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�®à®è® ¨§¢¥áâ­  à®«ì, ª®â®àãî ¨£à îâ ¨­â¥£à «ì­ë¥ ®¯¥à â®àë á ®¤­®à®¤­ë¬¨ ï¤à ¬¨ ¢
à §«¨ç­ëå à §¤¥« å ¬ â¥¬ â¨ª¨ ¨ ¢ ¯à¨«®¦¥­¨ïå. �§ãç¥­¨¥ â ª¨å ®¯¥à â®à®¢ ¢ ¬­®£®¬¥à­®©
á¨âã æ¨¨ ¡ë«® ­ ç â® ¢ à ¡®â å �.�.�¨å ©«®¢  ¨ ¥£® ãç¥­¨ª®¢ (á¬. [1],   â ª¦¥ ¡¨¡«¨®£à -
ä¨î ¢ [1]) ¨ ¯à®¤®«¦¥­® ¢ [2], [3]. � ­ áâ®ïé¥¥ ¢à¥¬ï ¤«ï ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ á ï¤à ¬¨,
®¤­®à®¤­ë¬¨ áâ¥¯¥­¨ (�n) ¨ ¨­¢ à¨ ­â­ë¬¨ ®â­®á¨â¥«ì­® ¢á¥å ¢à é¥­¨© ¢ Rn � Rn , ¯®áâà®¥-
­  ¯®«­ ï ­�¥â¥à®¢áª ï â¥®à¨ï, â¥®à¨ï ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢,   â ª¦¥ ¨áá«¥¤®¢ ­ë ¡ ­ å®¢ë
 «£¥¡àë, ¯®à®¦¤¥­­ë¥ â ª¨¬¨ ®¯¥à â®à ¬¨.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® ­�¥â¥à®¢®áâ¨ ®¯¥à â®à®¢ ¨§ ¡ ­ å®¢®©  «£¥¡àë B,
¯®à®¦¤¥­­®© ¬­®£®¬¥à­ë¬¨ ¨­â¥£à «ì­ë¬¨ ®¯¥à â®à ¬¨ á ®¤­®à®¤­ë¬¨ ï¤à ¬¨ ¨ ®¯¥à â®à -
¬¨ ã¬­®¦¥­¨ï ­  äã­ªæ¨¨ ¨§ ª« áá  A, ¤¥©áâ¢ãîé¨¬¨ ¢ Lp(Rn ), 1 < p <1 (â®ç­ ï ¯®áâ ­®¢ª 
§ ¤ ç¨ ¨ ®¯à¥¤¥«¥­¨¥ ª« áá  A ¡ã¤ãâ ¤ ­ë ­¨¦¥). �   «£¥¡à¥ B áâà®¨âáï á¨¬¢®«¨ç¥áª®¥ ¨á-
ç¨á«¥­¨¥, ¢ â¥à¬¨­ å ª®â®à®£® ®¯¨áë¢ îâáï ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­�¥â¥à®¢®áâ¨
®¯¥à â®à®¢ ¨§ íâ®©  «£¥¡àë ¨ ãª §ë¢ ¥âáï ä®à¬ã«  ¤«ï ¢ëç¨á«¥­¨ï ¨­¤¥ªá . �â¬¥â¨¬, çâ®
®á­®¢­ë¬ áà¥¤áâ¢®¬ à¥è¥­¨ï ãª § ­­®© § ¤ ç¨ ï¢«ï¥âáï «®ª «ì­ë© ¬¥â®¤ �.�.�¨¬®­¥­ª® [4].

� áâ âì¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Rn | n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®;
x = (x1; : : : ; xn) 2 Rn ; jxj =

p
x21 + � � � + x2n; x

0 = x=jxj; x � y = x1y1 + � � � + xnyn; dx = dx1 : : : dxn;
e1 = (1; 0; : : : ; 0); _Rn | ª®¬¯ ªâ¨ä¨ª æ¨ï Rn ®¤­®© ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª®©; y = !x0(t)
| ¢à é¥­¨¥ ¢ Rn , ¯¥à¥¢®¤ïé¥¥ t 2 Rn ¢ y 2 Rn â ª, çâ® !x0(e1) = x0; Z+ | ¬­®¦¥áâ¢® ¢á¥å
æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á¥«; Z+ _�R | ª®¬¯ ªâ¨ä¨ª æ¨ï ¬­®¦¥áâ¢  Z+�R ®¤­®© ¡¥áª®­¥ç­®
ã¤ «¥­­®© â®çª®©; Pm(t) | ¬­®£®ç«¥­ë �¥¦ ­¤à , ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

Pm(t) =

(
cos(m arccos t); n = 2;

(Cm
m+n�3)

�1C(n�2)=2
m (t); n > 3;

£¤¥ C(n�2)=2
m (t) | ¬­®£®ç«¥­ë �¥£¥­¡ ãíà .

