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� ¤ ­­®© áâ âì¥ ¤®ª § ­®, çâ® ­¥ª®â®àë¥ à¥§ã«ìâ âë �.�. � àª ¢¨ ([1], [2]) ¨ �.�.�¥«®¡à®¢ 
([3], [4]) ® ­ ¨«ãçè¥© á¥â¨, ­ ¨«ãçè¥¬ á¥ç¥­¨¨ ¨ ç¥¡ëè¥¢áª®¬ æ¥­âà¥ ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢ 
¢ á¯¥æ¨ «ì­®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ ¢¥à­ë ¨ ¢ ¡¥áª®­¥ç­®¬¥à­®¬ ¯à®áâà ­áâ¢¥ �®¡ ç¥¢áª®-
£®. � ¨¬¥­­®, ¤«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  ¡¥áª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ -
ç¥¢áª®£® ¤®ª § ­®: áãé¥áâ¢®¢ ­¨¥ ­ ¨«ãçè¥© N -á¥â¨ ¨ ­ ¨«ãçè¥£® N -á¥ç¥­¨ï; ¥¤¨­áâ¢¥­­®áâì
¨ á¨«ì­ ï ãáâ®©ç¨¢®áâì ç¥¡ëè¥¢áª®£® æ¥­âà ; á®¢¯ ¤¥­¨¥ ç¥¡ëè¥¢áª®£® æ¥­âà  á ç¥¡ëè¥¢áª¨¬
æ¥­âà®¬ § ¬ëª ­¨ï ¢ë¯ãª«®© ®¡®«®çª¨ ¤ ­­®£® ¬­®¦¥áâ¢  ¨ ¯à¨­ ¤«¥¦­®áâì ç¥¡ëè¥¢áª®£®
æ¥­âà  § ¬ëª ­¨î ¢ë¯ãª«®© ®¡®«®çª¨ ¤ ­­®£® ¬­®¦¥áâ¢ .

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

�ãáâì V | ¢¥é¥áâ¢¥­­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, X | ®âªàëâë© è à ¥¤¨­¨ç­®£® à ¤¨ãá 
á æ¥­âà®¬ ¢ ­ã«¥. � ¤ ¤¨¬ ¢ ¬­®¦¥áâ¢¥ X ¬¥âà¨ªã � á«¥¤ãîé¨¬ ®¡à §®¬:

�(x; y) = kArch
�

1� (x; y)
((1 � x2)(1� y2))1=2

�
; (1)

£¤¥ (x; y) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ x, y ¨§ X, k > 0. � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨
¨§¢¥áâ­ãî ¨­â¥à¯à¥â æ¨î �¥«ìâà ¬¨{�«¥©­  ¡¥áª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£®
([5], á. 73).

� ¯®¬­¨¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï.
�ãáâì M | ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® ¢ ¯à®áâà ­áâ¢¥ X. � ¤¨ãá®¬ ¯®ªàëâ¨ï ¬­®¦¥áâ¢  M

N -á¥âìî SN = fy1; : : : ; yNg (yn 2 X) ­ §ë¢ ¥âáï ç¨á«® [1]

R(M;SN) = sup
x2M

min
1�n�N

�(x; yn):

N -á¥âì S�N , ¤«ï ª®â®à®© R(M;S�N) = inf
SN�X

R(M;SN), £¤¥ â®ç­ ï ­¨¦­ïï £à ­ì ¡¥à¥âáï ¯®

¢á¥¬ N -á¥âï¬ ¢ ¯à®áâà ­áâ¢¥ X, ­ §ë¢ ¥âáï ­ ¨«ãçè¥©N -á¥âìî ¤«ï ¬­®¦¥áâ¢ M [1]. �à¨ íâ®¬
­ ¨«ãçè ï 1-á¥âì y� ­ §ë¢ ¥âáï ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬ ¬­®¦¥áâ¢ M ,   ç¨á«® R(M) = R(M;y�)
­ §ë¢ ¥âáï (ç¥¡ëè¥¢áª¨¬) à ¤¨ãá®¬ ¬­®¦¥áâ¢  M [1].

