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�(z) =
1
2�i

Z
�

f(�)d�
� � z

(1)

á ­¥¯à¥àë¢­®© ¯«®â­®áâìî f(�), ¢§ïâë© ¯® £« ¤ª®© ªà¨¢®© �. �ãáâì � = ei�, � = �(t), | ¥¤¨-
­¨ç­ ï ­®à¬ «ì ª ªà¨¢®© �, ­ ¯à ¢«¥­­ ï ¢«¥¢® ®â � ®â­®á¨â¥«ì­® ¥¥ ¯®«®¦¨â¥«ì­®£® ­ -
¯à ¢«¥­¨ï ®¡å®¤ . �§¢¥áâ­® [1], [2], çâ® ¯®çâ¨ ¢áî¤ã ­  � áãé¥áâ¢ãîâ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï
��(t) = lim

h!0+
�(t� h�), ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨î �+(t)���(t) = f(t), t 2 �. �â¢¥à¦¤ âì,

çâ® £à ­¨ç­ë¥ §­ ç¥­¨ï �+(t) ¨ ��(t) áãé¥áâ¢ãîâ ¢ ª ¦¤®© â®çª¥ t 2 �, ¢®®¡é¥ £®¢®àï, ­¥«ì§ï.
� ¤ ­­®© áâ âì¥ ¨áá«¥¤ã¥âáï á¨¬¬¥âà¨ç¥áª ï à §­®áâì ¨­â¥£à «  â¨¯  �®è¨

�h�(t) = �(t+ h�)� �(t� h�); t 2 �; (2)

£¤¥ h 2 R+ (h | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®). �§ [1], [2] á«¥¤ã¥â, çâ®

lim
h!0+

�h�(t) = f(t) (3)

áãé¥áâ¢ã¥â ¢® ¢á¥å â¥å â®çª å t, £¤¥ áãé¥áâ¢ãîâ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï �+(t) ¨ ��(t), â. ¥. ¯®çâ¨
¢áî¤ã. �ë ¯®ª ¦¥¬, çâ® ­  á ¬®¬ ¤¥«¥ ¯à¥¤¥« á¨¬¬¥âà¨ç¥áª®© à §­®áâ¨ áãé¥áâ¢ã¥â ¨ à ¢¥­
§­ ç¥­¨î äã­ªæ¨¨ ¯à¨ «î¡®¬ t 2 �, ¨ ¯®«ãç¨¬ ®¡®¡é¥­¨¥ íâ®£® à¥§ã«ìâ â  ¤«ï ¨­â¥£à¨àã¥¬ëå
äã­ªæ¨©.

� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ â®çª¨ �¥¡¥£  ¨ ®¡®¡é¨¬ ¥£® ­  á«ãç © äã­ªæ¨©, § ¤ ­­ëå ­  ªà¨¢ëå
(á¬., ­ ¯à., [3], £«. 10, x 1).

�¯à¥¤¥«¥­¨¥ 1. �ãáâì äã­ªæ¨ï g ®¯à¥¤¥«¥­  ­  ®âà¥§ª¥ [�; �]. �®çª  t 2 (�; �) ï¢«ï¥âáï
â®çª®© �¥¡¥£  äã­ªæ¨¨ g, ¥á«¨

lim
�!0

1
�

Z t+�

t

fg(�) � g(t)gd� = 0:

�«ï äã­ªæ¨¨, § ¤ ­­®© ­  á¯àï¬«ï¥¬®© ªà¨¢®© �, íâ® ®¯à¥¤¥«¥­¨¥ ¬®¦­® áä®à¬ã«¨à®¢ âì
á«¥¤ãîé¨¬ ®¡à §®¬.

�¯à¥¤¥«¥­¨¥ 2. �ãáâì � = �(s), 0 � s � l, | ­ âãà «ì­ ï ¯ à ¬¥âà¨§ æ¨ï ªà¨¢®© �. �®çª 
�0 = �(s0) ­ §ë¢ ¥âáï â®çª®© �¥¡¥£  äã­ªæ¨¨ f , ®¯à¥¤¥«¥­­®© ­  �, ¥á«¨ â®çª  s0 ï¢«ï¥âáï
â®çª®© �¥¡¥£  äã­ªæ¨¨ g(s) = f(�(s)).

