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�®¯à®áë áãé¥áâ¢®¢ ­¨ï, ¥¤¨­áâ¢¥­­®áâ¨ ¨ ãáâ®©ç¨¢®áâ¨ í«¥¬¥­â  ­ ¨«ãçè¥£® à ¢­®¬¥à-
­®£® ¯à¨¡«¨¦¥­¨ï ¤«ï §­ ª®çã¢áâ¢¨â¥«ì­ëå  ¯¯à®ªá¨¬ æ¨© ¨§ãç¥­ë ¢ à ¡®â å [1], [2] (á¬.
â ª¦¥ [3]{[6]). �¨¦¥ ¤ ¥âáï à¥è¥­¨¥ § ¤ ç¨ �.�.�®«¦¥­ª® ® ªà¨â¥à¨ïå áª®«ì ã£®¤­® â®ç­®-
£® ¯à¨¡«¨¦¥­¨ï ¯®«¨­®¬ ¬¨ ®£à ­¨ç¥­­®© äã­ªæ¨¨ ¢ à ¢­®¬¥à­®© ¬¥âà¨ª¥ á ®£à ­¨ç¥­­ë¬
§­ ª®çã¢áâ¢¨â¥«ì­ë¬ ¢¥á®¬ (  â ª¦¥ á ¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã ¨, ¢ ç áâ­®áâ¨, á ­¥¯à¥àë¢-
­ë¬ ¢¥á®¬); ãâ®ç­ï¥âáï â¥®à¥¬  ®¡ ®â¤¥«¥­¨¨ ¯®«ã­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥¯à¥àë¢­ë¬¨ ([7],
á. 390), â®ç­¥¥, ¤ ¥âáï ®æ¥­ª  ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨, ®â¤¥«ïîé¥© ¤¢¥ § ¤ ­­ë¥ ¯®«ã-
­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, ¯à¨ç¥¬ ¯à¨¢®¤¨¬®¥ ­ ¬¨ ¤®ª § â¥«ìáâ¢® á ¬®© â¥®à¥¬ë ®¡ ®â¤¥«¥­¨¨
áãé¥áâ¢¥­­® ª®à®ç¥; ¯®«ãç¥­­ ï ®æ¥­ª  ¯à¨¬¥­ï¥âáï ¤«ï ¢ëïá­¥­¨ï áª®à®áâ¨ ¯®«¨­®¬¨ «ì­®£®
¯à¨¡«¨¦¥­¨ï ®£à ­¨ç¥­­®© äã­ªæ¨¨ ¢ à ¢­®¬¥à­®© ¬¥âà¨ª¥ á® §­ ª®çã¢áâ¢¨â¥«ì­ë¬ ¢¥á®¬.

�­ ª®çã¢áâ¢¨â¥«ì­ë¬ ¢¥á®¬ ­  ®âà¥§ª¥ � = [a; b] ­ §ë¢ ¥âáï ã¯®àï¤®ç¥­­ ï ¯ à  p =
(p�; p+) ®¯à¥¤¥«¥­­ëå ­  � ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© p�(x) ¨ p+(x). �¥á p = (p�; p+) ­ §ë-
¢ ¥âáï ®£à ­¨ç¥­­ë¬ ­  �, ¥á«¨ äã­ªæ¨¨ p�(x) ®£à ­¨ç¥­ë ­  �.

�«ï ®£à ­¨ç¥­­ëå ­  � äã­ªæ¨¨ f(x) ¨ ¢¥á  p = (p�; p+) ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï á«¥¤ãîé¨å
®¡®§­ ç¥­¨©:

kfk� = supfjf(x)j : x 2 �g;

kpk� = maxfkp�k�; kp+k�g;

j(f; p)(x)j = f+(x)p+(x) + f�(x)p�(x);

f+(x) = maxff(x); 0g; f�(x) = (�f(x))+;

jf jp;� = supfj(f; p)(x)j : x 2 �g;

�(f � c) = fx 2 � : f(x) � cg

(c | ç¨á«®;  ­ «®£¨ç­® ®¯à¥¤¥«ïîâáï �(f < c), �(f > c)).
�à¨ " > 0 ¯ãáâì F" | ¯¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢ �(p� � ") ¨ �(p+ � "), �� ¨ �+ | ¨å

