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� à ¡®â¥ à¥è ¥âáï § ¤ ç  ®¯â¨¬¨§ æ¨¨ ¢ á¬ëá«¥ [1], [2] ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï «¨­¥©­ëå
¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , ¢ ª®â®àëå ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à -
â®à ï¢«ï¥âáï ¢­ãâà¥­­¨¬ ¯® ®â­®è¥­¨î ª ¨­â¥£à «ì­®¬ã ®¯¥à â®àã.

� áá¬®âà¨¬ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  ¢¨¤ 

Kx � x(t) +
Z 1

0

h0(t; s)x(s)ds+
Z 1

0

h1(t; s)x0(s)ds = y(t); 0 � t � 1; (1)

£¤¥ h0(t; s), h1(t; s) ¨ y(t) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ¢ á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥­¨ï,   x(t) | ¨áª®¬ ï.
�§¢¥áâ­® (­ ¯à., [3]), çâ® ãà ¢­¥­¨¥ (1) ®â­®á¨âáï, ¢®®¡é¥ £®¢®àï, ª ª« ááã ­¥ª®àà¥ªâ­®

¯®áâ ¢«¥­­ëå § ¤ ç. �â® ¯à¨¢®¤¨â ª ¤®¯®«­¨â¥«ì­ë¬ âàã¤­®áâï¬ ª ª ¯à¨ ®¡®á­®¢ ­¨¨ â®£®
¨«¨ ¨­®£® ¯àï¬®£® ¬¥â®¤  à¥è¥­¨ï ãà ¢­¥­¨ï (1), â ª ¨ ¢ ®á®¡¥­­®áâ¨ ¯à¨ à¥è¥­¨¨ ¯à®¡«¥¬ë
®¯â¨¬¨§ æ¨¨ ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï ãª § ­­ëå ãà ¢­¥­¨©.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® § ¤ ç  ®¯â¨¬¨§ æ¨¨ ¯® ¯®àï¤ªã â®ç­®áâ¨ ¤«ï ãà ¢­¥­¨© ¢¨¤  (1)
¢ ¯¥à¨®¤¨ç¥áª®¬ á«ãç ¥ à¥è¥­  ¢ [4]. �à®¬¥ â®£®, ãª § ­­ ï § ¤ ç  ¢ á«ãç ¥ ¨­â¥£à®¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢ ª®â®àëå ¯®àï¤®ª ¢­¥è­¥£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ­¥ ­¨¦¥
¯®àï¤ª  á®®â¢¥âáâ¢ãîé¥£® ¢­ãâà¥­­¥£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à , à¥è « áì ¢ àï¤¥ à ¡®â
(á¬., ­ ¯à., [5], [6] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å).

1. �®áâ ­®¢ª  § ¤ ç¨

�à¨¢¥¤¥¬ ¯®áâ ­®¢ªã § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï ãà ¢­¥­¨ï (1), á«¥¤ãï
[1], [2], [7], ¢ ç áâ­®¬ á«ãç ¥, ª®£¤  ¯à®áâà ­áâ¢  ¨áª®¬ëå í«¥¬¥­â®¢ ¨ ¯à ¢ëå ç áâ¥© á®¢¯ ¤ îâ.

�¡®§­ ç¨¬ ç¥à¥§ L2 � L2(0; 1) ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ëå ¢ ¯à®¬¥¦ãâª¥ [0; 1]
äã­ªæ¨© á ®¡ëç­®© ­®à¬®© k � k2,   ç¥à¥§ W 1

2 � W 1
2 (0; 1) | ¯à®áâà ­áâ¢® �®¡®«¥¢  äã­ªæ¨©,

¨¬¥îé¨å ¯¥à¢ãî ®¡®¡é¥­­ãî ¯à®¨§¢®¤­ãî ¨§ L2. �®à¬ã ¢ W 1
2 ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

kzk2;1 � kzkW 1
2
= maxfkzk2; kz0k2g (z 2W 1

2 ):

�ãáâì X = W 1
2 ,   Xn � X | ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®¥ ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®

à §¬¥à­®áâ¨ n 2 N. �¥à¥§ L(X) = L(X;X) ¡ã¤¥¬ ®¡®§­ ç âì ¯à®áâà ­áâ¢® «¨­¥©­ëå (â. ¥.  ¤-
¤¨â¨¢­ëå ¨ ®¤­®à®¤­ëå) ®¯¥à â®à®¢, ®â®¡à ¦ îé¨å X ¢ á¥¡ï.

