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� ¤ ®© áâ âì¥ ¤ ® ®¯¨á ¨¥ ª« áá®¢ Lr \ H
�(Lp) = L�

p;r, Re� > 0, £¤¥ H� | ¤à®¡ë©
\â¥«¥£à äë©" ¯®â¥æ¨ «, à¥ «¨§ãîé¨© ®âà¨æ â¥«ìë¥ (Re� < 0) áâ¥¯¥¨ â¥«¥£à ä®£® ®¯¥-
à â®à 

�+
@

@x1
; � =

@2

@x21
�

@2

@x22
� � � � �

@2

@x2n
: (1)

�®ïá¨¬ ¨â¥à¥á ª ®¯¨á ¨î ª« áá®¢ â ª®£® â¨¯ .
�ãáâì ¤  ®¯¥à â®à â¨¯  ¯®â¥æ¨ «  I�� = k� � �, â. ¥. ®¯¥à â®à á¢¥àâª¨ á ï¤à®¬, ¨¬¥îé¨¬

áâ¥¯¥ãî ¨«¨ «®£ à¨ä¬¨ç¥áªãî ®á®¡¥®áâì   ¥ª®â®à®¬ ¬®¦¥áâ¢¥ ¢ Rn. �¤®© ¨§ ®á®¢ëå
§ ¤ ç ¢ â¥®à¨¨ â ª¨å ®¯¥à â®à®¢ ï¢«ï¥âáï ®¯¨á ¨¥ äãªæ¨©, ¯à¥¤áâ ¢¨¬ëå ¯®â¥æ¨ «®¬ I��
á ¯«®â®áâìî ¨§ Lp, â. ¥. ®¯¨á ¨¥ ®¡à §  I�(Lp). �¤à® k�(x) ¯à¨ ¥ª®â®àëå � ¬®¦¥â à áâ¨  
¡¥áª®¥ç®áâ¨,   â ª¦¥ ¬®¦¥â ¡ëâì «®ª «ì® ¥áã¬¬¨àã¥¬ë¬   ¥ª®â®à®¬ ¬®¦¥áâ¢¥ ¢ Rn (¢
à áá¬®âà¥®¬ §¤¥áì á«ãç ¥ ï¤à  ¯®â¥æ¨ «®¢ H�, à¥ «¨§ãîé¨å ®âà¨æ â¥«ìë¥ áâ¥¯¥¨ ®¯¥-
à â®à  (1), «®ª «ì® ¥áã¬¬¨àã¥¬ë   á¢¥â®¢®¬ ª®ãá¥ ¡ã¤ãé¥£® K+

+ = fy : y21 � jy0j2, y1 � 0g,
y0 = (y2; : : : ; yn), ¯à¨ 0 < Re� � n� 2). � íâ®¬ á«ãç ¥ ¨â¥£à « I��, ¢®®¡é¥ £®¢®àï, à áå®¤¨âáï
  äãªæ¨ïå ¨§ Lp; ¯®â¥æ¨ « I� âà ªâã¥âáï ª ª ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ Lp ¢ á¯¥æ¨ «ì®¥
¯à®áâà áâ¢® �0 ®¡®¡é¥ëå äãªæ¨©  ¤ ®á®¢ë¬ ¯à®áâà áâ¢®¬ �, ¢ ª®â®à®¬ k�(x) ï¢«ï-
¥âáï á¢¥àâë¢ â¥«¥¬. �®áâàãªâ¨¢® ®¯¨á âì ®¡à § I�(Lp) ¢ â ª®© á¨âã æ¨¨ ¥ ¯à¥¤áâ ¢«ï¥âáï
¢®§¬®¦ë¬. �¤ ª® ¢ ¥ª®â®àëå á«ãç ïå ã¤ ¥âáï ®¯¨á âì ª« áá I�(Lp) \ Lr.

