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1. �æ¥ª ¬ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤®¢ à¥è¥¨ï «¨¥©ëå ¥ª®àà¥ªâëå ®¯¥à â®àëå
ãà ¢¥¨©

Bu = f; u 2 X; (1)

¯®á¢ïé¥® § ç¨â¥«ì®¥ ç¨á«® ¯ã¡«¨ª æ¨© (á¬.,  ¯à., [1]{[3] ¨ æ¨â¨à®¢ ãî â ¬ «¨â¥à âãàã).
�à¥¤¯®«®¦¨¬, çâ® B | «¨¥©ë© ¥¯à¥àë¢ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ ¡  å®¢®¬ ¯à®áâà -
áâ¢¥ X ¨ ¥ ®¡« ¤ îé¨© ¥¯à¥àë¢ë¬ ®¡à âë¬. �¢¨¤ã ¥ª®àà¥ªâ®áâ¨ § ¤ ç¨ (1) ¯®«ãç¥¨¥
ª¢ «¨ä¨æ¨à®¢ ëå ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤®¢  ¯¯à®ªá¨¬ æ¨¨ ¥¥ à¥è¥¨ï ¢®§¬®¦®
«¨èì ¯à¨  «®¦¥¨¨   ¨áª®¬®¥ à¥è¥¨¥ â¥å ¨«¨ ¨ëå ¤®¯®«¨â¥«ìëå ãá«®¢¨©. � ª ¯à ¢¨«®,
íâ¨ ãá«®¢¨ï ¨¬¥îâ ¢¨¤ âà¥¡®¢ ¨ï ¨áâ®ª®®¡à §®© ¯à¥¤áâ ¢¨¬®áâ¨  ç «ì®© ¥¢ï§ª¨ u� � �,
£¤¥ u� | à¥è¥¨¥ (1), � |  ç «ì®¥ ¯à¨¡«¨¦¥¨¥, ¨á¯®«ì§ã¥¬®¥ ¢ à áá¬ âà¨¢ ¥¬®¬ ¬¥â®¤¥.

� ç¨â¥«ì ï ç áâì ¨§¢¥áâëå ¬¥â®¤®¢  ¯¯à®ªá¨¬ æ¨¨ à¥è¥¨© ãà ¢¥¨© (1) ¬®¦¥â ¡ëâì
¯®«ãç¥  ¢ à ¬ª å ®¡é¥© áå¥¬ë ([3], á. 39)

u� = (E ��(B;�)B)� +�(B;�)f; � 2 (0; �0]; (2)

®¯à¥¤¥«ïîé¥© â ª¨¥ ¯à¨¡«¨¦¥¨ï u�, çâ® lim
�!0

u� = u�. �ãªæ¨ï ®¯¥à â®à  B ¢ (2) ¯®¨¬ -

¥âáï ¢ á¬ëá«¥ ¯®¤å®¤ïé¥£® ®¯¥à â®à®£® ¨áç¨á«¥¨ï. � á«ãç ¥ á¥ªâ®à¨ «ì®£® ®¯¥à â®à  B
¤«ï è¨à®ª®£® ª« áá  ¯®à®¦¤ îé¨å äãªæ¨© �(�; �) âà¥¡®¢ ¨¥ áâ¥¯¥®© ¨áâ®ª®¯à¥¤áâ ¢¨-
¬®áâ¨ u� � � 2 R(Bp), p > 0, ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ áâ¥¯¥®© ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®-
áâ¨ ku� � u�k � C1�

p 8� 2 (0; �0] á â¥¬ ¦¥ ¯®ª § â¥«¥¬ p (á¬. [3], á. 42). �¤¥áì ¨ ¤ «¥¥
C1; C2; : : : | ¯®«®¦¨â¥«ìë¥  ¡á®«îâë¥ ª®áâ âë. � â¨¯¨çëå á«ãç ïå ãá«®¢¨¥ ¨áâ®ª®¯à¥¤-
áâ ¢¨¬®áâ¨ ®§ ç ¥â ¯®¢ëè¥ãî £« ¤ª®áâì ¥¢ï§ª¨ u� � � ¯® áà ¢¥¨î á £« ¤ª®áâìî í«¥-
¬¥â®¢ ¨áå®¤®£® ¯à®áâà áâ¢  X. � á«ãç ¥ ¯à®áâà áâ¢  áã¬¬¨àã¥¬ëå äãªæ¨© X = Lr,
1 < r < 1, íâ® ãá«®¢¨¥ § ç áâãî á¢®¤¨âáï ª âà¥¡®¢ ¨î ¯à¨ ¤«¥¦®áâ¨  ç «ì®© ¥¢ï§-
ª¨ u� � � ¥ª®â®à®¬ã ¯à®áâà áâ¢ã �®¡®«¥¢  ([3], á. 24). �á«¨ X | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®,
B� = B � 0, â®   «®£¨çãî ¨â¥à¯à¥â æ¨î ¤®¯ãáª ¥â «®£ à¨ä¬¨ç¥áª®¥ ãá«®¢¨¥ ¨áâ®ª®¯à¥¤-
áâ ¢¨¬®áâ¨ u� � � 2 R((� lnB)�p), p > 0, ª®â®à®¥ ¢«¥ç¥â «®£ à¨ä¬¨ç¥áªãî ®æ¥ªã áª®à®áâ¨
áå®¤¨¬®áâ¨ [4]

ku� � u�k � C2(� ln�)�p 8� 2 (0; �0]: (3)

�à¥¤áâ ¢«ï¥â ¨â¥à¥á   «¨§ ãá«®¢¨© ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨, ®¡¥á¯¥ç¨¢ îé¨å ¢ë¯®«¥¨¥ «®-
£ à¨ä¬¨ç¥áª®© ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ (3) ¨ ¢ á«ãç ¥ ¡  å®¢  ¯à®áâà áâ¢  X.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥ (1) á ®¯¥à â®à®¬ B = U(T ), £¤¥ U(t), 0 � t � T ,
| ¯®«ã£àã¯¯  ®£à ¨ç¥ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X. �áâ  -
¢«¨¢ ¥âáï, çâ® ãá«®¢¨¥ ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ u� � � 2 R(A�p), p > 0, ¢ ª®â®à®¬ �A ¥áâì £¥-
¥à â®à ¯®«ã£àã¯¯ë U(t), ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«¥¨¥ ®æ¥ª¨ (3). �®á«¥¤¥¥ ãá«®¢¨¥ ¬®¦¥â à á-
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á¬ âà¨¢ âìáï ¢ ª ç¥áâ¢¥ ¡  å®¢    «®£  âà¥¡®¢ ¨ï «®£ à¨ä¬¨ç¥áª®© ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨
¢ ¯à¨¬¥¥¨¨ ª ãà ¢¥¨î (1) á ®¯¥à â®à®¬ B ãª § ®£® ¢ëè¥ ¢¨¤ .

2. �â®ç¨¬ ¯®áâ ®¢ªã § ¤ ç¨. � áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï  ¡áâà ªâ®£® ¯ à ¡®«¨ç¥áª®£®
ãà ¢¥¨ï

dx

dt
+Ax = 0; x(0) = x0: (4)

�¤¥áì A : D(A) � X ! X | § ¬ªãâë© ¢ ®¡é¥¬ á«ãç ¥ ¥®£à ¨ç¥ë© ®¯¥à â®à á ¯«®â®© ¢ X
®¡« áâìî ®¯à¥¤¥«¥¨ï D(A) = X. �®¤ à¥è¥¨¥¬ § ¤ ç¨ (4) ¯®¨¬ ¥âáï äãªæ¨ï x = x(t) 2 X,
t 2 [0; T ], ¤¨ää¥à¥æ¨àã¥¬ ï ¨ ã¤®¢«¥â¢®àïîé ï ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î (4) ¯à¨ t > 0
¨ ¥¯à¥àë¢ ï ¢ â®çª¥ t = 0 ([5], c. 76). � «¥¥ ç¥à¥§ �(A) ®¡®§ ç ¥âáï á¯¥ªâà ®¯¥à â®à  A,
R(�;A) = (�E � A)�1 ¥áâì à¥§®«ì¢¥â  A. �¡®§ ç¨¬ â ª¦¥ K(') = f� 2 C n f0g : j arg �j �
'g [ f0g, ' 2 [0; �]; S(R) = f� 2 C : j�j � Rg, K(';R) = K(') \ S(R). �§¢¥áâ®, çâ® ¯à¨
¢ë¯®«¥¨¨ ãá«®¢¨©

