï ¨¬¥îâ
áâà®¥­¨¥ (300). �â  ­®à¬ «¨§ æ¨ï íª¢¨¢ «¥­â­  â®¬ã, çâ® ª ª ¦¤®© â®çª¥ A0 2 Cn;n ¢ á®®â-
¢¥âáâ¢ãîé¥¬ á«®¥ Cn(A0) ¯à¨á®¥¤¨­¥­ë n £¨¯¥àáä¥à (250), ¯à®å®¤ïé¨å ç¥à¥§ â®çª¨ A0, Xn+1.
�®á«¥¤­¥¥ à ¢­®á¨«ì­® § ¤ ­¨î ¢ Cn;n ¯®«ï ª¢ §¨â¥­§®à  x0i (á¬. (26)).

2. �ãáâì ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ­®à¬ «¨§®¢ ­® ¯®«¥¬ ª¢ §¨â¥­§®à  x0i .
�®§ì¬¥¬ á¨áâ¥¬ã ä®à¬

1

�
j
0 = !

j
0;

1

�ji = !ji � �ji (!
0
0 � x0k!

k
0 ) + gjkx0k!

n+1
i + x0i!

j
0:

(35)

�â  á¨áâ¥¬  ä®à¬ ã¤®¢«¥â¢®àï¥â áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ � àâ ­ {� ¯â¥¢ 

D
1

�j0 =
1

�k0 ^
1

�jk +
1
2
1
rj0st!

s
0 ^ !

t
0;

D
1

�
j
i =

1

�ki ^
1

�
j
k +

1
2
1
r
j
ist!

s
0 ^ !

t
0;

(36)

  á«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«ï¥â ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨
1

An;n. � áâàãªâãà­ëå ãà ¢­¥­¨ïå

(36) ª ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© f
1
rj0stg, f

1
rjistg ¥áâì á®®â¢¥âáâ¢¥­­® â¥­§®à ªàãç¥­¨ï ¨ â¥­§®à

ªà¨¢¨§­ë ¯à®áâà ­áâ¢ 
1

An;n. � ãç¥â®¬ (33) ¨å ª®¬¯®­¥­âë ¨¬¥îâ á«¥¤ãîé¨¥ áâà®¥­¨ï:

a)
1
r
j
0st = R

j
0st;

¡)
1
rjist = 2(a0i[s�

j

t] � gjka0k[sgt]i � �ji a
0
[st]) +Rj

ist � �ji (R
0
0st � x0kR

k
0st) + gjkx0kR

n+1
ist + x0iR

j
0st:

(37)

� ¬¥â¨¬, çâ® á®£« á­® (37 )) ¯à®áâà ­áâ¢®
1

An;n ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  Cn;n | ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨ ¡¥§ ªàãç¥­¨ï.

�à ¢­¥­¨ï (21¢)) á ¨á¯®«ì§®¢ ­¨¥¬ (35) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

dgij � gik
1

�kj � gkj
1

�ki = 2gij(!
0
0 � x0k!

k
0): (38)
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�®á«¥¤­¨¥ ãà ¢­¥­¨ï £®¢®àïâ ® â®¬, çâ®  ää¨­­ ï á¢ï§­®áâì
1

r ¯à®áâà ­áâ¢ 
1

An;n ï¢«ï¥âáï
¢¥©«¥¢®© (¢®®¡é¥ £®¢®àï, á ªàãç¥­¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij . �®ª § ­ 

�¥®à¥¬  3. �®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ¨­¤ãæ¨àã¥â ¯à®-

áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨
1

An;n, ®¯à¥¤¥«ï¥¬®¥ á¨áâ¥¬®© ¯ä ää®¢ëå ä®à¬ (35), ¯à¨ íâ®¬

 ää¨­­ ï á¢ï§­®áâì
1

r ¯à®áâà ­áâ¢ 
1

An;n a) ï¢«ï¥âáï ¢¥©«¥¢®© (¢®®¡é¥ £®¢®àï, á ªàãç¥­¨¥¬)
á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij ; ¡) ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Cn;n
| ¡¥§ ªàãç¥­¨ï.