� ¨«ãçè¨¬ N -¬¥à­ë¬ á¥ç¥­¨¥¬ ¬­®¦¥áâ¢  M (­¥ ®¡ï§ â¥«ì­® ®£à ­¨ç¥­­®£®) ¢ ¯à®áâà ­-
áâ¢¥ X ­ §ë¢ ¥âáï N -¬¥à­ ï ¯«®áª®áâì H�

N ¯à®áâà ­áâ¢  X, ¤«ï ª®â®à®©

sup
x2M

min
y2H�

N

�(x; y) = inf
HN�X

sup
x2M

min
y2HN

�(x; y) <1; (2)

£¤¥ â®ç­ ï ­¨¦­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦­ë¬ N -¯«®áª®áâï¬ ¯à®áâà ­áâ¢  X [1].
�âª«®­¥­¨¥¬ ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ M ¨ K ¨§ ­¥ª®â®à®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  ¢

á¬ëá«¥ � ãá¤®àä  ­ §ë¢ ¥âáï ç¨á«® �(M;K) = maxfsup
x2M

�(x;K); sup
y2K

�(y;M)g ([6], á. 441; [4]).

�®¢®àïâ, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ fMng áå®¤¨âáï ª ®£à ­¨ç¥­­®¬ã
¬­®¦¥áâ¢ã M ¢ á¬ëá«¥ � ãá¤®àä , ¥á«¨ lim

n!1
�(Mn;M) = 0 [4].
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�¥¡ëè¥¢áª¨© æ¥­âà y� ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ­ §ë¢ ¥âáï á¨«ì­® ãáâ®©ç¨¢ë¬, ¥á«¨
¤«ï ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ fMng á ç¥¡ëè¥¢áª¨¬¨ æ¥­âà ¬¨ y�n,
áå®¤ïé¥©áï ¢ á¬ëá«¥ � ãá¤®àä  ª ¬­®¦¥áâ¢ã M , ¢ë¯®«­ï¥âáï ãá«®¢¨¥ lim

n!1
�(y�n; y

�) = 0 [4].

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® X ¨

ª ¦¤®£® ­ âãà «ì­®£® N áãé¥áâ¢ã¥â ­ ¨«ãçè ï N -á¥âì (áà. [1]).

�¥®à¥¬  2. �«ï ª ¦¤®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® X, ¤«ï ª®â®à®£®

­¨¦­ïï £à ­ì ¨§ (2) ª®­¥ç­  (¢ ç áâ­®áâ¨, ¤«ï ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M), áãé¥áâ¢ã¥â
­ ¨«ãçèee N -¬¥à­®¥ á¥ç¥­¨¥ ¤«ï ª ¦¤®£® ­ âãà «ì­®£® N (áà. [1]).

�¥®à¥¬  3. �«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® X áã-

é¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ç¥¡ëè¥¢áª¨© æ¥­âà (áà. [1]).

�¥®à¥¬  4. �«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® X ¢¥à-

­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

A. �¥¡ëè¥¢áª¨© æ¥­âà ¬­®¦¥áâ¢  M á®¢¯ ¤ ¥â á ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬ § ¬ëª ­¨ï ¢ë-

¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢  M ¨ á ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬ ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥-

áâ¢  M (áà. [3]).
B. �¥¡ëè¥¢áª¨© æ¥­âà ¬­®¦¥áâ¢  M ¯à¨­ ¤«¥¦¨â § ¬ëª ­¨î ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®-

¦¥áâ¢  M (áà. [2]).

�¥®à¥¬  5. �¥¡ëè¥¢áª¨© æ¥­âà ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  �®-

¡ ç¥¢áª®£® X á¨«ì­® ãáâ®©ç¨¢ (áà. [4]).

2. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì f�lg (l = 1; 2; : : : ) | ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì-
­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥«, áå®¤ïé ïáï ª ­ã«î ¨ r = inf

SN�X
R(M;SN), £¤¥ â®ç­ ï ­¨¦­ïï £à ­ì

¡¥à¥âáï ¯® ¢á¥¬ N -á¥âï¬ ¯à®áâà ­áâ¢  X. �®£¤  ¤«ï ª ¦¤®£® ­ âãà «ì­®£® l ­ ©¤¥âáï N -á¥âì
SlN = fyl1; : : : ; y

l
Ng â ª ï, çâ®

R(M;SlN) � r + �l: (3)

�®¦­® áç¨â âì, çâ® N -á¥â¨ SlN ¤«ï ¢á¥å ­ âãà «ì­ëå l ¯à¨­ ¤«¥¦ â ­¥ª®â®à®¬ã ®£à ­¨-
ç¥­­®¬ã § ¬ª­ãâ®¬ã ¬­®¦¥áâ¢ã P ¢ ¯à®áâà ­áâ¢¥ X. �¥©áâ¢¨â¥«ì­®, ¯ãáâì P | § ¬ëª ­¨¥
®¡ê¥¤¨­¥­¨ï ¬­®¦¥áâ¢  ¢á¥å â¥å è à®¢ ¯à®áâà ­áâ¢  X, æ¥­âàë ª®â®àëå ¯à¨­ ¤«¥¦ â ®£à -
­¨ç¥­­®¬ã ¬­®¦¥áâ¢ã M ¨ à ¤¨ãáë ª®â®àëå à ¢­ë 1 + r + max["l : l | ­ âãà «ì­®¥ ç¨á«®].
�à¨ á®åà ­¥­¨¨ ¯à¥¦­¨å ®¡®§­ ç¥­¨© N -á¥âì SlN ¤«ï ª ¦¤®£® ­ âãà «ì­®£® l ¬®¦­® ¨§¬¥­¨âì
á«¥¤ãîé¨¬ ®¡à §®¬: í«¥¬¥­âëN -á¥â¨ SlN , ¯à¨­ ¤«¥¦ é¨¥ ¬­®¦¥áâ¢ã XnP (¥á«¨ â ª¨¥ ­ ©¤ãâ-
áï), § ¬¥­ï¥¬ ­  ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë ¨§ ¬­®¦¥áâ¢  P . �¥à ¢¥­áâ¢® (3) ¯à¨ íâ®¬ á®åà ­¨âáï.
�¥âàã¤­® ¯®­ïâì, çâ® ¬­®¦¥áâ¢® P ®£à ­¨ç¥­® ¨ § ¬ª­ãâ® ¢ ¯à®áâà ­áâ¢¥ V ¨, á«¥¤®¢ â¥«ì­®,
á« ¡® ª®¬¯ ªâ­® ¢ ­¥¬. �ãáâì u� = fy�1 ; : : : ; y

�
Ng| N -á¥âì, á®áâ ¢«¥­­ ï ¨§ N ¯à¥¤¥«ì­ëå â®ç¥ª

¯®á«¥¤®¢ â¥«ì­®áâ¥© fyl1; : : : ; y
l
Ng ¢ á« ¡®© â®¯®«®£¨¨ ­  ¬­®¦¥áâ¢¥ P . �®ª ¦¥¬, çâ® N -á¥âì u�

­ ¨«ãçè ï. �®¯ãáâ¨¬, çâ® íâ® ­¥ ¢ë¯®«­ï¥âáï. �®£¤  ­ ©¤ãâáï â ª¨¥ x 2M ¨ � > 0, çâ®

�(x; y�n) > r + � (4)

¤«ï ª ¦¤®£® n 2 f1; : : : ; Ng. � á¨«ã (3), ¤«ï ª ¦¤®£® x 2M ¨¬¥¥¬

�(x; ylnl) � r + �l; (5)