� áá¬®âà¨¬ ª« áá E = feg ®¤­®§­ ç­® à §à¥è¨¬ëå ãà ¢­¥­¨© (1), ®¯à¥¤¥«ï¥¬ë© ª®­ªà¥â-
­ë¬¨ ª« áá ¬¨ F1, F2 ¨ F3 äã­ªæ¨© h0(t; s), h1(t; s) ¨ y(t) á®®â¢¥âáâ¢¥­­®. �®£¤ , ®ç¥¢¨¤­®,
à¥è¥­¨ï ãà ¢­¥­¨© (1) ¡ã¤ãâ ¯à®¡¥£ âì ­¥ª®â®àë© ª« áá X� � W 1

2 . �¢¥¤¥¬ ª« áá En = feng
®¤­®§­ ç­® à §à¥è¨¬ëå ®¯¥à â®à­ëå ãà ¢­¥­¨©

Knxn = yn (xn; yn 2 Xn; Kn 2 L(Xn)); (2)

¯®à®¦¤ ¥¬ëå ¯àï¬ë¬¨ ¬¥â®¤ ¬¨ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¯à¨ ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®¬ ¯®¤-
¯à®áâà ­áâ¢¥ Xn á dimXn = n <1.
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�¥è¥­¨¥ x� 2 X ãà ¢­¥­¨ï (1) ¨§ ª« áá  E ¡ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì à¥è¥­¨ï¬¨ x�n 2 Xn � X
ãà ¢­¥­¨© (2) ¨§ ª« áá  En. �à¨ íâ®¬ §  ®¯â¨¬ «ì­ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ ª« áá  En ¯àï¬ëå
¬¥â®¤®¢ (2) ­  ª« áá¥ E ãà ¢­¥­¨© (1) ¯à¨¬¥¬ ¢¥«¨ç¨­ã

VN(E) = inf
Xn

inf
en2En

sup
e2E

kx� � x�nkX ; (3)

£¤¥ ¢­ãâà¥­­¨© inf ¡¥à¥âáï ¯® ¢á¥¬ ãà ¢­¥­¨ï¬ ¢¨¤  (2) ¯à¨ ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®¬ ¯®¤-
¯à®áâà ­áâ¢¥ Xn,   ¢­¥è­¨© inf | ¯® ¢á¥¢®§¬®¦­ë¬ ¯®¤¯à®áâà ­áâ¢ ¬ Xn � X à §¬¥à­®áâ¨ n.

�¯à¥¤¥«¥­¨¥. �ãáâì áãé¥áâ¢ã¥â ä¨ªá¨à®¢ ­­ë© ¯àï¬®© ¬¥â®¤ (ãà ¢­¥­¨¥)

K�
nx

�
n = y�n (x�n; y

�
n 2 X�

n � X; K�
n 2 L(X�

n)) (2�)

á dimX�
n = n, ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ®¤­® ¨§ ãá«®¢¨©1

sup
x�2X�

kx� � x�nkX �;� Vn(E); x�n = K��1
n y�n:

�®£¤  ¬¥â®¤ (2�) ­ §ë¢ ¥âáï á®®â¢¥âáâ¢¥­­®  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬, ®¯â¨¬ «ì­ë¬ ¯®
¯®àï¤ªã áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ ¢¨¤  (2) ­  ª« áá¥ E ãà ¢­¥­¨© (1).

� á¢ï§¨ á® áª § ­­ë¬ ¢®§­¨ª ¥â § ¤ ç  ­ å®¦¤¥­¨ï ®¯â¨¬ «ì­®© ®æ¥­ª¨ ¯®£à¥è­®áâ¨ (3) ¨
¯®áâà®¥­¨ï ®¯â¨¬ «ì­®£® ä¨ªá¨à®¢ ­­®£® ¬¥â®¤  (2�).

� ¤ ­­®© à ¡®â¥ à¥è ¥âáï § ¤ ç  ­ å®¦¤¥­¨ï ¢¥«¨ç¨­ë Vn(E) ¤«ï ª®­ªà¥â­ëå ª« á-
á®¢ E ãà ¢­¥­¨© (1) ¨ ¤®ª §ë¢ ¥âáï ®¯â¨¬ «ì­®áâì ¢ ãª § ­­®¬ ¢ëè¥ á¬ëá«¥ ¬¥â®¤  á¯« ©­-
ª®««®ª æ¨¨ à¥è¥­¨ï ãà ¢­¥­¨ï (1).

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�¡®§­ ç¨¬ ç¥à¥§ H2;! � H2;!(0; 1) ª« áá äã­ªæ¨© z 2 L2, ¨­â¥£à «ì­ë© ¬®¤ã«ì ­¥¯à¥àë¢­®-
áâ¨ ª®â®àëå

!(z; �)2 � sup
0<���

�Z 1��

0

jz(t+ �)� z(t)j2dt
�1=2

­¥ ¯à¥¢®áå®¤¨â § ¤ ­­®£® ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ !(�), 0 < � � 1. �­ «®£¨ç­®, ç¥à¥§ H! �
H![0; 1] ®¡®§­ ç¨¬ ª« áá ­¥¯à¥àë¢­ëå äã­ªæ¨© z(t), ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ª®â®àëå

