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� [1] �.�. �®ªãâì ¯®áâ ¢¨« ¢®¯à®á ® à §à¥è¨¬®áâ¨ ®¡é¥© ¯à®¡«¥¬ë ¢ë¢®¤¨¬®áâ¨ â®¦¤¥áâ¢
¤«ï £àã¯¯: \�ãé¥áâ¢ã¥â «¨  «£®à¨â¬, ª®â®àë© ¯® «î¡®© á¨áâ¥¬¥ £àã¯¯®¢ëå á«®¢ f1; : : : ; fm (®â
ä¨ªá¨à®¢ ®£® ¬®¦¥áâ¢  ¯¥à¥¬¥ëå x1; x2; : : : ) ¨ ®â¤¥«ì®¬ã á«®¢ã f ¢ëïáï« ¡ë, á«¥¤ã¥â «¨
â®¦¤¥áâ¢® f = 1 ¨§ â®¦¤¥áâ¢ f1 = 1; : : : ; fm = 1". �âà¨æ â¥«ìë© ®â¢¥â   íâ®â ¢®¯à®á ¯®«ãç¥ ¢
[2]. � [3] ¤®ª §   ¥à §à¥è¨¬®áâì ®¡é¥© ¯à®¡«¥¬ë ¢ë¢®¤¨¬®áâ¨ â®¦¤¥áâ¢ ¤«ï £àã¯¯®¨¤®¢. � ¬
¦¥ ®â¬¥ç¥®, çâ® ®¡é ï ¯à®¡«¥¬  ¢ë¢®¤¨¬®áâ¨ â®¦¤¥áâ¢ ¥à §à¥è¨¬  ¨ ¤«ï ¯®«ã£àã¯¯. � [4]
 ¢â®à®¬ ®â¬¥ç¥®, çâ® áãé¥áâ¢ã¥â ª®«ìæ¥¢®¥ â®¦¤¥áâ¢®, ¤«ï ª®â®à®£® ¥ áãé¥áâ¢ã¥â  «£®à¨â-
¬ , ®¯à¥¤¥«ïîé¥£® ¯® ¯à®¨§¢®«ì®¬ã ª®¥ç® ¡ §¨àã¥¬®¬ã ¬®£®®¡à §¨î ª®«¥æ, ¢ë¯®«ï¥âáï
¢ ¥¬ íâ® â®¦¤¥áâ¢® ¨«¨ ¥â. �áâ¥áâ¢¥® à áá¬ âà¨¢ âì ãª § ë© ¢®¯à®á ¨ ¤«ï ª« áá®¢ ª®-
¥çëå ¯®«ã£àã¯¯, £àã¯¯ ¨ ª®«¥æ. �¥è¥¨¥ ®¡é¥© ¯à®¡«¥¬ë ¢ë¢®¤¨¬®áâ¨ â®¦¤¥áâ¢  ¢ á«ãç ¥
ª®¥çëå ¯®«ã£àã¯¯ ¨ £àã¯¯ ¯®ª  ¥¨§¢¥áâ®. �â®£ ¤ ®© áâ âì¨ | ®âà¨æ â¥«ìë© ®â¢¥â ¯®
íâ®© ¯à®¡«¥¬¥ ¤«ï ª®¥çëå ª®«¥æ.

�¥®à¥¬ . �¥ áãé¥áâ¢ã¥â  «£®à¨â¬ , ®¯à¥¤¥«ïîé¥£® ¯® ¯à®¨§¢®«ì®¬ã ª®¥ç® ¡ §¨àã¥-

¬®¬ã ¬®£®®¡à §¨î ª®«¥æ, ã¤®¢«¥â¢®àï¥â «¨ ª« áá ¢á¥å ª®¥çëå ª®«¥æ ¨§ íâ®£® ¬®£®®¡à §¨ï

â®¦¤¥áâ¢ã (xy)(zt) = 0.

�à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã, ¯®«ãç¨¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï. �®ª -
§ â¥«ìáâ¢® â¥®à¥¬ë ¡ã¤¥â ®á®¢ ®   ¨â¥à¯à¥â æ¨¨ à ¡®âë ¤¢ãå«¥â®ç®© ¬ è¨ë �¨áª®£®
[5]. �¯¥à¢ë¥ íâ®â ¬¥â®¤ ¡ë« ¨á¯®«ì§®¢  �.�.�ãà¥¢¨ç¥¬ [6] ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¥à §à¥è¨¬®-
áâ¨ ª¢ §¨íª¢ æ¨® «ì®© â¥®à¨¨ ª« áá®¢ ª®¥çëå ¯®«ã£àã¯¯ ¨  áá®æ¨ â¨¢ëå ª®«¥æ. �®¤à®¡-
®¥ ¨§«®¦¥¨¥ ¬¥â®¤®¢ ¨â¥à¯à¥â æ¨¨ ¬ è¨ �¨áª®£®,   â ª¦¥ ®¡§®à à¥§ã«ìâ â®¢, á¢ï§ ëå
á ¨â¥à¯à¥â æ¨¥© ¬ è¨ �¨áª®£®, ¬®¦®  ©â¨ ¢ [7].