�à®áâà áâ¢  L�
p;r = Lr \ I

�(Lp), 1 < p; r < 1, � > 0, £¤¥ I�(Lp) | ¯à®áâà áâ¢® à¨áá®¢ëå
¯®â¥æ¨ «®¢, ¨§ãç «¨áì ¢ [1], [2] (á¬. â ª¦¥ [3], x 26; [4], x 13), £¤¥ ¡ë«® ¤ ® ®¯¨á ¨¥ íâ¨å ¯à®-
áâà áâ¢ ¢ â¥à¬¨ å £¨¯¥àá¨£ã«ïàëå ¨â¥£à «®¢. C«ãç © r = p ¡ë« à áá¬®âà¥ ¢ [5]. �à®-
áâà áâ¢  L�

p;r, á¢ï§ ë¥ á ª®¬¯«¥ªáë¬¨ áâ¥¯¥ï¬¨ ¥í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢,  ¨¡®«¥¥
âàã¤ë¥ ¤«ï ¨áá«¥¤®¢ ¨ï, ¢ ®á®¡¥®áâ¨, ª®£¤  ®¯¥à â®à ï¢«ï¥âáï ¥®¤®à®¤ë¬, à áá¬ âà¨¢ -
«¨áì ¬ «®. �¤¥áì ¬®¦® ®â¬¥â¨âì â®«ìª® à ¡®âë [6]{[9], £¤¥ ¢ à ¬ª å ¬¥â®¤   ¯¯à®ªá¨¬ â¨¢ëå
®¡à âëå ®¯¥à â®à®¢ (���) ¡ë«® ¯®«ãç¥® ®¯¨á ¨¥ ¯à®áâà áâ¢ ãª § ®£® â¨¯ , ¢ ª®â®àëå
I�(Lp) | ®¡à § £¨¯¥à¡®«¨ç¥áª®£® ¯®â¥æ¨ «  (��)��=2, ¤à®¡®£® ¯®â¥æ¨ «  �«¥© {�®à¤® {

�®ª  (m2 ��)��=2, m > 0, ¨ ¤à®¡®£® ¯®â¥æ¨ «  �à¥¤¨£¥à  Hk = (kE +�x + i @
@t
)
��=2

,
k = 0; 1.

1. �á¯®¬®£ â¥«ìë¥ á¢¥¤¥¨ï

� à ¡®â¥ ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï: (Djf)(x) = @jjjf(x)=@xj11 � � � @x
jn
n , £¤¥ j = (j1; : : : ; jn)

| ¬ã«ìâ¨¨¤¥ªá; hf; gi =
R
Rn

f(x)g(x)dx; (Ff)(�) =
R
Rn

f(x) exp(i� � x)dx | ¯à¥®¡à §®¢ ¨¥ �ã-

àì¥ äãªæ¨¨ f(x); (F�1f)(x) = (2�)�n
R
Rn

f(�) exp(�ix � �)d� | ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ã-

àì¥, (W"�)(x) | ¨â¥£à « � ãáá {�¥©¥àèâà áá ; Sn�1 | ¥¤¨¨ç ï áä¥à  ¢ Rn; Lp = Lp(Rn);

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 00-01-00046a.
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Lp; = ff(x) : (1 + jxj
2)
=p
f(x) 2 Lpg; Lp + Lq = ff = f0 + f1 : f0 2 Lp; f1 2 Lqg, kfkLp+Lq =

inffkf0kp+ kf1kqg; £¤¥ ¨¦ïï £à ì ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¯à¥¤áâ ¢«¥¨ï¬ f ¢ ¢¨¤¥ áã¬¬ë
f0+f1; <0 = f� : � = Ff; f 2 L1g| ¢¨¥à®¢áª®¥ ª®«ìæ® äãªæ¨©; S = S(Rn) | ª« áá �.�¢ àæ 
¡ëáâà® ã¡ë¢ îé¨å £« ¤ª¨å äãªæ¨©; 	V = f (x) 2 S : Dk (x) = 0; x 2 V; jkj = 0; 1; 2; : : : g,
�V = F�1(	V ) (V | ¯à®¨§¢®«ì®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ Rn), 	 = 	f0g, � = �f0g.

