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�à¥¤« £ ¥âáï ®â«¨ç­ë© ®â à ­¥¥ ¨§¢¥áâ­ëå ¬¥â®¤ ¯®áâà®¥­¨ï ª¢ §¨à¥£ã«ïà­®©  á¨¬¯â®â¨ª¨
à¥è¥­¨ï (ª®£¤  ¥£® á¨­£ã«ïà­®áâ¨, ®âà ¦ îé¨¥ áâàãªâãàã ¯®£à ­¨ç­®£® á«®ï, ¢ë¯¨áë¢ îâáï
¢ § ¬ª­ãâ®©  ­ «¨â¨ç¥áª®© ä®à¬¥,   ®áâ «ì­ë¥ ª®¬¯®­¥­âë  á¨¬¯â®â¨ª¨ à¥£ã«ïà­® § ¢¨áïâ
®â ¬ «®£® ¯ à ¬¥âà ) á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ­ ç «ì­ëå § ¤ ç ¤«ï «¨­¥©­ëå á¨áâ¥¬ ¤¨ää¥-
à¥­æ¨ «ì­ëå ¬ âà¨ç­ëå ãà ¢­¥­¨©, ¢®§­¨ª îé¨å ¯à¨ ¨§ãç¥­¨¨ ­¥ª®â®àëå ¯à¨ª« ¤­ëå § ¤ ç.

�¥®à¥¬  1. �¨­£ã«ïà­® ¢®§¬ãé¥­­ ï § ¤ ç  �®è¨ ¢ Rn

" _Z = A(t)Z + ZB(t); Z(0; ") = Z0 (1)

(A(t); B(t) 2 C1[0; 1], A(t), B(t), Z | n � n-¬ âà¨æë) ¢ á«ãç ¥, ¥á«¨ á¯¥ªâàë f�Aj(t)gn1 ¨

f�Bj(t)gn1 ¬ âà¨æ A(t) ¨ B(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

�Ajk(t) � �Aj(t)� �Ak(t) 6= 0; Re�Aj(t) � 0;

�Bjk(t) � �Bj(t)� �Bk(t) 6= 0; Re �Bj(t) � 0
(2)

(j 6= k, j; k = 1; n, t 2 [0; 1]), ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­®¥ ­  ®âà¥§ª¥ [0; 1]
¯à¨ "! +0 à¥è¥­¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ª¢ §¨à¥£ã«ïà­®© ä®à¬¥
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k

�
STB(t) +O("N+1); (3)

S�1A (t)A(t)SA(t) = �A0(t) = diagf�A10(t); : : : ; �An0(t)g;

S�1B (t)BT (t)SB(t) = �B0(t) = diagf�B10(t); : : : ; �Bn0(t)g;

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ HAk(t), HBk(t), �Ak(t), �Bk(t) ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¢ å®¤¥ ¤®ª § -
â¥«ìáâ¢ .

�®ª § â¥«ìáâ¢®. �¥è¥­¨¥ § ¤ ç¨ (1) á ãç¥â®¬ [1] ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

Z(t; ") = X(t; ")Y (t; "); (4)
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£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨X(t; ") ¨ Y (t; ") ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ­ ç «ì-
­ëå § ¤ ç

" _X = A(t)X; X(0; ") = Z0; (5)

" _Y = Y B(t); Y (0; ") = E: (6)

�«ï ®¡®á­®¢ ­¨ï íâ®£® ¤®áâ â®ç­® á®á« âìáï ­  £«®¡ «ì­ãî â¥®à¥¬ã ¥¤¨­áâ¢¥­­®áâ¨ ¯®á«¥ ¤¨ä-
ä¥à¥­æ¨à®¢ ­¨ï à ¢¥­áâ¢  (4)

" _Z = " _XY + "X _Y = A(t)XY +XY B(t) = A(t)Z + ZB(t):

�«ï ã¤®¡áâ¢  ¤ «ì­¥©è¥£® ¨§«®¦¥­¨ï ¤«ï ¯à®¨§¢®«ì­®© ª¢ ¤à â­®© ¬ âà¨æë A ¢¢¥¤¥¬ ®¡®-
§­ ç¥­¨ï

A = fajkg
n
1 ; A = diagfa11; : : : ; anng; A = A�A:

�®á«¥ ­¥¢ëà®¦¤¥­­®© ¯à¨ ¤®áâ â®ç­® ¬ «ëå j"j § ¬¥­ë

X = SA(t)HA(t; ")QA

�
HA(t; ") = E +

NX
k=1

HAk(t)"
k 8N � 1

�

§ ¤ ç  (5) ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­  ª ¢¨¤ã

" _QA = DA(t; ")QA; QA(0; ") = Q0
A = H�1A (0; ")S�1A (0)Z0; (7)

£¤¥

DA(t; ") =
NX
k=0

�Ak(t)"k + "N+1V (t; ") (V (t; ") = O(1));