£¤¥ nl = nl(x) ¯à¨­¨¬ ¥â ®¤­® ¨§ §­ ç¥­¨© 1; 2; : : : ; N . � ¤ «ì­¥©è¥¬ ¢¬¥áâ® ¤¢®©­®£® ¨­¤¥ªá 
nl (¨«¨ nt) ¢áî¤ã ¯¨è¥¬ ¨­¤¥ªá n. �ãáâì fytng | ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨
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fylng, á« ¡® áå®¤ïé ïáï ª y�n. �®£¤  áãé¥áâ¢ãîâ áå®¤ïé¨¥áï ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«®-
¦¨â¥«ì­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« f�tg ¨ f�tg, ¤«ï ª®â®àëå, ­ ç¨­ ï á ­¥ª®â®à®£® t, ¢ë¯®«­ïîâáï
­¥à ¢¥­áâ¢ 

j(ytn � y�n; x)j < �t; j(ytn; y
�
n)� (y�n)

2j < �tjy
�
nj;

(y�n)
2 < (ytn; y

�
n) + �tjy

�
nj � jytnj jy

�
nj+ �tjy

�
nj; jy�nj � jytnj+ �t < 1:

(6)

�á¯®«ì§ãï íâ¨ ­¥à ¢¥­áâ¢ ,   â ª¦¥ (1), (4) ¨ (5), ¯®«ãç¨¬

ch
�
r + �

k

�
<

1� (x; y�n)
((1� x2)(1� (y�n)2))1=2

�
1� (x; ytn) + �t

[(1� x2)(1� (y�n)2)]1=2
�

� ch
�
r + �t
k

�
[1� (ytn)

2]1=2[1� (jytnj+ �t)2]�1=2 + �t[(1� x2)(1 � (y�n)
2)]�1=2: (7)

�ç¥¢¨¤­®, ¯à ¢ ï ç áâì íâ®£® ­¥à ¢¥­áâ¢  áâà¥¬¨âáï ª ch( r
k
) ¯à¨ t ! 1. �® ch( r+�

k
) > ch( r

k
)

¯à¨ � > 0, r > 0, k > 0. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ç¥¢¨¤­®, çâ® ª ¦¤ë© í«¥¬¥­â y ¯à®¨§¢®«ì­®© N -¯«®áª®áâ¨
HN ¯à®áâà ­áâ¢  X ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y = y0 + a1y1 + : : : + aNyN ;

£¤¥ y0 | ¢¥ªâ®à, ®àâ®£®­ «ì­ë© N -¯«®áª®áâ¨ HN , ®¯à¥¤¥«ïîé¨© â®çªã ¨§ HN , fy1; : : : ; yNg
| á¥¬¥©áâ¢® ¨§ N ®àâ®­®à¬¨à®¢ ­­ëå ¢¥ªâ®à®¢ ¯à®áâà ­áâ¢  V , ®àâ®£®­ «ì­ëå ¢¥ªâ®àã y0
¨ jamj < 1 (m 2 f1; : : : ; Ng). �®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® y2 < 1. �ãáâì ¤«ï
¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  X

r = inf
HN�X

sup
x2M

min
y2HN

�(x; y) <1:

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì N -¬¥à­ëå ¯«®áª®áâ¥© Hn
N (n = 1; 2; : : : ) â ªãî, çâ®

sup
x2M

min
y2HN

�(x; y) � r + �n;

£¤¥ �n | ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥«, áå®¤ïé ïáï ª ­ã«î. �à¥¤-
¯®«®¦¨¬, çâ® yn0 ; y

n
1 ; : : : ; y

n
N | í«¥¬¥­âë, ¢¢¥¤¥­­ë¥ à ­¥¥ ¤«ï N -¬¥à­ëå ¯«®áª®áâ¥© Hn

N (n =
1; 2; : : : ). �ãáâì x | ¯à®¨§¢®«ì­ ï â®çª  ¨§ M ¨

ynx = yn0 + anx;1y
n
1 + : : :+ anx;Ny

n
N

| ¡«¨¦ ©è¨© ª â®çª¥ x ¢ ¬¥âà¨ª¥ (1) í«¥¬¥­â N -¬¥à­®© ¯«®áª®áâ¨ Hn
N . � ¤¥«¨¬ § ¬ª­ãâë©