�¥¬¬  1 (®¡   «¨â¨ç®áâ¨ ¨â¥£à «  ¯® ¯ à ¬¥âàã [10]). �ãáâì äãªæ¨ï f(x; z)   «¨-

â¨ç  ¯® z ¢ ¥ª®â®à®© ®¡« áâ¨ D � C ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn ¨ ¨¬¥¥â áã¬¬¨àã¥¬ãî ¬ ¦®-

à âã jf(x; z)j � F (x) 2 L1. �®£¤  ¨â¥£à «
R
Rn

f(x; z)dx   «¨â¨ç¥ ¯® z ¢ ®¡« áâ¨ D.

�¥¬¬  2 (¯à¨§ ª ¯à¨ ¤«¥¦®áâ¨ ¢¨¥à®¢áª®¬ã ª®«ìæã [3]). �ãáâì f 2 L1. �á«¨ ¤«ï ¯®-

çâ¨ ¢á¥å x 2 Rn áãé¥áâ¢ã¥â (Dmf)(x) ¨ (Dmf)(x) 2 Lp ¯à¨ ¥ª®â®à®¬ p 2 (1; 2] ¤«ï ¢á¥å

m = 1; 2; : : : ; n ¨ «î¡ëå ¯®¯ à® à §«¨çëå k1; : : : ; km, â® f 2 <0.

�¥¬¬  3 (à ¢®¬¥àë¥ ®æ¥ª¨ ¯® ¨¤¥ªáã ¤«ï ¬®¤¨ä¨æ¨à®¢ ®© äãªæ¨¨ �¥áá¥«ï I�(z)).
�ãáâì jRe �j < M , j Im �j < N , £¤¥ M ¨ N | ¯à®¨§¢®«ìë¥ ¯®«®¦¨â¥«ìë¥ ç¨á« . �®£¤  á¯à -

¢¥¤«¨¢  ®æ¥ª 

jI�(y)j � C(M;N)

(
yRe � ; 0 < y � 1;

exp(y)y�1=2; y > 1;

£¤¥ ¯®áâ®ï ï C(M;N) ¥ § ¢¨á¨â ®â �.

�â¢¥à¦¤¥¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ ¨â¥£à «ìëå ¯à¥¤áâ ¢«¥¨© ¤«ï ¬®¤¨ä¨æ¨à®¢ ®© äãª-
æ¨¨ �¥áá¥«ï (á¬.,  ¯à., [11]).

�¥¬¬  4 (Lp�Lq-®æ¥ª¨ ¤«ï £¨¯¥à¡®«¨ç¥áª¨å à¨áá®¢ëå ¯®â¥æ¨ «®¢). �ãáâì n�2 < Re� <
n, 2n(n�1)=(n2+Re�(n�2)) < p < 2(n�1)=(Re�+n2), n � 2, q = np=(n�pRe�), äãªæ¨ï � ¨§

Lp â ª®¢ , çâ® (IRe��
j�j)(x) < 1 ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn. �®£¤  ¤«ï £¨¯¥à¡®«¨ç¥áª¨å à¨áá®¢ëå

¯®â¥æ¨ «®¢

(I�
�
�)(x) =

1
Hn(�)

Z
K+

+

�(x� y)
rn��(y)

dy; Re� > 0;

Hn(�) = 2��1�
n

2
�1�

�
�+ 2� n

2

�
;

á¯à ¢¥¤«¨¢  ®æ¥ª  kI�
�
�kq � Ak�kp, £¤¥ ¯®áâ®ï ï A ¥ § ¢¨á¨â ®â äãªæ¨¨ �.

�à¨ n = 2 ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤®ª § ® ¢ ([4], x 28),   ¢ á«ãç ¥ ¯à®¨§¢®«ì®£® n | ¢ [12].