3. � áá¬®âà¨¬ ­®à¬ «¨§®¢ ­­®¥ ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨
0

Cn;n ¡¥§ ªàãç¥­¨ï. �

íâ®¬ á«ãç ¥ á®£« á­® â¥®à¥¬¥ 3 ¯à®áâà ­áâ¢®
1

An;n ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥ ¨ ¤«ï ­¥£® ¢ á¨-

«ã á®®â­®è¥­¨© (20), (23), (37¡)) á¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢  �¨çç¨
1
rj(ist). �§ ¯®á«¥¤­¨å â®¦¤¥áâ¢

­¥¯®áà¥¤áâ¢¥­­® ­ å®¤¨¬

1
rkkst = �2

1
r[st]; (39)

£¤¥
1
rst =

1
rkstk ¥áâì â¥­§®à �¨çç¨ á¢ï§­®áâ¨

1

r ¯à®áâà ­áâ¢ 
1

AAn;n.

� á«ãç ¥ ¯à®áâà ­áâ¢ 
1

An;n ¡¥§ ªàãç¥­¨ï ¨§ ¢ëà ¦¥­¨© (37¡)) á ¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥-
­¨© (20), (37 )) ¨¬¥¥¬

1
rkkst = �n(2a0[st] +R0

0st): (40)

�§ á®®â­®è¥­¨© (39), (40) á«¥¤ã¥â

2
1
r[st] = n(2a0[st] +R0

0st): (41)

�®£« á­® (41) ¨ â¥®à¥¬¥ 2 á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ¯à¥¤«®¦¥­¨¥.

�¥®à¥¬  4. �á«¨ ­  ­®à¬ «¨§®¢ ­­®¬ ¯à®áâà ­áâ¢¥ ª®­ä®à¬­®© á¢ï§­®áâ¨
0

Cn;n ¡¥§ ªàã-

ç¥­¨ï ¯à¨ n > 2 ¨¬¥îâ ¬¥áâ® «î¡ë¥ ¤¢  ãá«®¢¨ï ¨§ á«¥¤ãîé¨å âà¥å :

 )  ää¨­­ ï á¢ï§­®áâì
1

r íª¢¨ ää¨­­ ï,

¡) ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢ 
0

Cn;n £ à¬®­¨ç¥áª ï,

¢) ¯à®áâà ­áâ¢®
0

Cn;n íª¢¨ª®­ä®à¬­®¥,

â® ¢ë¯®«­ïîâáï ¢á¥ âà¨.

�§ â¥®à¥¬ 3, 4 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �à¨ ­®à¬ «¨§ æ¨¨ íª¢¨ª®­ä®à¬­®£® ¯à®áâà ­áâ¢ 
0

Cn;n, n > 2, ¨­¤ãæ¨àã¥âáï

íª¢¨ ää¨­­ ï,   á«¥¤®¢ â¥«ì­®, à¨¬ ­®¢  á¢ï§­®áâì
1

r á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  ï¢«ï¥âáï £ à¬®­¨ç¥áª®©.

� ­­®¥ á«¥¤áâ¢¨¥ á¯à ¢¥¤«¨¢® ¨ ¯à¨ n = 2, ¥á«¨ § ¤ ­® ¯à®áâà ­áâ¢®
0

C2;2 á ¯®«¥¬ ­ã«¥¢®£®
â¥­§®à  R0

0st; íâ® ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ¯à¨ C2;2 � �2 (â. ¥. R
�
�st � 0).