1. � ª®¬¯ ªâ­®áâ¨ ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ á ®¤­®à®¤­ë¬¨ ï¤à ¬¨ á

¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

� ¯à®áâà ­áâ¢¥ Lp(Rn), 1 < p <1, à áá¬®âà¨¬ ¨­â¥£à «ì­ë© ®¯¥à â®à

(K')(x) =
Z
Rn

k(x; y)'(y) dy; x 2 R
n ; (1)

¯à¥¤¯®« £ ï, çâ® ï¤à® k(x; y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

1�. ®¤­®à®¤­®áâ¨ áâ¥¯¥­¨ (�n), â. ¥. k(�x; �y) = ��nk(x; y) 8� > 0;
2�. ¨­¢ à¨ ­â­®áâ¨ ®â­®á¨â¥«ì­® £àã¯¯ë SO(n) ¢à é¥­¨© ¯à®áâà ­áâ¢  Rn , â. ¥. k(!(x);

!(y)) = k(x; y) 8! 2 SO(n);

3�. áã¬¬¨àã¥¬®áâ¨, â. ¥. k =
Z
Rn

jk(e1; y)jjyj�n=pdy <1.

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, ¯à®¥ªâ ò 98-01-00261 .
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�ã­ªæ¨î a(x) ¡ã¤¥¬ ¥áâ¥áâ¢¥­­® ®â®¦¤¥áâ¢«ïâì á ®¯¥à â®à®¬ ã¬­®¦¥­¨ï ­  íâã äã­ªæ¨î.
� á ¡ã¤ãâ ¨­â¥à¥á®¢ âì ãá«®¢¨ï ª®¬¯ ªâ­®áâ¨ ®¯¥à â®à  a(x)K. �§¢¥áâ­® [2], çâ® ¥á«¨ a(x) 2

L0;0
1 (Rn), â® ®¯¥à â®à a(x)K ª®¬¯ ªâ¥­ ¢ Lp(Rn). �ª ¦¥¬ ¡®«¥¥ á« ¡ë¥ ãá«®¢¨ï ­  ª®íää¨æ¨¥­â

a(x), ®¡¥á¯¥ç¨¢ îé¨¥ ª®¬¯ ªâ­®áâì ®¯¥à â®à  a(x)K.
�¡®§­ ç¨¬ ç¥à¥§ A0 ¬­®¦¥áâ¢® ¢á¥å äã­ªæ¨© a(x) 2 L1(Rn) â ª¨å, çâ® ¤«ï «î¡®£® ª®¬-

¯ ªâ­®£® ¬­®¦¥áâ¢  M ¢ë¯®«­ïîâáï ãá«®¢¨ï

lim
�!0

Z
M
ja(�x)jdx = 0; (2)

lim
�!1

Z
M
ja(�x)jdx = 0: (3)

�¥¬¬  1. �ãáâì a(x) 2 A0. �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f(x) 2 L1(Rn) ¢ë¯®«­ïîâáï ãá«®¢¨ï

lim
�!0

Z
Rn

ja(�x)f(x)jdx = 0; (4)

lim
�!1

Z
Rn

ja(�x)f(x)jdx = 0: (5)

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ (4). �®§ì¬¥¬ «î¡®¥ " > 0. �®¤¡¥à¥¬ äã­ªæ¨î g(x) 2 C1
0 (Rn)

â ªãî, çâ® Z
Rn

jf(x)� g(x)jdx <
"

2kak1
;

¨ § ä¨ªá¨àã¥¬ äã­ªæ¨î g(x). �¬¥¥¬Z
Rn

ja(�x)f(x)jdx 6
Z
Rn

ja(�x)j jf(x) � g(x)jdx +
Z
Rn

ja(�x)j jg(x)jdx 6

6 kak1

Z
Rn

jf(x)� g(x)jdx +
Z
supp g

ja(�x)j jg(x)jdx <
"

2
+max

x2Rn
jg(x)j

Z
supp g

ja(�x)jdx:

� á¨«ã (2) ­ ©¤¥âáï â ª®¥ �0 > 0, çâ® ¯à¨ «î¡®¬ � 2 (0; �0) ¢ë¯®«­ï¥âáï ãá«®¢¨¥Z
supp g

ja(�x)jdx <
"

2max
x2Rn

jg(x)j
:

� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢®
Z
Rn

ja(�x)f(x)j dx < " á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å � 2 (0; �0), çâ® ¨ ¤®ª -

§ë¢ ¥â (4). �á«®¢¨¥ (5) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�¡®§­ ç¨¬ ç¥à¥§ Ka ®¯¥à â®à Ka(x)I.