�ãáâì P | ¥ª®â®à®¥ à¥ªãàá¨¢®-¯¥à¥ç¨á«¨¬®¥ ¥à¥ªãàá¨¢®¥ ¬®¦¥áâ¢®  âãà «ìëå ç¨-
á¥«, p | ç áâ¨ç ï å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  P [5]. �¡®§ ç¨¬ ç¥à¥§ M ¤¢ãå-
«¥â®çãî ¬ è¨ã �¨áª®£®, ¢ëç¨á«ïîéãî äãªæ¨î p [8]. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯®« £ âì, çâ®
q0; q1; q2; : : : ; qm | ¢ãâà¥¨¥ á®áâ®ï¨ï ¬ è¨ëM, ¯à¨ç¥¬ q1 |  ç «ì®¥, q0 | § ª«îç¨â¥«ì-
®¥ á®áâ®ï¨ï. �á«¨ ¬ è¨   å®¤¨âáï ¢ á®áâ®ï¨¨ qi ¨ j-ï «¥â  á¤¢¨ãâ    �j ïç¥¥ª ¢«¥¢®,
â® ¡ã¤¥¬ £®¢®à¨âì, çâ® M  å®¤¨âáï ¢ ª®ä¨£ãà æ¨¨ qi�1�2.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ¥¯®áà¥¤áâ¢¥® ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë, ¢¢¥¤¥¬ àï¤ ®¡®§ ç¥¨©.
�ãáâì K | ¥ª®â®à®¥, ¥ ®¡ï§ â¥«ì®  áá®æ¨ â¨¢®¥ ª®«ìæ®, a1; a2; : : : ; an�1; an 2 K. �¯à¥-
¤¥«¨¬ «¥¢®®à¬¨à®¢ ®¥ ¯à®¨§¢¥¤¥¨¥ a1a2 : : : an�1an ¨¤ãªæ¨¥© ¯® n, ¯®« £ ï a1a2 : : : an =
(a1a2 : : : an�1)an ¯à¨ n > 1. �à¨ n = 1 ¨¬¥¥¬ ¯à®áâ® a1. � «¥¥ ¯®« £ ¥¬ a1 a2 : : : a2| {z }

m à §

= a1a
m
2 , b

0

| ¯ãáâ®© á¨¬¢®« ¤«ï «î¡®£® á¨¬¢®«  b. �ãáâì X = fx1; x2; : : : ; xn; : : : g | ¥ª®â®à®¥ áç¥â®¥
¬®¦¥áâ¢®, � | á¢®¡®¤ë© £àã¯¯®¨¤ á ¬®¦¥áâ¢®¬ á¢®¡®¤ëå ®¡à §ãîé¨å X. �¯à¥¤¥«¨¬ ®â®-
¡à ¦¥¨ï A, B, C, D, E, F , G, H, K, ¯¥à¥¢®¤ïé¨¥ í«¥¬¥âë ¤¥ª àâ®¢  ¯à®¨§¢¥¤¥¨ï � � � ¢
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í«¥¬¥âë £àã¯¯®¨¤  �, ¯®« £ ï

A(y; x) = (x(x(yx)x7)x); E(y; x) = (x(x(yx)x11)x);

B(y; x) = (x(x(yx)x8)x); F (y; x) = (x(x(yx)x12)x);

C(y; x) = (x(x(yx)x9)x); G(y; x) = (x(x(yx)x13)x);

D(y; x) = (x(x(yx)x10)x); H(y; x) = (x(x(yx)x14)x);

K(y; x) = (x(x(yx)x15)x):

�«ï «î¡®£® i 2 f0; 1; : : : ;mg ¡ã¤¥¬ áç¨â âì, çâ® Qi(y; x) = (x(x(yx)x17+i)x). �¡®§ ç¨¬ ç¥à¥§
F á¢®¡®¤®¥ ª®«ìæ®, ¡ §¨á®¬ ª®â®à®£®, ª ª Z-¬®¤ã«ï, ï¢«ï¥âáï ¬®¦¥áâ¢® �. �¨¥©® à á¯à®-
áâà ¨¬ ®â®¡à ¦¥¨ï A, B, C, D, E, F , G, H, K, Qi, £¤¥ i 2 f0; 1; : : : ;mg,   í«¥¬¥âë ª®«ìæ  F .
�¡®§ ç¨¬ ç¥à¥§W ¬®¦¥áâ¢® fA(y; x), B(y; x), C(y; x), D(y; x), E(y; x), F (y; x), G(y; x), H(y; x),
K(y; x), Qi(y; x) j i 2 f0; 1; : : : ;mgg. �á«¨ Y1 = Y1(x; y), Y2 = Y2(x; y); : : : ; Yn�1 = Yn�1(x; y),
Yn = Yn(x; y) | ¥ª®â®àë¥ ®â®¡à ¦¥¨ï ¨§ ¬®¦¥áâ¢  W , â® áã¯¥à¯®§¨æ¨î íâ¨å ®â®¡à ¦¥¨©
¢¨¤  Y2(Y1(z1; z2); z3) ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ Y1(z1; z2)Y2(z3) (à á¯à®áâà ïï íâ® ®¡®§ ç¥¨¥ ¨-
¤ãªæ¨¥© ¯® n), ¯®« £ ï

Yn(Y1(z1; z2)Y2(z3)Yn�1(zn); zn+1) = Y1(z1; z2)Y2(z3)Yn�1(zn)Yn(zn+1):

�à®¬¥ â®£®, áç¨â ¥¬
X(z1; z2)Y

n(z3) = X(z1; z2)Y (z3) : : : Y (z3)| {z }
n à §

:

�à®¨§¢®«ì®© ª®¬ ¤¥ qi�1�2 ! qj"1"2 ¬ è¨ë M á®¯®áâ ¢¨¬ ®¯à¥¤¥«¥®¥ â®¦¤¥áâ¢® ¢
á®®â¢¥âáâ¢¨¨ á â ¡«¨æ¥©

�1 �2 �®¦¤¥áâ¢® á Ql = Ql(x1x2x3x; x)
1 1 QiC(x)D(x)F (x) = QjA

"1(x)B"2(x)C(x)D(x)E(x)F 2(x)
0 1 QiA(x)D(x)F (x) = QjA

"1+1(x)B"2(x)D(x)E(x)F 2(x)
1 0 QiB(x)C(x)F (x) = QjA

"1(x)B"2+1(x)C(x)E(x)F 2(x)
0 0 QiA(x)B(x)F (x) = QjA

"1+1(x)B"2+1(x)E(x)F 2(x)

�ãáâì A | ¬®£®®¡à §¨¥ ª®«¥æ, § ¤ ®¥ â®¦¤¥áâ¢ ¬¨, ª®¤¨àãîé¨¬¨ ª®¬ ¤ë ¬ è¨ë M.
�¡®§ ç¨¬ ç¥à¥§ Bn ¬®£®®¡à §¨¥ ª®«¥æ, § ¤ ®¥ â®¦¤¥áâ¢ ¬¨