�à¨¢¥¤¥¬ ¯à¨¬¥à ­®à¬ «¨§ æ¨¨ íª¢¨ª®­ä®à¬­®£® ¯à®áâà ­áâ¢ 
0

Cn;n, n > 2, ¨­¤ãæ¨àãîé¥©

à¨¬ ­®¢ã á¢ï§­®áâì
1

r.
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�à¥¤¯®«®¦¨¬, çâ® ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ¯®«¥¬ ª¢ §¨â¥­-

§®à  x0i ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®©, â. ¥. â¥­§®à a0ij (á¬. (33)) ­¥¢ëà®¦¤¥­: a
def= ja0ij j 6= 0. �®£¤ 

áãé¥áâ¢ã¥â ®¡à â­ë© â¥­§®à akj0 , ã¤®¢«¥â¢®àïîé¨© á®®â­®è¥­¨ï¬

a) aik0 a
0
kj = aki0 a

0
jk = �ij ;

¡) da
ij
0 � 2aij0 !

0
0 + aik0 !

j
k + a

kj
0 !

i
k = �aik0 a

sj
0 a

0
kst!

t
0:

(42)

� ª ª ª á¯à ¢¥¤«¨¢® d lna = a
ji
0 da

0
ij , â® ¢ á¨«ã (34 )), (42 )) ­ å®¤¨¬

d lna+ 2n!0
0 � 2!kk = ak!

k
0 ; ak = a

ji
0 a

0
ijk : (43)

�à®¤®«¦ ï ãà ¢­¥­¨¥ (43), ¯®«ãç¨¬

dak + ak!
0
0 � as!

s
k + 2n!0

k = aks!
s
0;

2a[ks] = alR
l
0ks � 2nR0

0ks:
(44)

�§ ãà ¢­¥­¨© (44) á«¥¤ã¥â, çâ® ª®¬¯®­¥­âë ª¢ §¨â¥­§®à  ak
2n
ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (26),

  á«¥¤®¢ â¥«ì­®, ¯®«¥ ª¢ §¨â¥­§®à  ak
2n

®¯à¥¤¥«ï¥â ­®à¬ «¨§ æ¨î ¯à®áâà ­áâ¢  ª®­ä®à¬­®©
á¢ï§­®áâ¨ Cn;n; ¯à¨ íâ®¬ ¢ ª ç¥áâ¢¥ ®á­®¢­®£® â¥­§®à  ­®à¬ «¨§ æ¨¨ á®£« á­® (33) ­ã¦­® ¢§ïâì
â¥­§®à

A0
ij

def=
1
2n

�
aij �

aiaj

2n
+

1
4n
gijg

lkalak

�
; 2A0

[ij] =
al

2n
Rl

0ij � 2nR0
0ij : (45)

�§ á®®â­®è¥­¨© (45) ¨ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â

�¥®à¥¬  5. �¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï (­¥®¡ï§ â¥«ì­® £ à¬®­¨ç¥áª ï) íª¢¨ª®­ä®à¬-

­®£® ¯à®áâà ­áâ¢ 
0

Cn;n, n > 2, ¯®«¥¬ ª¢ §¨â¥­§®à  x0i ®¯à¥¤¥«ï¥â £ à¬®­¨ç¥áªãî ­®à¬ «¨§ -

æ¨î ¨áå®¤­®£® ­®à¬ «¨§®¢ ­­®£® ¯à®áâà ­áâ¢  ¯®«¥¬ ª¢ §¨â¥­§®à  ak
2n
, çâ® à ¢­®á¨«ì­® â®-

¬ã, çâ® ¨­¤ãæ¨àã¥¬ ï ¯à¨ ¢â®à®© ­®à¬ «¨§ æ¨¨  ää¨­­ ï á¢ï§­®áâì
1

r ï¢«ï¥âáï à¨¬ ­®¢®©

á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij .

�â¬¥â¨¬, çâ® á¯à ¢¥¤«¨¢®áâì ¢â®à®© ç áâ¨ â¥®à¥¬ë 5 ®ç¥¢¨¤­ , ¥á«¨ ¨á¯®«ì§®¢ âì á«¥¤áâ¢¨¥
¨§ â¥®à¥¬ë 4.