!(z; �) � sup
0<���

sup
0�t�1

jz(t+ �)� z(t)j

­¥ ¯à¥¢®áå®¤¨â § ¤ ­­®£® ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ !(�), 0 < � � 1.
� ¯à®¬¥¦ãâª¥ [0; 1] ¢¢¥¤¥¬ á¥âªã ã§«®¢

�n : 0 = t0 < t1 < � � � < tn = 1; k�nk � max
1�k�n

(tk � tk�1)! 0; n!1: (4)

�¡®§­ ç¨¬ ç¥à¥§ 'k(t), k = 0; n, äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë ¯¥à¢®© áâ¥¯¥­¨ ­  á¥âª¥ �n:

'k(t) =

8>>>><>>>>:
0; t � tk�1;
t�tk�1
tk�tk�1

; tk�1 � t � tk;
tk+1�t

tk+1�tk
; tk � t � tk+1;

0; t � tk+1;

1�¤¥áì ¨ ¤ «¥¥ á¨¬¢®«ë � ¨ � ®§­ ç îâ á®®â¢¥âáâ¢¥­­® á¨«ì­ãî ¨ á« ¡ãî íª¢¨¢ «¥­â­®áâ¨.
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¯à¨ç¥¬ ¯à¨ k = 0 ¨ k = n ¯à¥­¥¡à¥£ ¥¬ á®®â¢¥âáâ¢¥­­® ¯¥à¢ë¬¨ ¤¢ã¬ï ¨ ¯®á«¥¤­¨¬¨ ¤¢ã¬ï
§¢¥­ìï¬¨. �ãáâì  k(t), k = 1; n, | äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë ­ã«¥¢®© áâ¥¯¥­¨ ­  â®© ¦¥ á¥âª¥
ã§«®¢:

 k(t) =

(
1; tk�1 < t � tk;

0; t =2 (tk�1; tk]:

�«ï ¯à®¨§¢®«ì­®© ­¥¯à¥àë¢­®© ­  [0; 1] äã­ªæ¨¨ z(t) ®¡®§­ ç¨¬ ç¥à¥§ S1n(z; t) ¥¥ ¨­â¥à¯®-
«ïæ¨®­­ë© á¯« ©­ ¯¥à¢®© áâ¥¯¥­¨ ­  á¥âª¥ �n:

S1n(z; t) =
nX

k=0

z(tk)'k(t); t 2 [0; 1]:

�¬¥¥â ¬¥áâ® (­ ¯à., [8])

�¥¬¬  1. �ãáâì äã­ªæ¨ï z(t) 2 W 1
2 . �®£¤  ¤«ï ¯®£à¥è­®áâ¨ ¨­â¥à¯®«ïæ¨¨ á¯« ©­®¬

S1n(z; t) ¢¥à­® ­¥à ¢¥­áâ¢®
kz � S1nzk2 � k�nk!(z0; k�nk)2;

¥á«¨ ¦¥ á¥âª  (4) à ¢­®¬¥à­ ï (tk = k=n), â®

kz � S1nzk2 � !(z0; 1=n)2=n:

�ãáâì Un(z; t) | \ãáà¥¤­¥­­ë©" ¨­â¥à¯®«ïæ¨®­­ë© á¯« ©­ ­ã«¥¢®© áâ¥¯¥­¨ ¤«ï äã­ªæ¨¨
z 2 L2 ­  á¥âª¥ (4):

Un(z; t) =
nX

k=1

�k(z) k(t); t 2 [0; 1];

£¤¥

�k(z) =
1

tk � tk�1

Z tk

tk�1

z(�)d�:

�¯à ¢¥¤«¨¢  (­ ¯à., [8])

�¥¬¬  2. �ãáâì äã­ªæ¨ï z 2 L2 ¨ á¥âª  (4) ã¤®¢«¥â¢®àïeâ ãá«®¢¨î

k�nk
min
1�k�n

(tk � tk�1)
� �; (5)

£¤¥ � | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n. �®£¤  ¯®£à¥è­®áâì ¨­â¥à¯®«ïæ¨¨

á¯« ©­®¬ Un(z; t) ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢®¬

kz � Unzk2 �
p
2�!(z; k�nk)2;

¢ ç áâ­®áâ¨, ¥á«¨ á¥âª  (4) à ¢­®¬¥à­ ï, â®

kz � Unzk2 �
p
2!(z; 1=n)2:

� ¬¥â¨¬, çâ® áå®¤¨¬®áâì á¯« ©­®¢ Un(z; t) ª á ¬®© äã­ªæ¨¨ z 2 L2 ¨¬¥¥â ¬¥áâ® ¨ ¡¥§ ¯à¥¤-
¯®«®¦¥­¨ï (5) ®â­®á¨â¥«ì­® á¥âª¨ (4). �â® á«¥¤ã¥â ¨§ ¨§¢¥áâ­®£® ä ªâ  ® ¯à®¥ªæ¨®­­®áâ¨ ®¯¥-
à â®à  Un ¨ à ¢¥­áâ¢  kUnk = 1, Un : L2 ! L2.