�¥¬¬  2. �«ï ®¯¥à â®à  Ka

kKak 6 k1=pkak1=p1 ess sup
x2Rn

�Z
Rn

jk(e1; t)j jtj
�n=p

��a(jxj!x0(t))
��dt�1=p0

: (6)

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ ¢è¨áì ­¥à ¢¥­áâ¢®¬ ��¥«ì¤¥à  ¨ § â¥¬ ¢ë¯®«­ïï ¢à é¥­¨¥
y = !x0(t), ¯®«ãç ¥¬

j(Ka')(x)j 6
Z
Rn

jk(x; y)j ja(y)j j'(y)jdy 6

6

�Z
Rn

jk(x; y)j jyj�n=pja(y)jp
0

dy

�1=p0�Z
Rn

jk(x; y)j jyjn=p
0

j'(y)jpdy
�1=p

=

= jxj�
n

pp0

�Z
Rn

jk(e1; t)j jtj
�n=pja(jxj!x0(t))jp

0

dt

�1=p0�Z
Rn

jk(x; y)j jyjn=p
0

j'(y)jpdy
�1=p

:
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� «¥¥,

kKa'k
p
p 6 ess sup

x2Rn

�Z
Rn

jk(e1; t)j jtj
�n=p

��a(jxj!x0(t))
��p0

dt

�p=p0

�

�

Z
Rn

jxj�n=p
0

dx

Z
Rn

jk(x; y)j jyjn=p
0

j'(y)jpdy 6

6 kak(p
0�1)p=p0

1 ess sup
x2Rn

�Z
Rn

jk(e1; t)j jtj
�n=pja(jxj!x0(t))jdt

�p=p0

�

�

Z
Rn

j'(y)jpjyjn=p
0

dy

Z
Rn

jk(x; y)j jxj�n=p
0

dx =

= kkak(p
0�1)p=p0

1 k'kpp ess sup
x2Rn

�Z
Rn

jk(e1; t)j jtj�n=pja(jxj!x0(t))jdt
�p=p0

:

�âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢®

kKa'kp 6 k1=pkak1=p1 ess sup
x2Rn

�Z
Rn

jk(e1; t)j jtj�n=pja(jxj!x0(t))jdt
�1=p0

k'kp: �

�¥®à¥¬  1. �ãáâì a(x) 2 A0. �®£¤  ®¯¥à â®à Ka ª®¬¯ ªâ¥­ ¢ Lp(Rn), 1 < p <1.

�®ª § â¥«ìáâ¢®. � ª ª ª jk(e1; t)j jtj�n=p 2 L1(Rn), â® ¢ á¨«ã «¥¬¬ë 1Z
Rn

jk(e1; t)j jtj
�n=pja(jxj!x0(t))jdt! 0 ¯à¨ jxj ! 0

¨ Z
Rn

jk(e1; t)jjtj�n=pja(jxj!x0(t))jdt! 0 ¯à¨ jxj ! 1:

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª®¥ ç¨á«® N 2 N, çâ®

ess sup
jxj< 1

N
[jxj>N

Z
Rn

jk(e1; t)j jtj
�n=pja(jxj!x0(t))jdt < ": (7)

�¡®§­ ç¨¬ DN = fx 2 Rn : 1=N < jxj < Ng ¨ ¯ãáâì PDN | ®¯¥à â®à ã¬­®¦¥­¨ï ­  å à ªâ¥à¨-
áâ¨ç¥áªãî äã­ªæ¨î ¬­®¦¥áâ¢  DN . �§¢¥áâ­® (á¬. [2]), çâ® ®¯¥à â®à PDNKa ª®¬¯ ªâ¥­. � «¥¥,
á ¯®¬®éìî «¥¬¬ë 2, ¨¬¥¥¬

kKa � PDNKak = kPRnnDNKak 6

6 k1=pkak1=p1 ess sup
x2RnnDN

�Z
Rn

jk(e1; t)j jtj�n=pja(jxj!x0(t))jdt
�1=p0

< k1=pkak1=p1 "1=p
0

¢ á¨«ã (7). �â ª, ®¯¥à â®à Ka ¬®¦­® ¯à¨¡«¨§¨âì ª®¬¯ ªâ­ë¬¨ ®¯¥à â®à ¬¨ PDNKa á «î¡®©
áâ¥¯¥­ìî â®ç­®áâ¨. �­ ç¨â, ®¯¥à â®à Ka ª®¬¯ ªâ¥­.

�§ â¥®à¥¬ë 1 ¯®áà¥¤áâ¢®¬ ¯¥à¥å®¤  ª á®¯àï¦¥­­®¬ã ®¯¥à â®àã ¯®«ãç ¥âáï

�¥®à¥¬  2. �ãáâì a(x) 2 A0. �®£¤  ®¯¥à â®à a(x)K ª®¬¯ ªâ¥­ ¢ Lp(Rn), 1 < p <1.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¤«ï ®¯¥à â®à®¢ á¢¥àâª¨  ­ «®£¨ ãá«®¢¨© (2) ¨ (3) ¡ë«¨ áä®à-
¬ã«¨à®¢ ­ë ¢ [5], [6].
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2. �¯à¥¤¥«¥­¨¥ ª« áá  A

�¡®§­ ç¨¬ ç¥à¥§ A ¬­®¦¥áâ¢® ¢á¥å äã­ªæ¨© a(x) 2 L1(Rn), ¤«ï ª ¦¤®© ¨§ ª®â®àëå áãé¥-
áâ¢ãîâ ç¨á«  a0 ¨ a1 â ª¨¥, çâ® ¤«ï «î¡®£® ª®¬¯ ªâ­®£® ¬­®¦¥áâ¢  M ¢ë¯®«­ïîâáï ãá«®¢¨ï

lim
�!0

Z
M
ja(�x) � a0jdx = 0;

lim
�!1

Z
M

ja(�x) � a1jdx = 0:

�ç¥¢¨¤­®, A0 = fa(x) 2 A : a0 = a1 = 0g.
� «¥¥, ®¡®§­ ç¨¬ ç¥à¥§ �+(x) ¨ ��(x) å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨ ¥¤¨­¨ç­®£® è à  ¢ Rn

¨ ¥£® ¢­¥è­®áâ¨ á®®â¢¥âáâ¢¥­­®. � ¦¤®© äã­ªæ¨¨ a(x) 2 A á®¯®áâ ¢¨¬ ªãá®ç­®-¯®áâ®ï­­ãî
äã­ªæ¨î ea(x) = a0�+(x) + a1��(x).

�¥¬¬  3. �ãáâì a(x) 2 A. �®£¤  äã­ªæ¨ï b(x) = a(x)� ea(x) ¯à¨­ ¤«¥¦¨â ª« ááã A0.

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® ª®¬¯ ªâ  M ¨¬¥¥¬

lim
�!0

Z
M

jb(�x)jdx = lim
�!0

Z
M

ja(�x) � a0�+(�x) � a1��(�x)jdx = lim
�!0

Z
M

ja(�x) � a0jdx = 0:

� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (2) ¢ë¯®«­¥­®.
�à®¢¥à¨¬ ãá«®¢¨¥ (3). �­ ç «¥ ¢®§ì¬¥¬ «î¡®© ª®¬¯ ªâ M0, ­¥ á®¤¥à¦ é¨© ­ã«ï. �®£¤ 

¯®«ãç¨¬

lim
�!1

Z
M0

jb(�x)jdx = lim
�!1

Z
M0

ja(�x) � a0�+(�x) � a1��(�x)jdx = lim
�!1

Z
M0

ja(�x)� a1jdx = 0:

�ãáâì â¥¯¥àìM | ¯à®¨§¢®«ì­ë© ª®¬¯ ªâ ¢ Rn . �®§ì¬¥¬ ¯à®¨§¢®«ì­® " > 0 ¨ ¯®¤¡¥à¥¬ ª®¬¯ ªâ
M0 �M â ª®©, çâ® 0 =2M0 ¨ mes(M nM0) < "=2kbk1. �®£¤ Z

M
jb(�x)jdx =

Z
M0

jb(�x)jdx +
Z
MnM0

jb(�x)jdx <
Z
M0

jb(�x)jdx +
"

2
:

� á¨«ã áª § ­­®£® ¢ëè¥ ¯¥à¢®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ � ! 1. �«¥¤®¢ â¥«ì­®, ­ ©-
¤¥âáï â ª®¥ ç¨á«® �0, çâ® ¤«ï ¢áïª®£® � > �0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®Z

M

jb(�x)jdx < ";

â. ¥. ¢ë¯®«­ï¥âáï (3).

�§ íâ®© «¥¬¬ë ¨ â¥®à¥¬ë 2 áà §ã á«¥¤ã¥â à ¢¥­áâ¢®

I � a(x)K = I � ea(x)K + T;

£¤¥ T = �b(x)K | ª®¬¯ ªâ­ë© ¢ Lp(Rn ), 1 < p <1, ®¯¥à â®à. �®®â¢¥âáâ¢¥­­®

X
i

Y
j

(I � aij(x)Kij) =
X
i

Y
j

(I � eaij(x)Kij) + T1; (8)

£¤¥ T1 | ª®¬¯ ªâ­ë© ®¯¥à â®à,   áã¬¬  ¨ ¯à®¨§¢¥¤¥­¨¥ ¯à¥¤¯®« £ îâáï ª®­¥ç­ë¬¨.
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3. �«£¥¡à  B

�¡®§­ ç¨¬ ç¥à¥§ B ­ ¨¬¥­ìèãî § ¬ª­ãâãî ¯®¤ «£¥¡àã ¡ ­ å®¢®©  «£¥¡àë L(Lp( _Rn )), 1 <
p <1, á®¤¥à¦ éãî ¢á¥ ®¯¥à â®àë ¢¨¤  I � a(x)K, £¤¥ K | ®¯¥à â®à ¢¨¤  (1),   a(x) 2 A. �­ 
¯à¥¤áâ ¢«ï¥â á®¡®© § ¬ëª ­¨¥ ¯® ®¯¥à â®à­®© ­®à¬¥ ¬­®¦¥áâ¢ 

B0 =
�X

i

Y
j

(I � aij(x)Kij)
�
;

£¤¥ áã¬¬  ¨ ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­ë.
� è  æ¥«ì á®áâ®¨â ¢ ¯®áâà®¥­¨¨ ­   «£¥¡à¥ B á¨¬¢®«¨ç¥áª®£® ¨áç¨á«¥­¨ï, ¢ â¥à¬¨­ å ª®â®-

à®£® ®¯¨áë¢ îâáï ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­�¥â¥à®¢®áâ¨ ®¯¥à â®à®¢ ¨§ íâ®©  «£¥¡àë.
� ¯®¬­¨¬ (á¬. [4]), çâ® ®¯¥à â®à A : Lp( _Rn) ! Lp( _Rn ) ­ §ë¢ ¥âáï ®¯¥à â®à®¬ «®ª «ì­®£®

â¨¯ , ¥á«¨ ¤«ï «î¡®© ¯ àë § ¬ª­ãâëå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ F1 ¨ F2 ®¯¥à â®à PF1APF2
ª®¬¯ ªâ¥­.

