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1. �¢¥¤¥­¨¥

� ¬ â¥¬ â¨ª¥ äã­¤ ¬¥­â «ì­ãî à®«ì ¨£à îâ â¥®à¥¬ë ®â¤¥«¨¬®áâ¨ ­¥¯¥à¥á¥ª îé¨åáï ¬­®-
¦¥áâ¢, ¢ ç áâ­®áâ¨, ¢ë¯ãª«ëå (¢ à §­ëå ¯à®áâà ­áâ¢ å). �à¨ íâ®¬ ¢ ¦­ë ª ª â¥®à¥¬ë áãé¥-
áâ¢®¢ ­¨ï, â ª ¨  «£®à¨â¬ë, à¥ «¨§ãîé¨¥ ®â¤¥«¨¬®áâì. �¬¥¥âáï ¬­®£® § ¤ ç ª ª â¥®à¥â¨ç¥áª®-
£® å à ªâ¥à , â ª ¨ ¯à¨ª« ¤­®£®, ª®£¤  ­¥®¡å®¤¨¬® ª®­áâàãªâ¨¢­® ®¡¥á¯¥ç¨¢ âì à §¤¥«¨¬®áâì.
�¤­  ¨§ ®¡« áâ¥©, ¢ ª®â®àëå  «£®à¨â¬¨ç¥áª ï áâ®à®­  ¤¥«  ¨£à ¥â ¢ ¦­¥©èãî à®«ì, | íâ®
à á¯®§­ ¢ ­¨¥ ®¡à §®¢, ¢ª«îç îé¥¥ § ¤ ç¨ ¤¨áªà¨¬¨­ æ¨¨, ª« áá¨ä¨ª æ¨¨ ¨ ¬­®£® ¤àã£¨å.

�à¨¢¥¤¥¬ ¯à¨¬¥à ª®­áâàãªâ¨¢­®© ®â¤¥«¨¬®áâ¨ ¬­®¦¥áâ¢ M � R
n ¨ N � R

n , § ¤ ­­ëå
á¨áâ¥¬ ¬¨ «¨­¥©­ëå ­¥à ¢¥­áâ¢:

M := fx j Ax � bg 6= ;; N := fx j Bx � dg 6= ;; M \N = ;: (1.1)

�ã¦­® ¯®áâà®¨âì áâà®£® ¨å à §¤¥«ïîéãî £¨¯¥à¯«®áª®áâì H := fx j (c; x) � � = 0g, â. ¥. â ªãî,
çâ®

(c; x) � � < 0 8x 2M; (c; x) � � > 0 8x 2 N:

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ¡ë«® áä®à¬ã«¨à®¢ ­®  ¢â®à®¬ ¢ 1957 £., ¯®§¤­¥¥ ®­® ¡ë«® ¢ª«îç¥­®
¢ [1].

�â¢¥à¦¤¥­¨¥ 1.1. �¨áâ¥¬ 

ATu+BTv = 0; [u; v] � 0;

(b; u) + (d; v) � �1
(1.2)

á®¢¬¥áâ­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  M \N = ;.
�á«¨ [u; v]| ­¥ª®â®à®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1:2), â® £¨¯¥à¯«®áª®áâì H ¯à¨ c = ATu ¨ � = 1=2

(¨«¨ ¯à¨ c = �BTv ¨ � = �1=2) áâà®£® à §¤¥«ï¥â ¬­®¦¥áâ¢  M ¨ N .

� ¬¥â¨¬, çâ® ­ å®¦¤¥­¨¥ å®âï ¡ë ®¤­®£® à¥è¥­¨ï á¨áâ¥¬ë (1.2) ¬®¦­® ®áãé¥áâ¢¨âì à §­ë-
¬¨ ¬¥â®¤ ¬¨, ­ ¯à¨¬¥à, ¬¥â®¤®¬ �ãàì¥ ([2], x 11), á¨¬¯«¥ªá-¬¥â®¤®¬ ¨«¨ ä¥©¥à®¢áª¨¬¨ ¬¥â®-
¤ ¬¨ ([2], £«. VI).

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï § ¤ ç¨ á¨«ì­®© ®â¤¥«¨¬®áâ¨ ¬­®¦¥áâ¢ M ¨ N ¤«ï âà¥å
ä®à¬ ¨å § ¤ ­¨ï:

1� M ¨ N § ¤ îâáï á®£« á­® (1.1),
2� M ¨ N § ¤ îâáï ¢ë¯ãª«ë¬¨ ®¡®«®çª ¬¨ ¤¢ãå ª®­¥ç­ëå á®¢®ªã¯­®áâ¥© â®ç¥ª fpig

k
1 ¨

fqjg
s
1, â. ¥.

M := convfpigk1 ; N := convfqjgs1;

� ¡®â  ¢ë¯®«­¥­  ¯à¨ £®áã¤ àáâ¢¥­­®© ¯®¤¤¥à¦ª¥ ¢¥¤ãé¨å ­ ãç­ëå èª®« (¯à®¥ªâ ��-5595.2006.1)
¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâ 04-01-00108).
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3� á¬¥è ­­ë© á«ãç ©:

M := fx j Ax � bg; N := convfqjgs1: (1.3)

� ­ §¢ ­¨¨ ¤ ­­®© áâ âì¨ ã¯®âà¥¡«¥­ â¥à¬¨­ á¨«ì­®© ®â¤¥«¨¬®áâ¨, íâ® ®§­ ç ¥â ®â¤¥«¨¬®áâì
á«®¥¬ ­ ¨¡®«ìè¥© â®«é¨­ë (�-á«®¥¬). �¨«ì­ ï ®â¤¥«¨¬®áâì, ¯® áãé¥áâ¢ã, íª¢¨¢ «¥­â­  § ¤ ç¥
®âëáª ­¨ï à ááâ®ï­¨ï ¬¥¦¤ã M ¨ N ¢ á¬ëá«¥ ¬¥âà¨ª¨

�(M;N) := minfkx � yk
�� x 2M; y 2 Ng: (1.4)

�á«¨ x 2 M ¨ y 2 N ï¢«ïîâáï arg-â®çª ¬¨ § ¤ ç¨ (1.3), â. ¥. opt(1:4) = kx � yk, â® á«®¥¬
­ ¨¡®«ìè¥© â®«é¨­ë, à §¤¥«ïîé¨¬ ¬­®¦¥áâ¢ M ¨ N , ¡ã¤¥â P := fx j x 2 P1\P2g, £¤¥ P1 ¨ P2

| ¯®«ã¯à®áâà ­áâ¢ , § ¤ ¢ ¥¬ë¥ «¨­¥©­ë¬¨ ­¥à ¢¥­áâ¢ ¬¨ (x�x; x�y) � 0 ¨ (y�y; x�y) � 0.
�¨¯¥à¯«®áª®áâì H�, § ¤ ¢ ¥¬ãî ãà ¢­¥­¨¥¬

�
x � x+y

2
; x � y

�
= 0, ¡ã¤¥¬ ­ §ë¢ âì á¨«ì­®

à §¤¥«ïîé¥© ¬­®¦¥áâ¢  M ¨ N £¨¯¥à¯«®áª®áâìî.
�á«¨ ¬­®¦¥áâ¢  M ¨ N ¤®áâ â®ç­® ¯à®áâë (¢ á¬ëá«¥ ¯à®áâ®âë ®¯¥à æ¨¨ ¯à®¥ªâ¨à®¢ ­¨ï

â®ç¥ª ­  ­¨å), â®, ¯à¨¬¥­ïï ª M ¨ N ¨§¢¥áâ­ë© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï,
¯®«ãç¨¬ ¤¢¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨, áå®¤ïé¨¥áï ª â®çª ¬ x 2 M ¨ y 2 N , ª®â®àë¥ ¨ ¡ã¤ãâ
arg-â®çª ¬¨ § ¤ ç¨ (1.4). �® ¥á«¨ M ¨ N | ¯à®¨§¢®«ì­ë¥ ¬­®£®£à ­­¨ª¨, â® ¯®áª®«ìªã á ¬ 
®¯¥à æ¨ï ¯à®¥ªâ¨à®¢ ­¨ï ­  ­¨å ¤ «¥ª® ­¥ í«¥¬¥­â à­ , â® ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­®£® ¯à®¥ªâ¨-
à®¢ ­¨ï ­¥ ¬®¦¥â ¡ëâì ¯à¨§­ ­ íää¥ªâ¨¢­ë¬.