è à B[0; 1] ¥¤¨­¨ç­®£® à ¤¨ãá  á æ¥­âà®¬ ¢ ­ã«¥ ¨­¤ãæ¨à®¢ ­­®© á« ¡®© â®¯®«®£¨¥© ¯à®áâà ­-
áâ¢  V ,   ®âà¥§®ª Ix = [�1; 1] ­ ¤¥«¨¬ áâ ­¤ àâ­®© â®¯®«®£¨¥©. �®£¤  ¬­®¦¥áâ¢®

Q = BN+1[0; 1] �
Y
fINx : x 2Mg

¡ã¤¥â ª®¬¯ ªâ­® ¢ â®¯®«®£¨¨ ¯à®¨§¢¥¤¥­¨ï. �ãáâì fung| ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª ¨§ ¬­®¦¥-
áâ¢  Q, ¯à®¥ªæ¨ï¬¨ ª®â®àëå ï¢«ïîâáï â®çª¨

yn0 ; y
n
1 ; : : : ; y

n
N 2 B[0; 1]; anx;1; : : : ; a

n
x;N 2 Ix;

£¤¥ x 2M . � ¯ãáâì â®çª  u 2 Q á ¯à®¥ªæ¨ï¬¨

y0; y1; : : : ; yN 2 B[0; 1]; ax;1; : : : ; ax;N 2 Ix;

£¤¥ x 2M , ï¢«ï¥âáï ¯à¥¤¥«ì­®© â®çª®© ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung. �®ª ¦¥¬, çâ® N -¬¥à­ ï
¯«®áª®áâì H�

N , í«¥¬¥­âë ª®â®à®© ¨¬¥îâ ¢¨¤

y = y0 + a1y1 + � � � + aNyN ;
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ï¢«ï¥âáï ­ ¨«ãçè¨¬ N -¬¥à­ë¬ á¥ç¥­¨¥¬ ¤«ï M . �ãáâì x | ¯à®¨§¢®«ì­ ï â®çª  ¨§ M . �®£¤ 

�(x; yx) � r; (8)

£¤¥ yx = y0 + ax;1y1 + � � � + ax;NyN | ¡«¨¦ ©è¨© ª â®çª¥ x í«¥¬¥­â N -¬¥à­®© ¯«®áª®áâ¨ H�
N ¢

¬¥âà¨ª¥ (1). �¥©áâ¢¨â¥«ì­®, ¥á«¨ íâ® ­¥à ¢¥­áâ¢® ­¥ ¢ë¯®«­ï¥âáï, â® ­ ©¤¥âáï â ª®¥ ç¨á«® � >
0, çâ® �(x; yx) > r+�. �ç¥¢¨¤­®, ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fynxg ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

fytx = yt0 + atx;1y
t
1 + : : :+ atx;Ny

t
Ng;

á« ¡® áå®¤ïé ïáï ª â®çª¥ yx. � ááã¦¤ ï â ª ¦¥, ª ª ¨ ¢ â¥®à¥¬¥ 1, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  (6)
¨ (7), £¤¥ ¢¬¥áâ® â®ç¥ª ytn, y

�
n ­ã¦­® ¯®¤áâ ¢¨âì â®çª¨ ytx ¨ y�x á®®â¢¥âáâ¢¥­­®. �«¥¤®¢ â¥«ì­®,

¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢® (8) ¢¥à­®, ¨ N -¬¥à­®¥ á¥ç¥­¨¥ H�
N ¤¥©-