1) A(y; x)B(x) = B(y; x)A(x); 2) C(y; x)D(x) = D(y; x)C(x);

3) A(y; x)D(x) = D(y; x)A(x); 4) C(y; x)B(x) = B(y; x)C(x);

5) A(y; x)E(x) = E(y; x)A(x); 6) A(y; x)F (x) = F (y; x)A(x);

7) A(y; x)H(x) = H(y; x)A(x); 8) F (y; x)B(x) = B(y; x)F (x);

9) H(y; x)B(x) = B(y; x)H(x); 10) C(y; x)E(x) = E(y; x)C(x);

11) C(y; x)F (x) = F (y; x)C(x); 12) C(y; x)H(x) = H(y; x)C(x);

13) D(y; x)E(x) = E(y; x)D(x); 14) D(y; x)F (x) = F (y; x)D(x);

15) H(y; x)D(x) = D(y; x)H(x); 16) E(y; x)F (x) = F (y; x)E(x);

17) E(y; x)H(x) = H(y; x)E(x); 18) G(y; x)F (x) = F (y; x)G(x);

19) E(y; x)B(x) = B(y; x)E(x); 20) Qi(y; x)F (x)G(x) = Qi(y; x)K(x);

21) Qi(y; x)F (x) = Qi(y; x)K(x)F (x); 22) Qi(y; x)K(x)H(x) = 0;

i 2 f0; 1; : : : ;mg;

23) Q1(x1x2x3x; x)A
2n(x)C(x)D(x)F (x)H(x) = (x1x2)(x3x):
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�ãáâì R | ¬®£®®¡à §¨¥ ¢á¥å ª®«¥æ å à ªâ¥à¨áâ¨ª¨ ¤¢ , Xn = A\Bn\R. �¡®§ ç¨¬ ç¥à¥§
FR ª®«ìæ®, á¢®¡®¤®¥ ¢ ¬®£®®¡à §¨¨ R, ¨¬¥îé¥¥ áç¥â®¥ ¬®¦¥áâ¢® á¢®¡®¤ëå ®¡à §ãîé¨å
fe; e1; e2; : : : ; en; : : : g. �ãáâì Xn \ F | ª« áá ¢á¥å ª®¥çëå ª®«¥æ ¨§ ¬®£®®¡à §¨ï Xn.

� «¥¥ ¤«ï ªà âª®áâ¨ ¢¬¥áâ® Ql(y; x), A(x), B(x), C(x), D(x), E(x), F (x), G(x), H(x), K(x)
¡ã¤¥¬ ¯¨á âì Ql, A, B, C, D, E, F , G, H, K á®®â¢¥âáâ¢¥®.

�¥¬¬  1. �«ï «î¡®£® ª®«ìæ  K 2 Xn \ F ¨ ¯à®¨§¢®«ì®£®  âãà «ì®£® b ¨¬¥¥â ¬¥áâ®

â®¦¤¥áâ¢®

QiF
bGb = QiK: (1)

�®ª § â¥«ìáâ¢®. �à¨¬¥¨¬ ¨¤ãªæ¨î ¯® b. �ãáâì b = 1. �®£¤  â®¦¤¥áâ¢® (1) ¢ë¯®«ï¥âáï
¯® ¯®áâà®¥¨î ¬®£®®¡à §¨ï Xn. �®¯ãáâ¨¬, çâ® (1) á¯à ¢¥¤«¨¢® ¤«ï ¥ª®â®à®£®  âãà «ì®£®
ç¨á«  p. �®ª ¦¥¬, çâ® ®® ¢¥à® ¨ ¤«ï p+ 1. �¥©áâ¢¨â¥«ì®,

QiF
p+1Gp+1 = QiF

pGpFG = QiKFG = QiFG = QiK: �

�¥¬¬  2. �«ï «î¡®£® ª®«ìæ  K 2 Xn \ F áãé¥áâ¢ã¥â â ª®¥  âãà «ì®¥ p, çâ® ¢ ª®«ìæ¥

K ¤«ï ª ¦¤®£® i 2 f0; 1; : : : ;mg ¢ë¯®«ï¥âáï â®¦¤¥áâ¢® QiF
p = QiK.

�®ª § â¥«ìáâ¢®. � ª ª ª ª®«ìæ® K ª®¥ç®, â® ¤«ï «î¡®£® í«¥¬¥â  x 2 K ¨ «î¡®£®
i 2 f0; 1; : : : ;mg áãé¥áâ¢ãîâ â ª¨¥  âãà «ìë¥ ç¨á«  ai(x) ¨ bi(x), çâ® ¢ ª®«ìæ¥ K ¢ë¯®«ï¥âáï
à ¢¥áâ¢®

QiF
ai(x) = QiF

bi(x) (2)

¨ ai(x) > bi(x). �®ª ¦¥¬, çâ®

QiF
ai(x)Gbi(x) = QiF

ai(x)�bi(x): (3)

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨¤ãªæ¨¥© ¯® áã¬¬¥ ai(x)+ bi(x). �ãáâì ai(x)+ bi(x) = 3. �®£¤  ¢ á¨«ã
á®®â®è¥¨ï ai(x) > bi(x) ¨¬¥¥¬ ai(x) = 2 ¨ bi(x) = 1. �«¥¤®¢ â¥«ì®, ¥®¡å®¤¨¬® ¤®ª § âì
à ¢¥áâ¢® QiF

2G = QiF . � á ¬®¬ ¤¥«¥,

QiF
2G = QiFGF = QiKF = QiF:

�®¯ãáâ¨¬, çâ® à ¢¥áâ¢® ¤®ª § ® ¤«ï ai(x) + bi(x) = r. �®ª ¦¥¬, çâ® ®® ¢¥à® ¨ ¤«ï ai(x) +
bi(x) = r + 1. �¥©áâ¢¨â¥«ì®,

QiF
ai(x)+1Gbi(x) = QiF

ai(x)Gbi(x)F = QiF
ai(x)+1�bi(x);