� ¬¥â¨¬, çâ® ¤®áâ¨¦¨¬®áâì ¢ (1.4), ¢®®¡é¥ £®¢®àï, ­¥®¡ï§ â¥«ì­ , ­® ¥á«¨ å®âï ¡ë ®¤­® ¨§
¬­®¦¥áâ¢ M ¨ N ®£à ­¨ç¥­®, â® ¤®áâ¨¦¨¬®áâì ¨¬¥¥â ¬¥áâ®, ¯à¨ íâ®¬ �-á«®© ­¥ ¢ëà®¦¤ ¥âáï
¢ £¨¯¥à¯«®áª®áâì. � á«ãç ¥, ª®£¤  M ¨ N | ¬­®£®£à ­­¨ª¨, § ¤ ¢ ¥¬ë¥ á¨áâ¥¬ ¬¨ «¨­¥©­ëå
­¥à ¢¥­áâ¢, ä ªâ ¤®áâ¨¦¨¬®áâ¨ ¢¥à¥­.

� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¬¥â®¤ á¢¥¤¥­¨ï (à¥¤ãªæ¨¨) ¯®áâ ¢«¥­­ëå § ¤ ç ª ­¥ª®â®à®©
ª®­áâàãªâ¨¢­® § ¤ ¢ ¥¬®© á¨áâ¥¬¥ «¨­¥©­ëå ­¥à ¢¥­áâ¢ ¨ ®¤­®£® ¢ë¯ãª«®£® ­¥à ¢¥­áâ¢ ,  
¤«ï ¥¥ à¥è¥­¨ï ¯®¤ª«îç ¥âáï ä¥©¥à®¢áª¨© ¯à®æ¥áá. � ®á­®¢¥ â ª®© à¥¤ãªæ¨¨ «¥¦¨â â¥®à¨ï
¤¢®©áâ¢¥­­®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®¬ ¯à®£à ¬¬¨à®¢ ­¨¨.

2. � â¥¬ â¨ç¥áª¨©  ¯¯ à â

2.1. �¢®©áâ¢¥­­®áâì ¢ ¢ë¯ãª«®¬ ¯à®£à ¬¬¨à®¢ ­¨¨ (��). � ¯¨è¥¬ § ¤ çã

P := minff0(x) j fj(x) � 0; j = 1; : : : ;mg: (2.1)

�®áâ ¢¨¬ ¥© ¢ á®®â¢¥âáâ¢¨¥ ­ §ë¢ ¥¬ãî ¤¢®©áâ¢¥­­®© § ¤ çã

P � := max fF (x; u) j 5xF (x; u) = 0; u � 0g; (2.2)

£¤¥ F (x; u) := f0(x) +
mP
j=1

ujfj(x) | äã­ªæ¨ï � £à ­¦ , á®®â¢¥âáâ¢ãîé ï § ¤ ç¥ (2.1). � ¤ ç¨

P ¨ P � á¢ï§ ­ë á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥­¨¥¬.

�àï¬ ï â¥®à¥¬  ¤¢®©áâ¢¥­­®áâ¨ (¤«ï § ¤ ç¨ ��) ([3], á. 164). �ãáâì § ¤ ç  ¢ë¯ãª«®£®
¯à®£à ¬¬¨à®¢ ­¨ï (2:1) à §à¥è¨¬  ¢ â®çª¥ ex 2 Arg(2:1) ¨ 9 p 2 R

n : [f1(p); : : : ; fm(p)] < 0
(ãá«®¢¨¥ �«¥©â¥à ). �®£¤  áãé¥áâ¢ã¥â ¢¥ªâ®à eu � 0 â ª®©, çâ® [ex; eu] 2 ArgP �, ¯à¨ íâ®¬

optP = optP �, â. ¥. f0(ex) = F (ex; eu).
�¥£ª® ¤®ª §ë¢ ¥âáï á¢®©áâ¢®: ¥á«¨ x ¨ [x0; u0] ¤®¯ãáâ¨¬ë ®â­®á¨â¥«ì­® § ¤ ç P ¨ P �, â®

f0(x) � F (x0; u0): (2.3)

�«¥¤áâ¢¨¥. �á«¨ ¢ (2:3) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

f0(x) = F (x0; u0);

â® x 2 ArgP ¨ [x0; u0] 2 ArgP � (à ¢­ë¬ ®¡à §®¬ x0 2 ArgP ).
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�¤¥« ¥¬ § ¬¥ç ­¨¥ ª ¢®¯à®áã ® ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨©, ä®à¬¨àãîé¨å § ¤ çã (2.1).
�â®£® ãá«®¢¨ï ¢® ¬­®£¨å á«ãç ïå ¬®¦­® ¨§¡¥¦ âì. �ãáâì, ­ ¯à¨¬¥à, ¨¬¥¥¬ § ¤ çã

minff0(x) + rf(x) j fi(x) � 0; i 2 I � 1;mg; (2.4)

£¤¥ r > 0, f(x) := max
i21;mnI

f+j (x). � ª¨¥ § ¤ ç¨ ¢®§­¨ª îâ, ­ ¯à¨¬¥à, ¢ ¬¥â®¤ å â®ç­ëå èâà ä­ëå

äã­ªæ¨©. �ã­ªæ¨ï f(x) ­¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, ¤¨ää¥à¥­æ¨àã¥¬®©.
�¥à¥¯¨è¥¬ § ¤ çã (2.4) ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

minff0(x) + rt j fj(x) � t; j 2 1;m n I; fi(x) � 0; i 2 I; t � 0g:

�«ï íâ®© § ¤ ç¨ ­ã¦­ë¥ ãá«®¢¨ï ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢ë¯®«­ïîâáï (¥áâ¥áâ¢¥­­®, ¢ ¯à¥¤¯®«®-
¦¥­¨¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨© ffj(x)gm1 ), ¯®íâ®¬ã ª ¬®¤¨ä¨æ¨à®¢ ­­®© á¨âã æ¨¨ ¯à¨-
¬¥­¨¬® ¯à ¢¨«® ä®à¬¨à®¢ ­¨ï ¤¢®©áâ¢¥­­®© § ¤ ç¨ ¯® ¯à ¢¨«ã (2.2).

2.2. �¨¬¬¥âà¨ç¥áª ï § ¤ ç  ¨ S-â¥å­®«®£¨¨. �¥®à¥¬  ¤¢®©áâ¢¥­­®áâ¨ ¢ ¯. 2.1 ¨ ¥¥ á«¥¤-
áâ¢¨¥ ¯®¤áª §ë¢ îâ ¢ë¤¥«¥­¨¥ ¢ ª ç¥áâ¢¥ á ¬®áâ®ïâ¥«ì­®£® ®¡ê¥ªâ  á¨áâ¥¬ã

S : fj(x) � 0; j = 1; : : : ;m; 5Fx(x; u) = 0; u � 0; f0(x) � F (x; u): (2.5)

�¯à ¢¥¤«¨¢®

�â¢¥à¦¤¥­¨¥ 2.1. �á«¨ x ¨ u � 0 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ S, â® x 2 ArgP , [x; u] 2 ArgP �.

