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�§ãç ¥âáï § ¤ ç  à §¬¥é¥­¨ï ¢§ ¨¬®á¢ï§ ­­ëå ¯àï¬®ã£®«ì­ëå ®¡ê¥ªâ®¢ ­  «¨­¨¨ á ¬¨-
­¨¬ «ì­®© áã¬¬ à­®© áâ®¨¬®áâìî á¢ï§¥© ¨ ®£à ­¨ç¥­¨ï¬¨ ­  ¬¨­¨¬ «ì­ë¥ à ááâ®ï­¨ï. �®-
ª § ­®, çâ® § ¤ ç  ï¢«ï¥âáï NP -âàã¤­®©, ¥á«¨ áâàãªâãà  á¢ï§¥© ¬¥¦¤ã ®¡ê¥ªâ ¬¨ ï¢«ï¥âáï
«¨¡® ª®à­¥¢ë¬ ¤¥à¥¢®¬, «¨¡® £à ä®¬ ¯®á«¥¤®¢ â¥«ì­®-¯ à ««¥«ì­®£® â¨¯  ¨ ¯®«¨­®¬¨ «ì­®
à §à¥è¨¬  ¤«ï æ¥¯¨.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì n| ç¨á«® à §¬¥é ¥¬ëå ®¡ê¥ªâ®¢, V = f1; : : : ; ng| ¬­®¦¥áâ¢® ¨å ­®¬¥à®¢. �¡ê¥ªâ |
íâ® ¯àï¬®ã£®«ì­¨ª á à §¬¥à ¬¨ ai�hi, i 2 V . �¢ï§ì ¯à®å®¤¨â ¢¥àâ¨ª «ì­® ®â æ¥­âà®¢ ®¡ê¥ªâ®¢
¤® «¨­¨¨ à §¬¥é¥­¨ï,   § â¥¬ ¯® ãª § ­­®© «¨­¨¨. �«¨­  ¢¥àâ¨ª «ì­®© á®áâ ¢«ïîé¥© á¢ï§¨
¤«ï ®¡ê¥ªâ®¢ i ¨ j à ¢­  hi=2 + hj=2, i; j 2 V , i 6= j. �áå®¤­ë¥ ¬¨­¨¬ «ì­® ¤®¯ãáâ¨¬ë¥ à ááâ®-
ï­¨ï § ¤ îâáï ¬¥¦¤ã ¡«¨¦ ©è¨¬¨ â®çª ¬¨ ®¡ê¥ªâ®¢, ®¤­ ª® ¢ ­¨å ¬®¦­® ãç¥áâì ¢¥«¨ç¨­ë
ai, i 2 V . � ¤ ç  á¢®¤¨âáï ª à §¬¥é¥­¨î â®ç¥ç­ëå ®¡ê¥ªâ®¢, â. ¥. ¯à®¥ªæ¨© £¥®¬¥âà¨ç¥áª¨å
æ¥­âà®¢ ¯àï¬®ã£®«ì­¨ª®¢ ­  «¨­¨î. �¨­¨¬ «ì­® ¤®¯ãáâ¨¬®¥ à ááâ®ï­¨¥ ¬¥¦¤ã ®¡ê¥ªâ ¬¨ i
¨ j ®¡®§­ ç ¥âáï ç¥à¥§ rij , R = (rij), rij = rji, rii = 0, i; j 2 V , | ¬ âà¨æ  ¬¨­¨¬ «ì­® ¤®¯ã-
áâ¨¬ëå à ááâ®ï­¨©. �âàãªâãà  á¢ï§¥© ¬¥¦¤ã ®¡ê¥ªâ ¬¨ § ¤ ¥âáï á ¯®¬®éìî £à ä  � = (V;E).
�¥¡à® (i; j) 2 E, ¥á«¨ áãé¥áâ¢ã¥â á¢ï§ì ¬¥¦¤ã ®¡ê¥ªâ ¬¨ i ¨ j á ã¤¥«ì­®© áâ®¨¬®áâìî Cij > 0,
Cij = Cji. �á«¨ ¤«ï á¢ï§ ­­ëå ®¡ê¥ªâ®¢ § ¤ ­ ¯®àï¤®ª ¢§ ¨¬­®£® à á¯®«®¦¥­¨ï ­  «¨­¨¨,
­ ¯à¨¬¥à, i-© ®¡ê¥ªâ ¤®«¦¥­ ¡ëâì à á¯®«®¦¥­ «¥¢¥¥ j-£®, â® (i; j) | ¤ã£ .