QiF
ai(x)Gbi(x)+1 = QiF

ai(x)�bi(x)G = QiFGF
ai(x)�bi(x)�1 =

= QiKF ai(x)�bi(x)�1 = QiKFF ai(x)�bi(x)�2 = QiF
ai(x)�bi(x)�1:

�«¥¤®¢ â¥«ì®, â®¦¤¥áâ¢® (3) ¤®ª § ®.
� á¨«ã «¥¬¬ë 1 ¨¬¥¥â ¬¥áâ® (1) ¯à¨ b = bi(x). �§ à ¢¥áâ¢  (2) ¢ëâ¥ª ¥â QiF

ai(x)Gbi(x) =
QiF

bi(x)Gbi(x). �âáî¤  ¨ ¨§ á®®â®è¥¨©QiF
bi(x)Gbi(x) = QiK ¨ (3) ¯®«ãç ¥¬QiF

ai(x)�bi(x) = QiK.
� ª ª ª K | ª®¥ç®¥ ª®«ìæ®, â® K = fx1; : : : ; xlg. � áá¬®âà¨¬ à ¢¥áâ¢®

QiK = QiF
(a0(x1)�b0(x1)):::(am(x1)�bm(x1)):::(a0(xl)�b0(xl)):::(am(xl)�bm(xl)):

�ç¥¢¨¤®, çâ® ¤ ®¥ à ¢¥áâ¢® ¢ë¯®«ï¥âáï ¢ ª®«ìæ¥ K ¤«ï ¢á¥å i ¨ x. �«¥¤®¢ â¥«ì®, ®®
ï¢«ï¥âáï ¨áª®¬ë¬ â®¦¤¥áâ¢®¬.

�¥¬¬  3. �á«¨ ¬ è¨  M ç¥à¥§ r â ªâ®¢ à ¡®âë ¯¥à¥å®¤¨â ¨§ ª®ä¨£ãà æ¨¨ qi�1�2 ¢

ª®ä¨£ãà æ¨î qj�1�2, â® ¢ ¬®£®®¡à §¨¨ Xn ¢ë¯®«ï¥âáï â®¦¤¥áâ¢®

QiA
�1B�2CDF = QjA

�1B�2CDErF r+1: (4)
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�®ª § â¥«ìáâ¢®. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï «¥¬¬ë 3 ¨¤ãªæ¨¥© ¯® r ¯®ª ¦¥¬, çâ® ¢ ¬®-
£®®¡à §¨¨ Xn ¢ë¯®«ï¥âáï â®¦¤¥áâ¢® (4).

�ãáâì r = 0. �®£¤  ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®. �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï
¥ª®â®à®£® r. �®ª ¦¥¬, çâ® ®® ¢¥à® ¨ ¤«ï r+1. �ãáâì   (r+1)-¬ è £¥ ¬ è¨  M, ¢ë¯®«ïï
ª®¬ ¤ã qj�1�2 ! ql"1"2, ¯¥à¥å®¤¨â ¨§ ª®ä¨£ãà æ¨¨ qj�1�2 ¢ ª®ä¨£ãà æ¨î ql(�1 + "1)(�2 + "2).
�«¥¤ã¥â à §®¡à âì ç¥âëà¥ á«ãç ï ¢ § ¢¨á¨¬®áâ¨ ®â § ç¥¨© �1 ¨ �2. �¡®á®¢ ¨¥ ¨å   «®£¨ç®.
�áâ ®¢¨¬áï â®«ìª®   á«ãç ¥, ª®£¤  �1 = 0, �2 = 1. �®£¤  �1 6= 0, �2 = 0 ¨   (r + 1)-¬ è £¥
¢ë¯®«ï¥âáï ª®¬ ¤  qj01! ql"1"2. �«¥¤®¢ â¥«ì®, ¢ ¬®£®®¡à §¨¨ Xn ¢ë¯®«ï¥âáï â®¦¤¥áâ¢®

QjADF = QlA
"1+1B"2DEF 2:

�âáî¤  ¢ëâ¥ª ¥â

QiA
�1B�2CDF = QjA

�1B�2CDErF r+1 = QjA
�1B�2DCErF r+1 =

= QjA�1B
�2DCFErF r = QjA

�1B�2DFCErF r = QjA
�1DFCErF r =

= QjADA
�1�1FCErF r = QjADFA

�1�1CErF r =

= QlA
"1+1B"2DEF 2A�1�1CErF r = QlA

"1+1B"2DEA�1�1F 2CErF r =

= QlA
"1+1B"2DEA�1�1CF 2ErF r = QlA

"1+1B"2DEA�1�1CErF r+2 =

= QlA
"1+1B"2DA�1�1ECErF r+2 = QlA

"1+�1B"2DECErF r+2 =

= QlA
"1+�1B"2+�2DECErF r+2 = QlA

"1+�1B"2+�2DCEr+1F r+2 =

= QlA
"1+�1B"2+�2CDEr+1F r+2: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �®¯ãáâ¨¬ n =2 P . �®£¤  ¯® ®¯à¥¤¥«¥¨î ¬ è¨ë M ® ,  ç ¢
à ¡®â âì ¢ ª®ä¨£ãà æ¨¨ q12n0, ¡ã¤¥â à ¡®â âì ¢¥ç®, ¥ ¯¥à¥å®¤ï ¢ § ª«îç¨â¥«ìãî ª®ä¨£ã-
à æ¨î. �«¥¤®¢ â¥«ì®, ç¨á«® â ªâ®¢ à ¡®âë ¬ è¨ë M ¬®¦® áç¨â âì áª®«ì ã£®¤® ¡®«ìè¨¬.
�ãáâì K | ¯à®¨§¢®«ì®¥ ª®«ìæ® ¨§ ª« áá  Xn\F. �®£¤ , ª ª ¯®ª § ® ¢ëè¥, K ¤«ï ¥ª®â®à®£®
 âãà «ì®£® ç¨á«  p ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã QiF

p = QiK. � á¨«ã «¥¬¬ë 3 ¢ ¬®£®®¡à §¨¨
Xn,   § ç¨â, ¨ ¢ ª®«ìæ¥ K ¢ë¯®«ï¥âáï â®¦¤¥áâ¢® Q1A

