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�¢®©áâ¢¥ ï â¥®à¨ï ®á é¥ëå ¯®¤¬®£®®¡à §¨©, ¢«®¦¥ëå ¢ n-¬¥à®¥ ¯à®áâà áâ¢®
¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n (¢ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® Pn), à §à ¡®â   ¤®áâ â®ç® ¯®«®
(á¬.,  ¯à., [1]). �® ¤®  áâ®ïé¥£® ¢à¥¬¥¨ ¢®¯à®áë ¨§ãç¥¨ï ¤¢®©áâ¢¥®© £¥®¬¥âà¨¨ ®á -
é¥ëå ¯®¤¬®£®®¡à §¨©, ¯®£àã¦¥ëå ¢ ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ An;n ( ää¨®¥
¯à®áâà áâ¢® An), ¬ â¥¬ â¨ª ¬¨ ¥ áâ ¢¨«¨áì ¨ ¥ à áá¬ âà¨¢ «¨áì.

�«¥¤ã¥â â ª¦¥ ®â¬¥â¨âì, çâ® ¢ ¯®á«¥¤¥¥ ¢à¥¬ï § ¬¥â® ®¦¨¢¨«¨áì ¨áá«¥¤®¢ ¨ï £¥®¬¥âà¨¨
®á é¥ëå ¯®¤¬®£®®¡à §¨©, ¯®£àã¦¥ëå ¢ ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨
Kn;n ( ¯à., [2]{[4]), ® ¢ ¬ â¥¬ â¨ç¥áª®© «¨â¥à âãà¥ ®âáãâáâ¢®¢ «¨ ¨áá«¥¤®¢ ¨ï ¯à®áâà áâ¢ 
 ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ ¨ £¥®¬¥âà¨¨ ¯®¤¬®£®®¡à §¨©, ¯®£àã¦¥ëå ¢ íâ® ¯à®áâà -
áâ¢®.

�¥«ìî ¤ ®© à ¡®âë ¨ ï¢«ï¥âáï ¯®«®¦¨âì  ç «® ¢®á¯®«¥¨î ãª § ëå ¢ëè¥ ¯à®¡¥«®¢
¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ®¡®¡é¥ëå ¯à®áâà áâ¢.

�  ¯à®âï¦¥¨¨ ¢á¥£® ¨§«®¦¥¨ï ¨¤¥ªáë ¯à®¡¥£ îâ á«¥¤ãîé¨¥ § ç¥¨ï:

i; j; k; l; s; t = 1; n; i; j; k; l; s; t = 0; n; a = 1; 2:

1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï

�ãáâì § ¤ ® ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ An;n á¨áâ¥¬®© n(n + 1) ä®à¬ �ä ää 
f�i; �ijg, ¯®¤ç¨¥ëå áâàãªâãàë¬ ãà ¢¥¨ï¬ [5]

D�i = �k ^ �ik +
1
2
rist�

s ^ �t; D�ij = �kj ^ �ik +
1
2
rijst�

s ^ �t; (1)

£¤¥
ri(st) = 0; rij(st) = 0; �1 ^ �2 ^ � � � ^ �n 6= 0;

¯à¨ íâ®¬ n ¥§ ¢¨á¨¬ëå ¯¥à¢ëå ¨â¥£à «®¢ ¢¯®«¥ ¨â¥£à¨àã¥¬®© á¨áâ¥¬ë �i = 0 ï¢«ïîâáï «®-
ª «ìë¬¨ ª®®à¤¨ â ¬¨ â®çª¨ A(u) ¡ §ë Bn. � ª ¦¤®© â®çª®© A(u) 2 Bn á¢ï§ë¢ ¥âáï «®ª «ì-
®¥ æ¥âà® ää¨®¥ ¯à®áâà áâ¢® An (á«®©), ®â¥á¥®¥ ª à¥¯¥àã R = fA0(u); ~e1(u); : : : ; ~en(u)g,
¢¥àè¨  A0(u) ª®â®à®£® ãá«®¢® ®â®¦¤¥áâ¢«ï¥âáï á â®çª®© A(u) ¡ §ë Bn. �®à¬ë �i, �ij ¨¢ -
à¨ âë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâ £« ¢ãî ç áâì ¨ä¨¨â¥§¨¬ «ì®£®  ää¨®£® ®â®¡à ¦¥¨ï
á®á¥¤¥£® «®ª «ì®£® ¯à®áâà áâ¢  An(u+ du) (á«®ï)   ¨áå®¤®¥ An(u) ¯à¨ ¯®¬®é¨ ®â®¡à ¦¥-
¨ï à¥¯¥à®¢:

~A(u+ du)! ~A(u; du) �= ~A(u) + d~A(u) �= ~A(u) + �k~ek(u);

~ei(u+ du)! ~ei(u) + d~ei(u) �= ~ei(u) + �ki ~ek(u):

� ãà ¢¥¨ïå (1) ª ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© fristg, fr
i
jstg ¯à¥¤áâ ¢«ï¥â á®¡®© â¥§®à | á®-

®â¢¥âáâ¢¥® â¥§®à ªàãç¥¨ï ¨ â¥§®à ªà¨¢¨§ë ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n.
�§¢¥áâ® [6], [7]: ¤«ï â®£® çâ®¡ë ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ An;n ¡ë«®  ää¨ë¬

(«®ª «ì®), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ®® ®¡« ¤ «® ã«¥¢®© ªà¨¢¨§®© (rijst � 0) ¨ ã«¥-
¢ë¬ ªàãç¥¨¥¬ (rist � 0).
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2. �¢®©áâ¢¥ë¥ ¯à®áâà áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨

�®§ì¬¥¬ á¨áâ¥¬ã ¨§ (n+ 1)2 ¯ä ää®¢ëå ä®à¬ f!i

j
g, £¤¥

!i
0 = �i; !0

0 = �
1

n+ 1
�kk ; !i

j = �ij �
1

n+ 1
�ij�

k
k ; !0

j = 0; (2)

ä®à¬ë íâ®© á¨áâ¥¬ë ¢ á¨«ã (1) ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬ ¯à®áâà áâ¢  ¯à®¥ª-
â¨¢®© á¢ï§®áâ¨ Pn;n ([8], á. 9)

D!i

j
= !k

j
^ !i

k
+
1
2
Ri

jst
!s

0 ^ !t
0; !k

k
= 0; Ri

j(st)
= 0; (3)

£¤¥ â¥§®à ªà¨¢¨§ë-ªàãç¥¨ï Ri

jst
¯à®áâà áâ¢  Pn;n ¨¬¥¥â áâà®¥¨¥

Ri
0st = rist; R0

0st = �
1

n+ 1
rkkst; R0

jst = 0; Ri
jst = rijst �

1
n+ 1

�ijr
k
kst: (4)

�®ª §  

�¥®à¥¬  1. � ¯à®áâà áâ¢®¬  ää¨®© á¢ï§®áâ¨ An;n  áá®æ¨¨àã¥âáï ¯à®áâà áâ¢® ¯à®-

¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n, ®¯à¥¤¥«ï¥¬®¥ á¨áâ¥¬®© ¯ä ää®¢ëå ä®à¬ !i

j
(á¬. (2)); â¥§®à ªà¨¢¨§ë-

ªàãç¥¨ï ¯à®áâà áâ¢  Pn;n ¨¬¥¥â áâà®¥¨¥ (4).