�«¥¤®¢ â¥«ì­®, § ¤ ç  P á¢®¤¨âáï ª á¨áâ¥¬¥ ­¥à ¢¥­áâ¢. �¥è¨¢ ¥¥, â¥¬ á ¬ë¬ ­ å®¤¨¬ ª ª
à¥è¥­¨¥ ex § ¤ ç¨ P , â ª ¨ à¥è¥­¨¥ [ex; eu] § ¤ ç¨ P �.

�à¨¬¥à 2.1. �á«¨ P | § ¤ ç  ��: minf(c; x) j Ax � bg, â® á¨¬¬¥âà¨ç¥áª®© ¡ã¤¥â § ¤ ç 

S : Ax � b; ATu = c; u � 0; (c; x) � (b; u):

�¢¥¤¥¬ â¥à¬¨­ \S-â¥å­®«®£¨ï". �¬ëá« S-â¥å­®«®£¨¨ á®áâ®¨â ¢ à¥¤ãªæ¨¨ § ¤ ç¨ ®¯â¨¬¨§ -
æ¨¨ ª á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ ç¥à¥§ ä®à¬¨à®¢ ­¨¥ á¨¬¬¥âà¨ç¥áª®© á¨áâ¥¬ë S ¨ ¥¥ ¯à¥®¡à §®¢ ­¨¥
ª ¢¨¤ã, ã¤®¡­®¬ã ¤«ï ¯à¨¬¥­¥­¨ï â¥å ¨«¨ ¨­ëå ¯à®æ¥¤ãà ¥¥ à¥è¥­¨ï.

�§®¡à §¨¬ áå¥¬ â¨ç¥áª¨ ­ §¢ ­­ãî â¥å­®«®£¨î

P

#

P �

&

%
S

�
�! eS ! F eM :

�à®ª®¬¬¥­â¨àã¥¬ íâã áå¥¬ã: P | § ¤ ç  ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï (2.1), P � | ¤¢®©áâ¢¥­-
­ ï § ¤ ç  (2.2), S | á¨¬¬¥âà¨ç¥áª ï § ¤ ç  (2.5), eS | íª¢¨¢ «¥­â­® ¯à¥®¡à §®¢ ­­ ï § ¤ ç 
á ¬­®¦¥áâ¢®¬ à¥è¥­¨© fM 6= ;, ¤«ï ª®â®à®£® ¬®¦­® ¯®áâà®¨âì ­¥¯à¥àë¢­®¥ M -ä¥©¥à®¢áª®¥
®â®¡à ¦¥­¨¥ (¨«¨ § ¬ª­ãâ®¥); ¥á«¨ â ª®¥ ®â®¡à ¦¥­¨¥ ¯®áâà®¥­®, â® ¨â¥à æ¨®­­ë© ¯à®æ¥áá, ¨¬
¯®à®¦¤ ¥¬ë©, ¡ã¤¥â áå®¤¨âìáï ª à¥è¥­¨î á¨áâ¥¬ë S, á«¥¤®¢ â¥«ì­®, ¡ã¤¥â ¤ ¢ âì ª ª à¥è¥­¨¥
§ ¤ ç¨ P , â ª ¨ § ¤ ç¨ P �; F eM | ª« áá fM -ä¥©¥à®¢áª¨å ®â®¡à ¦¥­¨©.
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3. �¥©¥à®¢áª¨¥ ¯à®æ¥ááë ([2], £«. VI)

� §®¢ë¬ ¯®­ïâ¨¥¬, «¥¦ é¨¬ ¢ ®á­®¢ ­¨¨ ä¥©¥à®¢áª¨å ¬¥â®¤®¢, ï¢«ï¥âáï ¯®­ïâ¨¥ M -ä¥©-
¥à®¢áª®£® ®â®¡à ¦¥­¨ï T : Rn ! R

n â ª®£®, çâ® ®¡à § T (x) í«¥¬¥­â  x =2 M ¡«¨¦¥ ª «î¡®©
â®çª¥ y 2 M , ¯à¨ íâ®¬ T (y) = y 8 y 2 M . �¤¥áì M | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¨§
R
n . �à®áâ¥©è¨¬ ¯à¨¬¥à®¬M -ä¥©¥à®¢áª®£® ®â®¡à ¦¥­¨ï ï¢«ï¥âáï ®¯¥à â®à ¬¥âà¨ç¥áª®£® ¯à®-

¥ªâ¨à®¢ ­¨ï ­  M : PrM(x). �®íâ®¬ã ­  M -ä¥©¥à®¢áª®¥ ®â®¡à ¦¥­¨¥ ¬®¦­® á¬®âà¥âì ª ª ­ 
­¥ª®â®à®¥ ®¡®¡é¥­¨¥ ®¯¥à æ¨¨ ¬¥âà¨ç¥áª®£® ¯à®¥ªâ¨à®¢ ­¨ï. �¡®§­ ç¨¬ ª« ááM -ä¥©¥à®¢áª¨å
®â®¡à ¦¥­¨© ç¥à¥§ FM . � ¯à¨ª« ¤­ëå  á¯¥ªâ åM -ä¥©¥à®¢áª¨¥ ®â®¡à ¦¥­¨ï ª®­áâàã¨àãîâáï,
ª ª ¨§ í«¥¬¥­â à­ëå ª¨à¯¨ç¨ª®¢, ¨§ ¯à®áâëå ¯à®¥ªâ¨à®¢ ­¨© ­  ¯à®áâë¥ ¬­®¦¥áâ¢ : £¨¯¥à-
¯«®áª®áâì, ¯®«ã¯à®áâà ­áâ¢®, ¯ à ««¥«¥¯¨¯¥¤, ­¥®âà¨æ â¥«ì­ë© ®àâ ­â, «¨­¥©­®¥ ¬­®£®®¡à -
§¨¥, § ¤ ¢ ¥¬®¥ ª®­¥ç­®© á¨áâ¥¬®© «¨­¥©­ëå ãà ¢­¥­¨©, ¨ ¤à.

� ª, ­ ¯à¨¬¥à, ¯à¨

M := fx j lj(x) := (aj ; x)� bj � 0; j = 1; : : : ;mg 6= ;

®â®¡à ¦¥­¨¥ T (x) :=
mP
j=1

�j PrMj
(x), £¤¥ �j > 0,

mP
j=1

�j = 1, á¨­â¥§¨à®¢ ­­®¥ ¨§ í«¥¬¥­â à­ëå

¯à®¥ªâ¨à®¢ ­¨©, ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬M -ä¥©¥à®¢áª¨¬, ¯à¨ íâ®¬ fxk+1 = T (xk)g1k=0 ! x0 2M .
�¥â®¤ë ä¥©¥à®¢áª®£® â¨¯ , á®®â­¥á¥­­ë¥ ª § ¤ ç ¬ à¥è¥­¨ï á¨áâ¥¬ «¨­¥©­ëå ¨ ¢ë¯ãª«ëå

­¥à ¢¥­áâ¢,   â ª¦¥ ª § ¤ ç ¬ «¨­¥©­®£® ¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï, à §¢¨âë ¤®áâ â®ç­®
å®à®è®. �¨¦¥ ®áâ ­®¢¨¬áï ªà âª® ­  ®á­®¢­ëå á¢®©áâ¢ å ¨ â¥®à¥¬ å, ®â­®áïé¨åáï ª â¥®à¨¨
ä¥©¥à®¢áª¨å ®¯¥à â®à®¢ ¨ ¯®à®¦¤ ¥¬ëå ¨¬¨ ¯à®æ¥áá å, áå®¤ïé¨åáï ª à¥è¥­¨î â®© ¨«¨ ¨­®©
¯®áâ ¢«¥­­®© § ¤ ç¨.