2nCDF = QiA
�1B�2CDEp�1F p. �âáî¤ 

®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â â®¦¤¥áâ¢® Q1A
2nCDFH = QiA

�1B�2CDEp�1F pH. � ª¨¬ ®¡à §®¬,
¯®«ãç ¥¬

Q1A
2nCDFH = QiA

�1B�2CDEp�1F pH = QiA
�1B�2CDF pEp�1H =

= QiA
�1B�2CF pDEp�1H = QiA

�1B�2F pCDEp�1H =

= QiA
�1F pB�2CDEp�1H = QiF

pA�1B�2CDEp�1H =

= QiKA�1B�2CDEp�1H = QiKA�1B�2CDHEp�1 =

= QiKA�1B�2CHDEp�1 = QiKA�1B�2HCDEp�1 =

= QiKA�1HB�2CDEp�1 = QiKHA�1B�2CDEp�1 = 0:

�âáî¤  ¢ëâ¥ª ¥â Xn \ F � Q1A
2nCDFH = 0.

�ãáâì â¥¯¥àì n 2 P . �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â â ª®¥ ª®«ìæ® K 2 Xn \ F, çâ® â®¦¤¥áâ¢®
Q1A

2nCDFH = 0 «®¦®   íâ®¬ ª®«ìæ¥. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® â. ª. n 2 P , â® ¬ è¨ 
M,  ç ¢ à ¡®â âì ¢ ª®ä¨£ãà æ¨¨ q12n0, ç¥à¥§ ª®¥ç®¥ ç¨á«® â ªâ®¢ à ¡®âë r ¯¥à¥©¤¥â ¢
§ ª«îç¨â¥«ìãî ª®ä¨£ãà æ¨î q010.

�à¨áâã¯¨¬ ª ¯®áâà®¥¨î ª®«ìæ  K. �ãáâì S| ¬®¦¥áâ¢® á«®¢, ¯®«ãç¥ëå ¨§ á«®¢ ¢¨¤ 
Qi(e1e2e3e; e)A�1B�2C(e)D(e)Ep(e)F k(e)H(e), £¤¥ i 2 f0; 1; : : : ;mg, �1; �2; p; k;2 N, ¯à¨ ¯®¬®é¨
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¯à¥®¡à §®¢ ¨©

f1g A(e)B(e)$ B(e)A(e); f2g C(e)D(e)$ D(e)C(e);

f3g A(e)D(e)$ D(e)A(e); f4g C(e)B(e)$ B(e)C(e);

f5g A(e)E(e) $ E(e)A(e); f6g A(e)F (e) $ F (e)A(e);

f7g A(e)H(e)$ H(e)A(e); f8g F (e)B(e)$ B(e)F (e);

f9g H(e)B(e)$ B(e)H(e); f10g C(e)E(e) $ E(e)C(e);

f11g C(e)F (e)$ F (e)C(e); f12g C(e)H(e)$ H(e)C(e);

f13g D(e)E(e)$ E(e)D(e); f14g D(e)F (e) $ F (e)D(e);

f15g H(e)D(e)$ D(e)H(e); f16g E(e)F (e) $ F (e)E(e);

f17g E(e)H(e)$ H(e)E(e); f18g G(e)F (e)$ F (e)G(e);

f19g E(e)B(e)$ B(e)E(e);

f20g Qi(e1e2e3e; e)F (e)G(e) $ Qi(e1e2e3e; e)K(e);

f21g Qi(e1e2e3e; e)F (e) $ Qi(e1e2e3e; e)K(e)F (e); i 2 f0; 1; : : : ;mg:

�¡®§ ç¨¬ ç¥à¥§ f(w) ¨ g(w) ç¨á«® ¯®¤á«®¢ F (e) ¢ w ¨ ç¨á«® ¯®¤á«®¢ G(e) ¢ w á®®â¢¥âáâ¢¥-
®. �ãáâì t = 2nm1000r. �¡®§ ç¨¬ ¤ «¥¥ ç¥à¥§ S1 ¬®¦¥áâ¢® ¢á¥¢®§¬®¦ëå ¯®¤á«®¢ á«®¢ ¨§
¬®¦¥áâ¢  S, ç¥à¥§ S2 | ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  S1 â ª®¥, çâ® ¤«ï «î¡®£® w ¨§ S2 ¨¬¥¥¬

l(w) �min(f(w); g(w))(l(F (e)) + l(G(e))) � t;

£¤¥ l(x) | ¤«¨  á«®¢  x, ¨,  ª®¥æ, ç¥à¥§ S3 | ¬®¦¥áâ¢® ¢á¥¢®§¬®¦ëå á«®¢ w, ã¤®¢«¥â¢®àï-
îé¨å á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨ï¬: l(w) � t, w =2 S1. �ãáâì T = fw = 0 j w 2 S2 [ S3g. �¡®§ ç¨¬
ç¥à¥§ K ª®«ìæ®, ¯®à®¦¤¥®¥ í«¥¬¥â ¬¨ e, e1, e2, e3, § ¤ ®¥ ¢ ¬®£®®¡à §¨¨ Xn á¨áâ¥¬®©
®¯à¥¤¥«ïîé¨å á®®â®è¥¨© T.