�«¥¤áâ¢¨¥ 1. �¥§®àë ªàãç¥¨ï rist ¨ Ri
0st ¯à®áâà áâ¢ An;n ¨ Pn;n á®¢¯ ¤ îâ.

�«¥¤áâ¢¨¥ 2. �à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n ¢ëà®¦¤ ¥âáï ¢ ¯à®¥ªâ¨¢®¥ ¯à®-
áâà áâ¢® Pn (Ri

jst
� 0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨áå®¤®¥ ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨

An;n ï¢«ï¥âáï  ää¨ë¬ An.

�«¥¤ãï à ¡®â¥ ([6], á. 210), ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n, ¨¤ãæ¨àã¥¬®¥ ¯à®-
áâà áâ¢®¬  ää¨®© á¢ï§®áâ¨ An;n,  §®¢¥¬ ®à¬ «¨§®¢ ë¬, ¥á«¨ ¢ ¥¬ § ¤ ® ¯®«¥ £¨-
¯¥à¯«®áª®áâ¥© c0kx

k � x0 = 0, ®¯à¥¤¥«ï¥¬®¥ ¯®«¥¬ ª®¢¥ªâ®à  c0
i
(c00 = �1):

dc0i + c0i!
0
0 � c0k!

k
i + !0

i (� 0) = c0ij!
j
0: (5)

� á¨«ã (2), (5) ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢  Pn;n à ¢®á¨«ì  ®à¬ «¨§ æ¨¨ á®®â¢¥âáâ¢ãî-
é¥£® ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n â¥¬ ¦¥ ¯®«¥¬ ª®¢¥ªâ®à  c0

i
(c00 = �1):

dc0i � c0j�
j
i = c0ij�

j; (6)

¯®«¥ ª®¢¥ªâ®à  c0
i
¢ ¯à®áâà áâ¢¥ An;n ®¯à¥¤¥«ï¥â ¯®«¥ ®à¬ «¨§ãîé¨å £¨¯¥à¯«®áª®áâ¥©

c0kX
k � 1 = 0, £¤¥ Xk = xk

x0
| ¥®¤®à®¤ë¥ ª®®à¤¨ âë â®ç¥ª ®à¬ «¨§ãîé¥© £¨¯¥à¯«®áª®-

áâ¨ ®â®á¨â¥«ì® à¥¯¥à  R = fA0; ~ekg.
�à®¤®«¦¥¨¥ ãà ¢¥¨© (5) á ¨á¯®«ì§®¢ ¨¥¬ (2), (3) ¯à¨¢®¤¨â ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢-

¥¨ï¬

rc0ij + c0ij!
0
0 = c0ijk!

k
0 ; (7)

£¤¥

2c0i[jk] = c0sR
s
ijk � c0iR

0
0jk + c0isR

s
0jk: (8)

�ã¤¥¬ áç¨â âì, çâ® ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢  Pn;n (  á«¥¤®¢ â¥«ì®, ¨ ¯à®áâà áâ¢  An;n)
ï¢«ï¥âáï ¥¢ëà®¦¤¥ë¬; íâ® à ¢®á¨«ì® â®¬ã, çâ® â¥§®à

a0
ij

def= c0ij � c0i c
0
j ; ra0

ij + a0
ij!

0
0 = a0

ijk!
k
0 ; (9)
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¥¢ëà®¦¤¥: b def= ja0
ij j 6= 0. �â¬¥â¨¬, çâ® ¢ ãà ¢¥¨ïå (9) á ãç¥â®¬ (8) á¯à ¢¥¤«¨¢®

2a0
i[jk] = c0sR

s
ijk � c0iR

0
0jk + c0isR

s
0jk � 2c0i a

0
[jk] + 2a0

i[jc
0
k]: (10)

�®à¬ «¨§ æ¨î ¯à®áâà áâ¢  Pn;n á ¯®«¥¬ á¨¬¬¥âà¨ç®£® â¥§®à  a0
ij ¯®   «®£¨¨ á ®à¬ «¨§®-

¢ ë¬ �n (á¬. [6])  §®¢¥¬ £ à¬®¨ç¥áª®©.
�à®¤®«¦ ï ãà ¢¥¨ï (9), ¯®«ãç¨¬

ra0
ijk + 2a0

ijk!
0
0 = a0

ijks!
s
0;

2a0
ij[ks] = a0

ilR
l
jks + a0

ljR
l
iks � 2a0

ijR
0
0ks + a0

ijlR
l
0ks:

(11)

�ãé¥áâ¢ã¥â ¯®«¥ ¢§ ¨¬®£® â¥§®à  a
jk
0 , ª®¬¯®¥âë ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨§ á®®â®è¥¨©

a0
ika

kj
0 = a0

kia
jk
0 = �

j
i (12)

¨ ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

ra
ij
0 � a

ij
0 !

0
0 = �aik0 a

sj
0 a0

ksl!
l
0: (13)

�ãªæ¨ï b ¥áâì ®â®á¨â¥«ìë© ¨¢ à¨ â ¨ ¢ á¨«ã (3), (7), (9), (10) ã¤®¢«¥â¢®àï¥â ¤¨ää¥-
à¥æ¨ «ì®¬ã ãà ¢¥¨î

d ln b+ 2(n+ 1)!0
0 = bk!

k
0 ; bk = a

ji
0 a

0
ijk: (14)

�à®¤®«¦ ï ¯®á«¥¤¥¥ ãà ¢¥¨¥, ¨¬¥¥¬

rbk + bk!
0
0 = bks!

s
0; (15)

£¤¥

2b[ks] = �2(n+ 1)R0
0ks + blR

l
0ks: (16)

�«¥¤ãï à ¡®â¥ [1], ¢®§ì¬¥¬ á¨áâ¥¬ã ä®à¬ f!i

j
g:

!i
0 = !i

0; !0
0 = !0

0 +
�
2c0k �

1
n+ 1

bk

�
!k

0 ;

!i
j = !i

j +
�
ais0 (a

0
sjk � c0sa

0
kj)�

�
�ikc

0
j + �ij

1
n+ 1

bk

��
!k

0 ; (17)

!0
i = !0

i (� 0) + [�3c0i c
0
k + asl0 c

0
s(a

0
lik � cla

0
ki)� 2a0

[ik]]!
k
0 :

� á¨«ã á®®â®è¥¨© (3), (5), (9){(16) ä®à¬ë á¨áâ¥¬ë (17) ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢-
¥¨ï¬ � àâ  {� ¯â¥¢  [9], [10]

D!i

j
= !k

j
^ !i

k
+
1
2
R

i

jst!
s
0 ^ !t

0; !k

k
= 0: (18)

�«¥¤®¢ â¥«ì®, !i

j
ï¢«ïîâáï áâàãªâãàë¬¨ ä®à¬ ¬¨ ¯à®áâà áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨

Pn;n, ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë-ªàãç¥¨ï R
i

jst ª®â®à®£® ¨¬¥îâ á«¥¤ãîé¥¥ áâà®¥¨¥:

R
i

0st = aik0 (c
0
kR

0
0st � c0lR

l
kst � c0kc

0
lR

l
0st); R

0

0st = �R0
0st + c0k(R

k
0st +R

k

0st); (19)

R
i

jst = �c0jR
i

0st � aik0 a
0
lj(R

l
kst + c0kR

l
0st); R

0

jst = c0kR
k

jst + a0
kjR

k
0st + c0j(R

0
0st � c0kR

k
0st):

�§ ¢ëà ¦¥¨© (19) á«¥¤ã¥â, çâ® ¥á«¨ Pn;n � Pn (â. ¥. Ri

jst
� 0), â® ¢ á¨«ã R

i

jst � 0 ¨¬¥¥¬

Pn;n � Pn; á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥. �à¨ íâ®¬ ®¡à §ãîé¨¬ í«¥¬¥â®¬ â £¥æ¨ «ì®£® ¯à®¥ª-
â¨¢®£® ¯à®áâà áâ¢  Pn ï¢«ï¥âáï ®à¬ «¨§ãîé ï £¨¯¥à¯«®áª®áâì.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  2. �¥¢ëà®¦¤¥ ï ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n

(b = ja0
ij j 6= 0) ¨¤ãæ¨àã¥â â £¥æ¨ «ì®¥ ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n, ®¯à¥-

¤¥«ï¥¬®¥ á¨áâ¥¬®© áâàãªâãàëå ä®à¬ f!i

j
g (á¬. (17)); ¯à¨ íâ®¬ ¯à®áâà áâ¢  Pn;n ¨ Pn;n

¬®£ãâ ¡ëâì ¯à®¥ªâ¨¢ë¬¨ «¨èì ®¤®¢à¥¬¥®.

�®£« á® (5), (17) ¯®«¥ ª®¢¥ªâ®à  c0
i
(c00 = �1) ®¯à¥¤¥«¥® ¨ ¢ ¯à®áâà áâ¢¥ Pn;n

dc0i + c0i!
0
0 � c0j!

j
i + !0

i = cij!
j
0; cij = c0ji; (20)

¢ á¨«ã (9), (20)

a0
ij = a0

ji: (21)

�§ á®®â®è¥¨© (21) ¢ á¨«ã ja0
ij j 6= 0 á«¥¤ã¥â, çâ® ¯à®áâà áâ¢® Pn;n, ª ª ¨ Pn;n, ®à¬ «¨-

§®¢ ® ¥¢ëà®¦¤¥ë¬ ®¡à §®¬, ¯à¨ç¥¬ £ à¬®¨ç®áâì ®à¬ «¨§ æ¨¨ ®¤®£® ¨§ ¨å ¢«¥ç¥â
£ à¬®¨ç®áâì ®à¬ «¨§ æ¨¨ ¤àã£®£®.

�®£« á® (17), (21) ¨§ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (9) â¥§®à  a0
ij  å®¤¨¬

ra0
ij + a0

ij!
0
0 = a0

ijk!
k
0 ;

£¤¥

a0
ijk = �a0

lia
ls
0 a

0
sjk + a0

lia
ls
0 a

0
kjc

0
s + 4a0

jic
0
k + 2a0

kic
0
j + a0

jkc
0
i : (22)

� á¨«ã á®®â®è¥¨© (12), (14), (21), (22) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

bk = �bk + 4(n+ 1)c0k: (23)

�¥¯¥àì á®£« á® á®®â®è¥¨ï¬ (21){(23) ®ç¥¢¨¤®, çâ® ¯à¥®¡à §®¢ ¨¥ J : !i

j
! !i

j
áâàãª-

âãàëå ä®à¬ ¯à®áâà áâ¢  Pn;n ¯® § ª®ã (17) ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬, â. ¥. J � J�1, â. ª.

!i
0 = !i

0; !0
0 = !0

0 +
�
2c0k �

1
n+ 1

bk

�
!k

0 ;

!i
j = !i

j +
�
ais0 (a

0
sjk � c0sa

0
kj)�

�
�ikc

0
j + �ij

1
n+ 1

bk

��
!k

0 ; (24)

!0
i (� 0) = !0

i + [�3c0i c
0
k + asl0 c

0
s(a

0
lik � c0l a

0
ki)� 2a0

[ik]]!
k
0:

�¬¥ï ¢ ¢¨¤ã ¨¢®«îâ¨¢®áâì ¯à¥®¡à §®¢ ¨ï J ä®à¬ á¢ï§®áâ¨ (áà. (17) á (24)), ¡ã¤¥¬ £®-
¢®à¨âì [5], çâ® ®à¬ «¨§®¢ ë¥ ¯à®áâà áâ¢  Pn;n ¨ Pn;n ¤¢®©áâ¢¥ë ¯® ®â®è¥¨î ¤àã£ ª
¤àã£ã. �®ª §  

�¥®à¥¬  3. �¤ãæ¨àã¥¬®¥ ¯à¨ ¥¢ëà®¦¤¥®© ®à¬ «¨§ æ¨¨ ¯à®áâà áâ¢   ää¨®© á¢ï§-

®áâ¨ An;n ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n ï¢«ï¥âáï ¤¢®©áâ¢¥ë¬ ¯® ®â®è¥¨î

ª ¯à®áâà áâ¢ã Pn;n ®â®á¨â¥«ì® ¨¢®«îâ¨¢®£® ¯à¥®¡à §®¢ ¨ï ä®à¬ á¢ï§®áâ¨ íâ¨å ¯à®-

áâà áâ¢ ¯® § ª®ã (17).

3. �¢®©áâ¢¥ë¥ ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨

�®§ì¬¥¬ ¤¢¥ á¨áâ¥¬ë ¯ä ää®¢ëå ä®à¬:

1

�ij
def= !i

j � �ij!
0
0 + �ijc

0
k!

k
0 + c0j!

i
0;

2

�ij
def= !i

j � �ij!
0
0 + �ijc

0
k!

k
0 + c0j!

i
0; (25)

á®£« á® ãà ¢¥¨ï¬ (3), (5), (18), (20) ª ¦¤ ï ¨§ ¤¢ãå á¨áâ¥¬ ä®à¬ f�i;
a

�ijg, a = 1; 2, ã¤®¢«¥-
â¢®àï¥â áâàãªâãàë¬ ãà ¢¥¨ï¬ � àâ  {� ¯â¥¢ 

D�i = �k ^
a

�ik +
1
2
a
rist�

s ^ �t; D
a

�ij =
a

�kj ^
a

�ik +
1
2
a
rijst�

s ^ �t; (26)

74



¢ (26) â¥§®àë
a
rist ¨

a
rijst ¨¬¥îâ áâà®¥¨¥

1
rist = Ri

0st;
1
rijst = Ri

jst � �ij(R
0
0st + 2a0

[st] � c0kR
k
0st) + 2a0

j[s�
i
t] + c0jR

i
0st;

2
rist = R

i

0st;
2
rijst = R

i

jst � �ij(R
0

0st + 2a0
[st] � c0kR

k

0st) + 2a0
j[s�

i
t] + c0jR

i

0st:
(27)

� ª¨¬ ®¡à §®¬, ª ¦¤ ï ¨§ á¨áâ¥¬ ä®à¬ f�i;
a

�ijg ®¯à¥¤¥«ï¥â ¯à®áâà áâ¢® á äã¤ ¬¥â «ì®-
£àã¯¯®¢®©  ää¨®© á¢ï§®áâìî. �â¨ ¯à®áâà áâ¢   §®¢¥¬ á®®â¢¥âáâ¢¥® ¯¥à¢ë¬ ¨ ¢â®àë¬

¯à®áâà áâ¢ ¬¨  ää¨®© á¢ï§®áâ¨
1

An;n ¨
2

An;n, ¨¤ãæ¨à®¢ ë¬¨ ¥¢ëà®¦¤¥®© ®à¬ «¨-
§ æ¨¥© ¤ ®£® ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n; ¯à¨ íâ®¬ â¥§®à ªàãç¥¨ï

a
rist ¯à®áâà -

áâ¢ 
a

An;n á®¢¯ ¤ ¥â á â¥§®à®¬ ªàãç¥¨ï á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨
Pn;n ¨«¨ Pn;n.