� ¬¥ç ­¨¥. �¥®à¥¬  5 á¯à ¢¥¤«¨¢  ¨ ¯à¨ n = 2, ¥á«¨ § ¤ ­® ¯à®áâà ­áâ¢®
0

C2;2 á ¯®«¥¬
­ã«¥¢®£® â¥­§®à  R0

0st.

4. � áá¬®âà¨¬ ­®à¬ «¨§®¢ ­­®¥ ¯®«¥¬ ª¢ §¨â¥­§®à  x0i ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨

Cn;n. �®£« á­® à ¡®â¥ [11] ¤àã£ ï  ää¨­­ ï á¢ï§­®áâì r (ªà®¬¥
1

r) ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®©
ä®à¬ �ä ää  f!j0;�

j

i
g, ¢ ª®â®à®© á«®¥¢ë¥ ä®à¬ë �j

i
¯®«ãç îâáï ¢ à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï

�j

i
=

1

�j
i
+ �j

ik
!k0 . �à¥¡®¢ ­¨¥, çâ®¡ë á¨áâ¥¬  ä®à¬ �j

i
ã¤®¢«¥â¢®àï«  áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬

� àâ ­ {� ¯â¥¢ 

D�j
0 = �k

0 ^�
j
k +

1
2
rj0st!

s
0 ^ !

t
0; D�j

i = �k
i ^�

j
k +

1
2
rjist!

s
0 ^ !

t
0;

à ¢­®á¨«ì­® á«¥¤ãîé¥© á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

d�j0s � �j0l!
l
s + �l0s!

j
l � (�jts +�l0t�

j
ls + �j0tx

0
s � �l0t�

j
ls)!

t
0 +

+�l0s(g
jkx0k!

n+1
l + x0l!

j
0)�

1
2

�1
r
j
0st + �j0lR

l
0st

�
!t0 = e�j0st!t0; (46)

d�jis + �jis!
0
0 � �jil!

l
s � �jls!

l
i + �lis!

j
l + �lisx

0
l!

j
0 +

+(�jksg
klgitx

0
l � �jtsx

0
i + �lit�

j
ls + �kitg

jlgksx
0
l )!

t
0 �

1
2

�1
r
j
ist + �jilR

l
0st

�
!t0 = e�jist!t0; (47)
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¯à¨ç¥¬ â¥­§®à ªàãç¥­¨ï rj0st ¨ â¥­§®à ªà¨¢¨§­ë r
j
ist  ää¨­­®© á¢ï§­®áâ¨ r ¨¬¥îâ á®®â¢¥âáâ¢¥­-

­® áâà®¥­¨ï

rj0st = �2e�j0[st]; rjist = �2e�ji[st]: (48)

�à ¢­¥­¨ï (46), (47) § ¯¨è¥¬ ¢ ¢¨¤¥

a) d�j0s � �j0l!
l
s +�l0s!

j
l = �j0st!

t
0;

¡) d�jis + �jis!
0
0 � �jil!

l
s � �jls!

l
i + �lis!

j
l = �jist!

t
0;

(49)

£¤¥

a) �j0st = e�j0st +�jts + �l0t�
j
ls + �j0tx

0
s � �l0t�

j
ls � �l0s(�

j
tx

0
l � gjkgltx

0
k) +

1
2

�1
r
j
0st + �j0lR

l
0st

�
;

¡) �jist = e�jist � �
j
t�

l
isx

0
l +

1
2

�1
r
j
ist + �jilR

l
0st

�
� (�jksg

klgitx
0
l � �jtsx

0
i + �lit�

j
ls + �kitg

jlgksx
0
l ):

(50)

�¨¦¥ ¡ã¤¥¬ áç¨â âì �j
0 �

1

�j0 = !j0, ¢ á¨«ã ç¥£® �j0s = 0. �§ ãà ¢­¥­¨© (49 )) á ãç¥â®¬
¯®á«¥¤­¨å à ¢¥­áâ¢ ­ å®¤¨¬ �j0st = 0. �¥¯¥àì ¨§ á®®â­®è¥­¨© (48), (50 )) ¯®«ãç¨¬ ª®¬¯®­¥­âë
â¥­§®à  ªàãç¥­¨ï  ää¨­­®© á¢ï§­®áâ¨ r:

r
j
0st =

1
r
j
0st � 2�j[st]: (51)