�¥¬¬  4. �ãáâì A 2 B. �®£¤  ®¯¥à â®à A ï¢«ï¥âáï ®¯¥à â®à®¬ «®ª «ì­®£® â¨¯ .

�®ª § â¥«ìáâ¢®. �­ ç «¥ ¤®ª ¦¥¬, çâ® ®¯¥à â®àK ï¢«ï¥âáï ®¯¥à â®à®¬ «®ª «ì­®£® â¨¯ .
�ãáâì F1 ¨ F2 | § ¬ª­ãâë¥ ­¥¯¥à¥á¥ª îé¨¥áï ¬­®¦¥áâ¢  ¢ _Rn , �1(x) ¨ �2(x) | å à ªâ¥à¨áâ¨-
ç¥áª¨¥ äã­ªæ¨¨ íâ¨å ¬­®¦¥áâ¢. � áá¬®âà¨¬ ®¯¥à â®à

(PF1KPF2')(x) =
Z
Rn

�1(x)�2(y)k(x; y)'(y)dy; x 2 _Rn :

�  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ [2] § ª«îç ¥¬, çâ® ®¯¥à â®à PF1KPF2 ª®¬¯ ªâ¥­ ¢ Lp( _R
n), 1 < p <1.

�«¥¤®¢ â¥«ì­®, K | ®¯¥à â®à «®ª «ì­®£® â¨¯ .
�§¢¥áâ­® [4], çâ® ®¯¥à â®à ã¬­®¦¥­¨ï ­  áãé¥áâ¢¥­­® ®£à ­¨ç¥­­ãî äã­ªæ¨î ï¢«ï¥âáï ®¯¥-

à â®à®¬ «®ª «ì­®£® â¨¯ . �®íâ®¬ã ®¯¥à â®à I � a(x)K, £¤¥ a(x) 2 A, ¥áâì ®¯¥à â®à «®ª «ì­®£®
â¨¯ . �® â®£¤  ¨ «î¡®© ®¯¥à â®à A 2 B0 ï¢«ï¥âáï ®¯¥à â®à®¬ «®ª «ì­®£® â¨¯  ([4], á. 569).

�ãáâì â¥¯¥àì A | ¯à®¨§¢®«ì­ë© ®¯¥à â®à ¨§  «£¥¡àë B. �®£¤  ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ -
â¥«ì­®áâì fAkg � B0, çâ® kAk�Ak ! 0 ¯à¨ k !1. �®£¤  â¥¬ ¡®«¥¥ jjjAk �Ajjj ! 0 ¯à¨ k !1.
(�¤¥áì ¨ ¤ «¥¥ jjjCjjj = inf

T
kC + Tk, £¤¥ T ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® ¢á¥å ª®¬¯ ªâ­ëå ®¯¥à â®à®¢.)

�ç¨âë¢ ï á¢®©áâ¢® ®¯¥à â®à®¢ «®ª «ì­®£® â¨¯  [4], § ª«îç ¥¬, çâ® A ï¢«ï¥âáï ®¯¥à â®à®¬
«®ª «ì­®£® â¨¯ .

�á¯®«ì§ã¥¬ ¤¢  ¯®­ïâ¨ï, ¢¢¥¤¥­­ë¥ ¢ [4]. �ãáâì A ¨ B | ®¯¥à â®àë «®ª «ì­®£® â¨¯ . �¯¥-
à â®àë A ¨ B ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨ ¢ â®çª¥ x0, ¥á«¨ ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª ï
®ªà¥áâ­®áâì u â®çª¨ x0, çâ® jjj(A�B)Pujjj < " (®¡®§­ ç¥­¨¥ A x0� B). �®ª «ì­ë¬ ¯à¥¤áâ ¢¨â¥«¥¬
®¯¥à â®à  A ¢ â®çª¥ x0 ¡ã¤¥¬ ­ §ë¢ âì «î¡®© ®¯¥à â®à, íª¢¨¢ «¥­â­ë© ®¯¥à â®àã A ¢ íâ®©
â®çª¥.