§ ¬ëª ­¨ï á®®â¢¥âáâ¢¥­­®, �" | ¯¥à¥á¥ç¥­¨¥ íâ¨å § ¬ëª ­¨©. �«ï [�; �] � � ¯®«®¦¨¬

M(�; �) = supff(x) : x 2 [�; �] \�(p+ � ")g;

m(�; �) = infff(x) : x 2 [�; �] \�(p� � ")g

¨ ®¯à¥¤¥«¨¬ äã­ªæ¨¨

M+(x) =M+(x; ") = lim
�!+0

M(x� �; x+ �); x 2 �+;

m�(x) = m�(x; ") = lim
�!+0

m(x� �; x + �); x 2 ��:

� ª ª ª ¬­®¦¥áâ¢  �(p� � ") ¨ �(p+ � ") ¯«®â­ë ¢ ¬­®¦¥áâ¢¥ �", «¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨ï
M+(x) ¯®«ã­¥¯à¥àë¢­  á¢¥àåã,   äã­ªæ¨ï m�(x) ¯®«ã­¥¯à¥àë¢­  á­¨§ã ­  �".

�«ï ®£à ­¨ç¥­­ëå ­  ®âà¥§ª¥ � äã­ªæ¨¨ f(x) ¨ ¢¥á  p = (p�; p+) ¨¬¥¥â ¬¥áâ®

53



�¥®à¥¬  1. �«ï áãé¥áâ¢®¢ ­¨ï  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢ Qn(x) â ª¨å, çâ® jf�Qnjp;� !
0 ¯à¨ n ! 1, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ¯à¨ ¢á¥å ¤®áâ â®ç­® ¬ «ëå " > 0 ­¥à -
¢¥­áâ¢ 

M+(x; ") � m�(x; "); x 2 �": (1)

� ¬¥ç ­¨¥. � á«ãç ¥ ¢¥á  p = (p�; p+) á ¯®«ã­¥¯à¥àë¢­ë¬¨ á¢¥àåã (¢ ç áâ­®áâ¨, ­¥¯à¥àë¢-
­ë¬¨) ­  � äã­ªæ¨ï¬¨ p�(x) ¨ p+(x) ¯à¨ ¢á¥å " > 0 ¬­®¦¥áâ¢  �(p� � ") § ¬ª­ãâë, �" = F",
¯à¨ç¥¬ f(x) =M+(x; ") = m�(x; "), ¥á«¨ M+(x; ") � m�(x; ").

�®íâ®¬ã, ª ª «¥£ª® ¢¨¤¥âì ¨§ ¯à¨¢®¤¨¬®£® ­¨¦¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¥á«¨ ­  � § ¤ ­ë
®£à ­¨ç¥­­ ï äã­ªæ¨ï f(x) ¨ ¢¥á p = (p�; p+) á ®£à ­¨ç¥­­ë¬¨ ¨ ¯®«ã­¥¯à¥àë¢­ë¬¨ á¢¥àåã
äã­ªæ¨ï¬¨ p�(x), â® á¯à ¢¥¤«¨¢  â¥®à¥¬  1 á § ¬¥­®© ¢ ­¥© ãá«®¢¨ï (1) ­  ­¥¯à¥àë¢­®áâì f(x)
­  F".

�ãáâì Pn | ¬­®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ n (n = 0; 1; : : : ), ¨
¤«ï ®£à ­¨ç¥­­ëå ­  � äã­ªæ¨¨ f(x) ¨ ¢¥á  p = (p�; p+) ¯®«®¦¨¬

En(f; p;�) = inffjf �Qnjp;� : Qn 2 Png:

�®¯à®á ® áª®à®áâ¨ áâà¥¬«¥­¨ï ª ­ã«î En(f; p;�) ¯à¨ n!1 á¢®¤¨âáï ª á«¥¤ãîé¥© § ¤ ç¥.
�ãáâì ­  ®âà¥§ª¥ � ¤«ï ®£à ­¨ç¥­­®© ¯®«ã­¥¯à¥àë¢­®© á¢¥àåã äã­ªæ¨¨ u(x) ¨ ¯®«ã­¥¯à¥-

àë¢­®© á­¨§ã äã­ªæ¨¨ v(x) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® u(x) � v(x). �æ¥­¨âì ¬®¤ã«ì ­¥¯à¥àë¢-
­®áâ¨ ­¥¯à¥àë¢­®© äã­ªæ¨¨ '(x), ¤«ï ª®â®à®© u(x) � '(x) � v(x), x 2 �.