�(A) � K('0); kR(�;A)k � C3=j�j 8� 2 C nK('0); '0 2 (0; �=2); (5)

§ ¤ ç  �®è¨ (4) ï¢«ï¥âáï ª®àà¥ªâ®© ([5], á. 38). � íâ®¬ á«ãç ¥ à¥è¥¨¥ (4) ¨¬¥¥â ¢¨¤ x =
U(t)x0, £¤¥ U(t) | á¨«ì® ¥¯à¥àë¢ ï ¯®«ã£àã¯¯  «¨¥©ëå ®£à ¨ç¥ëå ®¯¥à â®à®¢ ¢ X,
£¥¥à â®à ª®â®à®© á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ �A. � ¯à¥¤¯®«®¦¥¨ïå (5) ®¡à â ï § ¤ ç  �®è¨
¤«ï ãà ¢¥¨ï dx=dt + Ax = 0, á®áâ®ïé ï ¢ ®¯à¥¤¥«¥¨¨  ç «ì®£® ãá«®¢¨ï x0 = x(0) ¯®
§ ¤ ®¬ã á®áâ®ï¨î x(T ) ¢ ¬®¬¥â T > 0, ï¢«ï¥âáï ¢ ®¡é¥¬ á«ãç ¥ ¥ª®àà¥ªâ®© ([5], c. 101).
�®«®¦¨¢ B = U(T ), x0 = u, x(T ) = f , ¯à¥¤áâ ¢¨¬ íâã § ¤ çã ¢ ¢¨¤¥ (1).

� ¤ «ì¥©è¥¬ áç¨â ¥¬ ¢ë¯®«¥ë¬ ®á®¢®¥

�á«®¢¨¥ 1. �¯¥à â®à A ®¡« ¤ ¥â ª®¬¯ ªâë¬ ®¡à âë¬ A�1 : X ! X, á¯¥ªâà �(A) ¯à¨-
 ¤«¥¦¨â ¯®«ã¯®«®á¥

� = f� 2 C : j Im�j �  0=T; Re� � ag � K('0);

£¤¥  0 2 (0; �=2), a > 0, ¨ ¢ë¯®«ï¥âáï ®æ¥ª  ¨§ (5).

�â®á¨â¥«ì® ¯®à®¦¤ îé¥© äãªæ¨¨ �(z; �) ¯à¥¤¯®«®¦¨¬, çâ® ®  ã¤®¢«¥â¢®àï¥â á«¥¤ãî-
é¨¬ ãá«®¢¨ï¬.

�á«®¢¨¥ 2. �ãªæ¨ï�(z; �)   «¨â¨ç  ¯® z ¢ ®âªàëâ®© ®ªà¥áâ®áâ¨D� ¬®¦¥áâ¢ K( 0; 1)[
S(�=2), � 2 (0; �0].

�á«®¢¨¥ 3. �à¨ � 2 (0; �0] ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥Z
�0(�)

j1��(z; �)zjjdzj � C4�;

£¤¥ ª®âãà �0(�) ®ªàã¦ ¥â ¬®¦¥áâ¢® K( 0; 1) [ S(�=2).

�á«®¢¨ï¬ 2, 3 ã¤®¢«¥â¢®àïîâ ¬®£¨¥ à á¯à®áâà ¥ë¥ ¢ ¢ëç¨á«¨â¥«ì®© ¯à ªâ¨ª¥ ¯®à®-
¦¤ îé¨¥ äãªæ¨¨ �(z; �). � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ äãªæ¨î

�(z; �) = z�1
�
1� (1� �0z)

1=�
�
; � = 1=n; n 2 N: (6)

�å¥¬  (2), (6) á¢®¤¨âáï ª ¯à®áâ¥©è¥¬ã ¨â¥à æ¨®®¬ã ¯à®æ¥ááã ([3], c. 77) u� = u(n), £¤¥

u(0) = �; u(k+1) = u(k) � �0(exp(�TA)u(k) � f); k = 0; 1; : : : ; n� 1:

�¤¥áì ¤«ï  å®¦¤¥¨ï í«¥¬¥â  v(k) = exp(�TA)u(k) = U(T )u(k) à¥è ¥âáï ª®àà¥ªâ ï § ¤ ç 
�®è¨

dx

dt
+Ax = 0; x(0) = u(k):
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�ãªæ¨ï (6) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 2 ¨ 3, ¥á«¨ ¢ ª ç¥áâ¢¥ �0(�) ¢ë¡à âì £à ¨æã ¬®¦¥áâ¢ 
K( 0; 1) [ S(�=2) ¨§ ãá«®¢¨ï 2.