  ¬ âà¨æë HA(t; ") ¨ DA(t; ") á¢ï§ ­ë á®®â­®è¥­¨¥¬

" _HA = LA(t; ")HA �HADA(t; ") (8)

(LA(t; ") = �A0(t) + "LA1(t), LA1(t) = �S�1A (t) _SA(t)).
�à¨à ¢­¨¢ ï ¢ (8) ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ", ¯®«ãç¨¬ ­ ¡®à ¯à®áâëå «¨-

­¥©­ëå  «£¥¡à ¨ç¥áª¨å ¬ âà¨ç­ëå ãà ¢­¥­¨©

�A0(t)HAk(t)�HAk(t)�A0(t) = �Ak(t)� PAk(t); PA1(t) = LA1(t);

PAk(t) = LA1(t)HA(k�1)(t)�
k�1X
j=1

Hk�j(t)�Aj(t)�
_
Hk�1 = fpijk(t)g (k � 2);

®âªã¤  ¢á¥ \¤¨ £®­ «ì­ë¥" �Ak(t) ¨ \¡¥§¤¨ £®­ «ì­ë¥" HAk(t) ¬ âà¨æë ®¯à¥¤¥«ïîâáï ¥¤¨­-
áâ¢¥­­ë¬ ®¡à §®¬

�Ak(t) = PAk(t); HAk(t) = fhijk(t)g; hijk(t) = ��1ij (t)pijk(t):

�à¥®¡à §®¢ ­­ ï § ¤ ç  (7) íª¢¨¢ «¥­â­  ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

QA = �(t; ")
�
Q0
A + "N

Z t

0
��1(s; ")V (s; ")QA(s; ")ds

�
; �(t; ") = exp

�
"�1

NX
k=0

�Ak(s)"
kds

�
: (9)

�à¨ íâ®¬ ¢ ãá«®¢¨ïå â¥®à¥¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª 

kQAk � c1 + "Nc2kQAk; kQAk �
c1

1� "Nc2
� c3;

çâ® ¨ ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ à ¢­®¬¥à­® ®£à ­¨ç¥­­®£® ­  ®âà¥§ª¥ [0; 1] ¯à¨ " ! +0 à¥è¥-
­¨ï ãà ¢­¥­¨ï (9) ¨ íª¢¨¢ «¥­â­ëå ¥¬ã § ¤ ç (7) ¨ (5). �«ï à¥è¥­¨ï § ¤ ç¨ (7) ¨¬¥¥â ¬¥áâ®
 á¨¬¯â®â¨ç¥áª ï ®æ¥­ª 

QA(t; ") = �(t; ")Q0
A + "N+1RA(t; ");
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â. ª. äã­ªæ¨ï RA(t; ") ã¤®¢«¥â¢®àï¥â § ¤ ç¥

" _RA = DA(t; ")RA +O(1); RA(0; ") = R0
A;

 ­ «®£¨ç­®© § ¤ ç¥ (7) ¨ ¨¬¥îé¥© ¢ á¨«ã íâ®£® à ¢­®¬¥à­® ®£à ­¨ç¥­­®¥ ­  ®âà¥§ª¥ [0; 1] ¯à¨
"! +0 à¥è¥­¨¥.

�­ «®£¨ç­ë¥ ®æ¥­ª¨ ¨ ¯à¥¤áâ ¢«¥­¨ï (¯®«ãç¥­­ë¥ á ¯®¬®éìî  «£®à¨â¬ , ç áâ¨ç­® ¨§«®-
¦¥­­®£® ¢ à ¡®â å [2]{[6]) á¯à ¢¥¤«¨¢ë ¨ ¤«ï âà ­á¯®­¨à®¢ ­­®© á¨­£ã«ïà­® ¢®§¬ãé¥­­®© § -
¤ ç¨ (6)

" _Y T = BT (t)Y T ; Y T (0; ") = E;

¯®§¢®«ïï á ãç¥â®¬ ¯à®¤¥« ­­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨âì á®®â­®è¥­¨¥ (3).

�¥®à¥¬  2. �¥è¥­¨¥ á¨­£ã«ïà­® ¢®§¬ãé¥­­®© ­¥®¤­®à®¤­®© § ¤ ç¨ �®è¨

" _Z = A(t)Z + ZB(t) + F (t); Z(0; ") = Z0 (10)

(A(t); B(t); F (t) 2 C1[0; 1]) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

Z(t; ") = X(t; ")
�
Z0 + "�1

Z t

0

X�1(s; ")F (s)��1(s; ")ds
�
�(t; "); (11)

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ X(t; ") ¨ �(t; ") ã¤®¢«¥â¢®àïîâ § ¤ ç ¬

" _X = A(t)X; X(0; ") = E; " _� = �B(t); �(0; ") = E:

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ à¥è¥­¨¥ § ¤ ç¨ (9) ¢ ¢¨¤¥

Z(t; ") = X(t; ")Y (t; ");