�§ ¨§¢¥áâ­®£® ¤®ª § â¥«ìáâ¢  ([7], á. 390) â¥®à¥¬ë ® áãé¥áâ¢®¢ ­¨¨ äã­ªæ¨¨ '(x) ­¥«ì§ï
¯®«ãç¨âì ¯®¤®¡­®© ®æ¥­ª¨, ¯®íâ®¬ã ¯à¨¢¥¤¥¬ à¥è¥­¨¥ íâ®© § ¤ ç¨.

�à¨ � 2 [0; b� a] ¯®«®¦¨¬


(�; u; v;�) = supf[u(x) � v(y)]+ : jx� yj � �; x; y 2 �g:

�¥£ª® ¯®ª § âì, çâ® 
(�) = 
(�; u; v;�) ­¥ ã¡ë¢ ¥â ¨ ¯®«ã­¥¯à¥àë¢­  á¢¥àåã ­  [0; b� a], 
(�)
­¥¯à¥àë¢­  ¢ ­ã«¥, 
(0) = 0. �  ®âà¥§ª¥ [0; b � a] ®¯à¥¤¥«¨¬ ­¥¯à¥àë¢­ãî äã­ªæ¨î 
1(�),
¯®«®¦¨¢ 
1(�) = 
(�) ¯à¨ � = 0; b� a; 
1((b� a)=n) = supf
(�) : � 2 ((b� a)=n; (b� a)=(n� 1))g
¯à¨ n = 2; 3; : : : ; 
1(�) «¨­¥©­  ­  ®âà¥§ª å ¢¨¤  [(b � a)=n; (b � a)=(n � 1)] (n = 2; 3; : : : ).
�®§ì¬¥¬ â¥¯¥àì ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ !(
1; �) äã­ªæ¨¨ 
1(�) ¢ à ¢­®¬¥à­®© ¬¥âà¨ª¥ ¨ ¯à¨
x 2 � à áá¬®âà¨¬ äã­ªæ¨¨

'u(x) = supfu(y)� !(
1; jx� yj) : y 2 �g;

'v(x) = inffv(y) + !(
1; jx� yj) : y 2 �g:

�¥®à¥¬  2. �á«¨ ­  ®âà¥§ª¥ � ¤«ï ®£à ­¨ç¥­­ëå ¯®«ã­¥¯à¥àë¢­®© á¢¥àåã äã­ªæ¨¨ u(x)
¨ ¯®«ã­¥¯à¥àë¢­®© á­¨§ã äã­ªæ¨¨ v(x) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® u(x) � v(x), â® ¤«ï '(x)
(x 2 �), à ¢­®© «î¡®© ¨§ äã­ªæ¨© 'u(x) ¨ 'v(x), ¨¬¥¥¬

u(x) � '(x) � v(x);

j'(x) � '(y)j � !(
1; jx� yj); x; y 2 �:

� ¬¥â¨¬, çâ® â¥®à¥¬  2, ª ª ¢¨¤­® ¨§ ¯®áâà®¥­¨©, ®áâ ¥âáï á¯à ¢¥¤«¨¢®©, ¥á«¨ ¢ ­¥© ¢¬¥áâ®
®âà¥§ª  � ¢§ïâì «î¡®© ª®¬¯ ªâ ¨§ �.