�®ª ¦¥¬, çâ® ª®«ìæ® K ª®¥ç®. �«ï íâ®£® ¢ á¨«ã â®¦¤¥áâ¢  2x = 0 ¤®áâ â®ç® ¯®ª § âì,
çâ® ¯à®¨§¢®«ì®¥ á«®¢® ¢ ª®«ìæ¥ K à ¢® ã«î ¨«¨ à ¢® á«®¢ã, ¤«¨  ª®â®à®£® ¥ ¯à¥¢®áå®¤¨â
p, £¤¥ p | ä¨ªá¨à®¢ ®¥  âãà «ì®¥ ç¨á«®. � á ¬®¬ ¤¥«¥, ¢®§ì¬¥¬ p = t. �®£¤  ¤«ï «î¡®£®
á«®¢  w «¨¡® l(w) � t, «¨¡® w 2 S2, «¨¡® w 2 S3, «¨¡® w 2 S1 n S2. � ¯¥à¢®¬ á«ãç ¥ l(w) � p,
¥á«¨ ¨¬¥¥â ¬¥áâ® ¢â®à®© ¨«¨ âà¥â¨© á«ãç ©, â® w = 0 ¢ á¨«ã á®®â®è¥¨© T. �®íâ®¬ã ã¦®
à áá¬®âà¥âì â®«ìª® á«ãç © w 2 S1 n S2. �ãáâì l(w) � t. �®£¤  ¤®ª §ë¢ âì ¥ç¥£®. �ãáâì â¥¯¥àì
l(w) > t. �«®¢® w á®¤¥à¦¨â ¯®¤á«®¢  ¢¨¤  F (e) ¨ G(e), â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ ¨¬¥«® ¡ë ¬¥áâ®
á®®â®è¥¨¥ w 2 S2. �® ®¯à¥¤¥«¥¨î ¬®¦¥áâ¢  S1, ¨á¯®«ì§ãï â®¦¤¥áâ¢  6), 8), 11), 14), 16)
¨ 18), ¢ á«®¢¥ w ®ç¥¢¨¤ë¬ ®¡à §®¬ ¬®¦® ¢ë¤¥«¨âì ¯®¤á«®¢® ¢¨¤  Qj(e1e2e3e; e)F s(e)Gs(e),
á®¤¥à¦ é¥¥ ¢á¥ ¢å®¦¤¥¨ï ¯®¤á«®¢ F (e) ¨«¨ ¢á¥ ¢å®¦¤¥¨ï ¯®¤á«®¢ G(e) ¢ á«®¢® w. � á¨«ã
â®¦¤¥áâ¢  Qj(x1x2x3x; x)F s(x)Gs(x) = Qj(x1x2x3x; x)K(x), ¢ë¯®«ïîé¥£®áï á®£« á® «¥¬¬¥ 1,
¯®¤á«®¢® Qj(e1e2e3e; e)F s(e)Gs(e) ¢ á«®¢¥ w ¬®¦® § ¬¥¨âì   ¯®¤á«®¢® Qj(e)K(e). �®«ãç¨¬
á«®¢® w1 â ª®¥, çâ®

l(w1) = l(w) + l(K(e)) �minff(w); g(w)g(l(F (e)) + l(G(e))):

� ª ª ª w =2 S2, â® l(w1) < t+ l(K(e)). � ª¨¬ ®¡à §®¬, ¢ ª ç¥áâ¢¥ p ¬®¦® ¢§ïâì t+ l(K(e)).
�â ª, ¬ë ã¡¥¤¨«¨áì, çâ® ª®«ìæ® K ¯à¨ ¤«¥¦¨â ª« ááã Xn \ F. �®ª ¦¥¬, çâ® ª®«ìæ® K ¥

ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã

Q1(x1x2x3x; x)A2n(x)C(x)D(x)F (x)H(x) = 0:

�«ï íâ®£® ¤®áâ â®ç® ¯®ª § âì, çâ® ¢ ª®«ìæ¥ K ¥ ¢ë¯®«ï¥âáï á®®â®è¥¨¥

Q1(e1e2e3e; e)A
2n(e)C(e)D(e)F (e)H(e) = 0: (5)
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�®¯ãáâ¨¬, çâ® ª®«ìæ® K ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î (5). �¡®§ ç¨¬ ç¥à¥§ U1 ¬®¦¥áâ¢® ¬®£®-
ç«¥®¢ f(e) â ª¨å, çâ® f(e) = 0 | á®®â®è¥¨¥ ¢ ª®«ìæ¥ K, ¯®«ãç¥®¥ ¨§ ®¤®£® ¨§ â®¦¤¥áâ¢,
§ ¤ îé¨å ¬®£®®¡à §¨¥ A \Bn, ¯®¤áâ ®¢ª®© ª®ªà¥âëå í«¥¬¥â®¢ ª®«ìæ  FR ¢¬¥áâ® ¯¥à¥-
¬¥ëå, U2 | ¬®¦¥áâ¢® ®¤®ç«¥®¢ w â ª¨å, çâ® w = 0 2 T, U = U1 [ U2. �ãáâì J | ¨¤¥ «,
¯®à®¦¤¥ë© ¢ ª®«ìæ¥ FR ¬®¦¥áâ¢®¬ U . �®£¤  á®®â®è¥¨¥ (5) ¢ë¯®«ï¥âáï ¢ ª®«ìæ¥ K â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ¬®£®ç«¥ ¨§ (5) ¯à¨ ¤«¥¦¨â ¨¤¥ «ã J . �«¥¤®¢ â¥«ì®, ¢ ª®«ìæ¥ FR
¢ë¯®«ï¥âáï à ¢¥áâ¢®

Q1(e1e2e3e; e)A
2n(e)C(e)D(e)F (e)H(e) =

X
i;j

ti1hjti2;

£¤¥ hj 2 U , ti1hjti2 | ¥ª®â®à®¥ ¯à®¨§¢¥¤¥¨¥ ¬®£®ç«¥®¢, ®¤¨¬ ¨§ á®¬®¦¨â¥«¥© ¢ ª®â®à®¬
ï¢«ï¥âáï ¬®£®ç«¥ hj .

�®ª ¦¥¬, çâ® áã¬¬ 
P
i;j

ui1hjui2 ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ f1 + f2, £¤¥ f1 =
P
i;j

vi1hjvi1, ¨ ª ¦¤ë©

®¤®ç«¥ ¬®£®ç«¥  f1 ¨¬¥¥â ¢¨¤ w1(e)w2(e) : : : wn(e) (wi 2 W ), a f2 | ¬®£®ç«¥, ¨ ®¤¨
®¤®ç«¥ ª®â®à®£® ¥ à ¢¥ Qj(e1e2e3e; e)w2(e) : : : wn(e) ¨ ¤«ï ª ª¨å j ¨ wi ¨§ W n fQi : i 2
f0; 1; : : : ;mgg, ¯à¨ç¥¬ ¢ ¬®£®ç«¥¥ f1 ¤«ï ¥ª®â®à®£® j w1 = Qj ¨ ¤«ï «î¡ëå l1, l2 wl1 6= Ql2

¯à¨ ãá«®¢¨¨ l1 > 1. �¤¥« ¥¬ íâ® ¨¤ãªæ¨¥© ¯® ç¨á«ã ®¤®ç«¥®¢ ¢ áã¬¬¥
P
i;j

ui1hjui2.