3.1. �áå®¤­ë¥ ®¯à¥¤¥«¥­¨ï, ¯®­ïâ¨ï ¨ ãâ¢¥à¦¤¥­¨ï. �ãáâì T | ®¤­®§­ ç­®¥ ®â®¡à -
¦¥­¨¥ ¨§X ¢ X ¨ FixT =:M 6= ;. �¤¥áì FixT | ¬­®¦¥áâ¢® ­¥¯®¤¢¨¦­ëå â®ç¥ª ®â®¡à ¦¥­¨ï T .

�¯à¥¤¥«¥­¨¥ 3.1. �â®¡à ¦¥­¨¥ T 2 fX ! Xg ­ §ë¢ ¥âáï M -ä¥©¥à®¢áª¨¬, ¥á«¨ ¤«ï ­¥£®
¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

T (y) = y; kT (x)� yk < kx� yk 8 y 2M; 8x =2M:

�¯à¥¤¥«¥­¨¥ 3.2. �­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ T 2 fX ! 2Xg ­ §ë¢ ¥âáï M -ä¥©¥à®¢áª¨¬,
¥á«¨ ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

T (y) = y; kz � yk < kx� yk 8 y 2M; 8 z 2 T (x); 8x =2M:

�à¨¬¥à 3.1. �ãáâì M := fx j fj(x) � 0; j = 1; : : : ;mg 6= ;, ffj(x)gm1 | ¢ë¯ãª«ë¥ äã­ªæ¨¨,
d(x) = max

(j)
fj(x), J(x) := fj j d(x) = fj(x)g. �®«®¦¨¬

T (x) :=
�
x� �

d+(x)
khk2

h
��� h 2 X

j2J(x)

�j@fj(x); �j � 0;
X

j2J(x)

�j = 1
�
; (3.1)

0 < � < 2, @fj(x) | áã¡¤¨ää¥à¥­æ¨ « ¢ë¯ãª«®© äã­ªæ¨¨ fj(x). �â® ®â®¡à ¦¥­¨¥ ã¤®¢«¥â¢®àï¥â
®¯à¥¤¥«¥­¨î 3.2.

�¡®§­ ç¨¬ ç¥à¥§ FM ª« áá M -ä¥©¥à®¢áª¨å (ª ª ®¤­®§­ ç­ëå, â ª ¨ ¬­®£®§­ ç­ëå) ®â®¡à -
¦¥­¨©. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯®­ïâ¨¥ § ¬ª­ãâ®áâ¨ ®â®¡à ¦¥­¨ï T 2 FM , ª®â®à®¥
á®áâ®¨â ¢ ¢ë¯®«­¨¬®áâ¨ ¨¬¯«¨ª æ¨¨ (fxkg ! x0, fykg ! y0, yk 2 T (xk)) =) y0 2 T (x0). �« áá
§ ¬ª­ãâëå M -ä¥©¥à®¢áª¨å ®â®¡à ¦¥­¨© ¡ã¤¥¬ ®¡®§­ ç âì FM . �á«¨ ®â®¡à ¦¥­¨¥ T 2 FM ®¤-
­®§­ ç­® ¨ § ¬ª­ãâ®, â® ®­® ­¥¯à¥àë¢­®.

�¯à¥¤¥«¥­¨¥ 3.3. �®á«¥¤®¢ â¥«ì­®áâì fxkg � R
n ­ §ë¢ ¥âáï M -ä¥©¥à®¢áª®©, ¥á«¨

fxkg \M = ;; kxk+1 � yk < kxk � yk 8 y 2M; 8 k = 0; 1; : : :
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�¯à¥¤¥«¥­¨¥ 3.4. �®á«¥¤®¢ â¥«ì­®áâì fxkg � R
n ­ §®¢¥¬ ¯®çâ¨ M -ä¥©¥à®¢áª®©, ¥á«¨

fxkg \M = ;; kxk+1 � yk � kxk � yk 8 y 2M; 8 k = 0; 1; : : : ;

¯à¨ç¥¬ íâ  ¯®á«¥¤®¢ â¥«ì­®áâì á®¤¥à¦¨âM -ä¥©¥à®¢áªãî ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, â. ¥. 9 fxjkg �
fxkg:

kxjk+1 � yk < kxjk � yk 8 y 2M; 8 k = 0; 1; : : :

�à¨¬¥ç ­¨¥ ª ®¯à¥¤¥«¥­¨î 3.4. �á«¨ ¨§ ¯®çâ¨ M -ä¥©¥à®¢áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ã¡à âì
¢®§¬®¦­ë¥ ¯®¢â®à¥­¨ï, â® ®áâ ­¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì, ¨¬¥­ã¥¬ ï á« ¡® M -ä¥©¥à®¢áª®©, çâ®
á®®â¢¥âáâ¢ã¥â á«¥¤ãîé¥¬ã ®¯à¥¤¥«¥­¨î.

�¯à¥¤¥«¥­¨¥ 3.5. �®á«¥¤®¢ â¥«ì­®áâì fxkg ­ §ë¢ ¥âáï á« ¡® M -ä¥©¥à®¢áª®©, ¥á«¨

fxkg \M = ;; kxk+1 � yk � kxk � yk 8 y 2M; xk+1 6= xk 8 k:

� ¬¥â¨¬, çâ® â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®à®¦¤ îâáï á« ¡® M -ä¥©¥à®¢áª¨¬¨ ®â®¡à ¦¥­¨ï-
¬¨ T :

T (y) = y; kT (x)� yk � kx� yk 8 y 2M; 8x =2M; T (x) 6= x:

�¥£ª® ¯à®¢¥à¨âì á¢®©áâ¢®: ¥á«¨ T (x) á« ¡® M -ä¥©¥à®¢áª®¥, â® T�(x) := �T (x) + (1 � �)x
ï¢«ï¥âáï M -ä¥©¥à®¢áª¨¬ ¯à¨ � 2 (0; 1).

�¨¦¥ ¡ã¤¥¬ ¯®« £ âì X = R
n .

�¥à¥ç¨á«¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¨ ä ªâë, ®â­®áïé¨¥áï ª M -ä¥©¥à®¢áª¨¬ ®â®¡à ¦¥­¨ï¬ ¨
M -ä¥©¥à®¢áª¨¬ ¯®á«¥¤®¢ â¥«ì­®áâï¬.

10. �á«¨ FM 6= ;, â® ¬­®¦¥áâ¢® M  ¢â®¬ â¨ç¥áª¨ ¢ë¯ãª«® ¨ § ¬ª­ãâ®.
20. �á«¨M ¢ë¯ãª«® ¨ â¥«¥á­®, â® «î¡ ïM -ä¥©¥à®¢áª ï ¯®á«¥¤®¢ â¥«ì­®áâì fxkg áå®¤¨âáï

ª ­¥ª®â®à®¬ã x0 2 Rn .
30. �á«¨ T 2 FM ¨ ¯®á«¥¤®¢ â¥«ì­®áâì fxkg ¯®à®¦¤¥­  ¯à®æ¥áá®¬

fxk+1 2 T (xk)g1k=0; (3.2)

¯à¨ç¥¬ fxkg \M = ;, â® fxkg M -ä¥©¥à®¢áª ï.
40. �á«¨ fxkg | M -ä¥©¥à®¢áª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨ ­¥ª®â®à ï ¯à¥¤¥«ì­ ï ¥¥ â®çª  x0

¯à¨­ ¤«¥¦¨â M , â® fxkg ! x0.