�ãáâì ª®®à¤¨­ â­ ï ®áì ­ ¯à ¢«¥­  ¢¤®«ì «¨­¨¨ à §¬¥é¥­¨ï ¨ xi | ª®®à¤¨­ â  æ¥­âà 
®¡ê¥ªâ  i, i 2 V , â®£¤  ¬®¤¥«ì áä®à¬ã«¨à®¢ ­­®© § ¤ ç¨ ¨¬¥¥â ¢¨¤

f(x1; x2; : : : ; xn) =
X

(i;j)2E

Cij jxi � xj j ! min; (1.1)

jxi � xj j � rij ; i; j 2 V; i < j: (1.2)

� ¤ ç  (1.1), (1.2) ï¢«ï¥âáï NP -âàã¤­®©, â. ª. ¥á«¨ rij = 1, i; j 2 V , i 6= j; Cij = 1, (i; j) 2 E, ¨ �
| ¯à®¨§¢®«ì­ë© ­¥®à¨¥­â¨à®¢ ­­ë© £à ä, ®­  íª¢¨¢ «¥­â­ NP -âàã¤­®© § ¤ ç¥ ®¯â¨¬ «ì­®£®
«¨­¥©­®£® ã¯®àï¤®ç¥­¨ï ([1], á. 250).

2. �«®¦­®áâì § ¤ ç¨ (1.1), (1.2)

� áá¬ âà¨¢ îâáï á«¥¤ãîé¨¥ ãá«®¢¨ï ­  í«¥¬¥­âë ¬ âà¨æë R:
a) rij = (ai + aj)=2, i; j 2 V , i 6= j (ãá«®¢¨ï ­¥¯¥à¥á¥ç¥­¨ï);
b) rij + rjk � rik, i; j; k 2 V , i 6= j 6= k (¬¥âà¨ç¥áª ï § ¤ ç );
c) rij ¯à®¨§¢®«ì­ë¥, i; j 2 V (­¥¬¥âà¨ç¥áª ï § ¤ ç ).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® £ã¬ ­¨â à­®£® ­ ãç­®£® ä®­¤ , £à ­â ò04-

02-00238a.
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� áá¬®âà¨¬ § ¤ çã (1.1), (1.2) á ãá«®¢¨ï¬¨ a), b) ¨ c), ¥á«¨ � | ­¥®à¨¥­â¨à®¢ ­­ ï æ¥¯ì, ª®à-
­¥¢®¥ ¤¥à¥¢® ¨«¨ £à ä ¯®á«¥¤®¢ â¥«ì­®-¯ à ««¥«ì­®£® â¨¯  (���) [2]. �à¨ ãá«®¢¨¨ a) § ¤ ç 
(1.1), (1.2) ¯®«¨­®¬¨ «ì­® à §à¥è¨¬  ¤«ï ãª § ­­ëå £à ä®¢ [2], [3].

�à®¨§¢®«ì­®¬ã à §¬¥é¥­¨î ®¡ê¥ªâ®¢ x = (xi1 ; xi2 ; : : : ; xin), xik < xik+1 , k 2 V , k < n, á®-
®â¢¥âáâ¢ã¥â ¯¥à¥áâ ­®¢ª  �(x) = (i1; i2; : : : ; in). �â¬¥â¨¬, çâ® ¯à¨ ãá«®¢¨¨ c) ¤«ï ¯®«ãç¥­¨ï
®¯â¨¬ «ì­®£® à¥è¥­¨ï § ¤ ç¨ (1.1), (1.2) ­¥¤®áâ â®ç­® §­ âì á®®â¢¥âáâ¢ãîéãî ¥¬ã ¯¥à¥áâ ­®¢-
ªã.

� | ­¥®à¨¥­â¨à®¢ ­­ ï æ¥¯ì. �ãáâì � | æ¥¯ì (i; i+ 1), i 2 V , i < n, â®£¤  ¤«ï à¥è¥­¨ï
§ ¤ ç¨ (1.1), (1.2) ¤®áâ â®ç­® à áá¬®âà¥âì ¯¥à¥áâ ­®¢ªã �0 = (1; 2; : : : ; n).