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ X(t; ") ¨ Y (t; ") ï¢«ïîâáï à¥è¥­¨ï¬¨ § ¤ ç

" _X = A(t)X; X(0; ") = E; " _Y = Y B(t) +Q(t; "); Y (0; ") = Z0;

¥á«¨ Q(t; ") = X�1(t; ")F (t). �â® ãâ¢¥à¦¤¥­¨¥ ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ¤¨ää¥à¥­æ¨à®¢ -
­¨¥¬. �«ï à¥è¥­¨ï âà ­á¯®­¨à®¢ ­­®© § ¤ ç¨

" _Y T = BT (t)Y T +QT (t; "); Y T (0; ") = E;

á¯à ¢¥¤«¨¢® ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

Y T = �T (t; ")
�
Z0T + "�1

Z t

0

(�T (s; "))�1QT (s; ")ds
�

(" _�T = BT (t)�T ; �T (0; ") = E);

çâ® ¨ ¯®§¢®«ï¥â á ãç¥â®¬

Y =
�
Z0 + "�1

Z t

0
X�1(s; ")F (s)��1(s; ")ds

�
�(t; ")

¯®«ãç¨âì âà¥¡ã¥¬ë© à¥§ã«ìâ â (11).

�«¥¤áâ¢¨¥. �à¥¤áâ ¢«¥­¨¥ (11) ¬®¦¥â ¡ëâì ¯®«¥§­® ¯à¨ ¨â¥à æ¨®­­®¬ ¬¥â®¤¥ ¯®áâà®¥­¨ï
 á¨¬¯â®â¨ª¨ [6] á¨­£ã«ïà­® ¢®§¬ãé¥­­®© § ¤ ç¨ �®è¨ á® á« ¡®© ­¥«¨­¥©­®áâìî

" _Z = A(t)Z + ZB(t) + "F (Z; t); Z(0; ") = Z0

¯®á«¥ ¯¥à¥å®¤  ª íª¢¨¢ «¥­â­®¬ã ­¥«¨­¥©­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

Z(t; ") = X(t; ")
�
Z0 +

Z t

0

X�1(s; ")F (Z; ")��1(s; ")ds
�
�(t; "):

2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2) á ãç¥â®¬ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï § ¤ ç (5) ¨ (6), ¨á¯®«ì§ã-
¥¬ëå ¢ ä®à¬ã«¥ (3) ¨§ â¥®à¥¬ë 1, à¥è¥­¨¥ (11) § ¤ ç¨ (10) à ¢­®¬¥à­® ®£à ­¨ç¥­® ­  ®âà¥§ª¥
[0; 1] ¯à¨ "! +0.
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�¥®à¥¬  3. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2) ¨ ­¥á®¢¯ ¤¥­¨¨ ­  ®âà¥§ª¥ [0; 1] á¯¥ªâà®¢ f�Aj(t)gn1
¨ f�Bj(t)gn1 ¬ âà¨æ A(t) ¨ B(t) à¥è¥­¨¥ § ¤ ç¨ (10) ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ª¢ §¨à¥£ã«ïà­®©

ä®à¬¥ (¬ âà¨ç­ë¥ äã­ªæ¨¨ HAk(t), HBk(t), �Ak(t), �Bk(t), Uk(t) ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¢

å®¤¥ ¤®ª § â¥«ìáâ¢ )
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k +O("N+1) = SA(t)

� NX
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k
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� exp
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0
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�
W 0(") exp

�
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0

�B0(s)ds
�� NX

k=0

PBk(t)"k
�
STB(t) +

NX
k=0

Uk(t)"k +O("N+1):
(12)

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ à¥è¥­¨¥ § ¤ ç¨ (10) ¢ ¢¨¤¥ Z(t; ") = W (t; ") +
NP
k=0

Uk(t)"k,

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ Uk(t) (k = 0; N ) á ãç¥â®¬ [7] ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë
 «£¥¡à ¨ç¥áª¨å ¬ âà¨ç­ëå ãà ¢­¥­¨©

A(t)U0 + U0B(t) + F (t) = 0; A(t)Uk + UkB(t) = _Uk�1 (k = 2; N ):

�à¨ íâ®¬ äã­ªæ¨ï W (t; ") ï¢«ï¥âáï à¥è¥­¨¥¬ ¯®çâ¨ ®¤­®à®¤­®© § ¤ ç¨ �®è¨

" _W = A(t)W +WB(t) +O("N+1); W (0; ") = Z0 �
NX
k=0

Uk(0)"k =W 0(");

çâ® ¯®§¢®«ï¥â ¢®á¯®«ì§®¢ âìáï â¥®à¥¬ ¬¨ 1 ¨ 2 ¨ á ãç¥â®¬ (3) ¯®«ãç¨âì ­ã¦­ë¥ ¯à¥¤áâ ¢«¥­¨ï
(12) ¨ (11).
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