� á«ãç ¥, ª®£¤  ¯à¨¡«¨¦ ¥¬ ï äã­ªæ¨ï ­¥¯à¥àë¢­ , ¨¬¥¥â ¬¥áâ® (­ ¯à., [9])

�¥¬¬  3. �ãáâì äã­ªæ¨ï z 2 H!. �®£¤  ¯®£à¥è­®áâì ¨­â¥à¯®«ïæ¨¨ á¯« ©­®¬ Un(z; t)
¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢®¬

kz � Unzk2 � 1
2

�
n

Z 1=n

0

[!(t)]2dt
�1=2

: (6)

�¥à ¢¥­áâ¢® (6) ­¥ã«ãçè ¥¬®, ¥á«¨ !(�) | ¢ë¯ãª«ë© ¢¢¥àå ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨.
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3. �¥â®¤ á¯« ©­-ª®««®ª æ¨¨

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« ©­  ¯¥à¢®© áâ¥¯¥­¨

xn(t) =
nX

k=0

ck'k(t); (7)

  ¥£® ª®íää¨æ¨¥­âë fckgn0 ®¯à¥¤¥«¨¬ ¯® ¬¥â®¤ã ª®««®ª æ¨¨ ¨§ ãá«®¢¨©

(Kxn)(tj) = y(tj); j = 0; n:

�â¨ ãá«®¢¨ï ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ á¯« ©­  (7) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã «¨­¥©­ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����) ¢¨¤ 

cj +
nX

k=0

�kjck = y(tj); j = 0; n; (8)

£¤¥

�kj =
Z tk

tk�1

(s� tk�1)h0(tj ; s) + h1(tj ; s)
tk � tk�1

ds+

+
Z tk+1

tk

(tk+1 � s)h0(tj ; s)� h1(tj ; s)
tk+1 � tk

ds; k = 1; n� 1; (9)

�0j =
Z t1

t0

(t1 � s)h0(tj ; s)� h1(tj ; s)
t1 � t0

ds; (10)

�nj =
Z tn

tn�1

(s� tn�1)h0(tj ; s) + h1(tj ; s)
tn � tn�1

ds: (11)

4. �á­®¢­ë¥ à¥§ã«ìâ âë

�ãáâì F | ª« áá äã­ªæ¨© g(t; s), ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ëå ¯® s ­  [0; 1] à ¢­®¬¥à­® ®â-
­®á¨â¥«ì­® t 2 [0; 1] ¨ ¨¬¥îé¨å ¯¥à¢ãî ¯à®¨§¢®¤­ãî ¯® ¯¥à¥¬¥­­®© t, ¯à¨­ ¤«¥¦ éãî H2;!

¯® t à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s. � â®¬ á«ãç ¥, ª®£¤  ãª § ­­ ï ¯à®¨§¢®¤­ ï ¯à¨­ ¤«¥¦¨â H!

¯® ¯¥à¥¬¥­­®© t à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s, á®®â¢¥âáâ¢ãîé¨© ª« áá ®¡®§­ ç¨¬ ç¥à¥§ eF . �¥-
à¥§ F1, F2 ®¡®§­ ç¨¬ ª« áá F , ®¯à¥¤¥«ï¥¬ë© ¬®¤ã«ï¬¨ ­¥¯à¥àë¢­®áâ¨ !1, !2 á®®â¢¥âáâ¢¥­­®.
�­ «®£¨ç­®, ª« áá eF , ®¯à¥¤¥«ï¥¬ë© ¬®¤ã«ï¬¨ ­¥¯à¥àë¢­®áâ¨ !1, !2, ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§eF1, eF2 á®®â¢¥âáâ¢¥­­®. �ãáâì F3, eF3 | ª« ááë äã­ªæ¨© z(t), ¤«ï ª®â®àëå z0 2 H2;!3 , z

0 2 H!3

á®®â¢¥âáâ¢¥­­®. �¡®§­ ç¨¬ ç¥à¥§ E1 ª« áá ®¤­®§­ ç­® à §à¥è¨¬ëå ãà ¢­¥­¨© (1), ª®£¤  ¨§¢¥áâ-
­ë¥ äã­ªæ¨¨ h0(t; s), h1(t; s) ¨ y(t), ®£à ­¨ç¥­­ë¥ ¯® ­®à¬¥ ¯à®áâà ­áâ¢  L2 ¢ á¢®¨å ®¡« áâïå
®¯à¥¤¥«¥­¨ï, ¯à®¡¥£ îâ á®®â¢¥âáâ¢ãîé¨¥ ª« ááë F1, F2 ¨ F3.