�â¢¥à¦¤¥­¨¥. �á«¨ �| æ¥¯ì, â® áãé¥áâ¢ã¥â ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ x0 § ¤ ç¨ (1:1), (1:2),
¤«ï ª®â®à®£® �(x0) = �0.

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï ¤®ª §ë¢ ¥âáï ª®­áâàãªâ¨¢­®. �ãáâì ex| ­¥ª®â®à®¥ ®¯â¨¬ «ì-
­®¥ à¥è¥­¨¥ ¨ �(ex) 6= �0. �®áâà®¨¬ à¥è¥­¨¥ x0, ¤«ï ª®â®à®£® �(x0) = �0 ¨ f(ex) = f(x0). �®« £ ¥¬

x01 = fx1; x0i = x0i�1 + d(i� 1; i; ex); i 2 V; i � 2;

£¤¥ d(i � 1; i; ex) | à ááâ®ï­¨¥ ¬¥¦¤ã ®¡ê¥ªâ ¬¨ i � 1 ¨ i ¢ à¥è¥­¨¨ ex. �®£¤  �(x0) = �0. �à®¬¥
â®£®, 8i, i < n, á¯à ¢¥¤«¨¢®

d(i; i + 1;x0) = jx0i+1 � x0ij = jx0i + d(i; i + 1; ex)� x0ij = d(i; i + 1; ex):
�®áâà®¥­­ë© ­ ¡®à x0 ã¤®¢«¥â¢®àï¥â (1.2). �¥©áâ¢¨â¥«ì­®, 8s; k 2 V , s < k,

x0k � x0s = x0s + d(s; s+ 1; ex) + � � �+ d(k � 1; k; ex)� x0s � d(s; k; ex) = jfxk �fxsj � rsk;

x0k � x0s = jfxk �fxsj, ¥á«¨ exs+i < exs+i+1, i 2 V , i < k, â. ¥. f(ex) = f(x0).

�¥®à¥¬  2.1. �á«¨ � | æ¥¯ì,   í«¥¬¥­âë ¬ âà¨æë R | ¯à®¨§¢®«ì­ë¥ à æ¨®­ «ì­ë¥ ç¨-

á« , â® § ¤ ç  (1:1), (1:2) ¯®«¨­®¬¨ «ì­® à §à¥è¨¬ .

�¥©áâ¢¨â¥«ì­®, á®£« á­® ãâ¢¥à¦¤¥­¨î ¤®áâ â®ç­® à áá¬®âà¥âì ¯¥à¥áâ ­®¢ªã �0, ¤«ï ª®â®-
à®© (1.1), (1.2) áâ ­®¢¨âáï § ¤ ç¥© «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (��)

f(x) =
nX

i=1

Cixi ! min; (2.1)

xj � xi � rij ; i; j 2 V; j > i; (2.2)

£¤¥ Ci =
i�1P
k=1

Cki�
nP

k=i+1
Cik. �¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¤¢®©áâ¢¥­­ ï ª (2.1), (2.2) § ¤ ç  ï¢«ï¥âáï

§ ¤ ç¥© ¯®¨áª  ®¯â¨¬ «ì­®£® ¯®â®ª  ¢ á¥â¨.
�¢¥¤¥¬ ¯¥à¥¬¥­­ë¥ ui;i+1, i 2 V , i < n, ®¯à¥¤¥«ïîé¨¥ à ááâ®ï­¨ï ¬¥¦¤ã á®á¥¤­¨¬¨ ®¡ê¥ª-

â ¬¨ ¢ ¯¥à¥áâ ­®¢ª¥ �0, ¨ § ¯¨è¥¬ § ¤ çã ��, íª¢¨¢ «¥­â­ãî (2.1), (2.2),

ef(u) = n�1X
i=1

� iX
j=1

nX
k=i+1

Cjk

�
ui;i+1 ! min;

lX
i=k

ui;i+1 � rk;l+1; k = 1; n� 2; l = k + 1; n� 1;

ui;i+1 � ri;i+1; i = 1; n� 1:

�¥âàã¤­® ¯®ª § âì, çâ® xi+1 � xi = ui;i+1, i 2 V , i < n.