�â®¡ë ®æ¥­¨âì En(f; p;�) ¤«ï § ¤ ­­ëå ­  � = [a; b] äã­ªæ¨¨ f(x) ¨ ¢¥á  p = (p�; p+),
®¯à¥¤¥«¨¬ ¯à¨ " > 0, ª ª ¨ ¢ëè¥, ¯®«ã­¥¯à¥àë¢­ãî á¢¥àåã ­  ¬­®¦¥áâ¢¥ �+ äã­ªæ¨îM+(x) =
M+(x; ") ¨ ¯®«ã­¥¯à¥àë¢­ãî á­¨§ã ­  ¬­®¦¥áâ¢¥ �� äã­ªæ¨î m�(x) = m�(x; ") ¨ ¤«ï � � 0
à áá¬®âà¨¬ ¢¥«¨ç¨­ã

!"(f; p; �) = sup[M+(x)�m�(y)]+;

£¤¥ áã¯à¥¬ã¬ ¡¥à¥âáï ¯® x 2 �+, y 2 ��, jx � yj � �. �¥£ª® ¢¨¤¥âì, çâ® !"(f; p; �) ­¥ ã¡ë¢ ¥â
¨ ¯®«ã­¥¯à¥àë¢­  á¢¥àåã ¤«ï � � 0; ­¥¯à¥àë¢­  ¢ â®çª¥ � = 0 ¨ !"(f; p; 0) = 0, ¥á«¨ M+(x) �
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m�(x) ¯à¨ x 2 �" 6= ;; ¯à¨ p�(x) � p+(x) � 1 ¨ ­¥¯à¥àë¢­®© ­  ®âà¥§ª¥ � äã­ªæ¨¨ f(x) ¤«ï
¢á¥å " 2 (0; 1] ¢¥«¨ç¨­  !"(f; p; �) á®¢¯ ¤ ¥â á ®¡ëç­ë¬ à ¢­®¬¥à­ë¬ ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨
!(f; �) äã­ªæ¨¨ f(x) ­  �.

�á«¨ dist(��;�+) = d > 0, â® ¤®®¯à¥¤¥«¨¬ ¢¥«¨ç¨­ã !"(f; p; �) ­ã«¥¬ ¤«ï � 2 [0; d).
�«ï " > 0 à áá¬®âà¨¬ á¥¬¥©áâ¢® ! = f!"(�)g äã­ªæ¨© â¨¯  ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨, ¨¬¥­­®,

¯à¨ ª ¦¤®¬ " > 0 äã­ªæ¨ï !"(�) ­¥¯à¥àë¢­  ¨ ­¥ ã¡ë¢ ¥â ­  [0;+1), !"(0) = 0, !"(� + h) �
!"(�) + !"(h) (�; h � 0). � «¥¥ ¯à¨ x 2 � äã­ªæ¨¨

'+(x; f) = supfM+(y)� !"(jx� yj) : y 2 �+g;

'�(x; f) = inffm�(y) + !"j(x� yj) : y 2 ��g

¨£à îâ à®«ì ®¯¥à â®à®¢ \á£« ¦¨¢ ­¨ï" äã­ªæ¨© f(x) (x 2 �) ¢ p-­®à¬¥ j � jp;�.
�¨¦¥ ¤«ï ç¨á¥« A ¨ " > 0 ç¥à¥§ J(") = f(�; �)g ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¤®¯®«­¨â¥«ì­ëå

¨­â¥à¢ «®¢ ª®¬¯ ªâ  �" ¨ ¨­â¥à¢ «®¢ (a;min�"), (max�"; b) ¨ ¯®«®¦¨¬

E�(A) = �(p� � ") \�(�f > �A+ ");

E(A) = E�(A) [E+(A):

�«ï ­¥¯à¥àë¢­®© ­  �" äã­ªæ¨¨ '(x) ¡ã¤¥¬ ¯®«ì§®¢ âìáï â ª¦¥ ¡®«¥¥ ªà âª¨¬ ®¡®§­ ç¥­¨¥¬

E
 = E('(
)) \ (�; �); 
 = �; �; (�; �) 2 J("):

�«ï ®£à ­¨ç¥­­®£® ­  � = [a; b] ¢¥á  p = (p�; p+) ¯® § ¤ ­­®¬ã ç¨á«ã L > 0 ¨ á¥¬¥©áâ¢ã
! = f!"(�)g á !"(b�a) � 2L ®¯à¥¤¥«¨¬ ª« áá K(L; p; !) äã­ªæ¨© f(x) (x 2 �) á kfk� � L â ª¨å,
çâ® ¯à¨ � > 0 ¨ ¢á¥å ¤®áâ â®ç­® ¬ «ëå " > 0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® !"(f; p; �) � !"(�).