�§ á®®â­®è¥­¨© (48) á ¨á¯®«ì§®¢ ­¨¥¬ (50¡)) ­ å®¤¨¬ ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë  ä-
ä¨­­®© á¢ï§­®áâ¨ r ¯à®áâà ­áâ¢  An;n:

r
j
ist = �2(�ji[st] + gkl�jk[sgt]ix

0
l + �j[st]x

0
i � �jl[s�

l
jijt] � gjlx0l�

k
i[sgt]k � x0l�

l
i[s�

j

t]) +
1
r
j
ist +�jilR

l
0st: (52)

�®ª § ­ 

�¥®à¥¬  6. �  ­®à¬ «¨§®¢ ­­®¬ ¯à®áâà ­áâ¢¥ ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n ªà®¬¥ ¯à®-

áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨
1

An;n, ®¯à¥¤¥«ï¥¬®£® á¨áâ¥¬®© ä®à¬
1

�j
i
(á¬. (35)), ¯à¨ § ¤ -

­¨¨ ¯®«ï â¥­§®à  ¤¥ä®à¬ æ¨¨ �jik ¨­¤ãæ¨àã¥âáï ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ An;n á®

á«®¥¢ë¬¨ ä®à¬ ¬¨

�j
0 =

1

�
j
0; �j

i =
1

�
j
i + �jik!

k
0 ; (53)

¯à¨ç¥¬ ¥£® â¥­§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ¨¬¥îâ á®®â¢¥âáâ¢¥­­® áâà®¥­¨ï (51), (52).

5. � áá¬®âà¨¬ ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n, ­®à¬ «¨§®¢ ­­®¥ ­¥¢ëà®¦¤¥­­ë¬
®¡à §®¬ (ja0ij j 6= 0) ¯®«¥¬ ª¢ §¨â¥­§®à  x0i .

�à®¤®«¦ ï ãà ¢­¥­¨ï (34 )), ¨¬¥¥¬

da0ijk + 3a0ijk!
0
0 � a0ijs!

s
k � a0isk!

s
j � a0sjk!

s
i + 2a0ij!

0
k + a0ik!

0
j + a0kj!

0
i � glt(a0ilgjk + a0ljgik)!

0
t = a0ijks!

s
0;

2a0ij[ks] = a0ijlR
l
0ks � 2a0ijR

0
0ks + a0ilR

l
jks + a0ljR

l
iks: (54)

� á¨«ã ãà ¢­¥­¨© (21¢)), (26), (34 )), (54) á®¢®ªã¯­®áâì äã­ªæ¨©

A0
ijk

def= a0ijk � a0ikx
0
j � a0kjx

0
i � 2a0ijx

0
k + (gika

0
lj + gjka

0
il)g

ltx0t (55)

®¡à §ã¥â â¥­§®à

dA0
ijk + 3A0

ijk!
0
0 �A0

ijs!
s
k �A0

isk!
s
j �A0

sjk!
s
i = A0

ijks!
s
0: (56)

�à ¢­¥­¨ï (34 )) ¢ á¨«ã á®®â­®è¥­¨© (35), (55) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

da0ij � a0ik
1

�kj � a0kj
1

�ki = A0
ijk!

k
0 : (57)
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� á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ ­®à¬ «¨§ æ¨¨ ¯à®áâà ­áâ¢  Cn;n, á®£« á­® ãà ¢­¥­¨ï¬ (42¡)), (56)
¢ ª ç¥áâ¢¥ â¥­§®à  ¤¥ä®à¬ æ¨¨ �jik (á¬. (49¡)) ¬®¦­® ¢§ïâì ®å¢ â

A
j
ik

def= a
jl
0 A

0
lik: (58)

