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1. �®áâ ­®¢ª  § ¤ ç¨

�§ãç ¥âáï § ¤ ç  ãáâ®©ç¨¢®©  ¯¯à®ªá¨¬ æ¨¨ ¯à®¨§¢®¤­®©

(Ty)(t) �
dmy(t)
dtm

= x(t); m � 1; (1)

¤¥©áâ¢ãîé¥© ¨§ ¯à®áâà ­áâ¢  Lp(�1;1) ¢ Lr(�1;1), 1 � p; r � 1, ª®£¤  äã­ªæ¨ï y § ¤ ­ 
á¢®¨¬ �-¯à¨¡«¨¦¥­¨¥¬ y�, ky� y�kLp � � (§¤¥áì ¨ ¤ «¥¥ ¢ á«ãç ¥ L1 ¡ã¤¥â ¯®¤à §ã¬¥¢ âìáï C).
�¥£ã«ïà¨§ãîé¥¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ R� ª®­áâàã¨àã¥âáï ­  ®á­®¢¥ ¬¥â®¤  áà¥¤­¨å äã­ªæ¨©
[1], [2]

R�y�(t) =
Z
jt�sj��

dm!�(t; s)
dtm

y�(s) ds; (2)

£¤¥ !�(t; s) | á¥¬¥©áâ¢® ãáà¥¤­ïîé¨å äã­ªæ¨©,m à §,m � 1, ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå
¯® t ¨ s, ã¤®¢«¥â¢®àïîé¨å ­¥ª®â®àë¬ ãá«®¢¨ï¬ (á¬. ¯. 2).

� ª ç¥áâ¢¥ ¬­®¦¥áâ¢  à ¢­®¬¥à­®© à¥£ã«ïà¨§ æ¨¨ ¨á¯®«ì§ã¥âáï á«¥¤ãîé¨© ª« áá äã­ªæ¨©:

Mn
k = fy : y 2 Lp(�1;1); y(m+n) 2 Lq(�1;1); ky(m+n)k

Lq
� kg;

£¤¥ 1 � q � 1. �®£à¥è­®áâì ¬¥â®¤   ¯¯à®ªá¨¬ æ¨¨ (à¥£ã«ïà¨§ æ¨¨) R ­  ª« áá¥Mn
k ¤«ï § ¤ ç¨

¤¨ää¥à¥­æ¨à®¢ ­¨ï (1) å à ªâ¥à¨§ã¥âáï ¢¥«¨ç¨­®©


�(T ;R;Mn
k ) = supfkRy� � TykLr : ky � y�kLp � �; y 2Mn

k ; y� 2 Lp(�1;1)g: (3)

�¥â®¤ áà¥¤­¨å äã­ªæ¨© ¢ § ¤ ç¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¡ë« ¯à¥¤«®¦¥­ ¢ [1], £¤¥ ¯à¨ m = 1,
n = 1, p = q = r = 1 ¤«ï äã­ªæ¨¨ �®¡®«¥¢  !�(t; s) ¡ë«  ¢ëç¨á«¥­  ¬ ¦®à ­â­ ï ®æ¥­-
ª  ¢¥«¨ç¨­ë 
�(T ;R�;Mn

k ) ¨ ¤®ª § ­  ®¯â¨¬ «ì­®áâì ¬¥â®¤  ¯® ¯®àï¤ªã. � [3] ¨§ãç¥­ á«ãç ©
m = 1, p = 2 ¨ â ª¦¥ ¯®«ãç¥­  ®æ¥­ª  á¢¥àåã ¢¥«¨ç¨­ë 
�.

� ¯. 2 ¤ ¥âáï ®æ¥­ª  á¢¥àåã ¯®£à¥è­®áâ¨ ¬¥â®¤  áà¥¤­¨å äã­ªæ¨©, â. ¥. ¢¥«¨ç¨­ë (3), ¨ ãáâ -
­ ¢«¨¢ ¥âáï ¥£® ®¯â¨¬ «ì­®áâì ¯® ¯®àï¤ªã ¯à¨ ­¥ª®â®à®© á¢ï§¨ � = �(�) ¨ r � p; q. � ¯. 3
¤®ª §ë¢ ¥âáï, çâ® ¯à¨ r =1 ¯®«ãç¥­­ ï ¢ ¯. 2 ¬ ¦®à ­â­ ï ®æ¥­ª  ï¢«ï¥âáï â®ç­®©, â. ¥. ¯®-
«ãç¥­  â®ç­ ï ä®à¬ã«  ¤«ï ¢¥«¨ç¨­ë ¬ ªá¨¬ «ì­®© ¯®£à¥è­®áâ¨ ¬¥â®¤  áà¥¤­¨å äã­ªæ¨© ­ 
ª« áá¥ Mn