�¥®à¥¬  3. �á«¨ ­  ®âà¥§ª¥ � = [a; b] äã­ªæ¨ï f 2 K(L; p; !), â® ¯à¨ n = 1; 2; : : : ¨¬¥¥¬

En(f; p;�) � 6(L+ kpk�) inf
">0

n
"+ !"

�b� a

n

�o
:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¥®¡å®¤¨¬®áâì. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â ª®¥ ¤®áâ â®ç-
­® ¬ «®¥ " > 0, çâ® ¢ ­¥ª®â®à®© â®çª¥ x0 2 �" ¨¬¥¥¬ M+(x0) =M+(x0; ") > m�(x0) = m�(x0; ").
�ãáâì 
 > 0 â ª®¥, ¯à¨ ª®â®à®¬

M+(x0)� 3
 > m�(x0) + 3
: (2)

�® ®¯à¥¤¥«¥­¨î M+(x0) ¨ m�(x0) ­ ©¤¥âáï â ª®¥ �0 > 0, çâ® ¯à¨ «î¡®¬ � 2 (0; �0) áãé¥áâ¢ãîâ
â®çª¨ x ¨ y ¨§ ¨­â¥à¢ «  (x0 � �; x0 + �), ¤«ï ª®â®àëå p+(x) � ", p�(y) � ", M+(x0) < f(x) + 2
,
m�(x0) > f(y)� 2
,   á«¥¤®¢ â¥«ì­®, á ãç¥â®¬ (2) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

f(x)� f(y) > 2
: (3)

� ¤àã£®© áâ®à®­ë, ¯ãáâì Q(x) | ¯®«¨­®¬, ¤«ï ª®â®à®£® jf � Qjp;� < !, 0 < ! < 
"=4.
�ë¡¥à¥¬ � > 0 ¨§ ãá«®¢¨© jQ(t) � Q(�)j < 
=2 ¯à¨ jt � � j < 2�, t; � 2 �; � 2 (0; �0). �®£¤  ¤«ï
â®ç¥ª x ¨ y ¨§ (3) ¨¬¥¥¬

f(x)� f(y) = [f(x)� f(y)]+ � [f(x)�Q(x)]+ + [f(y)�Q(y)]� + [Q(x)�Q(y)]+ < 


¢ ¯à®â¨¢®à¥ç¨¥ á (3).

�®áâ â®ç­®áâì. �ãáâì " > 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (1). �®áâà®¨¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î
F (x), ­¥¯à¥àë¢­ãî ­  �. � ª ª ª M+(x) = M+(x; ") ¨ m�(x) = m�(x; ") ¯®«ã­¥¯à¥àë¢­ë
á®®â¢¥âáâ¢¥­­® á¢¥àåã ¨ á­¨§ã ­  �" ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (1), â® ¯® â¥®à¥¬¥ ®¡ ®â¤¥«¥­¨¨
¯®«ã­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥¯à¥àë¢­ë¬¨ ([7], á. 390), ®ç¥¢¨¤­®, áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï ­ 
ª®¬¯ ªâ¥ �" äã­ªæ¨ï '(x) = '(x; "), ¤«ï ª®â®à®© M+(x) � '(x) � m�(x), x 2 �". �®«®¦¨¬
F (x) = '(x) ¯à¨ x 2 �".

�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨©M+(x) ¨m�(x) á«¥¤ã¥â, çâ® ¯à¨­ ¤«¥¦ é¨© �" ª®­¥æ 
 ¨­â¥à¢ « 
(�; �) 2 J(") ­¥ ¬®¦¥â á«ã¦¨âì ¯à¥¤¥«ì­®© â®çª®© ¬­®¦¥áâ¢  E(A) \ (�; �) ­¨ ¯à¨ ª ª®¬ A 2
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[M+(
); m�(
)]. �ãáâì (�; �) | ¯à®¨§¢®«ì­ë© ¤®¯®«­¨â¥«ì­ë© ¨­â¥à¢ « �". � ª ª ª M+(�) �
'(�) � m�(�), ­ ©¤¥âáï â®çª  �1 2 (�; �) â ª ï, çâ® (�; �1] \E� = ?.