� | ª®à­¥¢®¥ ¤¥à¥¢®. �®ª ¦¥¬, çâ® ¥á«¨ ¢ ¬ âà¨æ¥ R ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  b), â®
§ ¤ ç  (1.1), (1.2) ¤«ï ª®à­¥¢®£® ¤¥à¥¢  ï¢«ï¥âáï NP -âàã¤­®©.

� ª ç¥áâ¢¥ NP -âàã¤­®© à áá¬®âà¨¬ § ¤ çã ª®¬¬¨¢®ï¦¥à  á® áà¥¤­¨¬ ¢à¥¬¥­¥¬ ¯à¨¡ëâ¨ï
[4]. �ãáâì § ¤ ­® n £®à®¤®¢ ¨ tij | ¢à¥¬ï ¯¥à¥¥§¤  ¨§ £®à®¤  i ¢ £®à®¤ j, ¯à¨ç¥¬ tij+tjk � tik ¤«ï
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¢á¥å i; j; k 2 V . �¥®¡å®¤¨¬® ­ ©â¨ ¯®á«¥¤®¢ â¥«ì­®áâì ®¡ê¥§¤  £®à®¤®¢ �(1); �(2); : : : ; �(n), ¬¨­¨-
¬¨§¨àãîéãî áà¥¤­¥¥ ¢à¥¬ï ¯à¨¡ëâ¨ï. �á«¨ b > 0 | ¯à®¨§¢®«ì­®¥ ç¨á«®, â® á®®â¢¥âáâ¢ãîé ï
§ ¤ ç  à á¯®§­ ¢ ­¨ï á®áâ®¨â ¢ ¯à®¢¥àª¥ áãé¥áâ¢®¢ ­¨ï ¯¥à¥áâ ­®¢ª¨ � â ª®©, çâ® á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

�(�) =
1
n

� n�1X
k=1

kX
i=1

t�(i)�(i+1)

�
� b: (2.3)

�ãáâì ª®à­¥¢®¥ ¤¥à¥¢® � | íâ® \¢¥¥à", ¢ ª®â®à®¬ ª®à¥­ì ¨¬¥¥â ­®¬¥à 1,   ¬­®¦¥áâ¢® ¤ã£
E = f(1; i), i 2 V , i > 1g ¨ C1i = 1, i 2 V , i > 1, ¨ í«¥¬¥­âë ¬ âà¨æë R ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î b). �«ï â ª®£® £à ä  § ¤ ç  (1.1), (1.2) á¢®¤¨âáï ª ¯®¨áªã ¯¥à¥áâ ­®¢ª¨ ®¡ê¥ªâ®¢ �,
¤®áâ ¢«ïîé¥© ¬¨­¨¬ã¬ äã­ªæ¨¨

�(�) =
n�1X
k=1

kX
i=1

r�(i)�(i+1):

�¡®§­ ç¨¬ ç¥à¥§ � á®®â¢¥âáâ¢ãîéãî § ¤ çã à á¯®§­ ¢ ­¨ï: áãé¥áâ¢ã¥â «¨ ¯¥à¥áâ ­®¢ª  �
â ª ï, çâ® �(�) � b1 ¤«ï § ¤ ­­®£® ç¨á«  b1 � 0 ? �oª ¦¥¬, çâ® (2.3) ¯®«¨­®¬¨ «ì­® á¢®¤¨âáï
ª �. �¥©áâ¢¨â¥«ì­®, ¯®« £ ¥¬ rij = tij , i; j 2 V , i 6= j. �á«¨ áãé¥áâ¢ã¥â ¯¥à¥áâ ­®¢ª  �0 â ª ï,
çâ® �(�0) � b, â®£¤ , ¯®« £ ï b1 = nb, ¨¬¥¥¬ �(�0) � b1. �á«¨ �(�0) > b, â® �(�0) > nb = b1, â. ¥.
§ ¤ ç  � ¨¬¥¥â à¥è¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨¬¥¥â à¥è¥­¨¥ § ¤ ç  (2.3).

�¥®à¥¬  2.2. �á«¨ � | ª®à­¥¢®¥ ¤¥à¥¢®,   í«¥¬¥­âë ¬ âà¨æë R ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­-

áâ¢ã âà¥ã£®«ì­¨ª , â® § ¤ ç  (1:1), (1:2) ï¢«ï¥âáï NP -âàã¤­®©.