�¥®à¥¬  1. �ãáâì E = E1. �®£¤ 

Vn(E) � !1

�
1
n

�
+ !2

�
1
n

�
+ !3

�
1
n

�
;

¨ ¬¥â®¤ á¯« ©­-ª®««®ª æ¨¨ (7){(11) ¯® ã§« ¬ á¥âª¨ (4), (5) ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã

­  ª« áá¥ E áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ ¨§ En.
�¥¯¥àì ­¥áª®«ìª® áã§¨¬ ª« áá E . � ¨¬¥­­®, ®¡®§­ ç¨¬ ç¥à¥§ E2 ¯®¤ª« áá ª« áá  E1, ª®£¤ 

äã­ªæ¨¨ h0(t; s), h1(t; s) ¨ y(t) ¯à®¡¥£ îâ eF1, eF2 ¨ eF3. �ãáâì Z� = fz(t) = x0(t) j x 2 X�g.
�¥®à¥¬  2. �ãáâì !1, !2, !3 | ¢ë¯ãª«ë¥ ¢¢¥àå ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨, E = E2. �®£¤ 

Vn(E) � dn(Z
�; L2)

¨ ¬¥â®¤ á¯« ©­-ª®««®ª æ¨¨ (7){(11) ¢ á«ãç ¥ à ¢­®¬¥à­®© á¥âª¨ (4) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨
®¯â¨¬ «ì­ë¬ ­  ª« áá¥ E áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
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5. �®ª § â¥«ìáâ¢® â¥®à¥¬

�à ¢­¥­¨¥ (1) ¢ ¯à®áâà ­áâ¢¥ X =W 1
2 ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ®¯¥à â®à­®£® ãà ¢­¥­¨ï

Kx � x+H0x+H1x = y (x; y 2 X); (10)

£¤¥

(H0x)(t) =
Z 1

0

h0(t; s)x(s)ds; (H1x)(t) =
Z 1

0

h1(t; s)x0(s)ds:

� ª ª ª ®¯¥à â®àë H0 ¨ H1 ¢¯®«­¥ ­¥¯à¥àë¢­ë ¢ ¯à®áâà ­áâ¢¥ X, â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1
®¯¥à â®à K : X ! X ¨¬¥¥â ¤¢ãáâ®à®­­¨© ®¡à â­ë©, ®£à ­¨ç¥­­ë© ­  ¢á¥¬ ª« áá¥ E ãà ¢­¥­¨©
(1) ­¥ª®â®à®© ¯®áâ®ï­­®©, § ¢¨áïé¥© «¨èì ®â ª« áá  E .

�¡®§­ ç¨¬ ç¥à¥§X�
n ¯®¤¯à®áâà ­áâ¢® á¯« ©­®¢ ¯¥à¢®© áâ¥¯¥­¨ á ã§« ¬¨ ¨§ á¥âª¨ �n,   ç¥à¥§

Pn : X ! X�
n | ®¯¥à â®à S1n á¯« ©­-¨­â¥à¯®«¨à®¢ ­¨ï. ���� (8) § ¯¨è¥¬ ¢ ¯®¤¯à®áâà ­áâ¢¥

X�
n ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© ®¯¥à â®à­®£® ãà ¢­¥­¨ï

K�
nxn � xn + PnH0xn + PnH1xn = Pny (xn 2 X�

n): (12)

�«ï ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (10) ¨ (12) ¨¬¥¥¬

ky � Pnyk22 =
nX

k=1

Z tk

tk�1

jy(t)� Pn(y; t)j2dt =
nX

k=1

Z tk

tk�1

���� Z t

tk�1

[y0(�)� (Pny)0(�)]d�
����2dt �

� k�nk2
nX

k=1

Z tk

tk�1

jy0(�)� (Pny)
0(�)j2d� = k�nk2ky0 � (Pny)

0k22:

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®© äã­ªæ¨¨ y 2W 1
2

ky � Pnyk2 � k�nk ky0 � (Pny)
0k2 � ky0 � (Pny)

0k2:
� ¤àã£®© áâ®à®­ë, äã­ªæ¨ï (Pny)0(t), §  ¨áª«îç¥­¨¥¬ ã§«®¢ á¥âª¨ �n, á®¢¯ ¤ ¥â á \ãáà¥¤-

­¥­­ë¬" á¯« ©­®¬ Un(y0; t). �®íâ®¬ã á ãç¥â®¬ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ «¥¬¬ë 2

ky � PnykX = ky0 � (Pny)
0k2 = ky0(t)� Un(y

0; t)k2 �
� p

2�!(y0; k�nk2) �
p
2�!3(k�nk) �

p
2�(� + 1)!3(1=n) � �n ! 0; n!1: (13)

�¥à ¢¥­áâ¢® (13) ¯®§¢®«ï¥â ãáâ ­®¢¨âì ¡«¨§®áâì ®¯¥à â®à®¢ K ¨ K�
n ­  ¯®¤¯à®áâà ­áâ¢¥ X

�
n.

�«ï «î¡®£® xn 2 X�
n á ãç¥â®¬ ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£® ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kKxn �K�
nxnkX � kH0xn � PnH0xnkX + kH1xn � PnH1xnkX �

� p
2�
�
!
�
(H0xn)0; k�nk

�
2
+ !