�­ «®£¨ç­ ï â®çª  �1 2 (�1; �) ­ ©¤¥âáï ¨ ¤«ï â®çª¨ �. �à¨M1 = maxfM(�; �); '(�); '(�)g,
M2 = minfm(�; �); '(�); '(�)g ­  [�; �1] ¢ ª ç¥áâ¢¥ £à ä¨ª  äã­ªæ¨¨ F (x) ¢®§ì¬¥¬ ¯àï¬ãî,
á®¥¤¨­ïîéãî â®çªã (�;'(�)) á â®çª®© (�1;M1) ¯à¨ [�; �1] � �+ ¨ á â®çª®© (�1;M2) ¯à¨ [�; �1] �
��.

�ãáâì â¥¯¥àì [�; �1] n (�+ [��) 6= ?. �®£¤ , â. ª. (�; �) \�" = ?, ­ ©¤¥âáï â ª®© ¨­â¥à¢ «
(u; v) � (�; �1), çâ® p+(x) < " ¨ p�(x) < " ¯à¨ x 2 (u; v). �á¯à ¢¨¬ â®çªã �1, ¯®«®¦¨¢ �1 = v,
¨ à áá¬®âà¨¬ â®çª¨ �� = inff�� \ [�1; �1]g. �®§ì¬¥¬ F (x) = '(�) ¯à¨ x 2 (�; u] \ (�+ [��);
F (v) = M1, ¥á«¨ �+ < �� ¨«¨ â®çª¨ �� ­¥â; F (v) = M2, ¥á«¨ �� < �+ ¨«¨ �� áãé¥áâ¢ã¥â,
­® �+ ­¥â; § â¥¬ ¯à®¤®«¦¨¬ F (x) ­¥¯à¥àë¢­® ­  ¢¥áì [�; �1] = [�; v], ¯®« £ ï ee «¨­¥©­®© ­ 
®áâ ¢è¨åáï ¨­â¥à¢ « å.

�  [�1; �] äã­ªæ¨ï F (x) ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­® á«ãç î ®âà¥§ª  [�; �1].
�  ¨­â¥à¢ «¥ (�1; �1) £à ä¨ª äã­ªæ¨¨ F (x) á®¢¯ ¤ ¥â á ¯àï¬®©, á®¥¤¨­ïîé¥© â®çª¨

(�1; F (�1)) ¨ (�1; F (�1)), ¥á«¨ (�1; �1)\ (�+ [��) = ?; ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¯®«®¦¨¬ F (x) =M1

¯à¨ x 2 (�1; �1) \ �+, F (x) = M2 ¯à¨ x 2 (�1; �1) \ �� ¨ ¯à®¤®«¦¨¬ ­¥¯à¥àë¢­® ­  [�1; �1],
áç¨â ï ee «¨­¥©­®© ­  ®áâ ¢è¨åáï ¨­â¥à¢ « å.

�  ¯à®¬¥¦ãâª å [a;min�") ¨ (max�"; b] äã­ªæ¨ï F (x) áâà®¨âáï ¢¯®«­¥  ­ «®£¨ç­® à áá¬®-
âà¥­­®¬ã á«ãç î ¤®¯®«­¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¬­®¦¥áâ¢  �".

�«ï ¯®áâà®¥­­®© ­¥¯à¥àë¢­®© ­  � äã­ªæ¨¨ F (x) ¯® â¥®à¥¬¥ �¥©¥àèâà áá  áãé¥áâ¢ã¥â
 «£¥¡à ¨ç¥áª¨© ¯®«¨­®¬ Q(x) â ª®©, çâ® jF (x)�Q(x)j < ", x 2 �.