�®¯ãáâ¨¬, çâ® ç¨á«® d ®¤®ç«¥®¢ ¢ áã¬¬¥
P
i;j

ui1hjui2 à ¢® ã«î. �®£¤  ãâ¢¥à¦¤¥¨¥ ®ç¥-

¢¨¤®. �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï ¥ª®â®à®£® ç¨á«  ®¤®ç«¥®¢ d. �®ª ¦¥¬,
çâ® ®® ¢¥à® ¨ ¤«ï d + 1. �ãáâì ç¨á«® ®¤®ç«¥®¢ ¢ áã¬¬¥

P
i;j

ui1hjui2 ¥ ¡®«ìè¥ d + 1. �®£¤ 
P
i;j

ui1hjui2 =
P

i>1;j
ui1hjui2 + u11h1u12. � ª ª ª ç¨á«® ®¤®ç«¥®¢ ¢ áã¬¬¥

P
i>1;j

ui1hjui2 ¥ ¯à¥¢®á-

å®¤¨â d, â® ¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨ ¨¬¥¥¬
P

i>1;j
ui1hjui2 = f1 + f2. � áá¬®âà¨¬ ¬®£®ç«¥

u11h1u12. � § ¢¨á¨¬®áâ¨ ®â â®£®, ¯®«ãç¥ «¨ ¬®£®ç«¥ h1 ¨§ â®¦¤¥áâ¢  ¬®£®®¡à §¨ï A ¨«¨ ¨§
â®¦¤¥áâ¢  ¬®£®®¡à §¨ï Bn, ¨«¨ ¨§ á®®â®è¥¨ï ¨§ T, á«¥¤ã¥â à áá¬®âà¥âì âà¨ á«ãç ï.

�®¯ãáâ¨¬, çâ® h1 ¯®«ãç¥ ¨§ â®¦¤¥áâ¢  ¬®£®®¡à §¨ï A. �®£¤ 

h1 =
X

wi1(x) : : : wir(x):

�á«¨ x ¥ á®¤¥à¦¨â ®¤®ç«¥  e, â®   «®£¨ç® â®¬ã, ª ª íâ® á¤¥« ® ¢ «¥¬¬¥ 1 ¨§ [9], ¬®¦®
¯®ª § âì, çâ® f2 = u11h1u12. �á«¨ x = e+ x?, â®

f1 = u11
�X

wi1(e) : : : wir (e)
�
u12; f2 = u11

�X
wi1(e; x

?) : : : wir(e; x
?)
�
u12

¢ á«ãç ¥, ª®£¤  u11w(e)u12 = wj1(e) : : : wjp(e), ¨ f1 = 0, f2 = u11h1u12 ¢ ¯à®â¨¢®¬ á«ãç ¥. �«ã-
ç ¨ ¬®£®®¡à §¨ï Bn ¨ ¬®¦¥áâ¢  T à áá¬ âà¨¢ îâáï á®¢¥àè¥®   «®£¨ç®. � ª¨¬ ®¡à §®¬,
áã¬¬ 

P
i;j

ui1hjui2 ¤¥©áâ¢¨â¥«ì® ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ f1 + f2.

�ç¥¢¨¤®, ¨§ à ¢¥áâ¢ 

Qi(e)A
�1(e)B�2(e)C(e)D(e) +Qj(e)A

�1(e)B�2(e)C(e)D(e) = f1 + f2

¢ëâ¥ª ¥â f2 = 0. �«¥¤®¢ â¥«ì®,

Qi(e)A�1(e)B�2(e)C(e)D(e) +Qj(e)A�1(e)B�2(e)C(e)D(e) = f1:

�®¯ãáâ¨¬, çâ® ¢ f1  ©¤¥âáï â ª®© ¬®£®ç«¥ si1hjsi2, çâ® ¤«¨  ¥ª®â®àëå ¥£® ®¤®ç«¥®¢
¥ ¬¥ìè¥ t,   ¤«¨  ®áâ «ìëå ®¤®ç«¥®¢ ¬¥ìè¥ t. �®£¤  ¯®ª ¦¥¬ ¨¤ãªæ¨¥© ¯® ç¨á«ã
®¤®ç«¥®¢ ¢ f1, çâ® ¢ ª®«ìæ¥ FR ¢ë¯®«ï¥âáï à ¢¥áâ¢® ¢¨¤  f = f1, £¤¥ f | ®¤®ç«¥,
¯®«ãç¥ë© ¨§ ®¤®ç«¥ 

Q1(e)A�1(e)B�2(e)C(e)D(e)Ek(e)F k+1(e)H(e)
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¯à¨ ¯®¬®é¨ ¯à¥®¡à §®¢ ¨© f1g{f21g, ¢ ¬®£®ç«¥¥ f1 ¢á¥ ¯®¤¬®£®ç«¥ë ¢¨¤  si1hjsi2 â ª®-
¢ë, çâ® «¨¡® ¢á¥ ¨å ®¤®ç«¥ë ¨¬¥îâ áâ¥¯¥ì ¥ ¬¥ìè¥ t, «¨¡® áâ¥¯¥ì ¬¥ìè¥ t; ¨, ªà®¬¥
â®£®, áãé¥áâ¢ã¥â ¢ëç¨á«¥¨¥   ¬ è¨¥ M ¤«¨ë k, ¯à¨ ¯®¬®é¨ ª®â®à®£® ®  ¯¥à¥å®¤¨â ¨§
ª®ä¨£ãà æ¨¨ q12n0 ¢ ª®ä¨£ãà æ¨î qi�1�2. �®¯ãáâ¨¬, çâ® ç¨á«® ®¤®ç«¥®¢ ¢ f1 à ¢® ¥¤¨-
¨æ¥. �®£¤  ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®. �ãáâì ¤ ®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª § ® ¤«ï ¥ª®â®à®£® ç¨á« 
®¤®ç«¥®¢ l. �®ª ¦¥¬, çâ® ®® ¢¥à® ¨ ¤«ï l + 1. � á ¬®¬ ¤¥«¥, ¯ãáâì ¢ ª®«ìæ¥ FR ¢ë¯®«-
ï¥âáï à ¢¥áâ¢® f =