k . � ç áâ­®¬ á«ãç ¥ (p = q = r = 1)  ­ «®£¨ç­ë© à¥§ã«ìâ â ¤«ï ¬¥â®¤  áà¥¤­¨å
äã­ªæ¨© ¡ë« ¯®«ãç¥­ à ­¥¥ ¢ [4].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò03-01-00099).
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2. �æ¥­ª  ¯®£à¥è­®áâ¨ ¬¥â®¤  á¢¥àåã

�ãáâì f!�(t; s)g | ¯ à ¬¥âà¨§®¢ ­­®¥ á¥¬¥©áâ¢® äã­ªæ¨©, ®¡« ¤ îé¥¥ á¢®©áâ¢ ¬¨:

1. !�(t; s) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå ¤® m-£® ¯®àï¤ª 
¢ª«îç¨â¥«ì­® (¢ ç áâ­®áâ¨, ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ );

2. ­®á¨â¥«¥¬ äã­ªæ¨¨ !�(t; s) ï¢«ï¥âáï ¬­®¦¥áâ¢® jt� sj � �;
3. 8t; s 2 R

R
jt�sj��

!�(t; s) ds =
R

jt�sj��

!�(t; s) dt = 1.

�à¨ íâ¨å ãá«®¢¨ïå äã­ªæ¨ï

y�(t) =
Z
jt�sj��

!�(t; s)y(s) ds (4)

­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  m à § ¨  ¯¯à®ªá¨¬¨àã¥â y ¯à¨ � ! 0 ¢ ¯à®áâà ­áâ¢¥ Lp ([5],
á. 18{19).

�ã­ªæ¨ï (4) ­ §ë¢ ¥âáï áà¥¤­¥© äã­ªæ¨¥© ®â y. �¥âàã¤­® ¯à®¢¥à¨âì, çâ®

dmy�(t)
dtm

=
Z
jt�sj��

dm!�(t; s)
dtm

y(s) ds:

�â® á®®â­®è¥­¨¥ ¢¬¥áâ¥ á ã¯®¬ï­ãâë¬ á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨ áà¥¤­¥© äã­ªæ¨¨ ¤ ¥â ®á­®-
¢ ­¨¥ ª®­áâàã¨à®¢ âì à¥£ã«ïà¨§ â®à ¤«ï § ¤ ç¨ (1) ¢ ä®à¬¥ (2).

�ãáâì !�(t; s) = c�!
�
t�s
�

�
, £¤¥ äã­ªæ¨ï !(x) m à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¨ ¨¬¥¥â

á¢®¨¬ ­®á¨â¥«¥¬ ®âà¥§®ª [�1; 1], â. ¥. !(x) = 0 ¯à¨ x =2 [�1; 1].
�¥«¨ç¨­  c� ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï, çâ®
Z
jt�sj��

!�(t; s) ds = 1,
Z
jt�sj��

c�!

�
t� s

�

�
ds = 1,

Z 1

�1

�c�! (x) dx = 1, c� =
1
�h

;

£¤¥ h =
1R
�1

!(x) dx.

�à¨ íâ¨å ãá«®¢¨ïå à¥£ã«ïà¨§ â®à (2) ¯à¨­¨¬ ¥â ¢¨¤

R�y(t) = c�

Z t+�

t��

dm

dtm
!

�
t� s

�

�
y(s) ds =

1
�m+1h

Z t+�

t��
!(m)

�
t� s

�

�
y(s) ds:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï hi =
1R
�1

!(x)xi dx, �m = k!(m)kL 1

1�p�1+q�1

, �n = k
kL 1

1�p�1+r�1

, £¤¥


(x) =

8><
>:
0; jxj > 1;
sgnxR
x

(x� y)n�1!(y) dy; jxj � 1:

�¥®à¥¬  1. �ãáâì äã­ªæ¨ï ! 2 C(m)(�1;1) ¨¬¥¥â á¢®¨¬ ­®á¨â¥«¥¬ ®âà¥§®ª [�1; 1] ¨ (¢
á«ãç ¥ n > 1) hi = 0 ¤«ï «î¡®£® i, 1 � i � n� 1. �ãáâì r � p, r � q. �®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 