�â¢¥à¦¤¥­¨¥ 3.1. �á«¨ T 2 FM ¨ T (x) ­¥¯à¥àë¢­®, â®

fxk+1 = T (xk)g
1
k=0 ! x0 2M:

�â¢¥à¦¤¥­¨¥ 3.2. �á«¨ T 2 FM , â®

fxk+1 2 T (xk)g1k=0 ! x0 2M:

�®áª®«ìªã ®â®¡à ¦¥­¨¥ (3.1) ï¢«ï¥âáï § ¬ª­ãâë¬ M -ä¥©¥à®¢áª¨¬, â® ¢ á¨«ã ãâ¢¥à¦¤¥-
­¨ï 3.2 ¯à®æ¥áá â¨¯  (3.2) áå®¤¨âáï ª à¥è¥­¨î á®¢¬¥áâ­®© á¨áâ¥¬ë ¢ë¯ãª«ëå ­¥à ¢¥­áâ¢
fj(x) � 0, j = 1; : : : ;m.

3.2. � §®¢ë¥ ª®­áâàãªæ¨¨ ä¥©¥à®¢áª¨å ®â®¡à ¦¥­¨©. � ª ã¦¥ ®â¬¥ç «®áì, ®¯¥à -
â®à PrM (x) ¬¥âà¨ç¥áª®£® ¯à®¥ªâ¨à®¢ ­¨ï ­  ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ï¢«ï¥âáï ­¥¯à¥-
àë¢­ë¬ M -ä¥©¥à®¢áª¨¬. �á«¨ ¨¬¥¥âáï ­¥ª®â®à ï á®¢®ªã¯­®áâì ¯à®áâëå ¢ë¯ãª«ëå ¬­®¦¥áâ¢
Mj � R

n , j = 1; : : : ;m, ¨ á®®â¢¥âáâ¢ãîé ï á®¢®ªã¯­®áâì ®¯¥à â®à®¢ ¯à®¥ªâ¨à®¢ ­¨ï ­  ­¨å
PrMj

(x), j = 1; : : : ;m (®­¨ ï¢«ïîâáï Mj-ä¥©¥à®¢áª¨¬¨), â® ¨§ íâ¨å í«¥¬¥­â à­ëå ¯à®¥ªâ¨à®-
¢ ­¨© ¬®¦­® ª®­áâàã¨à®¢ âì (à §­ë¬¨ á¯®á®¡ ¬¨) ¡®«¥¥ á«®¦­ë¥ ä¥©¥à®¢áª¨¥ ®â®¡à ¦¥­¨ï

®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  M :=
mT
j=1

Mj 6= ;.

�à¨¢¥¤¥¬ ¡ §®¢ë¥ ª®­áâàãªæ¨¨ â ª®£® à®¤ , ®¤­ ª® ®­¨ ¡ã¤ãâ ¤ ­ë ­¨¦¥ á ¡®«¥¥ ®¡é¨å
¯®§¨æ¨©.
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�â ª, ¯ãáâì Tj 2 FMj
, j = 1; : : : ;m, ¨ M :=

mT
j=1

Mj 6= ;.

�â¢¥à¦¤¥­¨¥ 3.3. �¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï

(Tj 2 FMj
; j = 1; : : : ;m) =) T �(x) :=

mX
j=1

�jTj(x) 2 FM ;

£¤¥ �j > 0,
mP
j=1

�j = 1.

�â¢¥à¦¤¥­¨¥ 3.4. �á«¨ � := (j1; : : : ; jm) | «î¡®¥ ã¯®àï¤®ç¥­¨¥ ¨­¤¥ªá®¢ j = 1; : : : ;m, â®

T (�)(x) := Tj1 Tj2 : : : Tjm(x) 2 FM :

�à¨¬¥ç ­¨¥ 3.1. �á«¨ ¢ íâ¨å ãâ¢¥à¦¤¥­¨ïå fTj(x)gm1 ­¥¯à¥àë¢­ë, â® T (�)(x) ¨ T (�)(x)
­¥¯à¥àë¢­ë; ¥á«¨ ¦¥ ®­¨ § ¬ª­ãâë, â® T �(x) ¨ T (�)(x) â ª¦¥ § ¬ª­ãâë. �«¥¤®¢ â¥«ì­®, ª
¯®á«¥¤­¨¬ ¬®¦­® ¯à¨¬¥­¨âì ãâ¢¥à¦¤¥­¨ï 3.1 ¨ 3.2 ® áå®¤¨¬®áâ¨ ¯à®æ¥áá®¢, ¨¬¨ ¯®à®¦¤ ¥¬ëå.

� áá¬®âà¨¬ ¥é¥ ®¤­ã ª®­áâàãªæ¨î ®â®¡à ¦¥­¨ï T 2 FM , ¯®«ãç ¥¬®£® ¨§ fTjgm1 . �ãáâì ¤«ï
¬­®¦¥áâ¢ Mj § ¤ ­ë äã­ªæ¨¨ dj(x), ®¡« ¤ îé¨¥ á¢®©áâ¢®¬ dj(y) = 0 ¤«ï y 2 Mj ¨ dj(x) > 0
¤«ï x =2 Mj . �ã¤¥¬ áç¨â âì íâ¨ äã­ªæ¨¨ ¢ë¯ãª«ë¬¨. �¢¥¤¥¬ d(x) := max

(j)
dj(x) ¨ J(x) := fj j

d(x) = dj(x)g (íâ® ª®¯¨àã¥â ã¦¥ à áá¬®âà¥­­ë¥ á¨âã æ¨¨).
�¢¥¤¥¬ ®â®¡à ¦¥­¨¥

T (x) := convfTjx(x) j jx 2 J(x)g; (3.3)

§¤¥áì conv | á¨¬¢®« ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢, áâ®ïé¨å ¢ áª®¡ª å f g.

�â¢¥à¦¤¥­¨¥ 3.5. �â®¡à ¦¥­¨¥ (3:3) ï¢«ï¥âáï M -ä¥©¥à®¢áª¨¬, ¯à¨ íâ®¬ ¥á«¨ fTj(x)gm1
§ ¬ª­ãâë, â® ®â®¡à ¦¥­¨¥ T (x) § ¬ª­ãâ®.

�à¨¬¥ç ­¨¥ 3.2. � ãâ¢¥à¦¤¥­¨ïå 3.3{3.5 ¢á¥ ¬­®¦¥áâ¢ Mj , j = 1; : : : ;m, ¬®£ãâ á®¢¯ ¤ âì,
¯à¨ íâ®¬ á®¤¥à¦ â¥«ì­®áâì íâ¨å ãâ¢¥à¦¤¥­¨© ­¥ ãâà ç¨¢ ¥âáï. �®«¥¥ â®£®, íâ¨ ç áâ­ë¥ ãâ¢¥à-
¦¤¥­¨ï ¯®¤ç¥àª¨¢ îâ ¢ ï¢­®¬ ¢¨¤¥ â®â ¢ ¦­ë© ä ªâ, çâ® ¨§ ¢áïª®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨
M -ä¥©¥à®¢áª¨å ®â®¡à ¦¥­¨© ¬®¦­® áâà®¨âì ­®¢ë¥ ®â®¡à ¦¥­¨ï ¨§ FM á¯®á®¡ ¬¨, § ä¨ªá¨-
à®¢ ­­ë¬¨ ¢ ãâ¢¥à¦¤¥­¨ïå 3.3{3.5. �§ íâ¨å ãâ¢¥à¦¤¥­¨© á«¥¤ã¥â, çâ® ª« áá ®â®¡à ¦¥­¨© FM

§ ¬ª­ãâ ®â­®á¨â¥«ì­® ¢ë¯ãª«®© áã¬¬ë «î¡®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨ ®â®¡à ¦¥­¨© ¨§ FM ¨
®â­®á¨â¥«ì­® «î¡®© ¨å áã¯¥à¯®§¨æ¨¨, â. e. FM ï¢«ï¥âáï á¢®¥£® à®¤  ¢ë¯ãª«®©  «£¥¡à®©.