�¥¬¬  5. �«ï â®£® çâ®¡ë ®¯¥à â®à

A =
X
i

Y
j

(I � aij(x)Kij) 2 B0 (9)

ï¢«ï«áï ­�¥â¥à®¢ë¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ­�¥â¥à®¢ë¬¨ ¡ë«¨ ®¯¥à â®àë

eA =
X
i

Y
j

(I � (a0)ijKij) ¨
�

A =
X
i

Y
j

(I � (a1)ijKij): (10)

�®ª § â¥«ìáâ¢® à §®¡ì¥¬ ­  ¤¢  íâ ¯ .
1. � áá¬®âà¨¬ ®¯¥à â®à I�a(x)K, £¤¥ a(x) 2 A,   K | ®¯¥à â®à ¢¨¤  (1). �®áâà®¨¬ «®ª «ì-

­ë¥ ¯à¥¤áâ ¢¨â¥«¨ ®¯¥à â®à  I � a(x)K ¢ ª ¦¤®© â®çª¥ x0 2 _Rn .
1) �ãáâì x0 6= 0 ¨ x0 6=1. �®£¤ , ®ç¥¢¨¤­®, çâ® I � a(x)K x0� I.
2) �ãáâì x0 = 0. �®ª ¦¥¬, çâ® I � a(x)K x0� I � a0K.

7



�¥©áâ¢¨â¥«ì­®, ¥á«¨ u | ­¥ª®â®à ï ®ªà¥áâ­®áâì â®çª¨ x0 = 0, â® ®¯¥à â®à [a(x) � a0]KPu
ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ ¢ Lp( _Rn ) ®¯¥à â®à®¬. �«¥¤®¢ â¥«ì­®, jjj[(I � a(x)K) � (I � a0K)]Pujjj =
jjj[a(x) � a0]KPujjj = 0, çâ® ¨ âà¥¡®¢ «®áì.

3) �ãáâì x0 =1. � ááã¦¤ ï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã, ¯®«ãç ¥¬ I � a(x)K x0� I � a1K.
2. �§ ¢ëè¥áª § ­­®£® á ãç¥â®¬ á¢®©áâ¢ ®¯¥à â®à®¢ «®ª «ì­®£® â¨¯  (á¬. [4]) á«¥¤ã¥â
 ) A x0� I, ¥á«¨ x0 6= 0 ¨ x0 6=1,
¡) A x0� eA, ¥á«¨ x0 = 0,

¢) A x0�
�

A, ¥á«¨ x0 =1.
�®£¤  ¢ á¨«ã â¥®à¥¬ë 1.6 ¨§ [4] ®¯¥à â®à A ­�¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­�¥â¥à®¢ë ®¯¥-

à â®àë eA ¨
�

A. �

� §®¢¥¬ á¨¬¢®«®¬ ®¯¥à â®à  I � a(x)K ¯ àã äã­ªæ¨©
�e�(m; �); ��(m; �)�, ®¯à¥¤¥«¥­­ëå ­ 

ª®¬¯ ªâ¥ Z+ _�R à ¢¥­áâ¢ ¬¨

e�(m; �) = 1� a0

Z
Rn

k(e1; y)Pm(e1 � y
0)jyj�n=p+i�dy;

�
�(m; �) = 1� a1

Z
Rn

k(e1; y)Pm(e1 � y0)jyj�n=p+i�dy:

� «¥¥, ¥á«¨
�e�ij(m; �); ��ij(m; �)� | á¨¬¢®« ®¯¥à â®à  I � aij(x)Kij , â® á¨¬¢®«®¬ ®¯¥à â®à  A,

§ ¤ ­­®£® à ¢¥­áâ¢®¬ (9), ­ §®¢¥¬ ¯ àã äã­ªæ¨©
�e�(m; �); ��(m; �)�, £¤¥ e�(m; �) = P

i

Q
j

e�ij(m; �),
�
�(m; �) =

P
i

Q
j

�
�ij(m; �).

�¥¬¬  6. �«ï â®£® çâ®¡ë ®¯¥à â®à A, § ¤ ­­ë© à ¢¥­áâ¢®¬ (9), ï¢«ï«áï ­�¥â¥à®¢ë¬, ­¥-
®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥£® á¨¬¢®« ¡ë« ­¥¢ëà®¦¤¥­­ë¬, â. ¥.

e�(m; �) 6= 0;
�
�(m; �) 6= 0 8 (m; �) 2 Z+ _�R: (11)

�®ª § â¥«ìáâ¢®. �®£« á­® à¥§ã«ìâ â ¬, ¯®«ãç¥­­ë¬ ¢ [3], ãá«®¢¨ï (11) ï¢«ïîâáï ­¥®¡å®-

¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ­�¥â¥à®¢®áâ¨ ®¯¥à â®à®¢ eA ¨
�

A á®®â¢¥âáâ¢¥­­®. � ®áâ ¥âáï
«¨èì ¯à¨¬¥­¨âì «¥¬¬ã 5.

�áâ ­®¢¨¬ ¤ «¥¥ ãá«®¢¨ï ­�¥â¥à®¢®áâ¨ ¯à®¨§¢®«ì­®£® ®¯¥à â®à  ¨§  «£¥¡àë B.