áâ¢¨â¥«ì­® ­ ¨«ãçè¥¥. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �®áª®«ìªã ¯à¨ à §«¨ç­ëå ª®íää¨æ¨¥­â å k ¢ ä®à¬ã«¥ (1)
¯®«ãç îâáï ¯®¤®¡­ë¥ ¬¥âà¨ª¨, â® ¢ â¥®à¥¬¥ ¤®áâ â®ç­® à áá¬®âà¥âì á«ãç ©, ª®£¤  k = 1. �ãáâì,
­ ¯à®â¨¢, áãé¥áâ¢ãîâ ¤¢  à §«¨ç­ëå ç¥¡ëè¥¢áª¨å æ¥­âà  u ¨ v ¤«ï ­¥ª®â®à®£® ®£à ­¨ç¥­­®£®
¬­®¦¥áâ¢  M ç¥¡ëè¥¢áª®£® à ¤¨ãá  r. �®ª ¦¥¬, çâ® á¥à¥¤¨­  w ®âà¥§ª  á ª®­æ ¬¨ u ¨ v ¢
¬¥âà¨ª¥ (1) â ª¦¥ ï¢«ï¥âáï ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬. �ãáâì x | ¯à®¨§¢®«ì­ ï â®çª  ¬­®¦¥áâ¢ 
M . �®£¤  �(x; u) � r, �(x; v) � r, ¯®áª®«ìªã u, v | ç¥¡ëè¥¢áª¨¥ æ¥­âàë. �§ ¯à®áâ®£® á¢®©áâ¢ 
¢ë¯ãª«®áâ¨ è à®¢ ¢ ¯à®áâà ­áâ¢¥ �®¡ ç¥¢áª®£® á«¥¤ã¥â �(x;w) � r. � ¨§ íâ®£® ­¥à ¢¥­áâ¢  ¨
®¯à¥¤¥«¥­¨ï ç¥¡ëè¥¢áª®£® æ¥­âà  «¥£ª® ¯®«ãç¨âì, çâ® w | ç¥¡ëè¥¢áª¨© æ¥­âà ¬­®¦¥áâ¢  M .

�ãáâì t = (ch[�(u;v)
2

])�1. �ç¥¢¨¤­®, t < 1. �§ ®¯à¥¤¥«¥­¨ï ç¥¡ëè¥¢áª®£® æ¥­âà  w á«¥¤ã¥â,
çâ® ­ ©¤¥âáï â®çª  z ¢ ¬­®¦¥áâ¢¥ M â ª ï, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® ch �(z; w) > t ch r.
�® ch �(z; w) = t(ch �(z; u) + ch �(z; v))=2, ¯®áª®«ìªã �(z; w) | ¤«¨­  ¬¥¤¨ ­ë âà¥ã£®«ì­¨ªa á
¢¥àè¨­ ¬¨ z, u ¨ v ¢ ¯à®áâà ­áâ¢¥ �®¡ ç¥¢áª®£® X (ä®à¬ã«ã ¤«ï ¤«¨­ë ¬¥¤¨ ­ë ­¥âàã¤-
­® ¯®«ãç¨âì ¨§ â¥®à¥¬ë ª®á¨­ãá®¢ ([5], á. 60)). �âáî¤  ¨ ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â
ch �(z; u) + ch �(z; v) > 2 ch r. �® íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® r | ç¥¡ëè¥¢áª¨© à ¤¨ãá ¨ u, v |
ç¥¡ëè¥¢áª¨¥ æ¥­âàë ¬­®¦¥áâ¢  M: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. A. �ãáâì x0 | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¢ë¯ãª«®© ®¡®«®çª¨
Co(M) ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¯à®áâà ­áâ¢  X. �®£¤  ­ ©¤ãâáï â®çª¨ u1; : : : ; un ¨§ ¬­®-
¦¥áâ¢  M ¨ ­¥®âà¨æ â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á«  �1; : : : ; �n â ª¨¥, çâ® x0 = �1u1 + � � � + �nun,
�1 + � � � + �n = 1. �§ á¢®©áâ¢  ¢ë¯ãª«®áâ¨ è à®¢ ¢ £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£® ­¥âàã¤­® ¯®-
«ãç¨âì, çâ® ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ y ¯à®áâà ­áâ¢  X ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �(x0; y) �
max[�(u1; y); : : : ; �(un; y)]. �«¥¤®¢ â¥«ì­®, �(x0; y) � sup

x2M
�(x; y). �âáî¤ , ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨

â®çª¨ x0 2 Co(M), ¯®«ãç¨¬

sup
x02Co(M)

�(x0; y) = sup
x2M

�(x; y): (9)

�ãáâì y� ¨ y+ ç¥¡ëè¥¢áª¨¥ æ¥­âàë ¬­®¦¥áâ¢ M ¨ Co(M) á®®â¢¥âáâ¢¥­­®. �§ ®¯à¥¤¥«¥­¨ï
ç¥¡ëè¥¢áª®£® æ¥­âà  ¨ à ¢¥­áâ¢  (9) ¯®«ãç¨¬

sup
x02Co(M)