�á­®¢­ë¥ à¥§ã«ìâ âë áâ âì¨ á®¤¥à¦ âáï ¢ á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ å.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 01-01-00088.
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�¥®à¥¬  1. �á«¨ äã­ªæ¨ï f(�) ­¥¯à¥àë¢­  ­  £« ¤ª®© ªà¨¢®© �, â® ¯à¥¤¥« (3) áãé¥áâ¢ã¥â
¨ à ¢¥­ §­ ç¥­¨î äã­ªæ¨¨ ¢ ª ¦¤®© â®çª¥ t 2 � §  ¢®§¬®¦­ë¬ ¨áª«îç¥­¨¥¬ ª®­æ®¢ �, ¥á«¨
ªà¨¢ ï à §®¬ª­ãâ .

�¥®à¥¬  2. �á«¨ äã­ªæ¨ï f(t) ¨­â¥£à¨àã¥¬  ­  £« ¤ª®© ªà¨¢®© �, â® ¯à¥¤¥« á¨¬¬¥âà¨-

ç¥áª®© à §­®áâ¨ ¨­â¥£à «  â¨¯  �®è¨ ¯à¨ h ! 0 áãé¥áâ¢ã¥â ¢ ª ¦¤®© â®çª¥ �¥¡¥£  íâ®©

äã­ªæ¨¨ ¨ à ¢¥­ §­ ç¥­¨î äã­ªæ¨¨ ¢ íâ®© â®çª¥.

�«ï ¤®ª § â¥«ìáâ¢  íâ¨å â¥®à¥¬ ¨á¯®«ì§®¢ ­ë ­¥ª®â®àë¥ à¥§ã«ìâ âë ¨§ â¥®à¨¨ á¨­£ã«ïà-
­®£® ¨­â¥£à «  ¢ á¬ëá«¥ �¥¡¥£  ([3], £«. 10, x 1, 2). �â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â [3] à áá¬ âà¨¢ ¥¬
­¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨,   á¥¬¥©áâ¢  äã­ªæ¨©, § ¢¨áïé¨¥ ®â ¢¥é¥áâ¢¥­­®£® ¯®«®¦¨â¥«ì­®£® ¯ -
à ¬¥âà  h.

�¯à¥¤¥«¥­¨¥ 3. �¥¬¥©áâ¢® äã­ªæ¨© �h(x; �), h 2 R+, § ¤ ­­ëå ­  ª¢ ¤à â¥ (0 � x � 1,
0 � � � 1), ­ §ë¢ ¥âáï ï¤à®¬, ¥á«¨

1) äã­ªæ¨ï �h(x; �) áã¬¬¨àã¥¬  ¯® x ¯à¨ ¯à®¨§¢®«ì­®¬ ä¨ªá¨à®¢ ­­®¬ �,
2)

lim
h!0+

Z �2

�1

�h(x; �)dx = 1 (4)

¤«ï «î¡ëå �1, �2 â ª¨å, çâ® 0 � �1 < � < �2 � 1.

�¯à¥¤¥«¥­¨¥ 4. �ã­ªæ¨ï 	h(x; �) ­ §ë¢ ¥âáï £®à¡ â®© ¬ ¦®à ­â®© äã­ªæ¨¨ �h(x; �), ¥á«¨
1) j�h(x; �)j � 	h(x; �),
2) 	h(x; �) ¯à¨ ä¨ªá¨à®¢ ­­®¬ � ¢®§à áâ ¥â ­  [0; x] ¨ ã¡ë¢ ¥â ­  [x; 1].

�­â¥£à « ¢¨¤ 
1R
0

�h(x; �)�(x)dx, £¤¥ �h(x; �) | ï¤à® ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï 3, ­ §ë¢ îâ á¨­-

£ã«ïà­ë¬ ¨­â¥£à «®¬ ¯® �¥¡¥£ã (á¬., ­ ¯à., [3], £«. 10, x 1).
� ¤ «ì­¥©è¥¬ ¨á¯®«ì§ã¥âáï �.�.� ¤¤¥¥¢ 

�¥®à¥¬  ([3], £«. 10, x 2). �á«¨ ï¤à® �h(x; �) ¯à¨ ª ¦¤®¬ h ¨¬¥¥â £®à¡ âãî ¬ ¦®à ­âã

	h(x; �) â ªãî, çâ®

Z 1

0

	h(x; �)dx < B(�) < +1; (5)

£¤¥ B(�) § ¢¨á¨â «¨èì ®â �, â® ¤«ï «î¡®© áã¬¬¨àã¥¬®© äã­ªæ¨¨ g(x), ¨¬¥îé¥© â®çªã x = �
â®çª®© �¥¡¥£ ,

lim
h!0+

Z 1

0

�h(x; �)g(x)dx = g(�): (6)