�¥¬¬  7. �ãáâì A | ®¯¥à â®à ¢¨¤  (9). �®£¤  á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

k eAk 6 jjjAjjj; k
�

Ak 6 jjjAjjj: (12)

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¯¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (12). �¡®§­ ç¨¬ ç¥à¥§ P+ ®¯¥à â®à ã¬­®-
¦¥­¨ï ­  äã­ªæ¨î �+(x) ¨ ¯®«®¦¨¬ K+ = P+KP+. �  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ [3] § ª«îç ¥¬,
çâ®

P
i

Q
j
(I� (a0)ijKij) = I�aK, £¤¥ a 2 C ¨ K | ®¯¥à â®à ¢¨¤  (1). �®£¤ 

P
i

Q
j
(P+� (a0)ijKij) =

P+ � aK+ T , £¤¥ K = P+KP+, Kij = P+KijP+,   T | ª®¬¯ ªâ­ë© ®¯¥à â®à (á¬. [3]).
� ãç¥â®¬ (8) ¨¬¥¥¬

jjjAjjj =
���������X

i

Y
j

(I � aij(x)Kij)
��������� = ���������X

i

Y
j

(I � eaij(x)Kij)
��������� >

>

���������P+

�X
i

Y
j

(I � eaij(x)Kij)
�
P+

��������� = ���������X
i

Y
j

P+(I � eaij(x)Kij)P+

��������� =
=
���������X

i

Y
j

(P+ � (a0)ijKij)
��������� = jjjP+ � aK + T jjj = jjjP+ � aKjjj = jjjP+(I � aK)P+jjj:
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�ç¨âë¢ ï, çâ® jjjP+(I � aK)P+jjj = kI � aKk (á¬. [3]), ¯®«ãç ¥¬ jjjAjjj > kI � aKk =



P

i

Q
j
(I �

(a0)ijKij)



 = k eAk.

�¥¯¥àì ®¯à¥¤¥«¨¬ ¯®­ïâ¨¥ á¨¬¢®«  ¤«ï ¯à®¨§¢®«ì­®£® ®¯¥à â®à  ¨§  «£¥¡àë B. �á«¨ A 2
B0, â® íâ® á¤¥« ­® ¢ëè¥. �ãáâì A 2 B nB0. �®£¤  ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì fAkg �
B0, çâ® kAk � Ak ! 0 ¯à¨ k ! 1. �®£¤  â¥¬ ¡®«¥¥ jjjAk � Ajjj ! 0 ¯à¨ k ! 1. � ¦¤®¬ã

®¯¥à â®àã Ak 2 B0 ¢¨¤  (9) á®®â¢¥âáâ¢ã¥â ¯ à  ®¯¥à â®à®¢ eAk ¨
�

Ak ¢¨¤  (10). � áá¬®âà¨¬

¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¯¥à â®à®¢ f eAkg ¨ f
�

Akg. � ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì fAkg äã­¤ ¬¥­â «ì­ 

¯® áãé¥áâ¢¥­­®© ­®à¬¥, â® ¢ á¨«ã (12) ¯®á«¥¤®¢ â¥«ì­®áâ¨ f eAkg ¨ f
�

Akg äã­¤ ¬¥­â «ì­ë ¯®

®¯¥à â®à­®© ­®à¬¥. �®«®¦¨¬ eA = u � lim
k!1

eAk ¨
�

A = u � lim
k!1

�

Ak. �¡®§­ ç¨¬ ç¥à¥§ e�(m; �)
¨

�
�(m; �) á¨¬¢®«ë ®¯¥à â®à®¢ eA ¨

�

A á®®â¢¥âáâ¢¥­­®. � àã äã­ªæ¨© (e�(m; �), �
�(m; �)) ¡ã¤¥¬

­ §ë¢ âì á¨¬¢®«®¬ ®¯¥à â®à  A.

�¥®à¥¬  3. �«ï â®£® çâ®¡ë ®¯¥à â®à A ï¢«ï«áï ­�¥â¥à®¢ë¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë ¥£® á¨¬¢®« ¡ë« ­¥¢ëà®¦¤¥­­ë¬, â. ¥.

e�(m; �) 6= 0;
�
�(m; �) 6= 0 8 (m; �) 2 Z+ _�R: (13)

�á«¨ ãá«®¢¨ï (13) ¢ë¯®«­¥­ë, â® ¨­¤¥ªá ®¯¥à â®à  A ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

indA =
1X
m=0

dn(m) ind�(
�
�(m; �)=e�(m; �)); (14)

£¤¥ ind� f(m; �) | ¨­¤¥ªá äã­ªæ¨¨ f(m; �) ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ m.