�(T ;R�;M
n
k ) �

��m
h�m+p�1�r�1

+
k�n�

n+r�1�q�1

h(n� 1)!
: (5)

�®ª § â¥«ìáâ¢®. � ­¥à ¢¥­áâ¢¥

kR�y� � Tyk � kR�y� �R�yk+ kR�y � Tyk

®æ¥­¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨. �à¨ ä¨ªá¨à®¢ ­­®¬ t ¤«ï ¯¥à¢®© à §­®áâ¨ ¨¬¥¥¬

R�y�(t)�R�y(t) =
1

�m+1h

Z t+�

t��

!(m)

�
t� s

�

�
(y�(s)� y(s)) ds; (6)
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  ¤«ï ¢â®à®©

R�y(t)� Ty(t) =
1
�h

Z t+�

t��

!

�
t� s

�

�� n�1X
i=1

y(m+i)(t)
i!

(s� t)i + Fn(s)
�
ds;

£¤¥ Fn(s) = 1
(n�1)!

sR
t

y(m+n)(x)(s � x)n�1 dx | ®áâ â®ç­ë© ç«¥­ à §«®¦¥­¨ï äã­ªæ¨¨ y(m) ¢ àï¤

�¥©«®à . � «¥¥

R�y(t)� Ty(t) =
1
�h

n�1X
i=1

�
y(m+i)(t)

i!

Z t+�

t��

!

�
t� s

�

�
(s� t)i ds

�
+
Z t+�

t��

!

�
t� s

�

�
Fn(s) ds =

=
1
�h

n�1X
i=1

�
y(m+i)(t)�i+1(�1)i+1

i!
hi

�
+
Z t+�

t��

!

�
t� s

�

�
Fn(s) ds:

�® ãá«®¢¨î â¥®à¥¬ë hi = 0, ¯®íâ®¬ã

R�y(t)� Ty(t) =
1
�h

Z t+�

t��

!

�
t� s

�

�
Fn(s) ds =

=
1

�h(n� 1)!

Z t+�

t��

!

�
t� s

�

�Z s

t

y(m+n)(x)(s� x)n�1 dx ds:

�®á«¥ § ¬¥­ë ¯¥à¥¬¥­­ëå

s = t� �s1; ds = ��ds1; x = t� �x1; dx = ��dx1

¯à¨å®¤¨¬ ª ä®à¬ã«¥

An

�
R�y(t)� Ty(t)

�
=
Z 1

0

Z s1

0

!(s1)y(m+n)(t� �x1)(x1 � s1)n�1 dx1 ds1 �

�

Z 0

�1

Z 0

s1

!(s1)y(m+n)(t� �x1)(x1 � s1)n�1 dx1 ds1 =
Z 1

0

y(m+n)(t� �x1)
Z 1

x1

!(s1)(x1 � s1)n�1 ds1 dx1 �

�

Z 0

�1

y(m+n)(t� �x1)
Z x1

�1

!(s1)(x1 � s1)
n�1 ds1 dx1 =

Z 1

�1

y(m+n)(t� �x1)
(x1) dx;

1
An

=
�n

h(n� 1)!
:

�ª®­ç â¥«ì­® ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨¥

R�y(t)� Ty(t) =
�n�1

h(n� 1)!

Z t+�

t��


�
t� x

�

�
y(m+n)(x) dx: (7)

� á®®â­®è¥­¨ïå (6) ¨ (7) ®¡¥ à §­®áâ¨ ï¢«ïîâáï á¢¥àâª ¬¨ ­¥ª®â®àëå äã­ªæ¨©. �«¥¤®¢ -
â¥«ì­®, ¤«ï ®æ¥­ª¨ ­®à¬ à §­®áâ¥© ¬®¦­® ¨á¯®«ì§®¢ âì ®¤¨­ ª®¢ë© ¯®¤å®¤.