� á¨«ã ¤¢®©áâ¢¥®áâ¨ ®à¬ «¨§®¢ ëå ¯à®áâà áâ¢ Pn;n ¨ Pn;n á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¯à®-

áâà áâ¢ 
1

An;n ¨
2

An;n â ª¦¥ ï¢«ïîâáï ¤¢®©áâ¢¥ë¬¨ ®â®á¨â¥«ì® ¨¢®«îâ¨¢®£® ¯à¥®¡à §®-
¢ ¨ï J .

� ¨á¯®«ì§®¢ ¨¥¬ á®®â®è¥¨© (4), (19), (21), (27) ª®¬¯®¥âë â¥§®à®¢ ªàãç¥¨ï
a
rist ¨ ªà¨-

¢¨§ë
a
rijst (á¬. (27)) ¯à®áâà áâ¢

a

An;n ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

1
rist = rist;

1
rijst = rijst � �ij(2a

0
[st] � c0kr

k
st) + 2a0

j[s�
i
t] + c0jr

i
st; (28)

2
rist = �aik0 c

0
l (r

l
kst + c0kr

l
st);

2
rijst = �[aik0 a

0
lj(r

l
kst + c0kr

l
st) +

1
rijst � rijst � c0jr

i
st]: (29)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �à¨ ¥¢ëà®¦¤¥®© ®à¬ «¨§ æ¨¨ ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n

¨¤ãæ¨àãîâáï ¤¢  ¤¢®©áâ¢¥ëå ¬¥¦¤ã á®¡®© ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨
1

An;n ¨
2

An;n,

á«®¥¢ë¥ ä®à¬ë ª®â®àëå ¨¬¥îâ áâà®¥¨¥ (25); ¯à¨ íâ®¬ â¥§®àë ªà¨¢¨§ë
a
rist ¨ ªàãç¥¨ï

a
rijst

íâ¨å ¯à®áâà áâ¢ ¨¬¥îâ ¢¨¤ (28), (29).

�«¥¤áâ¢¨¥. �á«¨ An;n � An (â. ¥. rist = rijst � 0), â® ¯à®áâà áâ¢ 
1

An;n ¨
2

An;n ¡¥§ ªàãç¥¨ï ¨
ª®¬¯®¥âë â¥§®à®¢ ªà¨¢¨§ë ¨å ¨¬¥îâ áâà®¥¨ï

1
rijst = �

2
rijst = 2(a0

j[s�
i
t] � �ija

0
[st]):

� ¬¥ç ¨¥ 1. � ãá«®¢¨ïå ¤ ®£® á«¥¤áâ¢¨ï  «ìâ¥à¨à®¢ ë¥ â¥§®àë �¨çç¨
a
r[st] ¯à®-

áâà áâ¢
a

An;n ¨¬¥îâ ¢¨¤
1
r[st] = �

2
r[st] = (n+ 1)a0

[st];

á«¥¤®¢ â¥«ì®, ãá«®¢¨¥¬ íª¢¨ ää¨®áâ¨ ª ª ¯¥à¢®£®
1

An;n, â ª ¨ ¢â®à®£®
2

An;n ¯à®áâà áâ¢ 
ï¢«ï¥âáï £ à¬®¨ç®áâì ®à¬ «¨§ æ¨¨ ¨áå®¤®£®  ää¨®£® ¯à®áâà áâ¢  An.

�§ á®®â®è¥¨© (17), (25)  å®¤¨¬

1

�ij = !i
j � �ij!

0
0 + �ijc

0
k!

k
0 + c0j!

i
0;

2

�ij =
1

�ij + ail0 (a
0
ljk � c0l a

0
kj)!

k
0 � c0j!

i
0 � 2�ijc

0
k!

k
0 : (30)

� á¨«ã á®®â®è¥¨© (30) ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (9) â¥§®à  a0
ij § ¯¨èãâáï ¢ ¢¨¤¥

da0
ij � a0

ik

2

�kj � a0
kj

1

�ki = 0:

�§ ¯®á«¥¤¥£® ¢ëâ¥ª ¥â
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�¥®à¥¬  5. �¢®©áâ¢¥ë¥  ää¨ë¥ á¢ï§®áâ¨ ¯à®áâà áâ¢
a

An;n, ¨¤ãæ¨àã¥¬ëå ¥¢ëà®-

¦¤¥®© ®à¬ «¨§ æ¨¥© ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;n, ï¢«ïîâáï ®¡®¡é¥® á®¯àï-

¦¥ë¬¨ ([6], á. 214) ®â®á¨â¥«ì® ¯®«ï â¥§®à  a0
ij .

�«¥¤áâ¢¨¥. �ää¨ ï á¢ï§®áâì, ï¢«ïîé ïáï áà¥¤¥© ([6], á. 129) ¯® ®â®è¥¨î ª á¢ï§-

®áâï¬ ¯à®áâà áâ¢
1

An;n ¨
2

An;n, ¨¤ãæ¨àã¥¬ëå ¥¢ëà®¦¤¥®© £ à¬®¨ç¥áª®© ®à¬ «¨§ æ¨¥©
 ää¨®£® ¯à®áâà áâ¢  An, ï¢«ï¥âáï à¨¬ ®¢®© á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥§®à  a0

ij .

�¯à ¢¥¤«¨¢®áâì íâ®£® á«¥¤áâ¢¨ï ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 5 á ãç¥â®¬ § ¬¥ç -
¨ï 1.