�
(H1xn)0; k�nk

�
2

	 �
� p

2�
�
!t

�
@h0
@t

; k�nk
�
2

kxnk2 + !t

�
@h1
@t

; k�nk
�
2

kx0nk2
�
�

� p
2�f!1(k�nk) + !2(k�nk)gkxnkX � p

2�(� + 1)f!1(1=n) + !2(1=n)gkxnkX :
�®íâ®¬ã

kK �K�
nkX�

n!X � p
2�(� + 1)f!1(1=n) + !2(1=n)g � "n ! 0; n!1:

�§ (13), ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ -
«¨§  (­ ¯à., [1], £«. I) á«¥¤ã¥â

sup
x2X�

kx� x�nkX = O("n + �n) = Of!1(1=n) + !2(1=n) + !3(1=n)g; (14)

£¤¥ x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (12), ¯®áâà®¥­­®£® ¬¥â®¤®¬ (7){(11).
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� «¥¥, ¤«ï à¥è¥­¨ï x ãà ¢­¥­¨ï (1) ¨§ ª« áá  E á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

x0(t) +
Z 1

0

@

@t
h0(t; s)x(s)ds+

Z 1

0

@

@t
h1(t; s)x0(s)ds � y0(t); 0 � t � 1:

� ª ª ª à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s äã­ªæ¨¨ @
@t
h0(t; s) ¨ @

@t
h1(t; s) ¯à®¡¥£ îâ ª« ááë á®®â¢¥â-

áâ¢¥­­® H2;!1 ¨ H2;!2 ¯® ¯¥à¥¬¥­­®© t,   äã­ªæ¨ï y
0(t) | ª« ááH2;!3 , â® â ª ¦¥, ª ª íâ® ¯®ª § ­®

¢ [10] ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢â®à®£® à®¤ , ¢ë¢®¤¨âáï á®®â­®è¥­¨¥

Z� = H!; !(�) � !1(�) + !2(�) + !3(�); 0 < � � 1;

¯à¨ç¥¬ ¢á¥ äã­ªæ¨¨ ¨§ ª« áá  Z� ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¯à®áâà ­áâ¢  L2 ­¥ª®â®à®© ¯®áâ®ï­­®©,
§ ¢¨áïé¥© «¨èì ®â á ¬®£® ª« áá  E ãà ¢­¥­¨© (1). �âáî¤  ¨ ¨§ â¥®à¨¨ ®¯â¨¬¨§ æ¨¨ ¢ëç¨-
á«¨â¥«ì­ëå ¬¥â®¤®¢ [1], [2] ¨ â¥®à¨¨ ¯®¯¥à¥ç­¨ª®¢ ª®¬¯ ªâ®¢ ¢ ­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢ å
(­ ¯à., [9]) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢

Vn(E) � dn(X�;X) � !(1=n);

çâ® ¢¬¥áâ¥ á (14) ¤®ª §ë¢ ¥â â¥®à¥¬ã 1. �

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¯à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨§ à¥§ã«ìâ â®¢ [1] á«¥¤ã¥â

Vn(E) � dn(X
�;W 1

2 ) � dn(Z
�; L2): (15)

�®ª ¦¥¬, çâ® ¤«ï ¬¥â®¤  (7){(11) ¯à¨ k�nk = 1=n ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

supfkx� � x�nkX : x� 2 X�g � dn(Z
�; L2);

£¤¥ x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (12).
�¥©áâ¢¨â¥«ì­®, ¯®£à¥è­®áâì x� � x�n � z� ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î Kz� = v, v = y �Kx�n.

�¥à¥¯¨á ¢ ¥£® ¢ ¢¨¤¥ K(z� � v) = �H0v �H1v, ¯®«ãç¨¬

z� � v = K�1(�H0v �H1v): (16)

�¢¥¤¥¬ ®¯¥à â®à H�
n;1 : X ! X,

(H�
n;1v)(t) =

Z 1

0

[U s
nh1(t; s)]v

0(s)ds;

£¤¥ ®¯¥à â®à U s
n ®§­ ç ¥â ¤¥©áâ¢¨¥ ®¯¥à â®à  Un : X ! X�

n ¯® ¯¥à¥¬¥­­®© s. � ª ª ª ¤«ï

v = y�Kx�n ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  v(tk) = 0, k = 0; n, ¨, á«¥¤®¢ â¥«ì­®,
tjR

tj�1

v0(t)dt = 0, j = 1; n,

â® «¥£ª® ¯®ª § âì, çâ® H�
n;1v = 0.