�àã£¨¥ ¯à¨¬¥àë ¯®à®¦¤ îé¨å äãªæ¨©, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ 2, 3, ¬®¦®  ©â¨,
 ¯à¨¬¥à, ¢ ([3], c. 64{76).

�¥®à¥¬  1. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï 1{3 ¨ ¨áâ®ª®®¡à §®¥ ¯à¥¤áâ ¢«¥¨¥ u� � � 2
R(A�p), p > 0. �®£¤  ¤«ï ¯à¨¡«¨¦¥¨© u�, ®¯à¥¤¥«ï¥¬ëå á®£« á® (2) ¯à¨ B = exp(�TA), ¨¬¥¥â
¬¥áâ® ®æ¥ª  (3).

�® áå¥¬¥ (2) íää¥ªâ¨¢® áâà®ïâáï  «£®à¨â¬ë à¥£ã«ïà¨§ æ¨¨ ãà ¢¥¨ï (1) ¢ á«ãç ¥, ª®£¤ 
¯à ¢ ï ç áâì f = x(T ) ¨§¢¥áâ  á ¯®£à¥è®áâìî, â. ¥. § ¤  í«¥¬¥â f� â ª®©, çâ® kf� � fk � �,
� > 0. � á®®â¢¥âáâ¢¨¨ á ([3], á. 43) ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥¨ï ª à¥è¥¨î ãà ¢¥¨ï (1) ¢ íâ®¬
á«ãç ¥ ¢ë¡¨à ¥âáï í«¥¬¥â

u�� = (E ��(B;�)B)� +�(B;�)f�: (7)

� à ¬¥âà à¥£ã«ïà¨§ æ¨¨ � = �(�) ¢ (7) á«¥¤ã¥â á®£« á®¢ âì á ¯®£à¥è®áâìî � â ª, çâ®¡ë ¢ë-
¯®«ï«¨áì á®®â®è¥¨ï lim

�!0
�(�) = 0 ¨ lim

�!0
supfku��(�) � u�k : kf� � fk � �g = 0 ([2], á. 27).

� «®¦¨¬   ¯®à®¦¤ îéãî äãªæ¨î �(z; �) ¤®¯®«¨â¥«ì®¥

�á«®¢¨¥ 4. �«ï «î¡ëå � 2 (0; �0] ¨¬¥¥â ¬¥áâ® ®æ¥ª Z
�0(�)

jzj�1j�(z; �)j jdzj � C5�
�1:

�¥®à¥¬  2. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï 1{4 ¨ ¨áâ®ª®®¡à §®¥ ¯à¥¤áâ ¢«¥¨¥ u� � � 2
R(A�p), p > 0. �®£¤  ¯à¨ �(�) = C6�

s, s 2 (0; 1), ¤«ï ¯à¨¡«¨¦¥¨©, ¢ëà ¡ âë¢ ¥¬ëå ¯à®æ¥áá®¬

(7), ¯à¨ ¤®áâ â®ç® ¬ «ëå � > 0 ¨¬¥¥â ¬¥áâ® ®æ¥ª 

ku��(�) � u�k � C7(� ln �)�p:

�àã£¨¥ ¯®¤å®¤ë ª ¯®áâà®¥¨î ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ à áá¬ âà¨¢ ¥¬®© ®¡à â®© § ¤ ç¨
¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [6]. �®¦® ¯®ª § âì, çâ® ¢ á«ãç ¥, ª®£¤  ®¯¥à â®à A ®¯à¥¤¥«ï¥âáï
à¥£ã«ïà® í««¨¯â¨ç¥áª¨¬ ¤¨ää¥à¥æ¨ «ìë¬ ¢ëà ¦¥¨¥¬, ãá«®¢¨¥ u� � � 2 R(A�p), p > 0,
íª¢¨¢ «¥â® âà¥¡®¢ ¨î ¯à¨ ¤«¥¦®áâ¨  ç «ì®© ¥¢ï§ª¨ á®®â¢¥âáâ¢ãîé¥¬ã ¯à®áâà áâ¢ã
�®¡®«¥¢ {�¥á®¢ .
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