4. �à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨

�®£« á® [9], ¯à®áâà áâ¢®¬ ¯à®¥ªâ¨¢®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Kn;n  §ë¢ ¥âáï ¯à®áâà -
áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n, ®¡« ¤ îé¥¥ ¨¢ à¨ âë¬ ¯®«¥¬ «®ª «ìëå £¨¯¥àª¢ ¤à¨ª
Qn�1 («®ª «ìëå  ¡á®«îâ®¢). �à¨â¥à¨¥¬ â®£®, çâ® Pn;n ¥áâì ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®-¬¥âà¨ç¥áª®©
á¢ï§®áâ¨ Kn;n á ¯®«¥¬ «®ª «ìëå  ¡á®«îâ®¢

aijx
ixj +

1
c
(gi0xi + cx0)2 = 0; aij = aji; gi0 = g0i; c = const 6= 0; (31)

®â«¨çëå ®â á¤¢®¥ëå £¨¯¥à¯«®áª®áâ¥©, ï¢«ï¥âáï ¢ë¯®«¥¨¥ ãà ¢¥¨© [2]

dgi0 � gk0!
k
i � c!0

i = aik!
k
0 ;

daij � aik!
k
j � akj!

k
i =�

1
c
(aikgj0 + ajkgi0)!k

0 ;
(32)

¯à¨ íâ®¬ ä®à¬ 

!0
0 = �

1
c
gk0!

k
0 (33)

ï¢«ï¥âáï £« ¢®©.
� «¨ç¨¥ ¨¢ à¨ â®£® ¯®«ï «®ª «ìëå £¨¯¥àª¢ ¤à¨ª (31) ¯à¨¢®¤¨â [2] ª ª®¥çë¬ á®®â-

®è¥¨ï¬ ¤«ï ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë-ªàãç¥¨ï ¯à®áâà áâ¢  Kn;n

R0
0st +

1
c
gk0R

k
0st = 0; gk0R

k
ist + aikR

k
0st + cR0

ist = 0;

aikR
k
jst + akjR

k
ist �

1
c
(aikgj0 + ajkgi0)Rk

0st = 0;
(34)

®¤®¢à¥¬¥®¥ ¢ë¯®«¥¨¥ íâ¨å á®®â®è¥¨© ¥áâì ãá«®¢¨¥ ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ ®¡ê¥¤¨¥-
®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (32), (33).

�¯à¥¤¥«¥¨¥. �á«¨ ¯à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ Pn;n,  áá®æ¨¨à®¢ ®¥ á ¨áå®¤-
ë¬ ¯à®áâà áâ¢®¬  ää¨®© á¢ï§®áâ¨ An;n ¯® áå¥¬¥ (2), ï¢«ï¥âáï ¯à®áâà áâ¢®¬ ¯à®¥ªâ¨¢®-
¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Kn;n, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® An;n ¥áâì ¯à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®©
á¢ï§®áâ¨.

�¨¦¥ ¯à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ ®¡®§ ç¨¬ ç¥à¥§ Mn;n.
� ¥®¤®à®¤ëå ª®®à¤¨ â å Xi = xi : x0 ãà ¢¥¨¥ «®ª «ì®£®  ¡á®«îâ  Qn�1 ¯à®áâà áâ¢ 

Mn;n á®£« á® (31) ¨¬¥¥â ¢¨¤

aijX
iXj +

1
c
(gi0X

i + c)2 = 0; (35)
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¢ á¨«ã (2), (32), (33) äãªæ¨¨ aij , gi0 ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

dgi0 � gk0�
k
i =

�
aik �

1
c
gi0gk0

�
�k;

daij � aik�
k
j � akj�

k
i = �

1
c
(aikgj0 + ajkgi0 + 2aijgk0)�

k:

(36)

�®£« á® (4), (34) ª®¬¯®¥âë â¥§®à®¢ ªà¨¢¨§ë rijst ¨ ªàãç¥¨ï rist ¯à®áâà áâ¢  Mn;n

ã¤®¢«¥â¢®àïîâ ª®¥çë¬ á®®â®è¥¨ï¬

1
n+ 1

rkkst =
1
c
gk0r

k
st; gk0r

k
ist + aikr

k
st =

1
n+ 1

gi0r
k
kst;

aikr
k
jst + akjr

k
ist =

2
n+ 1

aijr
k
kst +

1
c
(aikgj0 + ajkgi0)r

k
st:

(37)

� ¬¥ç ¨¥ 2. �®£« á® ãà ¢¥¨ï¬ (35), (36) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥: 1) ®¡à é¥¨¥ ¢ ã«ì
â¥§®à  gi0 ¯à¨¢®¤¨â ª c = 0, â®£¤  ª ª c 6= 0; 2) ®¡à é¥¨¥ ¢ ã«ì â¥§®à  aij ¯à¨¢®¤¨â ª ¢ëà®-
¦¤¥¨î «®ª «ì®£®  ¡á®«îâ  (35) ¢ á¤¢®¥ãî £¨¯¥à¯«®áª®áâì, ® íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®
«®ª «ìë©  ¡á®«îâ ®â«¨ç¥ [2] ®â á¤¢®¥®© £¨¯¥à¯«®áª®áâ¨. � á¨«ã áª § ®£® ¨¦¥ ¯à¥¤¯®-
« £ ¥âáï, çâ® ¢ ãà ¢¥¨¨ (35) â¥§®àë gi0 ¨ aij ¥ã«¥¢ë¥.

� ¬¥ç ¨¥ 3. �ãáâì ¥¢ëà®¦¤¥ ï ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®©
á¢ï§®áâ¨ Mn;n ¯®«¥¬ ª®¢¥ªâ®à  c0i ï¢«ï¥âáï ¯®«ïà®© ®â®á¨â¥«ì® ¯®«ï «®ª «ì®£®  ¡á®-
«îâ  (35), â. ¥. c0i = � 1

c
gi0; ¢ íâ®¬ á«ãç ¥ ¢ á¨«ã á®®â®è¥¨© (5), (9), (32), (33) ¨¬¥¥â ¬¥áâ®

a0
ij = � 1

c
aij , a0

ijk = 1
c2
(aikgj0 + ajkgi0 + 2aijgk0). �¥¯¥àì ¨§ áâà®¥¨ï á«®¥¢ëå ä®à¬ (30) á«¥¤ã¥â,

çâ® ¯à¨ ¥¢ëà®¦¤¥®© ¯®«ïà®© ®à¬ «¨§ æ¨¨ ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®-

áâ¨ Mn;n á¢ï§®áâ¨ ¯à®áâà áâ¢
1

An;n,
2

An;n á®¢¯ ¤ îâ, â. ¥.
1

�ij �
2

�ij ; ¯à¨ íâ®¬ ®à¬ «¨§ æ¨ï

¯à®áâà áâ¢  Mn;n ï¢«ï¥âáï £ à¬®¨ç¥áª®©.

�á«¨ ¯à®áâà áâ¢® Mn;n ¡¥§ ªàãç¥¨ï (rist � 0), â® ¨§ â®¦¤¥áâ¢ �¨çç¨ ri(jst) � 0 ¥¯®áà¥¤-
áâ¢¥® á«¥¤ã¥â

rkkst = �2r[st]; (38)

£¤¥ rst
def= rlstl ¥áâì â¥§®à �¨çç¨ ¯à®áâà áâ¢  Mn;n. �§ á®®â®è¥¨© (371) ¨ (38)  å®¤¨¬ r[st] = 0.

�¥®à¥¬  6. �à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n ¡¥§ ªàãç¥¨ï ï¢«ï¥âáï

íª¢¨ ää¨ë¬.