�à¥®¡à §ã¥¬ ®¯¥à â®à H0. �®« £ ï eh0(t; s) = sR
0

h0(t; �)d� , ¨¬¥¥¬

(H0v)(t) =
Z 1

0

v(s)
@

@s
eh0(t; s)ds = �

Z 1

0

eh0(t; s)v0(s)ds:
�¢¥¤¥¬ ®¯¥à â®à H�

n;0 : X ! X ¯® ä®à¬ã«¥

(H�
n;0v)(t) = �

Z 1

0

[U s
n
eh0(t; s)]v0(s)ds:

�®£¤  ¤«ï v = y � Kx�n, ª ª ¨ ¢ëè¥, ¯®«ãç¨¬ H�
n;0v = 0. �®íâ®¬ã á®®â­®è¥­¨¥ (16) ¬®¦­®

§ ¯¨á âì ¢ ¢¨¤¥
z� = v +K�1[(H�

n;0 �H0)v + (H�
n;1 �H1)v]:

�®áª®«ìªã ®¯¥à â®àë H�
n;0 : X ! X ¨ H�

n;1 : X ! X à ¢­®¬¥à­® áå®¤ïâáï ¯à¨ n ! 1 ª
®¯¥à â®à ¬ H0 : X ! X ¨ H1 : X ! X á®®â¢¥âáâ¢¥­­®, â®

z� � v; n!1: (17)
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�á¯®«ì§ãï ®¯¥à â®à Pn = S1n á¯« ©­-¨­â¥à¯®«¨à®¢ ­¨ï ¯¥à¢®© áâ¥¯¥­¨ ­  á¥âª¥ (4) à ¢­®®âáâ®-
ïé¨å ã§«®¢, ¯à¥®¡à §ã¥¬ í«¥¬¥­â v á«¥¤ãîé¨¬ ®¡à §®¬:

v = (y � yn) + (PnH0 �H0)x�n + (PnH1 �H1)x�n = (y � yn) + (PnH0 �H0)x� + (PnH1 �H1)x� +

+(PnH0 �H0)(x�n � x�) + (PnH1 �H1)(x�n � x�) =

= (x� � Pnx
�)� (PnH0 �H0)z

� � (PnH1 �H1)z
�; yn = Pny:

�®á«¥¤­¥¥ à ¢¥­áâ¢® ¢¬¥áâ¥ á á®®â­®è¥­¨¥¬ (17) ¯®§¢®«ï¥â ¯®«ãç¨âì  á¨¬¯â®â¨ç¥áª®¥ à ¢¥­-
áâ¢® z� � x� � Pnx

�. �âáî¤ , ¢®á¯®«ì§®¢ ¢è¨áì «¥¬¬ ¬¨ 1 ¨ 3, ¯®«ãç¨¬

kx� � x�nkX � kz�k � kx� � Pnx
�kX = kx�0 � Unx

�0k2 � 1
2

�
n

Z 1=n

0

[!(t)]2dt
�1=2

; x� 2 X�: (18)

� ¤àã£®© áâ®à®­ë, ¨§ ­¥à ¢¥­áâ¢  (15) ¨ à¥§ã«ìâ â®¢ ¯® ¯®¯¥à¥ç­¨ª ¬ (­ ¯à., [9])

Vn(E) � dn(Z�; L2) � 1
2

�
n

Z 1=n

0

[!(t)]2dt
�1=2

: (19)

�§ á®®â­®è¥­¨© (18) ¨ (19) ¢ëâ¥ª ¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢¥­áâ¢®

sup
x�2X�

kx� � x�nkX � dn(X�;X);

  ¢¬¥áâ¥ á ­¨¬ ¨ á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 2.

6. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ¤®¯®«­¥­¨ï

1�. �ãáâì Lp (1 � p � 1) | ¯à®áâà ­áâ¢® äã­ªæ¨©, áã¬¬¨àã¥¬ëå á® áâ¥¯¥­ìî p (p < 1)
¨«¨ ­¥¯à¥àë¢­ëå (p = 1) ¢ ¯à®¬¥¦ãâª¥ [0; 1]. �¡®§­ ç¨¬ ç¥à¥§ W 1

p ¯à®áâà ­áâ¢® �®¡®«¥¢ 
äã­ªæ¨©, ¨¬¥îé¨å ¯¥à¢ãî ®¡®¡é¥­­ãî ¯à®¨§¢®¤­ãî, ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­áâ¢ã Lp. �ãáâì
Hp;! | ª« áá äã­ªæ¨© ¨§ Lp, ¨­â¥£à «ì­ë© ¢ Lp ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ª®â®àëå ­¥ ¯à¥¢®áå®¤¨â
§ ¤ ­­®£® ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ !.