P
i;j

si1hjsi2, ¨ ç¨á«® ®¤®ç«¥®¢ ¢ áã¬¬¥
P
i;j

si1hjsi2 ¥ ¯à¥¢®áå®¤¨â l + 1.

�®£¤  ¢ á¨«ã á¢®¡®¤ë ª®«ìæ  FR ¯®«ãç ¥¬, çâ®  ©¤¥âáï â ª®© ¬®£®ç«¥ si1hjsi2, çâ® f |
®¤®ç«¥ ¤ ®£® ¬®£®ç«¥ . �ãáâì,  ¯à¨¬¥à, íâ® s11h1s12. �¡®§ ç¨¬ ®¤®ç«¥ë ¬®£®ç«¥ 
h1 ç¥à¥§ h11 ¨ h12. �ãáâì f = s11h11s12. �«¥¤ã¥â à áá¬®âà¥âì ¥áª®«ìª® á«ãç ¥¢ ¢ § ¢¨á¨¬®áâ¨
®â â®£®, ª ª®¬ã â®¦¤¥áâ¢ã á®®â¢¥âáâ¢ã¥â ¬®£®ç«¥ h1. �®¯ãáâ¨¬, çâ® ¬®£®ç«¥ h1 á®®â¢¥â-
áâ¢ã¥â â®¦¤¥áâ¢ã ¬®£®®¡à §¨ï Bn. �®£¤  ®ç¥¢¨¤®, çâ® s11h12s12 | ®¤®ç«¥ â®£® ¦¥ ¢¨¤ , çâ®
¨ f . �®íâ®¬ã ª à ¢¥áâ¢ã s11h12s12 =

P
i>1;j

si1hjsi2 ¬®¦® ¯à¨¬¥¨âì ¯à¥¤¯®«®¦¥¨¥ ¨¤ãªæ¨¨.

�áâ «ìë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï   «®£¨ç®.
� ¬¥â¨¬, çâ® ¥á«¨ áâ¥¯¥¨ ®¤®ç«¥®¢ ¢ ¬®£®ç«¥¥ si1hjsi2 ¬¥ìè¥ t, â® ç¨á«® ®¤®ç«¥®¢ ¢

¯à ¢®© ç áâ¨ à ¢¥áâ¢  f =
P
i;j

si1hjsi2 ç¥â®,   ¢ «¥¢®© ¥ç¥â®, çâ® ¥¢®§¬®¦® ¢ á¨«ã á¢®¡®¤ë

ª®«ìæ  FR. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® ¤«¨  f ¥ ¬¥ìè¥ t. � ª ª ª n 2 P , â® ¥
¬®¦¥â ¡ëâì ¢ëç¨á«¥¨ï ¬¥¦¤ã ª®ä¨£ãà æ¨ï¬¨ q12n0 ¨ qi�1�2 ¤«¨¥¥, ç¥¬ r. �«¥¤®¢ â¥«ì®,
�1 < 2n + r + 1, �2 < r + 1, k < r + 1. � ¬¥â¨¬, çâ® ¤«¨  á«®¢  w(e), £¤¥ w(x) 2 W , ¥
¯à¥¢®áå®¤¨â 60 +m. �âáî¤  ¢ëâ¥ª ¥â, çâ® ¤«¨  á«®¢  f ¬¥ìè¥, ç¥¬ (60 +m)(2n + 4r + 10) =
600 + 10m + 240r + 4mr + 60 � 2n + 2nm. � ¤àã£®© áâ®à®ë, ¤«¨  á«®¢  f ¥ ¬¥ìè¥, ç¥¬ t.
�®íâ®¬ã t = 2mn � 1000r � 600 + 10m+ 240r + 4mr + 60 � 2n + 2nm, çâ® ¥¢®§¬®¦®. �®«ãç¥®¥
¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® â®¦¤¥áâ¢®

Q1(x1x2x3x; x)A
2n(x)C(x)D(x)F (x)H(x) = 0

«®¦®   ª®«ìæ¥ K. � ª¨¬ ®¡à §®¬,

Xn \ F � Q1(x1x2x3x; x)A
2n(x)C(x)D(x)F (x)H(x) = 0 , n =2 P:

�âáî¤  ¢ á¨«ã ¥à¥ªãàá¨¢®áâ¨ P ¢ëâ¥ª ¥â, çâ® ¥ áãé¥áâ¢ã¥â  «£®à¨â¬ , ®¯à¥¤¥«ïîé¥£® ¯®
¯à®¨§¢®«ì®¬ã ¬®£®®¡à §¨î Xn, ¢ë¯®«ï¥âáï «¨ ¢ ª« áá¥ Xn\F â®¦¤¥áâ¢® (x1x2)(x3x4)=0: �

� § ª«îç¥¨¥  ¢â®à å®â¥« ¡ë ¢ëà §¨âì ¡« £®¤ à®áâì ¯à®ä¥áá®àã �.�.�¥¢à¨ã §  ¯®-
«¥§ë¥ ®¡áã¦¤¥¨ï, ¢¥áì¬  á¯®á®¡áâ¢®¢ ¢è¨¥ ã«ãçè¥¨î ¨§«®¦¥¨ï â¥ªáâ , ¨ ¯à®ä¥áá®àã
�.�.� ¦¥¨ã §  ¯®áâ®ï®¥ ¢¨¬ ¨¥ ª à ¡®â¥.
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