�ãáâì F : Lp ! Lq | ®¯¥à â®à á¢¥àâª¨, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã

Ff(t) � g(t) =
Z 1

�1

W (t� s)f(s) ds:

�®£¤ 

kgkLq � kFkLp!LqkfkLp:

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®­ ¤®¡¨âáï ¨§¢¥áâ­ ï ¨¬¯«¨ª æ¨ï ¯à¨ p � q � 1

W 2 L(1�p�1+q�1)�1 ) kFkLp!Lq � kWk(1�p�1+q�1)�1 (kFkLp!C = kWkL ¯à¨ q =1): (8)
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�§ á®®â­®è¥­¨© (6){(8) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢ 

kR�y�(t)�R�y(t)kLr �
1

�m+1h
k!(m)(s=�)k

L 1

1�p�1+r�1

ky � y�kLp �
��m

h�m+p�1�r�1
;

kR�y(t)� Ty(t)kLr �
�n�1

h(n� 1)!
k
(s=�)kL 1

1�q�1+r�1

ky(m+n)kLq �
k�n�

m�q�1+r�1

h(n� 1)!
:

�å ®¡ê¥¤¨­¥­¨¥ ¤ ¥â ®æ¥­ªã

kR�y�(t)� Ty(t)k
Lr
�

��m
h�m+p�1�r�1

+
k�n�

m�q�1+r�1

h(n� 1)!

¤«ï «î¡ëå y 2Mn
k ; y� 2 Lp : ky � y�kLp � �. �®íâ®¬ã


�(T ;R�;M
n
k ) �

��m
h�m+p�1�r�1

+
k�n�

n+r�1�q�1

h(n� 1)!
: �

3. �áá«¥¤®¢ ­¨¥ â®ç­®áâ¨ ¬ ¦®à ­â­®© ®æ¥­ª¨

�®ª ¦¥¬, çâ® ¯à¨ r = 1 ¢ ¬ ¦®à ­â­®© ®æ¥­ª¥ (5) à¥ «¨§ã¥âáï à ¢¥­áâ¢®, â. ¥. ®æ¥­ª 
ï¢«ï¥âáï â®ç­®©.

�¥®à¥¬  2. �ãáâì äã­ªæ¨ï ! 2 C(m)(�1;1) ¨¬¥¥â á¢®¨¬ ­®á¨â¥«¥¬ ®âà¥§®ª [�1; 1] ¨ (¢
á«ãç ¥ n > 1) hi = 0 ¤«ï 1 � i � n� 1. �ãáâì 1 � p � 1, 1 < q � 1, r =1.

�®£¤  ¤«ï ®¯¥à â®à  T : Lp ! C ¨§ (1) ¨ à¥£ã«ïà¨§ãîé¥£®  «£®à¨â¬  (2) á¯à ¢¥¤«¨¢®


�(T ;R�;Mn
k ) =

��m
h�m+p�1

+
k�n�

n�q�1

h(n� 1)!
:

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ t 2 R ¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï

A =
�m

h�m+p�1
; B =

�n�
m�q�1

h(n� 1)!
:

�®áâ â®ç­® ¤®ª § âì, çâ®

8" > 0 9y" 2Mn
k ; y

"
� 2 Lp : (R�y

"
�)(t)� (Ty")(t) > A� +Bk � ":

�¥©áâ¢¨â¥«ì­®, â®£¤  ­¥à ¢¥­áâ¢® k(R�y
"
�)(t) � (Ty")(t)kC > A� + Bk � " ¢ë¯®«­ï¥âáï ¤«ï «î-

¡®£® ", á«¥¤®¢ â¥«ì­®,


�(T ;R�;M
n
k ) = supfk(R�y

"
�)(t)� (Ty")(t)kC : y 2Mn

k ; y� 2 Lpg � A� +Bk;

  ¯®áª®«ìªã ¯® â¥®à¥¬¥ 1 
�(T ;R�;Mn
k ) � A� +Bk, â® â¥®à¥¬  2 ¡ã¤¥â ¤®ª § ­ .

� á¯¨è¥¬ à §­®áâì

(R�y�)(t)� (Ty)(t) =
�
(R�y�)(t)� (R�y)(t)

�
+
�
(R�y)(t)� (Ty)(t)

�
:

�á¯®«ì§ã¥¬ ä®à¬ã«ë (6) ¨ (7) ¤«ï íâ¨å à §­®áâ¥©. �®£« á­® (8) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï
y, çâ® ky(m+n)kLq � k ¨

�n�1

h(n� 1)!

Z t+�

t��


�
t� x

�

�
y(m+n)(x) dx �





 �n�1

h(n� 1)!