� áá¬®âà¨¬ ª« áá E3 ®¤­®§­ ç­® à §à¥è¨¬ëå ¢ ¯à®áâà ­áâ¢¥ W 1
p , 1 � p � 1, ¨­â¥£à®¤¨ä-

ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1), ®¯à¥¤¥«ï¥¬ë© ª« áá ¬¨ ¨áå®¤­ëå ¤ ­­ëå,
h0 2 Lq (¯® s), q = p=(p� 1), 9 @

@t
h0(t; s) 2 Hp;!1 ¯® t à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s;

h1 2 Lq (¯® s), q = p=(p� 1), 9 @
@t
h1(t; s) 2 Hp;!2 ¯® t à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s; y

0 2 Hp;!3 .
�¢¥¤¥¬ â ª¦¥ ¯®¤ª« áá E4 ª« áá  E3, ª®£¤  à ¢­®¬¥à­® ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­®© s äã­ªæ¨¨

@
@t
h0(t; s) 2 H!1 ,

@
@t
h1(t; s) 2 H!2 ¯® t,   y

0 2 H!3 .
�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  3. �ãáâì X =W 1
p (1 � p � 1), E = E3. �®£¤ 

Vn(E) � !1

�
1
n

�
+ !2

�
1
n

�
+ !3

�
1
n

�
; 1 � p � 1;

¨ ¬¥â®¤ á¯« ©­-ª®««®ª æ¨¨ (7){(11) ¯® ã§« ¬ á¥âª¨ (4), (5) ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã

­  ª« áá¥ E áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ ¨§ En.
�¥®à¥¬  4. �ãáâì X = W 1

p (1 � p � 3), !1, !2, !3 | ¢ë¯ãª«ë¥ ¢¢¥àå ¬®¤ã«¨ ­¥¯à¥àë¢­®-

áâ¨, E = E4. �®£¤ 
Vn(E) � dn(Z

�; Lp); 1 � p � 3;

¨ ¬¥â®¤ á¯« ©­-ª®««®ª æ¨¨ (7){(11) ¢ á«ãç ¥ à ¢­®¬¥à­®© á¥âª¨ (4) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨
®¯â¨¬ «ì­ë¬ ­  ª« áá¥ E áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
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�â¬¥â¨¬, çâ® â¥®à¥¬ë 3 ¨ 4 ¤®ª §ë¢ îâáï ¯®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢ ¬¨ â¥®à¥¬ 1 ¨ 2, ¯à¨
íâ®¬ ¨á¯®«ì§ãîâáï à¥§ã«ìâ âë (­ ¯à., [8], [9]) ¯®  ¯¯à®ªá¨¬ æ¨¨ ¢ ¯à®áâà ­áâ¢ å Lp (1 � p � 1)
á¯« ©­ ¬¨ ­ã«¥¢®© ¨ ¯¥à¢®© áâ¥¯¥­¥©.

2�. � á«ãç ¥ ¯¥à¨®¤¨ç¥áª¨å ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1) ¯®«ãç¥­­ë¥ à¥§ã«ì-
â âë ®áâ îâáï ¢ á¨«¥. �â®â ¢ë¢®¤ ¢ëâ¥ª ¥â ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ (­ ¯à., [8], [9]) ¤«ï
¯¥à¨®¤¨ç¥áª¨å á¯« ©­®¢ ¬¨­¨¬ «ì­ëå áâ¥¯¥­¥©.

3�. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã ¬¥â®¤®¬ ­  ª« áá¥
E1 ãà ¢­¥­¨© (1) áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ ¨§ En ¡ã¤¥â «î¡®© ¯à®¥ªæ¨®­­ë© ¬¥â®¤
(12), å à ªâ¥à¨§ã¥¬ë© á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

 ) ¯®¤¯à®áâà ­áâ¢® X�
n, dimX�

n � n, ¯à®áâà ­áâ¢  W 1
2
íªáâà¥¬ «ì­® å®âï ¡ë ¯® ¯®àï¤ªã

¤«ï ª« áá  X�,
¡) ®¯¥à â®àë Pn : X ! X�

n ï¢«ïîâáï ¯à®¥ªæ¨®­­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ¯® ­®à¬¥ ¢ á®¢®ªã¯-
­®áâ¨.

4�. �­ «®£¨ç­ë¥ â¥®à¥¬ ¬ 1{ 4 à¥§ã«ìâ âë ¤«ï á¯« ©­®¢ëå ¬¥â®¤®¢ ª®««®ª æ¨®­­®£® â¨¯ 
¨¬¥îâ ¬¥áâ® ¨ ¤«ï ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯à®¨§¢®«ì­®£® ª®­¥ç­®£® ¯®àï¤ª ,
¥á«¨ ¨áå®¤­ë¥ ¤ ­­ë¥ ®¡« ¤ îâ ®¯à¥¤¥«¥­­ë¬¨ £« ¤ª®áâ­ë¬¨ á¢®©áâ¢ ¬¨, ¯à¨ íâ®¬ ­¥®¡å®-
¤¨¬® ¨á¯®«ì§®¢ âì á¯« ©­-äã­ªæ¨¨ ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥­¥©, ã¤®¢«¥â¢®àïîé¨¥ ®¯à¥¤¥«¥­­ë¬
ªà ¥¢ë¬ ãá«®¢¨ï¬.
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