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ Q(x) ¯®«¨­®¬ (á®®â¢¥âáâ¢ãîé¥© áâ¥¯¥­¨) ­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨-
¡«¨¦¥­¨ï ¤«ï F (x) ­  � ¨ ¡ã¤¥¬ áç¨â âì " � kfk�. �®£¤  kQk� � "+ kFk� � 2kfk�.

�æ¥­¨¬ á¢¥àåã ¢¥«¨ç¨­ã r(x) = j(f �Q; p)(x)j, x 2 �.
�«ï x 2 �" à áá¬®âà¨¬ ç¥âëà¥ á«ãç ï:

1) ¥á«¨ x 2 F", â® f(x) � M+(x) � '(x) � m�(x) � f(x), ¯®íâ®¬ã r(x) = j(F � Q; p)(x)j �
kpk�";

2) ¥á«¨ p+(x) < " ¨ p�(x) < ", â® r(x) � 3kfk�";
3) ¥á«¨ p+(x) � ",   p�(x) < ", â® f(x) � M+(x) � '(x) = F (x), ¯®íâ®¬ã r(x) = [Q(x) �

f(x)]p�(x) � 3kfk�" ¯à¨ f(x) � Q(x),   ¯à¨ f(x) > Q(x) ¨¬¥¥¬ r(x) = [f(x)�Q(x)]p+(x) �
[F (x)�Q(x)]p+(x) � kpk�";

4) ¥á«¨ p+(x) < ", p�(x) � ", â® ¯®áâã¯ ¥¬  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã á«ãç î.

�ãáâì â¥¯¥àì x | â®çª  ¤®¯®«­¨â¥«ì­®£® ¨­â¥à¢ «  (�; �) ¬­®¦¥áâ¢  �" ¨ à áá¬®âà¨¬
¢®§¬®¦­ë¥ à §«¨ç­ë¥ á«ãç ¨.

�ãáâì x 2 [�; �1] � �+. �á«¨ p+(x) < " ¨ p�(x) < ", â® r(x) � 3kfk�"; ¥á«¨ ¦¥ p+(x) � ",
p�(x) < ", â® f(x) � '(�) + ", ¯®íâ®¬ã ¯à¨ Q(x) � f(x) ¨ Q(x) < f(x) á®®â¢¥âáâ¢¥­­® ¨¬¥¥¬
r(x) = [Q(x)� f(x)]p�(x) � 3kfk�", r(x) = [f(x)�Q(x)]p+(x) � ['(�) + "�Q(x)]kpk� � [F (x) +
"�Q(x)]kpk� � 2"kpk� (¯® ¢ë¡®àã â®çª¨ �1 ¤àã£¨¥ á«ãç ¨ ­¥¢®§¬®¦­ë).

�«ãç © x 2 [�; �1] � ��  ­ «®£¨ç¥­ ¯à¥¤ë¤ãé¥¬ã.
� áá¬®âà¨¬ á«ãç © [�; �1] n (�+ [ ��) 6= ?. �ãáâì (u; v) | ¨­â¥à¢ «, ® ª®â®à®¬ è«  à¥çì

¢ëè¥ ¯à¨ ¯®áâà®¥­¨¨ F (x) ¤«ï íâ®£® á«ãç ï, ¯à¨ç¥¬ áç¨â ¥¬ v = �1, ¨ ¢®§ì¬¥¬ x 2 (�; v). �®£¤ 
¢®§¬®¦­ë âà¨ ¢ à¨ ­â : 1) p+(x) < ", p�(x) < "; 2) p+(x) � ", p�(x) < "; 3) p+(x) < ", p�(x) � ".
� íâ¨å ¢ à¨ ­â å, ª ª ¨ ¢ëè¥, «¨¡® r(x) � 3kfk�", «¨¡® r(x) � 2kpk�".

�æ¥­ª¨ r(x) ¯à¨ x 2 (�1; �) ¢¯®«­¥  ­ «®£¨ç­ë ®æ¥­ª ¬ ¯à¨ x 2 (�; �1).
�«ï x 2 [�1; �1] à áá¬®âà¨¬ âà¨ ¢®§¬®¦­ëå á«ãç ï:

1) p+(x) < ", p�(x) < ";
2) p+(x) � ", p�(x) < ";
3) p+(x) < ", p�(x) � ".