�à ¢¥¨ï (362) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

daij � aik�
k
j � akj�

k
i = 0; (39)

£¤¥

�i
j = �ij �

1
c
(�ijgk0�

k + gj0�
i): (40)

�¨áâ¥¬  ä®à¬ f�i;�i
jg ¢ á¨«ã (1), (36) ã¤®¢«¥â¢®àï¥â áâàãªâãàë¬ ãà ¢¥¨ï¬ � àâ  {

� ¯â¥¢  [9], [10]

D�i = �k ^�i
j +

1
2
<i

st�
s ^ �t;

D�i
j = �k

j ^�
i
k +

1
2
<i

jst�
s ^ �t;

(41)
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  á«¥¤®¢ â¥«ì®, ®¯à¥¤¥«ï¥â ®¢®¥ ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ eAn;n. � áâàãªâãàëå ãà ¢-
¥¨ïå (41) â¥§®àë ªàãç¥¨ï <i

st ¨ ªà¨¢¨§ë <i
jst íâ®£® ¯à®áâà áâ¢  ¨¬¥îâ á®®â¢¥âáâ¢¥® ¢¨¤

<i
st = rist; <i

jst = rijst �
1
c
(�ijgk0r

k
st + gj0r

i
st + 2aj[s�

i
t]): (42)

� ¬¥ç ¨¥ 4. �âà®¥¨¥ ä®à¬ �i
j (á¬. (40)) £®¢®à¨â ® â®¬, çâ® ¯à®áâà áâ¢® eAn;n ¨¤ãæ¨-

àã¥âáï ¯®«ïà®© ®â®á¨â¥«ì® ¯®«ï (35) ®à¬ «¨§ æ¨¥© ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®©

á¢ï§®áâ¨ Mn;n; á«¥¤®¢ â¥«ì®, á®£« á® § ¬¥ç ¨î 3 eAn;n �
1

An;n �
2

An;n.

� ¬¥ç ¨¥ 5. � ¨á¯®«ì§®¢ ¨¥¬ ®¯à¥¤¥«¥¨ï ¯à®áâà áâ¢  Mn;n (á¬. x4) ¨ § ¬¥ç ¨ï 2
¥âàã¤® ¯®ª § âì, çâ® eAn;n ¥ ¬®¦¥â ¡ëâì ¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨.

�§ á®®â®è¥¨© (421) á«¥¤ã¥â, çâ® â¥§®àë ªàãç¥¨ï ¯à®áâà áâ¢ eAn;n ¨ Mn;n á®¢¯ ¤ îâ.
�à¨ íâ®¬ ãà ¢¥¨ï (39) £®¢®àïâ ® â®¬, çâ® á¢ï§®áâì ¯à®áâà áâ¢  eAn;n ï¢«ï¥âáï ¬¥âà¨ç¥áª®©
(¢®®¡é¥ £®¢®àï, á ªàãç¥¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥§®à  aij .

�«ï ¯à®áâà áâ¢  eAn;n ¡¥§ ªàãç¥¨ï á®£« á® á®®â®è¥¨ï¬ (38), (42) ¨ â¥®à¥¬¥ 6 á¯à ¢¥¤-
«¨¢®

2<[st] = �<k
kst = �rkkst = 2r[st] = 0:

�®ª §  

�¥®à¥¬  7. �«ï ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n á ¯®«¥¬ «®ª «ìëå

 ¡á®«îâ®¢ (35) á¨áâ¥¬  ä®à¬ �ä ää  f�i;�i
jg (á¬. (40)) ®¯à¥¤¥«ï¥â ¯à®áâà áâ¢®  ää¨®©

á¢ï§®áâ¨ eAn;n, ¯à¨ç¥¬ â¥§®àë ªàãç¥¨ï ¯à®áâà áâ¢ eAn;n ¨ Mn;n á®¢¯ ¤ îâ. �¢ï§®áâì

¯à®áâà áâ¢  eAn;n ï¢«ï¥âáï ¬¥âà¨ç¥áª®© (¢®®¡é¥ £®¢®àï, á ªàãç¥¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£®

â¥§®à  aij, ¯à¨ç¥¬ ¥á«¨ eAn;n ¨¬¥¥â ã«¥¢®¥ ªàãç¥¨¥, â® ®® ¥áâì ¯à®áâà áâ¢® íª¢¨ ää¨-

®© á¢ï§®áâ¨.

�«¥¤áâ¢¨¥. �á«¨ Mn;n ¥áâì ¯à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ ¡¥§ ªàãç¥¨ï,
¯à¨ç¥¬ â¥§®à aij ¥¢ëà®¦¤¥, â® ¯à®áâà áâ¢® eAn;n ï¢«ï¥âáï à¨¬ ®¢ë¬ á ¯®«¥¬ ¬¥âà¨ç¥áª®£®
â¥§®à  aij .

� ¯à¥¤¯®«®¦¥¨¨ ¥¢ëà®¦¤¥®áâ¨ â¥§®à  aij á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. �à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n ¯«®áª®¥ (rist = rijst � 0)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  eAn;n ï¢«ï¥âáï à¨¬ ®¢ë¬ ¯à®áâà áâ¢®¬ ¯®áâ®ï®© ªà¨¢¨§ë

K = � 1
c
.

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à®áâà áâ¢® Mn;n ¯«®áª®¥, â® ¥®¡å®¤¨¬®áâì ãá«®¢¨ï â¥®à¥¬ë 8 ¥-
¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ á®®â®è¥¨© (42) ¨ á«¥¤áâ¢¨ï â¥®à¥¬ë 7, â. ª. ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢®
à ¢¥áâ¢®

<i
jst = �

2
c
aj[s�

i
t]; (43)

¯®á«¥¤¥¥ á®£« á® ([6], á. 171; [7], á. 593) å à ªâ¥à¨§ã¥â à¨¬ ®¢® ¯à®áâà áâ¢® ¯®áâ®ï®© ªà¨-
¢¨§ë K = � 1

c
.

�¡à â®, ¥á«¨ eAn;n ¥áâì à¨¬ ®¢® ¯à®áâà áâ¢® ¯®áâ®ï®© ªà¨¢¨§ë, â® á¯à ¢¥¤«¨¢ë á®®â-
®è¥¨ï (43) ¨ <i

st = rist = 0; ¯®íâ®¬ã ¨§ (42) á«¥¤ã¥â rijst = 0, â. ¥. Mn;n ¥áâì ¯«®áª®¥ ¯à®áâà -
áâ¢®.

� ª ª ª ¢ ãá«®¢¨ïå â¥®à¥¬ë 8 á¯à ¢¥¤«¨¢® <js = �n�1
c
ajs, â. ¥. â¥§®à �¨çç¨ à¨¬ ®¢  ¯à®-

áâà áâ¢  eAn;n ¯®áâ®ï®© ªà¨¢¨§ë ¯à®¯®àæ¨® «¥ ¬¥âà¨ç¥áª®¬ã â¥§®àã á ¯®áâ®ïë¬ ª®-
íää¨æ¨¥â®¬ ¯à®¯®àæ¨® «ì®áâ¨, â® á®£« á® ([11], á. 268) eAn;n ï¢«ï¥âáï ¯à®áâà áâ¢®¬ �©-
èâ¥© .
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5. �¤ãæ¨à®¢ ®¥ ¯à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨

� áá¬®âà¨¬  ää¨®-¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® Mn;n, ®à¬ «¨§®¢ ®¥ ¥¢ëà®¦¤¥ë¬
®¡à §®¬ ¯®«¥¬ ª®¢¥ªâ®à  c0

i
(á¬. (5), (6)); ¯à¨ íâ®¬ á®£« á® â¥®à¥¬¥ 4 ¨¤ãæ¨àãîâáï ¤¢  ¤¢®©-

áâ¢¥ëå ¬¥¦¤ã á®¡®© ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨
a

An;n. � ¤ ç  | ¯à¨ ¥ª®â®àëå ¯à¥¤-

¯®«®¦¥¨ïå  ©â¨ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ å®âï ¡ë ®¤® ¨§ ¯à®áâà áâ¢
a

An;n â ª¦¥ ï¢«ï¥âáï
¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨. �¤¥áì á«¥¤ã¥â § ¬¥â¨âì, çâ® ¨¦¥ ¨áª«îç ¥â-
áï ¨§ à áá¬®âà¥¨ï ¯®«ïà ï ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢  Mn;n; ¢ ¯à®â¨¢®¬ á«ãç ¥ á®£« á®
§ ¬¥ç ¨ï¬ 4, 5 ¯®áâ ¢«¥ ï § ¤ ç  ¥ ¨¬¥¥â ¯®«®¦¨â¥«ì®£® à¥è¥¨ï.