(x=�)






L 1

1�q�1

ky(m+n)kLq � "=4,

, (R�y)(t)� (Ty)(t) � Bk � "=4:

�®ª ¦¥¬, çâ® ¬®¦­® ¢§ïâì äã­ªæ¨î y 2Mn
k á (m+n)-© ¯à®¨§¢®¤­®©, áª®«ì ã£®¤­® ¡«¨§ª®©

ª y(m+n) ¯® ­®à¬¥ Lq. �«ï íâ®£® ¤®áâ â®ç­® ¯®áâà®¨âì äã­ªæ¨î y á ª®­¥ç­ë¬ ­®á¨â¥«¥¬. �®£¤ 
®­   ¢â®¬ â¨ç¥áª¨ ¡ã¤¥â ¯à¨­ ¤«¥¦ âì Lp.
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�¡®§­ ç¨¬ y0 = y ¨ ¯®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fyig
m+n
i=1 â ª¨å, çâ® ky(m+n)

i �

y
(m+n)
i�1 kLq � " ¨ ­®á¨â¥«¥¬ y

(m+n�i)
i ï¢«ï¥âáï ª®­¥ç­ë© ®âà¥§®ª. � äã­ªæ¨¨ y

(m+n)
0 = y(m+n)

­®á¨â¥«¥¬ ï¢«ï¥âáï ª®­¥ç­ë© ®âà¥§®ª [t � �; t + �]. �ãáâì ¯®áâà®¥­  äã­ªæ¨ï yi á ­®á¨â¥«¥¬
[a; b] ã (m+ n� i)-© ¯à®¨§¢®¤­®©. �®¦­® § ¯¨á âì

y
(m+n�i�1)
i (x) =

1
i!

Z x

a

y
(m+n)
i (s)(x� s)i ds:

�¡®§­ ç¨¬ z(x) = y(m+n�i�1)
i

�
x�a
N

+ a
�
, â®£¤  z(i+1)(x) = 1

Ni+1 y
(m+n)
i

�
x�a
N

+ a
�
¨

kz(i+1)kLq =
1

N i+1

�Z N(b�a)+a

a

����y(m+n)
i

�
x� a

N
+ a

�����
q

dx

� 1
q

=

=
1

N i+1�q�1

�Z b

a

jy
(m+n)
i (x)jq dx

� 1
q

=
1

N i+1�q�1
ky

(m+n)
i kLq :

�®áª®«ìªã q > 1, â® ¬®¦­® ¢ë¡à âì â ª®¥N , çâ® kz(i+1)kLq � ". �®£¤  ¢®§ì¬¥¬ y(m+n�i�1)
i+1 (x) =

y
(m+n�i�1)
i (x) � z(x). �à¨ x � N(b � a) + a y

(m+n�i)
i+1 (x) = 0 ¨ y

(m+n�i�1)
i+1 (N(b � a) + a) = 0 ¯®

¯®áâà®¥­¨î. �«¥¤®¢ â¥«ì­®, ­®á¨â¥«¥¬ y
(m+n�i�1)
i+1 ¡ã¤¥â ®âà¥§®ª [a;N(b� a) + a].

�à®¤®«¦ ï â ª¨¥ ¯®áâà®¥­¨ï ¤® i = m + n, ¯®«ãç¨¬ äã­ªæ¨î ym+n, ¨¬¥îéãî ª®­¥ç­ë©
­®á¨â¥«ì ¨, á«¥¤®¢ â¥«ì­®, ¯à¨­ ¤«¥¦ éãî Lp, ¯à¨ íâ®¬ ky

(m+n)
m+n � y(m+n)kLq � (m+ n)". �á«¨

ky
(m+n)
m+n kLq � k, â® ym+n 2Mn

k . � ¯à®â¨¢­®¬ á«ãç ¥ ¢®§ì¬¥¬ äã­ªæ¨î y = ym+nk=ky
(m+n)
m+n kLq , ¤«ï

ª®â®à®© ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

ky(m+n) � y(m+n)kLq � ky
(m+n) � y

(m+n)
m+n kLq + ky

(m+n)
m+n � y(m+n)kLq �

� (ky(m+n)
m+n kLq � k) + (m+ n)" � 2(m+ n)":

� «î¡®¬ á«ãç ¥, ¢§ï¢ áª®«ì ã£®¤­® ¬ «®¥ ", ¯®«ãç¨¬ áª®«ì ã£®¤­® ¡«¨§ª¨¥ ¯à®¨§¢®¤­ë¥ ¢
¯à®áâà ­áâ¢¥ Lp.

�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï y 2Mn
k , çâ® ky

(m+n) � y(m+n)kLq � "=(4B). �®£¤ 
¤«ï íâ®© äã­ªæ¨¨ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

(R�y)(t)� (Ty)(t) =
�n�1

h(n� 1)!

Z t+�

t��



�
t� x

�

��
y(m+n)(x)� (y(m+n)(x)� y(m+n)(x))

�
dx �

� Bk � "=4� (B"=(4B)) = Bk � "=2: (9)

� á¨«ã (8) áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï y� 2 Lp, çâ® ky� � ykLp � � ¨

1
�m+1h

Z t+�

t��

!(m)

�
t� s

�

�
(y�(s)� y(s)) ds �





 1
�m+1h

!(m)(x=�)





L 1

1�p�1

ky� � ykLp � "=2,

, (R�y�)(t)� (R�y)(t) � A� � "=2: (10)

�¡ê¥¤¨­ïï ­¥à ¢¥­áâ¢  (9) ¨ (10), ¯®«ãç ¥¬

(R�y�)(t)� (Ty)(t) � A� +Bk � ": �

4. �¯â¨¬ «ì­®áâì ¯® ¯®àï¤ªã

�ë¡¥à¥¬ ¯ à ¬¥âà � à¥£ã«ïà¨§ â®à  (2) â ª, çâ®¡ë ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (5) ¡ë«  ­ ¨-
¬¥­ìè¥©. �«ï íâ®£® ­ ¤® ¢§ïâì

� = �(�) =
�
� �m(m+ p�1 � r�1)(n� 1)!

k�n(n+ r�1 � q�1)

� 1

n+m+p�1�q�1

:
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�à¨ íâ®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  �


�(T ;R�(�);Mn
k ) � Cp;q;r

m;n (!)�
n1km1 ; (11)

£¤¥ n1 =
n+r�1�q�1

m+n+p�1�q�1
, m1 =

m+p�1�r�1

m+n+p�1�q�1

Cp;q;r
m;n (!) = �n1m �m1

n

(n1=m1)m1 + (m1=n1)n1

((n� 1)!)m1h
:

� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨ï ®¯â¨¬ «ì­®£® ¨ ®¯â¨¬ «ì­®£® ¯® ¯®àï¤ªã à¥£ã«ïà¨§ â®à®¢ [6].
�¥£ã«ïà¨§ãîé¨© ®¯¥à â®à R� § ¤ ç¨ (1) ­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ à¥£ã«ïà¨§ â®à®¬ ­  ¬­®-

¦¥áâ¢¥ Mn
k , ¥á«¨ ­  ­¥¬ à¥ «¨§ã¥âáï ­¨¦­ïï £à ­ì

inf
R2B(Y!X)


�(T ;R;Mn
k ) = 
�(T ;Mn

k );

£¤¥ B(Y ! X) | ¯à®áâà ­áâ¢® «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¨§ Y ¢ X.
�¥«¨ç¨­  
�(T ;Mn

k ) | ¯®£à¥è­®áâì ®¯â¨¬ «ì­®£® ¬¥â®¤  ¤«ï § ¤ ç¨ (1) ­  ª« áá¥ Mn
k

¯à¨ § ¤ ­­®¬ ãà®¢­¥ ¯®£à¥è­®áâ¨ �. �®¦­® áª § âì, çâ® R� | ­ ¨«ãçè¨© ¨§ ¢á¥¢®§¬®¦­ëå
«¨­¥©­ëå à¥£ã«ïà¨§ â®à®¢.

�¥£ã«ïà¨§ãîé¥¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ fR�g ­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã ­  ¬­®-
¦¥áâ¢¥ Mn

k , ¥á«¨


�(T ;R�;Mn
k )


�(T ;Mn
k )

� D <1;

£¤¥ D � 1, D = 1 á®®â¢¥âáâ¢ã¥â ®¯â¨¬ «ì­®¬ã  «£®à¨â¬ã.
�§¢¥áâ­®, çâ® ¨§ ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  �®«¬®£®à®¢  (­ ¯à., [7]) ¢ëâ¥ª ¥â á®®â­®è¥­¨¥

¤«ï ®¯â¨¬ «ì­®£® à¥£ã«ïà¨§ â®à  R�� § ¤ ç¨ (1)


�(T ;Mn
k ) = Kp;q;r

m;n �
n1km1 ; (12)

£¤¥ ª®­áâ ­â  Kp;q;r
m;n § ¢¨á¨â ª ª ®â m, n, â ª ¨ ®â p, q, r. � [7] ¯à¨¢¥¤¥­  â ¡«¨æ  §­ ç¥­¨©

¢¥«¨ç¨­ m, n, p, q, r, ¤«ï ª®â®àëå ­ ©¤¥­  ª®­áâ ­â  Kp;q;r
m;n .