2. �âà¨æ â¥«ìë¥ áâ¥¯¥¨ â¥«¥£à ä®£® ®¯¥à â®à  ¢ Lp-¯à®áâà áâ¢ å

�®ª ¦¥¬, çâ® ®âà¨æ â¥«ìë¥ áâ¥¯¥¨ ®¯¥à â®à  (1) ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ ®¯¥à â®à®¢ â¨¯ 
¯®â¥æ¨ « 

(H��)(x) = cn(�)
Z
K+

+

exp(�y1=2)I��n
2
(r(y)=2)

r
n��

2 (y)
�(x� y)dy; Re� > 0; (2)

£¤¥ r(y) =
p
y21 � jy0j2 | «®à¥æ¥¢® à ááâ®ï¨¥, I��n

2
(x) | ¬®¤¨ä¨æ¨à®¢  ï äãªæ¨ï �¥áá¥«ï,

cn(�) = 21�n�1�
n

2 i
n��

2 =�(�
2
).

�¥©áâ¢¨¥ ®¯¥à â®à  H� ®¯¨áë¢ ¥âáï á«¥¤ãîé¥© â¥®à¥¬®©.

59



�¥®à¥¬  1. a) �ãáâì n � 1 � Re� < n + 1; 4n(n � 1)=(2n2 + (n + Re� � 1)(n � 2)) < p <
4(n � 1)=(3n + Re� � 5), 1=q = 1=p � (Re� + n � 1)=2n. �®£¤  ¤«ï â¥å � 2 Lp, ¤«ï ª®â®àëå

(H�j�j)(x) <1, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kH��kq � ck�kp:

¡) �ãáâì n� 2 < Re� < n� 1 ¯à¨ n � 8 ¨ n(n� 5)=(n � 4) < Re� < n� 1 ¯à¨ n>8, 2n(n�

1)=(n2+Re�(n�2)) < p < 4(n�1)=(3n+Re��5), � 2 Lp ¨ (IRe��
j�j)(x) <1, (I

n+Re��1

2

�
j�j)(x) <1

(¤«ï ¯®çâ¨ ¢á¥å x 2 Rn). �®£¤ 

kH��kLq1+Lq2
� ck�kp;

1
q1

=
1
p
�
Re�
2n

;
1
q2

=
1
p
�
Re�+ n� 1

2n
;

kH��kLp; � ck�kp;  < min
�
� pRe�;�

p

2

�
Re�+ n� 1

��
:

�â¢¥à¦¤¥¨¥ â¥®à¥¬ë á ãç¥â®¬ «¥¬¬ë 4 á«¥¤ã¥â ¨§ ®æ¥®ª

j(H��)(x)j � A(I
n+Re��1

2

�
j�j)(x); Re� � n� 1;

j(H��)(x)j � A
�
(IRe�
�

j�j)(x) + (I
n+Re��1

2

�
j�j)(x)

�
; n� 2 < Re� < n� 1:

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â®£®, çâ® ¯®â¥æ¨ «ë (2) à¥ «¨§ãîâ ®âà¨æ â¥«ìë¥ áâ¥¯¥¨ ®¯¥-
à â®à  (1). �«ï íâ®£® ¥®¡å®¤¨¬® ¯®ª § âì, çâ® á¨¬¢®«®¬ ¯®â¥æ¨ «  (2) ï¢«ï¥âáï äãªæ¨ï

m�(�) = (�r2(�)� i�1)�
�

2 :

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �ãáâì � 2 �, Re� > n� 2. �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã« 

(FH��)(�) = m�(�)(F�)(�): (3)

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢ ç «¥ ä®à¬ã«ã ¤«ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¢ á« ¡®¬ á¬ëá«¥

(H��)(x) =
1

(2�)n

Z
Rn

m�(�)(F�)(�) exp(�ix � �)d�: (4)

�ãáâì � 2 �V , V = f� 2 Rn : �0 = 0g. �¬¥¥¬

(H��)(x) = cn;1(�)
Z
K+

+

exp(�y1
2
)I��n

2
( r(y)

2
)

r
n��

2 (y)
�(x� y)dy =

=
cn;1(�)