�à¨ íâ®¬ á®®â¢¥âáâ¢ãîé¨¥ á«®¥¢ë¥ ä®à¬ë �j

i
(á¬. (53)) á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  An;n ®¡®§­ ç¨¬

ç¥à¥§
2

�
j

i
,   á ¬® ¯à®áâà ­áâ¢® | ç¥à¥§

2

An;n:

2

�
j
0 =

1

�
j
0;

2

�
j
i =

1

�
j
i +A

j
ik!

k
0 : (59)

�à ¢­¥­¨ï (57) ¢ á¨«ã (58), (59) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

da0ij � a0ik
2

�kj � a0kj
1

�ki = 0: (60)

�®á«¥¤­¨¥ ãà ¢­¥­¨ï ¤®ª §ë¢ îâ ¯à¥¤«®¦¥­¨¥.

�¥®à¥¬  7. �ää¨­­ë¥ á¢ï§­®áâ¨
1

r ¨
2

r, ¨­¤ãæ¨àã¥¬ë¥ ­¥¢ëà®¦¤¥­­®© ­®à¬ «¨§ æ¨¥©

¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n, ®¡®¡é¥­­® á®¯àï¦¥­ë ([10], á. 214) ®â­®á¨â¥«ì­®
¯®«ï ®á­®¢­®£® â¥­§®à  a0ij ­®à¬ «¨§ æ¨¨, ¯à¨ç¥¬ ¢ á«ãç ¥ ¥¥ £ à¬®­¨ç­®áâ¨ (â. ¥. a0[ij] = 0)

áà¥¤­ïï á¢ï§­®áâì
0

r, ®¯à¥¤¥«ï¥¬ ï á¨áâ¥¬®© ä®à¬
�
!j0;

1
2

�1
�ji +

2

�ji
�	
, ï¢«ï¥âáï ¢¥©«¥¢®© (¢®®¡é¥

£®¢®àï, á ªàãç¥­¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  a0ij. �®¬¯®­¥­âë â¥­§®à®¢ ªàãç¥­¨ï
2
r
j
0st ¨

ªà¨¢¨§­ë
2
r
j
ist ¯à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨

2

An;n ¨¬¥îâ á®®â¢¥âáâ¢¥­­® áâà®¥­¨ï

a)
2
r
j
0st = �ajk0 (x

0
lR

l
kst � x0kR

0
0st �R0

kst + x0kx
0
lR

l
0st �

1
2
gpqx0px

0
qgklR

l
0st);

¡)
2
r
j
ist = �a0kia

jl
0

1
rklst:

(61)

�à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï § ª«îç¨â¥«ì­®© ç áâ¨ â¥®à¥¬ë 7. �®£« á­® (51)

ª®¬¯®­¥âë â¥­§®à  ªàãç¥­¨ï
2
r
j
0st á¢ï§­®áâ¨

2

r á ãç¥â®¬ �jik � A
j
ik (á¬. (58)) ¨¬¥îâ áâà®¥­¨¥

2
rj0st =

1
rj0st � 2ajl0 A

0
l[st], ®âªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ (32), (34¡)), (37 )), (55) ¯®«ãç¨¬ (61 )).

�­ «®£¨ç­®, á ¨á¯®«ì§®¢ ­¨¥¬ (52) ¨ ãç¥â®¬ ®å¢ â  (58) ¬®¦­® ¡ë«® ¡ë ¢ëç¨á«¨âì ª®¬¯®-

­¥­âë â¥­§®à  ªà¨¢¨§ë
2
r
j
ist ¯à®áâà ­áâ¢ 

2

An;n. �à¨¢¥¤¥¬ ¤àã£®© (¡®«¥¥ ¯à®áâ®©) á¯®á®¡ ¢ëç¨-

á«¥­¨ï ª®¬¯®­¥­â â¥­§®à 
2
rjist. �«ï íâ®£® § ¬ª­¥¬ ãà ¢­¥­¨ï (60), ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç¨¬�

a0ik
2
rkjst + a0kj

1
rkist

�
!s0 ^ !

t
0 = 0:

�§ ¯®á«¥¤­¨å ¢­¥è­¨å ª¢ ¤à â¨ç­ëå ãà ¢­¥­¨© ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç¨¬ (61¡)).