�«ï ã¯à®é¥­¨ï ¢ëç¨á«¥­¨© ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®
1) � | à §®¬ª­ãâ ï £« ¤ª ï ªà¨¢ ï ¨ t | ¥¥ ¢­ãâà¥­­ïï â®çª ;
2) ªà¨¢ ï � ­ ç¨­ ¥âáï ¢ â®çª¥ 0,   ¥¥ ª á â¥«ì­ ï ¢ íâ®© â®çª¥ ­ ¯à ¢«¥­  ¢¤®«ì ¯®«®¦¨-

â¥«ì­®£® «ãç  ¢¥é¥áâ¢¥­­®© ®á¨;
3) ¯à¨ ®¡å®¤¥ ªà¨¢®© � ¥¥ ª á â¥«ì­ ï ¯®¢®à ç¨¢ ¥âáï ­  ã£®«, ¬¥­ìè¨© �=4; ¬®¦­® ¯à¥¤-

áâ ¢¨âì â ªãî ªà¨¢ãî ¢ ¢¨¤¥

� = f(x; Y (x)) : x 2 [0; 1]; y = Y (x)g;
£¤¥ Y (x) | ¤¨ää¥à¥­æ¨àã¥¬ ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï, Y (0) = 0, Y 0(0) = 0, jY 0(x)j � k < 1,
0 � x � 1.
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�¥¬¥©áâ¢® äã­ªæ¨© �h(x; �) áâà®¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �ç¨âë¢ ï (1) ¨ ¤¥« ï § ¬¥­ã
� = x+ iY (x), 0 � x � 1, t = � + iY (�), 0 � � � 1, ¢ ä®à¬ã«¥ (2)

�h�(t) =
1
2�i

Z
�

f(�)d�
� � (t+ h�)

� 1
2�i

Z
�

f(�)d�
� � (t� h�)

=
1

h��i

Z 1

0

f(�)� 0(x)dx
(�(x)� t)2(h�)�2 � 1

;

¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ á¨¬¬¥âà¨ç¥áª®© à §­®áâ¨ ¢ ¢¨¤¥

�h�(t) =
Z 1

0

�h(x; �)f(x+ iY (x))dx;

£¤¥

�h(x; �) =
1 + iY 0(x)

h��i([x� � + i(Y (x)� Y (�))]2(h�)�2 � 1)
: (7)

�¥¬¬  1. �¥¬¥©áâ¢® äã­ªæ¨© (7) ï¢«ï¥âáï ï¤à®¬.

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ 0 < �1 < �2 < 1. �ç¨âë¢ ï (7) ¨ ¤¥« ï § ¬¥­ã z = [x � � +
i(Y (x)� Y (�))](h�)�1 ¢ ¨­â¥£à «¥ (4), ¯®«ãç¨¬

Z �2

�1

�h(x; �)dx =
1
�i

Z z2

z1

dz

z2 � 1
=

1
2�i

ln
z � 1
z + 1

����
z2

z1

;

£¤¥ zj(h) = [�j � � + i(Y (�j)� Y (�))](h�)�1, j = 1; 2.
�¡®§­ ç¨¬ wj(h)=(zj(h)�1)=(zj(h)+1). �ç¥¢¨¤­®, jwj(h)j ! 1, argw1(h)! ��, argw2(h)! �

¯à¨ h! 0. �«¥¤®¢ â¥«ì­®,

lim
h!0+

Z �2

�1

�h(x; �)dx =
1
2�i

lim
h!0+

[ln jw2(h)=w1(h)j + i(argw2(h)� argw1(h))] = 1: �

�¥¯¥àì ­ ©¤¥¬ £®à¡ âãî ¬ ¦®à ­âã 	h(x; �) ï¤à  �h(x; �). � ª ª ª j1+ iY 0(x)j � (1+ k2)1=2,
â® ¯à®áâë¥ ®æ¥­ª¨ ¤ îâ

j�h(x; �)j �
p
2
�

h�1

f[h�2(x� �)2 � 1=
p
2 ]2 + 1=2g1=2 : (8)

�¡®§­ ç¨¬ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (8) ç¥à¥§ 	h(x; �).

�¥¬¬  2. �ã­ªæ¨ï 	h(x; �) ï¢«ï¥âáï £®à¡ â®© ¬ ¦®à ­â®© äã­ªæ¨¨ �h(x; �) ¨ ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î (5).

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® äã­ªæ¨ï 	h(x; �) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ ®¯à¥¤¥«¥-
­¨ï 4.