�(x0; y�) = sup
x2M

�(x; y�) = inf
y2X

sup
x2M

�(x; y) = inf
y2X

sup
x02Co(M)

�(x0; y);

sup
x2M

�(x; y+) = sup
x02Co(M)

�(x0; y+) = inf
y2X

sup
x02Co(M)

�(x0; y) = inf
y2X

sup
x2M

�(x; y):

�§ íâ¨å á®®â­®è¥­¨© á«¥¤ã¥â y� = y+. �à®¬¥ â®£®, ¨§ ­¥¯à¥àë¢­®áâ¨ ¬¥âà¨ª¨ � ¯® ª ¦¤®¬ã
 à£ã¬¥­âã á«¥¤ã¥â à ¢¥­áâ¢®

sup
x2M

�(x; y) = sup
z2M

�(z; y);
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£¤¥ M | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  M . �âáî¤ , ¯à®¢®¤ï  ­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï, ã¡¥¤¨¬áï, çâ®
ç¥¡ëè¥¢áª¨¥ æ¥­âàë ¢áïª®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¨ ¥£® § ¬ëª ­¨ï M á®¢¯ ¤ îâ (á¬.
[4]).

B. �ãáâì, ­ ¯à®â¨¢, ç¥¡ëè¥¢áª¨© æ¥­âà y� ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ­¥ ¯à¨­ ¤«¥¦¨â
§ ¬ëª ­¨î ¢ë¯ãª«®© ®¡®«®çª¨ íâ®£® ¬­®¦¥áâ¢ . �®£¤  ­ ©¤¥âáï £¨¯¥à¯«®áª®áâì L, áâà®£® ®â-
¤¥«ïîé ï ç¥¡ëè¥¢áª¨© æ¥­âà y� ®â ¬­®¦¥áâ¢  M (á«¥¤®¢ â¥«ì­®, y� ­¥ ¯à¨­ ¤«¥¦¨â £¨¯¥à-
¯«®áª®áâ¨ L) [2]. �ãáâì â®çª  y+ | ®á­®¢ ­¨¥ ¯¥à¯¥­¤¨ªã«ïà  ¢ ¯à®áâà ­áâ¢¥ X, ¯à®¢¥¤¥­­®£®
¨§ â®çª¨ y� ª £¨¯¥à¯«®áª®áâ¨ L, ¨ z | ¯à®¨§¢®«ì­ ï â®çª  ¬­®¦¥áâ¢  M . �®çªã ¯¥à¥á¥ç¥-
­¨ï ®âà¥§ª  á ª®­æ ¬¨ z, y� ¨ £¨¯¥à¯«®áª®áâ¨ L ®¡®§­ ç¨¬ ç¥à¥§ y. �®£¤  �(y; y+) � �(y; y�),
¯®áª®«ìªã £¨¯®â¥­ã§  ¢ £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£® ¤«¨­­¥¥ ª â¥â . �à®¬¥ â®£®,

�(z; y+) � �(z; y) + �(y; y+) � �(z; y) + �(y; y�) = �(z; y�):

�âáî¤  § ª«îç ¥¬, çâ® â®çª  y+ â ª¦¥ ï¢«ï¥âáï ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬ ¬­®¦¥áâ¢  M . �® íâ®
¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã ¥¤¨­áâ¢¥­­®áâ¨ ç¥¡ëè¥¢áª®£® æ¥­âà , ¤®ª § ­­®¬ã ¢ â¥®à¥¬¥ 3. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �ãáâì â¥®à¥¬  ­¥¢¥à­ . �®£¤  ­ ©¤ãâáï ®£à ­¨ç¥­­ë¥ ¬­®-
¦¥áâ¢  M , Mn (n = 1; 2; : : : ) ¯à®áâà ­áâ¢  X á ç¥¡ëè¥¢áª¨¬¨ æ¥­âà ¬¨ y�, y�n ¨ ç¥¡ëè¥¢áª¨-
¬¨ à ¤¨ãá ¬¨ r, rn á®®â¢¥âáâ¢¥­­®, ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï: a) �n =
�(Mn;M) ! 0 ¯à¨ n ! 1; ¡) ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fy�l g ¯®á«¥¤®¢ â¥«ì­®áâ¨ fy