� ¬¥â¨¬, çâ® ¢ á®®â­®è¥­¨ïå (61¡)) ª®¬¯®­¥­âë â¥­§®à 
1
rjist ¨¬¥îâ áâà®¥­¨¥ (37¡)).

6. � á«ãç ¥ Cn;n � Cn (â. ¥. ¯à¨ R
�
�st � 0) ­ ©¤¥¬ £¥®¬¥âà¨ç¥áªãî âà ªâ®¢ªã  ää¨­­®©

á¢ï§­®áâ¨
2

r ¯à®áâà ­áâ¢ 
2

An;n, ¨­¤ãæ¨àã¥¬®£® ¯à¨ ­¥¢ëà®¦¤¥­­®© ­®à¬ «¨§ æ¨¨ ª®­ä®à¬­®£®
¯à®áâà ­áâ¢  Cn.

�§ á®®â­®è¥­¨© (250), (300) á ¨á¯®«ì§®¢ ­¨¥¬ (15), (22), (26) ­ å®¤¨¬

dPi = a0ik!
k
0A0 � gik!

k
0Xn+1 + (!ki + x0i!

k
0 + glkx0l!

n+1
i )Pk;

dXn+1 = (x0k!
k
0 � !0

0)Xn+1 � glka0ls!
s
0Pk:

(62)

�®§ì¬¥¬ ¯®«ã¨§®âà®¯­ë¥ ª®­ä®à¬­ë¥ à¥¯¥àë R = fA�g ¨ eR = fB�g, £¤¥ B0 � Xn+1, Bi � Pi,
Bn+1 � A0; íâ¨ à¥¯¥àë á¢ï§ ­ë á®®â¢¥âáâ¢¥­­® á ­®à¬ «¨§ã¥¬®© â®çª®© A0 ¨ ­®à¬ «¨§ãîé¥©

52



â®çª®© Xn+1. �á«¨ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯¥à¥¬¥é¥­¨ï íâ¨å à¥¯¥à®¢ ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨
dA� = !

�
�A�, dB� = e!��B�, â® á®£« á­® (62) ­ å®¤¨¬

e!jn+1 = !j0; e!j0 = �gjka0ks!
s
0; e!0

0 = x0k!
k
0 � !0

0; e!n+1
n+1 = !0

0 � x0k!
k
0 ;e!0

i = �gik!
k
0 ; e!n+1

i = a0ik!
k
0 ; e!ji = !ji + x0i!

j
0 + gkjx0k!

n+1
i :

(63)

� ª ª ª á®£« á­® ¯. 1 x 3 ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨â¥­§®à  x0i
à ¢­®á¨«ì­  § ¤ ­¨î ¢ ­¥¬ ¤¨ää¥à¥­æ¨àã¥¬®£® â®ç¥ç­®£® á®®â¢¥âáâ¢¨ï A0 ! Xn+1, Xn+1 6= A0,
â® ¢ á«ãç ¥ ¥¥ ­¥¢ëà®¦¤¥­­®áâ¨ ¤¨ää¥à¥­æ¨àã¥¬®¥ â®ç¥ç­®¥ á®®â¢¥âáâ¢¨¥ Xn+1 ! A0 â ª¦¥
®¯à¥¤¥«ï¥â ­®à¬ «¨§ æ¨î ¨áå®¤­®£® ¯à®áâà ­áâ¢  Cn. �«¥¤®¢ â¥«ì­®, ¯à¨ íâ®© ­®à¬ «¨§ æ¨¨
â ª¦¥ ¨­¤ãæ¨àã¥âáï  ää¨­­ ï á¢ï§­®áâì er ¡¥§ ªàãç¥­¨ï, ®¯à¥¤¥«ï¥¬ ï á¨áâ¥¬®© ä®à¬ (áà ¢­¨
á (35))

e�j0 = e!j0;e�ji = e!ji � �ji (e!0
0 � ex0ke!k0 ) + gjkex0ke!n+1

i + ex0i e!j0; (64)