(2�)
n+1

2

lim
N!1

Z
Rn

j�0j
n�3

2 (F�)(�)d�

NZ
0

y
�+1

2

1 exp(�
y1
2
+ iy1�1)dy1 �

�

1Z
0

�
n�1

2 (1� �2)
��n

4 J��n

2
(iy1

p
1� �2)Jn�3

2
(y1�j�

0j)d� �
cn;1(�)

(2�)
n+1

2

lim
N!1

Z
Rn

gN(�)d�; (5)

£¤¥ J�(z) | äãªæ¨ï �¥áá¥«ï ¯®àï¤ª  �, á¢ï§  ï á äãªæ¨¥© I�(z) ¯® ä®à¬ã«¥ I�(z) =
exp(���

2
i)J�(iz) (á¬. [11]). �¡®áã¥¬ c ¯®¬®éìî ¬ ¦®à â®© â¥®à¥¬ë �¥¡¥£  ¢®§¬®¦®áâì ¯à¥-

¤¥«ì®£® ¯¥à¥å®¤  ¯®¤ § ª®¬ ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (5). �à¨ j�0j2 > 1=4, ¢ëç¨á«ïï ¨â¥£à «
¯® ®âà¥§ªã [0; 1] ¯® ä®à¬ã«¥ 6.598 ¨§ [13], ¡ã¤¥¬ ¨¬¥âì

jgN(�)j = 22n�Re��1�
n�1

2

j(F�)(�)j
(j�0j2 � 1

4
)(Re��1)=4

����
NZ
0

y
Re��1

2

1 exp
�
� ( 1

2
� i�1)y1

�
J��1

2
(y1
q
j�0j2 � 1

4
)dy1

����:
60



�®á¯®«ì§ã¥¬áï ®æ¥ª®©

jJ�(x)j � Ajxj
Re �

; Re � � �1=2

(á¬.,  ¯à., [11], c. 23). �®£¤  jgN(�)j � Aj(F�)(�)j, £¤¥ A ¥ § ¢¨á¨â ®â N .
�á«¨ j�0j2 < 1=4, â® á ãç¥â®¬ «¥¬¬ë 3 ¨  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï ¥¯®«®© �-äãªæ¨¨

¨¬¥¥¬

jgN(�)j � Aj(F�)(�)j
�
1 +

1

j�0j
2

�
; (6)

§¤¥áì A ¥ § ¢¨á¨â ®â N . �à¨¬¥ïï ª äãªæ¨¨ (F�)(�) 2 	V ä®à¬ã«ã �¥©«®à  ¯® ¯¥à¥¬¥®©
�0, ¡ã¤¥¬ ¨¬¥âì

(F�)(�) =
X
jjj<l

�0j

j!
(Dj(F�))(�1; 0) + l

X
jjj=l

�0j

j!
(Dj(F�))(�1; ��0); 0 < � < 1:

�«¥¤®¢ â¥«ì®,

j(F�)(�)j � Aj� j
l
; l 2 N: (7)

�§ (6) ¨ (7) á«¥¤ã¥â  «¨ç¨¥ áã¬¬¨àã¥¬®© ¬ ¦®à âë ¤«ï äãªæ¨¨ gN(�), j�0j2 < 1=4.
�¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯®¤ § ª®¬ ¨â¥£à «  ¢ ¯®á«¥¤¥© áâà®ª¥ (5). �«ï ¤®ª § â¥«ìáâ¢  à -

¢¥áâ¢  (4) ¯à¨ � 2 �V ®áâ ¥âáï ¤®ª § âì á«¥¤ãîéãî ä®à¬ã«ã ¤«ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ ï¤à 
h�(y) ®¯¥à â®à  (2)

(Fh�)(�) = m�(�): (8)

�ëç¨á«¨¬ ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ï¤à  h�(y), ¯®¨¬ ï ¥£® ª ª ãá«®¢® áå®¤ïé¨©áï ¨â¥£à «,

(Fh�)(�) = cn(�) lim
N!1

Z
fy2K+

+
: 0<y1<Ng

I��n
2
( r(y)