�¤¥« ¢ § ¬¥­ã u =
p
2h�1(x� �) ¢ ¨­â¥£à «¥ (5), ¯®«ãç¨¬

Z 1

0

	h(x; �)dx =
Z u2

u1

du

[(u2 � 1=
p
2)2 + 1=2]1=2

�
Z +1

�1

du

[(u2 � 1=
p
2)2 + 1=2]1=2

� B < +1;

£¤¥ u1 = �p2h�1�, u2 =
p
2h�1(1� �). � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (5) ¢ë¯®«­¥­®.

�®ª ¦¥¬ á­ ç «  â¥®à¥¬ã 2. �ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ¥á«¨ t| â®çª  �¥¡¥£  äã­ªæ¨¨ f ,
â® x = Re t | â®çª  �¥¡¥£  äã­ªæ¨¨ g(x) = f(x + iY (x)). � á¨«ã «¥¬¬ë 2 ï¤à® �h(x; �) ¨¬¥-
¥â £®à¡ âãî ¬ ¦®à ­âã, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ â¥®à¥¬ë �.�.� ¤¤¥¥¢ . �«¥¤®¢ â¥«ì­®,
á®®â­®è¥­¨¥ (6) á¯à ¢¥¤«¨¢® ¨ â¥®à¥¬  2 ¤®ª § ­ .

�á«¨ äã­ªæ¨ï f ­¥¯à¥àë¢­  ­  £« ¤ª®© ªà¨¢®© �, â® ª ¦¤ ï â®çª  ªà¨¢®©, §  ¨áª«îç¥­¨¥¬
ª®­æ®¢, ï¢«ï¥âáï ¥¥ â®çª®© �¥¡¥£ . �âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 1.

�«¥¤áâ¢¨¥ 1. �á«¨ äã­ªæ¨ï f(t) ­¥¯à¥àë¢­  ¨ ¢ ª ª®©-â® â®çª¥ t 2 � áãé¥áâ¢ã¥â ¯à¥¤¥«ì-
­®¥ §­ ç¥­¨¥ ¯® ­®à¬ «¨ ª ªà¨¢®© � ¨­â¥£à «  â¨¯  �®è¨ (1) á ®¤­®© áâ®à®­ë, â® áãé¥áâ¢ã¥â
¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ ¥£® ¯® ­®à¬ «¨ ª ªà¨¢®© ¨ á ¤àã£®© áâ®à®­ë.
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�¬¥¥â ¬¥áâ® ¨ ¡®«¥¥ á¨«ì­ë© à¥§ã«ìâ â, ª®£¤  äã­ªæ¨ï f(t) ¨­â¥£à¨àã¥¬ .

�«¥¤áâ¢¨¥ 2. �á«¨ äã­ªæ¨ï g(x) ¨­â¥£à¨àã¥¬  ­  ªà¨¢®© � ¨ ¢ ­¥ª®â®à®© «¥¡¥£®¢®© â®çª¥
x = � äã­ªæ¨¨ g(x) áãé¥áâ¢ã¥â ¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ ¯® ­®à¬ «¨ ª ªà¨¢®© � ¨­â¥£à «  â¨¯ 
�®è¨ (1) á ®¤­®© áâ®à®­ë, ­ ¯à¨¬¥à, �+(t), â® ¨ á ¤àã£®© áâ®à®­ë áãé¥áâ¢ã¥â ¯à¥¤¥«ì­®¥
§­ ç¥­¨¥ ��(t) ¯® ­®à¬ «¨ ª ªà¨¢®© �.

�¥®à¥¬  1 £ à ­â¨àã¥â à §à¥è¨¬®áâì á«¥¤ãîé¥© ªà ¥¢®© § ¤ ç¨. �ãáâì � | § ¬ª­ãâ ï
£« ¤ª ï ªà¨¢ ï, à §¡¨¢ îé ï ¯«®áª®áâì ­  ®¡« áâ¨D+ ¨D�, ¨ ­  íâ®© ªà¨¢®© § ¤ ­  ­¥¯à¥àë¢-
­ ï äã­ªæ¨ï f(t). �à¥¡ã¥âáï ­ ©â¨  ­ «¨â¨ç¥áªãî ¢ C n � äã­ªæ¨î, ¤«ï ª®â®à®© lim

h!0+
�h�(t)

áãé¥áâ¢ã¥â ¨ à ¢¥­ §­ ç¥­¨î äã­ªæ¨¨ ¢ ª ¦¤®© â®çª¥ t 2 �. �®£« á­® â¥®à¥¬¥ 1 à¥è¥­¨¥¬ íâ®©
§ ¤ ç¨ ï¢«ï¥âáï ¨­â¥£à « â¨¯  �®è¨ (1).
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