¯à¨ç¥¬ ePi = ex0iXn+1 + Pi; â. ª. ePi � Pi, â® ex0i = 0.
� ª¨¬ ®¡à §®¬, á®£« á­® (63), (64)  ää¨­­ ï á¢ï§­®áâì er ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ä®à¬

e�j0 = �gjka0ks!
s
0; (651)

e�ji = 1

�
j
i + 2�ji (!

0
0 � x0k!

k
0 ): (652)

�â¬¥â¨¬, çâ®  ää¨­­ë¥ á¢ï§­®áâ¨
1

r ¨ er ¡¥§ ªàãç¥­¨ï ®â­¥á¥­ë ª à §­ë¬ á¨áâ¥¬ ¬ ¡ §¨á-

­ëå ä®à¬ f
1

�j0 � !j0g ¨ fe�j0 � �gjka0ks!
s
0g. �à¨¢¥¤¥¬ ¨å ª ®¤­®© á¨áâ¥¬¥ f!j0g.

�à®¤¨ää¥à¥­æ¨à®¢ ¢ ¢­¥è­¨¬ ®¡à §®¬ (651), ¨¬¥¥¬

De�j0 = �(dgjk ^ a0ks!
s
0 + gjkda0ks ^ !

s
0 + gjka0ksD!

s
0);

®âªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ De�j0 = e�k0 ^ e�jk ¨ á®®â­®è¥­¨© (22), (34 )), (35), (65) ­ å®¤¨¬
D!

j
0 = !k0 ^ [!

j
k � �

j
k(!

0
0 + x0l!

l
0) + a

jl
0 a

0
lks!

s
0 � a

jl
0 x

0
l a

0
tk!

t
0 + a

jp
0 gpsg

lta0tkx
0
l!

s
0]:

�®á«¥¤­¨¥ ª¢ ¤à â¨ç­ë¥ ãà ¢­¥­¨ï £®¢®àïâ ® â®¬, çâ® § ¤ ­¨¥  ää¨­­®© á¢ï§­®áâ¨ er ¡¥§
ªàãç¥­¨ï á¨áâ¥¬®© ä®à¬ (65) à ¢­®á¨«ì­® § ¤ ­¨î íâ®© á¢ï§­®áâ¨ á¨áâ¥¬®© ä®à¬ f!j0; �

j

ig, £¤¥

�
j

i = !ji � �ji (!
0
0 + x0l!

l
0) + ajl0 a

0
lis!

s
0 � ajl0 x

0
l a

0
si!

s
0 + ajk0 gksg

lta0tix
0
l!

s
0:

� ª ª ª ¢ á¨«ã (35), (55), (58), (59) á¯à ¢¥¤«¨¢® �
j

i =
1

�
j
i + a

jl
0 A

0
lis!

s
0 �

1

�
j
i + A

j
is!

s
0 �

2

�
j
i , â®

¤®ª § ­ 

�¥®à¥¬  8. �ää¨­­ ï á¢ï§­®áâì
2

r ¡¥§ ªàãç¥­¨ï, ¨­¤ãæ¨àã¥¬ ï ­¥¢ëà®¦¤¥­­®© ­®à¬ «¨-

§ æ¨¥© A ! Xn+1 ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¨ ®¯à¥¤¥«ï¥¬ ï á¨áâ¥¬®© ä®à¬ (59), á®¢¯ -
¤ ¥â á  ää¨­­®© á¢ï§­®áâìî er ¡¥§ ªàãç¥­¨ï, ¨­¤ãæ¨àã¥¬®© ­®à¬ «¨§ æ¨¥© Xn+1 ! A0 Cn ¨

®¯à¥¤¥«ï¥¬®© á¨áâ¥¬®© ä®à¬ (65).
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