�®£« á® â¥®à¥¬¥ 1 § ª«îç ¥¬, çâ® á ¯à®áâà áâ¢®¬  ää¨®© á¢ï§®áâ¨
a

An;n  áá®æ¨¨àã¥âáï

¯à®áâà áâ¢® ¯à®¥ªâ¨¢®© á¢ï§®áâ¨
a

Pn;n, ®¯à¥¤¥«ï¥¬®¥ á¨áâ¥¬®© ¯ä ää®¢ëå ä®à¬
a
!i

j
:

2
!i

0 =
a

�i � �i;
a
!0

0 = �
1

n+ 1

a

�kk;
a
!i
j =

a

�ij �
1

n+ 1
�ij

a

�kk;
a
!0

j = 0:

� ¨á¯®«ì§®¢ ¨¥¬ !k

k
= 0 (á¬. (3)), (14), (30) ¯®«ãç¨¬

1
!i

0 = �i;
1
!0

0 = !0
0 � c0k!

k
0 ;

1
!i

j = !i
j + c0j!

i
0;

1
!0

j = 0;

2
!i

0 = �i;
2
!0

0 = !0
0 + c0k!

k
0 �

1
n+ 1

bk!
k
0 ;

2
!0

j = 0; (44)

2
!i

j = !i
j + ail0 (a

0
ljk � c0l a

0
kj)!

k
0 �

1
n+ 1

�ijbk!
k
0 :

� ¦¤ ï ¨§ á¨áâ¥¬ ä®à¬
a
!i

j
ã¤®¢«¥â¢®àï¥â áâàãªâãàë¬ ãà ¢¥¨ï¬ ¯à®áâà áâ¢  ¯à®¥ª-

â¨¢®© á¢ï§®áâ¨
a

Pn;n:

D
a
!i

j
=

a
!k

j
^

a
!i

k
+
1
2

a

Ri

jst

a
!s

0 ^
a
!t

0; (45)

£¤¥ á®£« á® (4) ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë-ªàãç¥¨ï
a

Ri

jst
¨¬¥îâ áâà®¥¨¥

a

Ri
0st =

a
rist;

a

R0
0st = �

1
n+ 1

a
rkkst;

a

R0
jst = 0;

a

Ri
jst =

a
rijst �

1
n+ 1

�ij
a
rkkst: (46)

� ¬¥â¨¬, çâ® ¢ (46) â¥§®àë ªàãç¥¨ï
a
rist ¨ ªà¨¢¨§ë

a
rijst ¯à®áâà áâ¢ 

a

An;n ¨¬¥îâ ¢¨¤ (28),
(29).

�§ (44) á ¨á¯®«ì§®¢ ¨¥¬ !i
0 = �i (á¬. (2)), (33)  å®¤¨¬

a
!0

0 = �
1
c

a
gk0

a
!k

0 ; (47)

£¤¥

1
gk0 = gk0 + cc0k;

2
gk0 = gk0 � cc0k +

c

n+ 1
bk: (48)

�à®¤¨ää¥à¥æ¨à®¢ ¢ á®®â®è¥¨ï (48), á ¨á¯®«ì§®¢ ¨¥¬ (5), (15), ãà ¢¥¨ï (321) ¨ (44)
 å®¤¨¬

d
a
gk0 �

a
gs0

a
!s

k � c
a
!0

k(� 0) =
a
aks

a
!s

0; (49)
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£¤¥
1
aks = aks + 2cc0kc

0
s + ca0

ks;

2
aks = �

2
gi0a

ij
0 (a

0
jks � c0ja

0
sk) + aks � c(a0

ks + c0kc
0
s)� c0kgs0 +

+
1

n+ 1
(gk0bs + gs0bk) +

c

n+ 1

�
bks � c0kbs +

1
n+ 1

bkbs

�
: (50)

�â®¡ë
a

An;n ¡ë«® ¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨
a

Mn;n, ¥®¡å®¤¨¬® (® ¥ ¤®-
áâ â®ç®), çâ®¡ë â¥§®à

a
aks ¡ë« á¨¬¬¥âà¨çë¬. � ©¤¥¬ ãá«®¢¨¥ ¥£® á¨¬¬¥âà¨ç®áâ¨.

� ¨á¯®«ì§®¢ ¨¥¬ á®®â®è¥¨© (10), (16), (19), (27), (31), (50)  å®¤¨¬

1
a[ks] = ca0

[ks];

2
a[ks] = cc0i

1
riks +

2
gi0

2
riks � 2ca0

[ks]:

�¥®à¥¬  9. 1) �á«®¢¨¥¬ á¨¬¬¥âà¨ç®áâ¨ â¥§®à 
1
aks ï¢«ï¥âáï £ à¬®¨ç®áâì ®à¬ -

«¨§ æ¨¨ ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n; 2) ¢ á«ãç ¥, ª®£¤  ®à¬ «¨§ -

æ¨ï ¯à®áâà áâ¢  Mn;n ¨¤ãæ¨àã¥â ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨
a

An;n ¡¥§ ªàãç¥¨ï

(
1
rirs =

2
riks � 0), ãá«®¢¨¥¬ á¨¬¬¥âà¨ç®áâ¨ â¥§®à 

2
aks ï¢«ï¥âáï £ à¬®¨ç®áâì ¤ ®© ®à-

¬ «¨§ æ¨¨.

�¨¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨

Mn;n £ à¬®¨ç¥áª ï ¨ ¨¤ãæ¨àã¥¬ë¥ ¯à¨ íâ®¬ ®¡  ¯à®áâà áâ¢ 
a

An;n ¨¬¥îâ ã«¥¢®¥ ªàãç¥¨¥;
á®£« á® á®®â®è¥¨ï¬ (28), (29), íâ¨ âà¥¡®¢ ¨ï à ¢®á¨«ìë ¢ë¯®«¥¨î á®®â®è¥¨©

rist = 0; c0l r
l
kst = 0; a0

[st] = 0: (51)

�à¨ íâ®¬ á®£« á® â¥®à¥¬¥ 9 ®¡  â¥§®à 
a
aks ï¢«ïîâáï á¨¬¬¥âà¨çë¬¨.