4. �à¨¬¥àë ¯à¨¬¥­¥­¨ï S-â¥å­®«®£¨¨

�à¨¬¥à 4.1. � ¤ çã ¯à®¥ªâ¨à®¢ ­¨ï í«¥¬¥­â  p ­  ¬­®£®£à ­­¨ªM := fx j Ax � bg ¬®¦­®
§ ¯¨á âì ¢ ä®à¬¥ ®¯â¨¬¨§ æ¨®­­®© § ¤ ç¨

min
�
1
2
kx� pk2 j Ax � b

	
:

�®«®¦¨¬ L(x; u) := 1
2
kx� pk2 + (u;Ax� b) (= 1

2
kx� pk+ (ATu; x)� (b; u)). �¬¥¥¬

5xL(x; u) = (x� p) +ATu:

�ë¯¨è¥¬ á¨¬¬¥âà¨ç¥áªãî § ¤ çã

Ax � b;

x� p+ATu = 0; u � 0;
1
2
kx� pk2| {z }
f0(x)

� 1
2
kx� pk2 + (Ax� b; u)| {z }

F (x;u)

:
(4.1)
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�®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¨áª«îç¥­¨ï ¯¥à¥¬¥­­®© x, ¯®«ãç¨¬ íª¢¨¢ «¥­â á¨áâ¥-
¬ë (4.1)

uT (AAT )u� (Ap� b; u) � 0; u � 0;

�(AAT )u � b�Ap:
(4.2)

�¨áâ¥¬  (4.2) á®áâ®¨â ¨§ á¨áâ¥¬ë «¨­¥©­ëå ®â­®á¨â¥«ì­® u ­¥à ¢¥­áâ¢ (¢â®à ï áâà®ª ) ¨
®¤­®£® ª¢ ¤à â¨ç­®£® ¢ë¯ãª«®£® ­¥à ¢¥­áâ¢  (¯¥à¢ ï áâà®ª ). � ©¤ï à¥è¥­¨¥ u á¨áâ¥¬ë (4.2)
â¥¬ ¨«¨ ¨­ë¬ ¬¥â®¤®¬, ­ ¯à¨¬¥à, ä¥©¥à®¢áª¨¬, ¯® ä®à¬ã«¥ x = p� ATu ­ å®¤¨¬ x, ¯à¨ íâ®¬
¢¥ªâ®à x ¡ã¤¥â ¯à®¥ªæ¨¥© â®çª¨ p ­  ¬­®£®£à ­­¨ª M = fx j Ax � bg.

�à¨¬¥à 4.2. � áá¬®âà¨¬ § ¤ çã ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

P : min
�
1
2
(x� p)TQ(x� p) + (c; x) j Ax � b; Bx = d

	
(4.3)

¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® Q | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ¬ âà¨æ . � à ¬ª å áå¥¬ë ¯®«ãç¥­¨ï
á¨¬¬¥âà¨ç¥áª®© § ¤ ç¨, á®®â¢¥âáâ¢ãîé¥© § ¤ ç¥ (2.1), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ¥¥ ¢¨¤ã:

A(p�Q�1(ATu+BTv + c)) � b; (4.4)

B(p�Q�1(ATu+BTv + c)) = d; (4.5)

(ATu+BTv)TQ�1(ATu+BTv) + (bT + (Q�1c� p)TAT )u+ (dT + (Q�1c� p)TBT )v � 0; u � 0:
(4.6)

� íâ®© á¨áâ¥¬¥ ¯®¤á¨áâ¥¬ë (4.4) ¨ (4.5) ï¢«ïîâáï «¨­¥©­ë¬¨ ®â­®á¨â¥«ì­®[u; v],   ­¥à ¢¥­-
áâ¢® (4.6) ¢ë¯ãª«®¥ ®â­®á¨â¥«ì­® [u; v], â ª çâ® ª íâ®© á¨áâ¥¬¥ ¬®¦¥â ¡ëâì ¯à¨¬¥­¥­ â®â ¨«¨
¨­®© ¢ à¨ ­â ä¥©¥à®¢áª®£® ¬¥â®¤ . �á«¨ [u; v] | ­¥ª®â®à®¥ à¥è¥­¨¥ á¨áâ¥¬ë (4.4){(4.6), â®
à¥è¥­¨¥ § ¤ ç¨ (4.3) ®âëáª¨¢ ¥âáï ¯® ä®à¬ã«¥ x = p�Q�1(ATu+BTv + c).

5. � ¤ ç  ¯®¨áª  à ááâ®ï­¨ï ¬¥¦¤ã ¤¢ã¬ï ¬­®£®£à ­­¨ª ¬¨

�ãáâì M := fx j Ax � bg, N := fy j By � dg. �ä®à¬ã«¨àã¥¬ § ¤ çã

min
�
1
2
kx� yk2 j Ax � b; By � d

	
: (5.1)

�¥«ì: á¢¥áâ¨ ¥¥ ª à¥è¥­¨î ­¥ª®â®à®© á¨áâ¥¬ë ¢ë¯ãª«ëå ­¥à ¢¥­áâ¢ (â®ç­¥¥, ª á¨áâ¥¬¥ «¨­¥©-
­ëå ­¥à ¢¥­áâ¢ ¨ ®¤­®¬ã ¢ë¯ãª«®-ª¢ ¤à â¨ç­®¬ã ­¥à ¢¥­áâ¢ã).

�ä®à¬ã«¨à®¢ ­­ ï § ¤ ç  ï¢«ï¥âáï ¢ ¦­®© ¢ á¢ï§¨ á  ªâã «ì­®áâìî ¢®¯à®á®¢ á¨«ì­®© à §-
¤¥«¨¬®áâ¨ £¨¯¥à¯«®áª®áâìî ­¥¯¥à¥á¥ª îé¨åáï ¢ë¯ãª«ëå ¬­®¦¥áâ¢ (¯ãáâì ¬­®£®£à ­­¨ª®¢) ¢
¤¨áªà¨¬¨­ ­â­®¬  ­ «¨§¥. �®¯à®áë à §¤¥«¨¬®áâ¨ ¬­®£®£à ­­¨ª®¢ å®à®è® à §à ¡®â ­ë. �®«¥¥
á«®¦­ë¬ ï¢«ï¥âáï ¢®¯à®á ® à §¤¥«¨¬®áâ¨ á«®¥¬ ­ ¨¡®«ìè¥© â®«é¨­ë, çâ® íª¢¨¢ «¥­â­®, ¢
ª®­áâàãªâ¨¢­®¬ ¯« ­¥, § ¤ ç¥ ®âëáª ­¨ï â®ç¥ª x 2M ¨ y 2 N , à¥ «¨§ãîé¨å min

x2M
y2N

kx� yk.