2
)

r
n��

2 (y)
exp

�
�
y1
2
+ iy � �

�
dy =

= cn(�) lim
N!1

NZ
0

y
�+n

2
�1

1 exp
�
�
y1
2
+ iy1�1

�
dy1

1Z
0

�n�2(1� �2)
��n

4 �

� J��n

2

�
i

2
y1
p
1� �2

�
d�

Z
Sn�2

exp(iy1��
0 � �)d� =

= 2
n�1

2 �
n�2

2 cn(�)j�0j
3�n

2 lim
N!1

NZ
0

y
�+1

2

1 exp
�
�
y1
2
+ iy1�1

�
dy1 �

�

1Z
0

�
n�1

2 (1� �2)
��n

4 J��n

2

�
mi

2
y1
p
1� �2

�
Jn�3

2
(y1��

0)d�;

§¤¥áì ¯à¨¬¥¥  ä®à¬ã«  (25.13) ¨§ [4] ¤«ï ¢ëç¨á«¥¨ï ¨â¥£à «  ¯® áä¥à¥ Sn�2. �ëç¨á«ïï
¤ «¥¥ ¢ãâà¥¨© ¨â¥£à « ¯® ®âà¥§ªã [0; 1] ¯® ä®à¬ã«¥ 6.598 ¨§ [13],   § â¥¬ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã
¯à¨ N ! 1 ¨ ¢ëç¨á«ïï ¨â¥£à « ¯® ¯®«ã®á¨ ¯® ä®à¬ã«¥ 6.623 ¨§ [13] ¯à¨ �0 6= 0, ¯®«ãç ¥¬
à ¢¥áâ¢® (8).

�ãáâì â¥¯¥àì � 2 �. �§ à¥§ã«ìâ â®¢ [14] á«¥¤ã¥â, çâ® ¤«ï � 2 � áãé¥áâ¢ã¥â ¯®á«¥¤®¢ -

â¥«ì®áâì äãªæ¨© �k(x) 2 �V , V = f� : �0 = 0g, â ª ï, çâ®
(Lp)

lim
k!1

�k(x) = �(x), 1 < p < 1,
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j(F�k)(�)j � j(F�)(�)j ¨ (F�k)(�) ! (F�)(�), k !1. �«ï äãªæ¨© �k(x) ¢ë¯®«ï¥âáï ¤®ª § -
®¥ ¢ëè¥ à ¢¥áâ¢® (4). �®£¤  ¢ á¨«ã ¯¥à¥ç¨á«¥ëå á¢®©áâ¢  ¯¯à®ªá¨¬¨àãîé¥© ¯®á«¥¤®¢ -
â¥«ì®áâ¨ äãªæ¨© �k(x) ¨¬¥¥¬

lim
k!1

(H��k)(x) =
1

(2�)n

Z
Rn

m�(�)(F�)(�) exp(�ix � �)d�; x 2 Rn:

� ¤àã£®© áâ®à®ë, ¢ á¨«ã â¥®à¥¬ë 1 ¯®«ãç ¥¬ kH���H��kkq � Ak�� �kkp ! 0, k ! 1,
n � 1 < Re� < n + 1, 4n(n � 1)=(2n2 + (n + Re� � 1)(n � 2)) < p < 4(n � 1)=(3n + Re� � 5),
1=q = 1=p� (Re�+ n� 1)=(2n). �«¥¤®¢ â¥«ì®,

(H��)(x) =
1

(2�)n

Z
Rn

m�(�)(F�)(�) exp(�ix � �)d�; n� 1 < Re� < n+ 1; � 2 �:

�â®¡ë ¤®ª § âì ä®à¬ã«ã (4) ¤«ï Re� > n � 2 ¤®áâ â®ç® ¯®ª § âì   «¨â¨ç®áâì «¥¢®©
¨ ¯à ¢®© ç áâ¥© íâ®£® à ¢¥áâ¢  ¢ ãª § ®© ¯®«ã¯«®áª®áâ¨. �®á«¥¤¥¥ ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 1
( «¨ç¨¥ áã¬¬¨àã¥¬®© ¬ ¦®à âë ¯® � ¤«ï ï¤à  h�(y) á«¥¤ã¥â ¨§ «¥¬¬ë 3).