� à¥§ã«ìâ â¥ ¯®«ãç¨¬ r(x) � 3kfk�" ¨«¨ r(x) � kpk�".
� á«ãç ¥ x 2 [a;min�") [ (max�"; b] ®æ¥­ª¨ r(x)  ­ «®£¨ç­ë ¢ëè¥¯à¨¢¥¤¥­­ë¬.
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�«¥¤®¢ â¥«ì­®, ¥á«¨ �" 6= ?, â® ¯à¨ x 2 � ¨¬¥¥¬

j(f �Q; p)(x)j � maxf3kfk�; 2kpk�g":

�á«¨ ¦¥ �" = ?, â® âà¥¡ã¥¬®¥ «¥£ª® ¯®«ãç¨¬, ¢§ï¢ ªãá®ç­®-«¨­¥©­®¥ ­¥¯à¥àë¢­®¥ ¯à®¤®«¦¥­¨¥
­  � â ª®© äã­ªæ¨¨ F (x), çâ®

F (x) = supff(t) : t 2 �(p+ � ")g; x 2 �+;

F (x) = infff(t) : t 2 �(p� � ")g; x 2 ��:

�®áâ â®ç­®áâì ¤®ª § ­ . �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì, ­ ¯à¨¬¥à, '(x) = 'u(x). �à¨ x; y 2 � ¯® ®¯à¥¤¥«¥­¨î
¨ á¢®©áâ¢ ¬ 
(�) ¨¬¥¥¬

u(x)� v(y) � [u(x)� v(y)]+ � 
(jx� yj) � 
1(jx� yj) � !(
1; jx� yj);

u(x)� !(
1; jx� yj) � v(y):

�¥à¥å®¤ï ª áã¯à¥¬ã¬ã ¯à¨ x 2 �, ¯®«ãç¨¬ '(y) � v(y). �¥à ¢¥­áâ¢® u(y) � '(y) (y 2 �)
¯®«ãç ¥âáï ¯à¨ y = x ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï 'u(x).

�¢¨¤ã ¯®«ã­¥¯à¥àë¢­®áâ¨ á¢¥àåã äã­ªæ¨¨ u(x) ¤«ï ª ¦¤®© â®çª¨ x 2 � áãé¥áâ¢ã¥â â®çª 
z(x) 2 � â ª ï, çâ®

'(x) = 'u(x) = u(z(x)) � !(
1; jx� z(x)j):

�®£¤  ¯à¨ x; y 2 � ¯®«ãç¨¬

'(x) � u(z(y)) � !(
1; jx� z(y)j) �

� u(z(y)) � !(
1; jx� yj)� !(
1; jy � z(y)j) = '(y)� !(
1; jx� yj):

�«¥¤®¢ â¥«ì­®, '(y)� '(x) � !(
1; jx� yj). �áâ ¥âáï ¯®¬¥­ïâì ¬¥áâ ¬¨ x ¨ y, çâ®¡ë ¯®«ãç¨âì
¢â®à®¥ ¨§ âà¥¡ã¥¬ëå ­¥à ¢¥­áâ¢. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯à®¢®¤¨âáï ¯®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ ¤®áâ â®ç­®áâ¨ ¢
â¥®à¥¬¥ 1 ¨ á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2.

�â¬¥â¨¬ «¨èì, çâ® ¤«ï f 2 K(L; p; !) ¯à¨ ª ¦¤®¬ ¤®áâ â®ç­® ¬ «®¬ " > 0 äã­ªæ¨ï F (x),
à ¢­ ï ­  � «î¡®© ¨§ äã­ªæ¨© '+(x; f) ¨ '�(x; f), ¯®áâà®¥­­ëå ¢ëè¥, ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

jF (x)� F (y)j � !"(jx� yj); x; y 2 �;

M+(x) � f(x); x 2 �+;

m�(x) � F (x); x 2 ��;

jf � F jp;� � 4L": �

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¢ [6] ¨ [8] à áá¬®âà¥­ á«ãç © ­¥¯à¥àë¢­®£® §­ ª®çã¢áâ¢¨â¥«ì­®£®
¢¥á .
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