�â ª, ¤«ï § ¤ ç¨ (5.1) § ¯¨è¥¬ äã­ªæ¨î � £à ­¦ 

F (x; y;u; v) := 1
2
kx� yk2 + (Ax� b; u) + (By � d; v); [u; v] � 0:

�®¤áç¨â ¥¬

5x;y F (x; y;u; v) = 0 : (x� y) +ATu = 0; y � x+BTv = 0: (5.2)

�«ï ¯®áâ ­®¢ª¨ á¨¬¬¥âà¨ç¥áª®© § ¤ ç¨ ­ã¦­® áä®à¬¨à®¢ âì ­¥à ¢¥­áâ¢®

1
2
kx� yk2 � F (x; y;u; v) = 1

2
kx� yk+ (ATu; x)� (b; u) + (BTv; y)� (d; v);

çâ® ¤ ¥â

0 � (ATu; x) + (BTv; y)� (b; u)� (d; v): (5.3)
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�®¤áâ ¢«ïï ¢ (5.3) ATu ¨ BTv ¨§ (5.2), ¯®«ãç ¥¬ kx�yk2+(b; u)+(d; v) � 0,   ¢ ¨â®£¥ | á¨áâ¥¬ã

Ax � b; By � d; (5.4)1

x� y = �ATu; (5.4)2

x� y = BTv; (5.4)3

kx� yk2 + (b; u) + (d; v) � 0; (5.4)4
[u; v] � 0: (5.4)5

�®¤áâ ¢«ïï (5:4)2 ¢ (5:4)1, (5:4)3 ¨ (5:4)4, ¯®«ãç¨¬ ¨â®£®¢ãî á¨áâ¥¬ã

A(y �ATu) � b; By � d;

ATu+BTv = 0;

uT (AAT )u+ (b; u) + (d; v) � 0;

[u; v] � 0:

(5.5)

�¨áâ¥¬  (5.5) á®¤¥à¦¨â ¯®¤á¨áâ¥¬ã «¨­¥©­ëå ®â­®á¨â¥«ì­® [y; u; v] ­¥à ¢¥­áâ¢ ¨ ®¤­® ¢ë¯ãª«®¥
ª¢ ¤à â¨ç­®¥ ­¥à ¢¥­áâ¢®. � ©¤ï ¥¥ à¥è¥­¨¥ [y; u; v], ¯® ä®à¬ã«¥ x = y �ATu ­ å®¤¨¬ ¢¥ªâ®à
x, ª®â®àë© ¢ ¯ à¥ á y ¤ ¥â â®çª¨ ¨§ M ¨ N , à¥ «¨§ãîé¨¥ à ááâ®ï­¨¥ ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨. �®
x ¨ y áâà®¨âáï á¨«ì­® à §¤¥«ïîé ï M ¨ N £¨¯¥à¯«®áª®áâì H� :=

�
x
�� �x� x+y

2
; x� y

�	
= 0.

6. �¨«ì­ ï ®â¤¥«¨¬®áâì ¬­®£®£à ­­¨ª®¢, § ¤ ­­ëå ¢ë¯ãª«ë¬¨ ®¡®«®çª ¬¨
¤¢ãå á®¢®ªã¯­®áâ¥© ª®­¥ç­®£® ç¨á«  â®ç¥ª

�ãáâì § ¤ ­ë ¬­®¦¥áâ¢  M := convfpigki=1 ¨ N := convfqigsj=1, â. ¥.

M =
�
x 2 Rn

��� x = kX
i=1

�ipi; �i � 0;
kX
i=1

�i = 1
�
;

N =
�
y 2 Rn

��� y = sX
j=1

�jqj ; �j � 0;
sX

j=1

�j = 1
�
:

�®çª¨ pi ¨ qj ¡ã¤¥¬ áç¨â âì ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨, à ¢­ë¬ ®¡à §®¬ ¢¥ªâ®àë � := [�1; : : : ; �k]T ¨
� := [�1; : : : ; �s]T . �¡à §ã¥¬ ¬ âà¨æë A := [p1; : : : ; pk] ¨ B := [q1; : : : ; qs]. �®«®¦¨¬ e1 = [1; : : : ; 1]T| {z }

k

,

e2 = [1; : : : ; 1]T| {z }
s

. �ä®à¬ã«¨àã¥¬ § ¤ çã

min
�
1
2
kx� yk2

�� x 2M; y 2 N
	
:

�  ­ «¨â¨ç¥áª®© § ¯¨á¨ íâ  § ¤ ç  ¡ã¤¥â ¨¬¥âì ¢¨¤

min
�
1
2
kx� yk2

�� x = A�; y = B�; eT1 � = 1; eT2 � = 1; � � 0; � � 0
	
: (6.1)

�¥è¥­¨¥ áä®à¬ã«¨à®¢ ­­®© § ¤ ç¨ ¡ã¤¥â ®áãé¥áâ¢«ïâìáï ¯® S-â¥å­®«®£¨¨. �£à ­¨ç¥­¨ï¬ § -
¤ ç¨ (6.1) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¤¢®©áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥

A�� x = 0 �! u�; B� � y = 0 �! u�;

�� � 0 �! v1; �� � 0 �! v2; eT1 �� 1 �! t1; et2� � 1 �! t2:
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� á¨¬¢®« å u� ¨ u� ¡ãª¢ë � ¨ � | ¯à®áâ® ¬¥âª¨. �ã­ªæ¨ï � £à ­¦ , á®®â­¥á¥­­ ï § ¤ ç¥ (6.1),
§ ¯¨è¥âáï ¢ ¢¨¤¥

F (x; y; �; �;u�; u�; v1; v2; t1; t2) := 1
2
kx� yk2 + uT�(A�� x) +

+ uT� (B� � y)� vT1 �� vT2 � + t1(eT1 �� 1) + t2(eT2 � � 1) �

�
1
2
kx� yk2 + (ATu� � v1 + t1e

T
1 )

T�+ (BTu� � v2 + t2e
T
2 )

T� � uT�x� uT� y � t1 � t2:

�ë¯¨è¥¬ £à ¤¨¥­âë äã­ªæ¨¨ F (�) ¯® ¯¥à¥¬¥­­ë¬ x; y; � ¨ � á ¯à¨à ¢­¨¢ ­¨¥¬ ¨å ­ã«î:

5x F (�) = x� y � u� = 0; (6.2)1
5yF (�) = y � x� u� = 0; (6.2)2

5�F (�) = ATu� � v1 + t1e
T
1 = 0; (6.2)3

5�F (�) = BTu� � v2 + t2e
T
2 = 0; (6.2)4

v1 � 0; v2 � 0:

�¨¬¬¥âà¨ç¥áª ï á¨áâ¥¬  S ¨¬¥¥â áâàãªâãàã

®£à ­¨ç¥­¨ï ¯àï¬®© § ¤ ç¨ (6.1); (6.3)1
®£à ­¨ç¥­¨ï ¤¢®©áâ¢¥­­®© § ¤ ç¨, â. ¥. á®®â­®è¥­¨ï (6.2); (6.3)2

­¥à ¢¥­áâ¢® 1
2
kx� yk2 � F (�), çâ® á ãç¥â®¬

á®®â­®è¥­¨© (6:2)3, (6:2)4 ¤ ¥â uT�x+ uT� y + t1 + t2 � 0. (6.3)3

�¬­®¦¨¢ áª «ïà­® (6:2)1 ­  x, (6:2)2 | ­  y ¨ á«®¦¨¢, ¯®«ãç¨¬ kx� yk2 � uT�x� uT� y = 0, çâ®
¯®§¢®«ï¥â ¯®á«¥¤­¥¥ ¨§ ­¥à ¢¥­áâ¢ (6:3)3 § ¯¨á âì ¢ ¢¨¤¥ kx� yk2 + t1 + t2 � 0.