�à¨¬¥ïï ª (4) ¯à¥®¡à §®¢ ¨¥ �ãàì¥, á ãç¥â®¬ â®£®, çâ® m�(�)(F�)(�) 2 	, ¯®«ãç ¥¬
(3).

� ª ª ª äãªæ¨ï m�(�) ï¢«ï¥âáï ¬ã«ìâ¨¯«¨ª â®à®¬ ¢ 	 (á¬. â¥®à¥¬ã 3.3 ¨§ [3]), â® ¯à®-
áâà áâ¢® � ¨¢ à¨ â® ®â®á¨â¥«ì® ®¯¥à â®à®¢ H�.

3. �à®áâà áâ¢  H�(Lp) ¤à®¡ëå â¥«¥£à äëå ¯®â¥æ¨ «®¢

�ãáâì Re� > n�2. �®£¤  ®¯¥à â®à H� ®£à ¨ç¥® ¤¥©áâ¢ã¥â ¨§ Lp ¢ Lq ¨«¨  «£¥¡à ¨ç¥áªãî
áã¬¬ã Lq-¯à®áâà áâ¢ ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.

�ãáâì â¥¯¥àì Re� > 0. �ã¤¥¬ à áá¬ âà¨¢ âì ®¯¥à â®à H�,   äãªæ¨ïå � 2 Lp. �ãáâì � ¨ p
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ¯.  ) â¥®à¥¬ë 1. �®£¤  ¯®â¥æ¨ « H��; � 2 Lp; ¯®¨¬ ¥âáï ®¡ëçë¬
®¡à §®¬, ª ª ¨â¥£à « (2), ¥á«¨ (H�j�j)(x) < 1 ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn. �á«¨ íâ® ãá«®¢¨¥
 àãè¥®, â® ¯®â¥æ¨ « H�� ¯®¨¬ ¥âáï, ª ª ¯à®¤®«¦¥¨¥ ¯® ®£à ¨ç¥®áâ¨ ®¯¥à â®à  (2) á
¯«®â®£® ¢ Lp ¬®¦¥áâ¢  �. �á«¨ � ¨ p ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ¯. ¡) â¥®à¥¬ë 1, â® ¯®â¥æ¨ «
H��, � 2 Lp, âà ªâã¥âáï   «®£¨ç®. �«ï ®áâ «ìëå p ¨ � (Re� > 0) ¯®â¥æ¨ « f = H��,
� 2 Lp, ¯®¨¬ ¥âáï ¢ á¬ëá«¥ á¢¥àâª¨ á ï¤à®¬ h� ¢ ª« áá¥ �0-à á¯à¥¤¥«¥¨©

hf; !i
def= h�; h� � !i; ! 2 �;

£¤¥

(h� � !)(x) =
Z
K+

+

h�(t)!(x+ t)dt; Re� > n� 2:

� ¬¥â¨¬, çâ® â ª®¥ ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ®, â. ª. h�1 (t) | á¢¥àâë¢ â¥«ì ¢ �, ¯®áª®«ìªã (Fh�1 )(�) =
(�r2(�)� i�1)��=2 | ¬ã«ìâ¨¯«¨ª â®à ¢ 	.

�à¨ 0 < Re� � n� 2 ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© �¥«ìä ¤ {�¨«®¢  ¯®« £ ¥¬

(h� � !)(x) =
1

(2�)n
h(�r2(�)� i�1)�

�

2 ; (F!)(�) exp(�ix � �)i;

  â ª¦¥ ¯®«®¦¨¬ H�(Lp) = ff 2 �0 : f = H��; � 2 Lpg, £¤¥ ¯®â¥æ¨ « H�� ¯®¨¬ ¥âáï
®¯¨á ë¬ ¢ëè¥ ®¡à §®¬. � ¤¨¬ ®¯¨á ¨¥ ª« áá®¢ L�

p;r = Lr \H
�(Lp), Re� > 0.
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4. �à®áâà áâ¢  L�

p;r
¨ ¨å ®¯¨á ¨¥

�®«®¦¨¬

(G�f)(x) = lim
"!0

(G�
" f)(x); (9)