�| £à ä ¯®á«¥¤®¢ â¥«ì­®-¯ à ««¥«ì­®£® â¨¯ . �®ª ¦¥¬, çâ® ¥á«¨ í«¥¬¥­âë ¬ âà¨æë
R ã¤®¢«¥â¢®àïîâ b), â® § ¤ ç  (1.1), (1.2) ¤«ï £à ä  ��� ï¢«ï¥âáï NP -âàã¤­®©.

� ª ç¥áâ¢¥ NP -âàã¤­®© ¢®§ì¬¥¬ à §®¬ª­ãâë© ¢ à¨ ­â § ¤ ç¨ ª®¬¬¨¢®ï¦¥à , â. ¥. £ ¬¨«ì-
â®­®¢ ¯ãâì ¬¨­¨¬ «ì­®© ¤«¨­ë. �ãáâì, ª ª ¨ à ­¥¥, tij | ¢à¥¬ï ¯¥à¥¥§¤  ¨§ £®à®¤  i ¢ £®à®¤ j,
¯à¨ç¥¬ tij+tjk � tik ¤«ï ¢á¥å i; j; k 2 V . �®£¤  á®®â¢¥âáâ¢ãîé ï § ¤ ç  à á¯®§­ ¢ ­¨ï á®áâ®¨â ¢
¯à®¢¥àª¥ áãé¥áâ¢®¢ ­¨ï â ª®© ¯¥à¥áâ ­®¢ª¨ �, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ç¨á«  b > 0 á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

�1(�) =
n�1X
i=1

t�(i)�(i+1) � b: (2.4)

� áá¬®âà¨¬ £à ä ��� á ®¤­®© ¢¥àè¨­®© ­  ª ¦¤®© ¨§ n æ¥¯¥© ¬¥¦¤ã ¢¥àè¨­ ¬¨ s ¨ t
[2] ¨ Csi = Cit = 1, i 2 V . �®£¤  § ¤ ç  à á¯®§­ ¢ ­¨ï, á®®â¢¥âáâ¢ãîé ï § ¤ ç¥ (1.1), (1.2),
§ ª«îç ¥âáï ¢ ¯à®¢¥àª¥ áãé¥áâ¢®¢ ­¨ï ¯¥à¥áâ ­®¢ª¨ � â ª®©, çâ®

�1(�) = n
n�1X
i=1

r�(i)�(i+1) + 2n � b1; (2.5)

£¤¥ b1 > 0 | § ¤ ­­®¥ ç¨á«®. �¢¥¤¥­¨¥ § ¤ ç¨ (2.4) ª § ¤ ç¥ (2.5)  ­ «®£¨ç­® ¯à¨¢¥¤¥­­®¬ã
à ­¥¥ ¤«ï ª®à­¥¢®£® ¤¥à¥¢  á b = b1�2n

n
. �¬¥¥â ¬¥áâ® â ª¦¥

�¥®à¥¬  2.3. �á«¨ � | £à ä ¯®á«¥¤®¢ â¥«ì­®-¯ à ««¥«ì­®£® â¨¯ ,   í«¥¬¥­âë ¬ âà¨æë

R ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã âà¥ã£®«ì­¨ª , â® § ¤ ç  (1:1), (1:2) ï¢«ï¥âáï NP -âàã¤­®©.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¯¥à¥å®¤ë ®â à §¬¥é¥­¨ï ª®à­¥¢®£® ¤¥à¥¢  ¨ £à ä  ��� ª ¯®-
§¨æ¨ï¬ ­  «¨­¨¨ á ¥¤¨­¨ç­ë¬ à ááâ®ï­¨¥¬ [2] ¨«¨ ®â ãá«®¢¨© a) [3] ª ¬¨­¨¬ «ì­® ¤®¯ãáâ¨¬ë¬
à ááâ®ï­¨ï¬ ¯¥à¥¢®¤ïâ § ¤ çã (1.1), (1.2) ¨§ ª« áá  ¯®«¨­®¬¨ «ì­® à §à¥è¨¬ëå ¢ ª« áá NP -
âàã¤­ëå.
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