� ¯¨è¥¬ ¢á¥ ®£à ­¨ç¥­¨ï, ä®à¬¨àãîé¨¥ á¨áâ¥¬ã S:

A� = x; B� = y;X
i

�i = 1;
X
j

�j = 1; �i � 0; �j � 0; (6.4)1

x� y = u�; y � x = u�;

ATu� = v1 � 0; BTu� = v2 � 0; (6.4)2

kx� yk2 + t1 + t2 � 0: (6.4)3

�§ (6:4)1 ¨ (6:4)2 á«¥¤ã¥â A��B� = u�, B��A� = u�. � «¥¥, ¯®¤áâ ¢¨¢ u� ¨ u� ¢ (6:4)3, ¢ ¨â®£¥
¯®«ãç¨¬ á¨áâ¥¬ã

AT (A��B�) + t1e1 � 0;

BT (B� �A�) + t2e2 � 0;

kA��B�k2 + t1 + t2 � 0;X
i

�i = 1;
X
j

�j = 1;

� � 0; � � 0:

(6.5)

�á«¨ [�; �; t1; t2] | ­¥ª®â®à®¥ à¥è¥­¨¥ á¨áâ¥¬ë (6.5), â® §­ ç¥­¨ï ¯¥à¥¬¥­­ëå x ¨ y ­ å®¤ïâáï
á®£« á­® á®®â­®è¥­¨ï¬ x = A�, y = B�,   ¤¢®©áâ¢¥­­ë¥ ®æ¥­ª¨ u�, u�, v1 ¨ v2 | ¯® ä®à¬ã« ¬

u� = A��B�; u� = �u�; v1 = ATu� + t1e1; v2 = BTu� + t2e2:

41



7. �¨«ì­ ï ®â¤¥«¨¬®áâì ¤¢ãå ¬­®£®£à ­­¨ª®¢,
§ ¤ ­­ëå ¯àï¬®-¤¢®©áâ¢¥­­ë¬ á¯®á®¡®¬

�ãáâì M := fx j Ax � bg, N := convfbjgk1 � R
n . �®«®¦¨¬ �T := [�1; : : : ; �k], eT = [ 1; : : : ; 1| {z }

k

].

�­®¦¥áâ¢® N ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ N = fy j y = B�, eT� = 1, � � 0g, £¤¥ B = [b1; : : : ; bk].
� ¯¨è¥¬ § ¤ çã

min
�
1
2
kx� yk2

�� Ax � b; y = B�; eT� = 1; � � 0
	
: (7.1)

�ë¯¨è¥¬ ¤«ï ®£à ­¨ç¥­¨© § ¤ ç¨ (7.1) ¤¢®©áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥

Ax � b! u � 0; B� � y = 0! u�;

eT� = 1! t; �v � 0! v � 0

¨ äã­ªæ¨î � £à ­¦ 

F (x; y; �;u; u� ; t; v) := 1
2
kx� yk2 + (Ax� b; u) + (B� � y; u�) + t[et� � 1]� vT� �

� 1
2
kx� yk2 + (ATu; x)� (y; u�) + (BTu� + te� v)T� � (b; u) � t| {z }

F0(�)

:

�®áâ ¢¨¬  ­ «®£ á¨áâ¥¬ë (2.5)

Ax � b; B� � y = 0; eT� = 1; � � 0 (íâ® ®£à ­¨ç¥­¨ï § ¤ ç¨ (7.1)); (7.2)1

5xF (�) = x� y +ATu = 0; u � 0;

5yF (�) = y � x� u� = 0; 5�F (�) = BTu� + te� v = 0; v � 0 (� BTu� + te = v � 0);
(7.2)2

1
2
kx� yk2 �

1
2
kx� yk+ F0(�): (7.2)3

�¥à ¢¥­áâ¢® (7:2)3 á ãç¥â®¬ 1-£® ¨ 2-£® á®®â­®è¥­¨© ¨§ (7:2)2 ¯à¥®¡à §ã¥âáï ¢ ­¥à ¢¥­áâ¢®

uT (AAT )u+ (b; u) + t � 0; (7:2)03

¢ íâ®¬ ¯à¥®¡à §®¢ ­¨¨ ãç¨âë¢ îâáï à ¢¥­áâ¢ 

(Ax; u) = (ATu; x) = (y � x; x) ¨ (y; u�) = (y; y � x):

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  S ( ­ «®£ á¨áâ¥¬ë (2.5) ¯à¨¬¥­¨â¥«ì­® ª § ¤ ç¥ (7.1)) ¥áâì ®¡ê¥¤¨-
­¥­¨¥ á¨áâ¥¬ (7:2)1, (7:2)2 ¨ ¢ë¯ãª«®£® ­¥à ¢¥­áâ¢  (7:2)03.

�ë¯¨è¥¬ ¥¥ ®â¤¥«ì­®

Ax � b; B� � y = 0; eT� = 1; � � 0; (7.3)1

x� y +AT = 0; u � 0; (7.3)2
y � x = u�; (7.3)3

BTu� + te � 0; (7.3)4

uT (AAT )u+ bTu+ t � 0: (7.3)5

�¥à¥¬¥­­ë¬¨ ¢ á¨áâ¥¬¥ (7.3) ï¢«ïîâáï x, y, �,   â ª¦¥ u, u� ¨ t (¤¢®©áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥).
� áâì ¯¥à¥¬¥­­ëå ¨§ íâ®© á®¢®ªã¯­®áâ¨ ¬®¦­® ¨áª«îç¨âì (¯® ¬¥â®¤ã � ãáá ). �¬¥­­®, ¢§ï¢ x ¨§
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(7:3)2, u� | ¨§ (7:3)3 ¨ ¯®¤áâ ¢¨¢ ¢ ®áâ «ì­ë¥ á®®â­®è¥­¨ï, ¯®«ãç¨¬ á¨áâ¥¬ã S ¢ ®ª®­ç â¥«ì­®¬
¢¨¤¥

A(y �ATu) � b; u � 0; B� � y = 0; eT� = 1; � � 0;

BT (ATu) + te � 0; uT (AAT )u+ bTu+ t � 0 :
(7.4)

�¨áâ¥¬  (7.4) á®¤¥à¦¨â «¨­¥©­ë¥ ­¥à ¢¥­áâ¢  ¨ ãà ¢­¥­¨ï,   â ª¦¥ ®¤­® ¢ë¯ãª«®¥ ­¥à ¢¥­-
áâ¢®. � â ª®© á¨áâ¥¬¥ ¯à¨«®¦¨¬ë â¥ ¨«¨ ¨­ë¥ ¢ à¨ ­âë ä¥©¥à®¢áª¨å ¬¥â®¤®¢. �á«¨ ­ ©¤¥­®
(â®ç­® ¨«¨ ¯à¨¡«¨¦¥­­®) ­¥ª®â®à®¥ à¥è¥­¨¥ [y; �; �; t ] á¨áâ¥¬ë (7.4), â® §­ ç¥­¨ï ®áâ «ì­ëå ¯¥-
à¥¬¥­­ëå ­ å®¤ïâáï (â®ç­® ¨«¨ ¯à¨¡«¨¦¥­­®) á®£« á­® á®®â­®è¥­¨ï¬ x = y�ATu, u� = y� x,
v = BTu� + te (¢á¥ íâ¨ á®®â­®è¥­¨ï ¢ëâ¥ª îâ ¨§ á¨áâ¥¬ë (7.2)).

� ¬¥â¨¬, çâ® ¢á¥ á®®â­®è¥­¨ï ¢ á¨áâ¥¬¥ (7.4) § ¯¨á ­ë ¢ ¬ âà¨ç­®¬ ¢¨¤¥. �â® ¯®§¢®«ï¥â
áâà®¨âì ¬¥â®¤ë ¥¥ à¥è¥­¨ï ¢ ¬ âà¨ç­ëå ¯à®æ¥¤ãà å, çâ® ¯à¨«®¦¨¬® ¨ ª ä¥©¥à®¢áª¨¬ ¬¥â®¤ ¬.
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