�
ng ¨

ç¨á«® A > 0, ¤«ï ª®â®àëå, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  l0, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�(y�; y�l ) � 2A: (10)

�®ª ¦¥¬, çâ®

jrn � rj � �n [4]: (11)

�¥©áâ¢¨â¥«ì­®, § ¤ ¤¨¬ ¯à®¨§¢®«ì­® â®çªã x ¢ ¬­®¦¥áâ¢¥ M ¨ ç¨á«® � > 0. �®£¤  ­ ©¤¥âáï
â®çª  zn 2Mn â ª ï, çâ® �(x; zn) � �(x;Mn) + �. �à®¬¥ â®£®, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢ 

�(x; y) � �(x; zn) + �(zn; y) � �(x;Mn) + �(zn; y) + � �

� sup
x2M

�(x;Mn) + sup
z2Mn

�(z; y) + � � �(M;Mn) + sup
z2Mn

�(z; y) + �

¤«ï ª ¦¤®£® y 2 X. �âáî¤  á«¥¤ã¥â, çâ®

inf
y2X

sup
x2M

�(x; y) � �(M;Mn) + sup
z2Mn

�(z; y) + �:

�¥à¥å®¤ï ª â®ç­®© ­¨¦­¥© £à ­¨ ¢ ¯à ¢®© ç áâ¨ ¨ ¨á¯®«ì§ãï ¯à®¨§¢®«ì­®áâì ¢ë¡®à  � > 0,
¯®«ãç¨¬

r = inf
y2X

sup
x2M

�(x; y) � �(M;Mn) + inf
y2X

sup
z2Mn

�(z; y) = �(M;Mn) + rn:

�¥à ¢¥­áâ¢® rn � �(M;Mn) + r ¯®«ãç ¥âáï  ­ «®£¨ç­® (ä®à¬ «ì­®© § ¬¥­®© ®¡®§­ ç¥­¨©).
�ãáâì x | ¯à®¨§¢®«ì­ ï â®çª  ¢ ¬­®¦¥áâ¢¥ M . �ë¡¥à¥¬ ç¨á«® � > 0 ¨ ­®¬¥à l > l0 â ª¨¥,

çâ®

ch(r + 2�l + �) < (2 chA� 1) ch r: (12)

�®£¤  �(x; y�) � r, ¨ ­ ©¤¥âáï â®çª  xl 2 M â ª ï, çâ® �(x; xl) � �l + �: �à®¬¥ â®£®, ãç¨âë¢ ï
(11), ¯®«ãç¨¬

�(x; y�l ) � �(x; xl) + �(xl; y
�
l ) � �l + �+ rl � r + 2�l + �: (13)

�ãáâì wl | á¥à¥¤¨­  ®âà¥§ª  á ª®­æ ¬¨ y� ¨ y�l ¢ ¬¥âà¨ª¥ (1). �®£¤ , ¨á¯®«ì§ãï ¢ëà ¦¥­¨¥ ¤«ï
¤«¨­ë ¬¥¤¨ ­ë ¢ âà¥ã£®«ì­¨ª¥ á ¢¥àè¨­ ¬¨ x, y�, y�l ¨ ­¥à ¢¥­áâ¢  (10), (12), (13), ¯®«ãç¨¬

ch �(x;wl) =
ch �(x; y�) + ch �(x; y�l )

2 ch[�(y�; y�l )=2]
�
ch r + ch(r + 2�l + �)

2 chA
< ch r:
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� ª¨¬ ®¡à §®¬, �(x;wl) < r ¤«ï ª ¦¤®© â®çª¨ x 2 M . �® íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® r |
ç¥¡ëè¥¢áª¨© à ¤¨ãá ¬­®¦¥áâ¢  M: �
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