�à®¤®«¦ ï ãà ¢¥¨ï (49), á ¨á¯®«ì§®¢ ¨¥¬ (45), (47)  å®¤¨¬

d
a
aks �

a
akl

a
!l

s �
a
als

a
!l

k =
a
aksl!

l
0; (52)

£¤¥

2
a
ak[sl] =

2
c

a
ak[s

a
gl]0 +

a
gt0

a

Rt
ksl; (53)

¯à¨ íâ®¬ ¨§ ãà ¢¥¨© (52) á«¥¤ã¥â
a
a[ks]l = 0: (54)

�¨¬¬¥âà¨ç®áâì â¥§®à 
a
aks à ¢®á¨«ì  â®¦¤¥áâ¢ã

a
aks!

k
0 ^ !s

0 � 0; (55)

§ ¬ëª ï â®¦¤¥áâ¢  (55), á ¨á¯®«ì§®¢ ¨¥¬ ãà ¢¥¨© (45), (52) ¯®«ãç¨¬

a
aksl!

l
0 ^ !k

0 ^ !s
0 = �

2
c

a
als

a
gk0!

l
0 ^ !k

0 ^ !s
0;

çâ® ¯à¨¢®¤¨â ª á®®â®è¥¨ï¬

a
a(ksl) = �

2
c

a
a(ls

a
gk)0: (56)

�§ ¢ëà ¦¥¨© (53), (54), (56) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â

a
askl = �

1
c
(
a
akl

a
gs0 +

a
asl

a
gk0) +

1
3

a
gt0(

a

Rt
ksl +

a

Rt
skl):
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� á¨«ã ¯®á«¥¤¨å à ¢¥áâ¢ ãà ¢¥¨ï (52) § ¯¨èãâáï ¢ ¢¨¤¥

d
a
aks �

a
akl

a
!l

s �
a
als

a
!l

k = �
1
c
(
a
akl

a
gs0 +

a
asl

a
gk0)!l

0 +
1
3

a
gt0(

a

Rt
ksl +

a

Rt
skl)!

l
0: (57)

�à ¢¥¨ï (49), (57) ¯®ª §ë¢ îâ (áà ¢¨ á (32)), çâ® ª ¦¤®¥ ¨§ ¤¢ãå ¤¢®©áâ¢¥ëå ¬¥¦¤ã

á®¡®© ¯à®áâà áâ¢  ää¨®© á¢ï§®áâ¨
a

An;n, ¨¤ãæ¨àã¥¬®¥ £ à¬®¨ç¥áª®© ®à¬ «¨§ æ¨¥© ¯à®-
áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n, ®â«¨ç®© ®â ¯®«ïà®©, ¢ ¯à¥¤¯®«®¦¥¨ïå (51)

(â. ¥. ¯à¨
1
rist =

2
rist � 0) ï¢«ï¥âáï ¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤ 

a
gt0(

a

Rt
ksl +

a

Rt
skl) = 0; a = 1; 2: (58)

�®ª ¦¥¬, çâ® ¯à¨ ãª § ëå ¯à¥¤¯®«®¦¥¨ïå
1

An;n ¥ ¬®¦¥â ¡ëâì ¯à®áâà áâ¢®¬  ää¨®-
¬¥âà¨ç¥áª®© á¢ï§®áâ¨. �¥©áâ¢¨â¥«ì®, ãá«®¢¨¥ (58) ¯à¨ a =1 á ¨á¯®«ì§®¢ ¨¥¬ (28), (37), (38),
(46), (48), (51) ¨ â¥®à¥¬ë 6 § ¯¨è¥âáï ¢ ¢¨¤¥

a0
k[sgl]0 + a0

s[kgl]0 + c(a0
k[sc

0
l] + a0

s[kc
0
l]) = 0:

�¢¥àã¢ ¯®á«¥¤¨¥ á®®â®è¥¨ï á â¥§®à®¬ akl0 , ¨¬¥¥¬ c0s = � 1
c
gs0, íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®

®à¬ «¨§ æ¨ï ¯à®áâà áâ¢  Mn;n ®â«¨ç  ®â ¯®«ïà®©.
�á«®¢¨¥ (58) ¯à¨ a =2 ¢ á¨«ã (28), (29), (46), (48), (51) íª¢¨¢ «¥â® á®®â®è¥¨î�

gt0 � cc0t +
c

n+ 1
bt

�
[ati0 (a

0
jkr

j
isl + a0

jsr
j
ikl) + 2(a0

k[s�
t
l] + a0

s[k�
t
l])] = 0: (59)

�à¥¤¯®« £ ï á¯à ¢¥¤«¨¢®áâì á®®â®è¥¨© (59), á¢¥à¥¬ ¨å á â¥§®à®¬ aks0 . �¬¥¥¬�
gt0 � cc0t +

c

n+ 1
bt

�
[(n� 1)�tl � ati0 ril] = 0; (60)

£¤¥ ril | â¥§®à �¨çç¨ ¨áå®¤®£® ¯à®áâà áâ¢  Mn;n.
� ®¡é¥¬ á«ãç ¥ á¯à ¢¥¤«¨¢® det k(n� 1)�tl � ati0 rilk 6= 0. �®á«¥¤¥¥ ®ç¥¢¨¤®,  ¯à¨¬¥à, ¢

á«ãç ¥, ª®£¤  ¯à®áâà áâ¢® Mn;n ¯«®áª®¥. � á¨«ã íâ®£® ¨§ á¨áâ¥¬ë (60) á«¥¤ã¥â

Gt0
def= gt0 � cc0t +

c

n+ 1
bt = 0: (61)

�¡à â®, ¥á«¨ ®¡à é ¥âáï ¢ ã«ì â¥§®à Gt0 (á¬. (61)), â® á¯à ¢¥¤«¨¢® (59), â. ¥.
2

An;n ï¢«ï¥âáï
¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨.

�®ª §  

�¥®à¥¬  10. �á«¨ ª ¦¤®¥ ¨§ ¤¢®©áâ¢¥ëå ¬¥¦¤ã á®¡®© ¯à®áâà áâ¢
a

An;n, ¨¤ãæ¨àã¥¬ëå

£ à¬®¨ç¥áª®© ®à¬ «¨§ æ¨¥© ¯à®áâà áâ¢   ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ Mn;n, ®â«¨ç®©

®â ¯®«ïà®©, ¨¬¥¥â ã«¥¢®¥ ªàãç¥¨¥, â®

1)
1

An;n ¥ ¬®¦¥â ¡ëâì ¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨,

2)
2

An;n ï¢«ï¥âáï ¯à®áâà áâ¢®¬  ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ®¡à é ¥âáï ¢ ã«ì â¥§®à Gt0 (á¬. (61)).

� ¬¥ç ¨¥ 6. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 10
2

An;n ¥áâì ¯à®áâà áâ¢®  ää¨®-¬¥âà¨ç¥áª®©

á¢ï§®áâ¨, â® ®® ®áâ ¥âáï ¤¢®©áâ¢¥ë¬ ¯à®áâà áâ¢ã
1

An;n, ¥ ï¢«ïîé¥¬ãáï ¯à®áâà áâ¢®¬
 ää¨®-¬¥âà¨ç¥áª®© á¢ï§®áâ¨.
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