�®ª § â¥«ìáâ¢®. �á«¨ A 2 B0, â® â¥®à¥¬  ã¦¥ ¤®ª § ­  (á¬. «¥¬¬ã 6). �ãáâì A 2 B nB0.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì fAkg � B0 â ªãî, çâ® kAk � Ak ! 0 ¯à¨ k ! 1. �®«®¦¨¬eA = u � lim

k!1

eAk ¨
�

A = u � lim
k!1

�

Ak. �®áâà®¨¬ «®ª «ì­ë¥ ¯à¥¤áâ ¢¨â¥«¨ ®¯¥à â®à  A ¢ ª ¦¤®©

â®çª¥ x0 2 Rn .
1) �ãáâì x0 6= 0 ¨ x0 6=1. � ª ª ª jjjAk �Ajjj ! 0 ¯à¨ k !1 ¨ Ak

x0� I, â® A x0� I.
2) �ãáâì x0 = 0. � ª ª ª jjjAk � Ajjj ! 0 ¯à¨ k !1, jjj eAk � eAjjj ! 0 ¯à¨ k !1 ¨ Ak

x0� eAk,
â® A x0� eA.

3) �ãáâì x0 =1. � ª ª ª jjjAk �Ajjj ! 0 ¯à¨ k !1, jjj
�

Ak �
�

Ajjj ! 0 ¯à¨ k !1 ¨ Ak
x0�

�

Ak,

â® A x0�
�

A.
�á«®¢¨ï (13) ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ­�¥â¥à®¢®áâ¨ ®¯¥à â®à®¢eA ¨
�

A. �®£¤  ¢ á¨«ã â¥®à¥¬ë 1.6 ¨§ [4] ãá«®¢¨ï (13) ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨
¤«ï ­�¥â¥à®¢®áâ¨ ®¯¥à â®à  A.

�áâ ­®¢¨¬ â¥¯¥àì ä®à¬ã«ã (14). �á«¨ ®¯¥à â®à A ­�¥â¥à®¢, â® áãé¥áâ¢ã¥â â ª®¥ " > 0, çâ®
¤«ï ¢á¥å ®¯¥à â®à®¢ B â ª¨å, çâ® kBk < ", ®¯¥à â®à A+B ­�¥â¥à®¢ ¨ ind(A+B) = indA.

� ª ª ª A 0
� eA ¨ A 1

�
�

A, â® ¯® ¢ë¡à ­­®¬ã " ­ ©¤ãâáï ®ªà¥áâ­®áâ¨ u1 â®çª¨ x = 0 ¨ u2 â®çª¨
x =1 â ª¨¥, çâ®

jjj(A � eA)Pu1 jjj < "

2
¨ jjj(A �

�

A)Pu2 jjj <
"

2
:

�®£¤  â¥¬ ¡®«¥¥

jjjPu1(A� eA)Pu1 jjj < "

2
¨ jjjPu2(A�

�

A)Pu2 jjj <
"

2
:
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� á¨«ã ®¯à¥¤¥«¥­¨ï áãé¥áâ¢¥­­®© ­®à¬ë ­ ©¤ãâáï â ª¨¥ ª®¬¯ ªâ­ë¥ ®¯¥à â®àë T1 ¨ T2, çâ®
¡ã¤ãâ ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

kPu1(A� eA)Pu1 + T1k <
"

2
¨ kPu2(A�

�

A)Pu2 + T2k <
"

2
: (15)

�®« £ ï P = I � Pu1 � Pu2 , ¯®«ãç¨¬

A = (Pu1 + P + Pu2)A(Pu1 + P + Pu2) = Pu1APu1 + Pu2APu2 + T;

£¤¥ T | ­¥ª®â®àë© ª®¬¯ ªâ­ë© ®¯¥à â®à. �à¥¤áâ ¢¨¬ ®¯¥à â®à A ¢ ¢¨¤¥

A = Pu1
eAPu1 + Pu2

�

APu2 + (T � T1 � T2) +B;

£¤¥

B = Pu1(A� eA)Pu1 + T1 + Pu2(A�
�

A)Pu2 + T2:

�§ ­¥à ¢¥­áâ¢ (15) á«¥¤ã¥â, çâ® kBk < ". �®£¤  ind(A�B) = indA. �®áª®«ìªã A�B = Pu1
eAPu1+

Pu2
�

APu2 + T � T1 � T2, â®

ind(A�B) = ind(Pu1 eAPu1 + Pu2
�

APu2) = indPu1 eAPu1 + indPu2
�

APu2 :

� ª¨¬ ®¡à §®¬, indA = indPu1 eAPu1 + indPu2
�

APu2 . �§ à¥§ã«ìâ â®¢, ¯®«ãç¥­­ëå ¢ [3], á«¥¤ã¥â,
çâ®

indPu1 eAPu1 = �
1X
m=0

dn(m) ind� e�(m; �);
indPu2

�

APu2 =
1X
m=0

dn(m) ind�
�
�(m; �):

�âáî¤  á«¥¤ã¥â ä®à¬ã«  (14).

� ¬¥ç ­¨¥. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®áª®«ìªã, ­ ç¨­ ï á ­¥ª®â®à®£® m0, ¢á¥ ¨­¤¥ªáë
ind�(

�
�(m; �)=e�(m; �)) à ¢­ë ­ã«î, â® ¯à ¢ ï ç áâì ¢ ä®à¬ã«¥ (14) ä ªâ¨ç¥áª¨ ¯à¥¤áâ ¢«ï¥â

á®¡®© ª®­¥ç­ãî áã¬¬ã.

�¨â¥à âãà 
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