�à¨ áà ¢­¥­¨¨ (11) ¨ (12) ¢¨¤­®, çâ® ¬¥â®¤ áà¥¤­¨å äã­ªæ¨© ¡ã¤¥â ®¯â¨¬ «ì­ë¬ ¯® ¯®-
àï¤ªã ¯à¨ ¢á¥å §­ ç¥­¨ïå ¯ à ¬¥âà®¢. �®áª®«ìªã ®¯â¨¬ «ì­ë¥ à¥£ã«ïà¨§ â®àë ¤«ï (1) ï¢­®
¯®áâà®¥­ë ¤ «¥ª® ­¥ ¤«ï ¢á¥å §­ ç¥­¨© ¯ à ¬¥âà®¢, â® ¯à ªâ¨ç¥áª ï æ¥­­®áâì ¬¥â®¤  áà¥¤­¨å
äã­ªæ¨© ®ç¥¢¨¤­ . �£® ¬®¦­® ¨á¯®«ì§®¢ âì ª ª ã­¨¢¥àá «ì­ë© à¥£ã«ïà¨§ãîé¨©  «£®à¨â¬ ¤«ï
¯à®¨§¢®¤­ëå «î¡ëå áâ¥¯¥­¥© ¨ ¢ à §«¨ç­ëå ¯à®áâà ­áâ¢ å. �à¨ íâ®¬ ¬®¦­® ®¦¨¤ âì, çâ® ¯®-
£à¥è­®áâì ¡ã¤¥â ¬ «® ®â«¨ç âìáï ®â ®¯â¨¬ «ì­®© ¯à¨ «î¡®¬ ãà®¢­¥ ¯®£à¥è­®áâ¨ �.

�à¨¢¥¤¥¬ ¢¥«¨ç¨­ã ®â­®è¥­¨ï Cp;q;r
m;n (!)=K

p;q;r
m;n ¤«ï ­¥ª®â®àëå ¢å®¤ïé¨å ¯ à ¬¥âà®¢ ¨ ãáà¥¤-

­ïîé¨å ï¤¥à !.
�«ï á«ãç ï á®¡®«¥¢áª®£® ï¤à  [5] !(x) = expfx2=(x2 � 1)g, p = q = r = 1, ¯à¨ m = 1; 2,

n = 1 á®®â¢¥âáâ¢ãîé¨¥ ª®­áâ ­âë ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:

C1;1;1
1;1 (!) � 1;4889; K1;1;1

1;1 � 1;4142; C1;1;1
1;1 (!)=K1;1;1

1;1 � 1;0528;

C1;1;1
2;1 (!) � 1;7578; K1;1;1

2;1 � 1;4422; C1;1;1
2;1 (!)=K1;1;1

2;1 � 1;2188:

� á«ãç ¥ p = q = r = 2 ¨§¢¥áâ¥­ à¥§ã«ìâ â K2;2;2
m;n = 1, m;n � 1. �à¨¢¥¤¥¬ â ¡«¨æã §­ ç¥­¨©

C2;2;2
m;1 (!) ¤«ï 1 � m � 10 ¢ á«ãç ¥, ª®£¤  ï¤à® ! ¡«¨§ª® ª £ ãáá®¢®¬ã

!(x) = e
20 x2

x20�1 :
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m 1 2 3 4 5

C2;2;2
m;1 1;5958 1;6082 1;6422 1;6917 1;7481

m 6 7 8 9 10

C2;2;2
m;1 1;8071 1;8667 1;9263 1;9876 2;0671

� ª ¢¨¤­® ¨§ íâ¨å ¯à¨¬¥à®¢, ¯®£à¥è­®áâì ¬¥â®¤  áà¥¤­¨å äã­ªæ¨© ­¥ á¨«ì­® ®â«¨ç ¥âáï ®â
¯®£à¥è­®áâ¨ ®¯â¨¬ «ì­®£® ¬¥â®¤ .
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