£¤¥

(G�
" f)(x) =

Z
Rn

g�" (t)f(x� t)dt;

g�" (t) = F�1(exp(�"j�j2)g"(�)=m�(�))(t), g"(�) = exp(�"=�21) ¨«¨ g"(�) = (�1=(� � 1 + i"))k, k > n�
Re�=2. �à¥¤¥« ¢ (9) ¯®¨¬ ¥âáï ¯® Lp-®à¬¥. � ¬¥â¨¬, çâ® g�" (t) 2 L1, â. ª. exp(�"j�j2)g"(�)=m�(�) 2
<0 ¢ á¨«ã «¥¬¬ë 2. �á®¢ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  3. �ãáâì 1 < p < 1, 1 < r < 1, Re� > 0. �®£¤  L�
p;r = ff 2 Lr : G�f 2 Lpg, £¤¥

G� | ®¯¥à â®à (9).

�®ª § â¥«ìáâ¢®. �ãáâì f 2 L�
p;r. �®£¤  f 2 Lr ¨ f = H��, � 2 Lp. � ãç¥â®¬ â®£®, çâ®

G�
"! 2 �, ¤«ï ! 2 � ¨¬¥¥¬

hG�
" f; !i = hf;G�

"!i = h�; h� �G�
"!i =

= (2�)n
�
(F�)(�); exp

�
� "j�j

2
�

"

�21

�
(F!)(�)

�
= h�;H"!i = hH"�; !i; (10)

£¤¥ á¢¥àâª  h� �G�
"! ¯®¨¬ ¥âáï ®¯¨á ë¬ ¢ëè¥ ®¡à §®¬;

(H"�)(x) = (K"W"�)(x) + (W"�)(x);

£¤¥

(K"�)(x) =

+1Z
�1

k"(y)�(x1 � y; x0)dy;

(Fk")(�) =

(
exp(�"=�21)� 1; � 6= 0;

1; � = 0;
2 <0(R

1):

� [15] ¡ë«® ¯®ª § ®, çâ® K"W"�! 0, "! 0; ¯® Lp-®à¬¥, p > 1. �«¥¤®¢ â¥«ì®,

(Lp)

lim
"!0

H"� = �: (11)

� ª ª ª ¤¢¥ äãªæ¨¨, á®¢¯ ¤ îé¨¥ ¢ ®¡®¡é¥®¬ á¬ëá«¥, ¬®£ãâ ®â«¨ç âìáï à §¢¥ «¨èì ¬®-

£®ç«¥®¬, â® ¨§ (10) á«¥¤ã¥â (G�
" f)(x) = (H"�)(x)

(Lp)
��! �(x), "! 0. � ª¨¬ ®¡à §®¬, G�f 2 Lp.

�ãáâì â¥¯¥àì f 2 Lr ¨ G�f 2 Lp. �®£¤ 

hG�f; h� � !i = lim
"!0

hG�
" f; h

� � !i = lim
"!0

hf;G�
" (h

� � !)i = lim
"!0

hf;H"!i = hf; !i: (12)

�®á«¥¤¥¥ ¢ æ¥¯®çª¥ à ¢¥áâ¢® ®¡®á®¢ë¢ ¥âáï ¯à¨¬¥¥¨¥¬ ¥à ¢¥áâ¢  ��¥«ì¤¥à  á ãç¥â®¬
(11).

�á«¨ � ¨ p ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1, â® ¨§ (12) á«¥¤ã¥â hf; !i = hG�f; h� � !i =
hH�G�f; !i ¨ f(x) = (H�G�f)(x).

� ®áâ «ìëå á«ãç ïå à ¢¥áâ¢® (12) á ¬® ®§ ç ¥â, çâ® f = H�G�f .
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