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� 1930 £. �. �¯¨«à © [1] ¤®ª § «, çâ® ª ¦¤ë© ç áâ¨çë© ¯®àï¤®ª, § ¤ ë©   ¥¯ãáâ®¬
¬®¦¥áâ¢¥ S, ¬®¦¥â ¡ëâì ¯à®¤®«¦¥ ¤® «¨¥©®£® ¯®àï¤ª  (â. ¥. ¤® æ¥¯¨)   S. �£® ¤®ª § â¥«ì-
áâ¢® ®á®¢ ®   «¥¬¬¥ �®à .

�¬¥¥â ¬¥áâ® á«¥¤ãîé¨© \¯®å®¦¨©" à¥§ã«ìâ â ® ª®£àãíæ¨ïå ¤«ï ã¯®àï¤®ç¥ëå ¯®«ã-
£àã¯¯: ª ¦¤ ï ª®£àãíæ¨ï ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯ë S á®¤¥à¦¨âáï ¢ à¥£ã«ïà®© ª®£àãí-
æ¨¨ S. �«ï ¯®«ãç¥¨ï íâ®£® à¥§ã«ìâ â  ¬ë ¥ ¨á¯®«ì§ã¥¬ «¥¬¬ã �®à . �«ï ¤®ª § â¥«ìáâ¢ 
¡ã¤¥¬ ¨á¯®«ì§®¢ âì ª¢ §¨æ¥¯¨ ¯® ¬®¤ã«î �, ¢¢¥¤¥ë¥ �á © �á ï£ï®¬ ¢ ¤®ªâ®àáª®© ¤¨á-
á¥àâ æ¨¨ (á¬. â ª¦¥ [2]). �®ïâ¨¥ ª®£àãíæ¨¨ ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯ë ¡ë«® ¢¢¥¤¥® ¢ [3].
�® ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á ¯®ïâ¨¥¬ ª®£àãíæ¨¨ ¢ (¥ã¯®àï¤®ç¥ëå) ¯®«ã£àã¯¯ å. �®ïâ¨¥
à¥£ã«ïà®© ª®£àãíæ¨¨ ã¯®àï¤®ç¥ëå ¯®«ã£àã¯¯ ¡ë«® ¢¢¥¤¥® ¢ [4].

�ãáâì S | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ . �â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ �   S  §ë¢ ¥âáï ª®-

£àãíæ¨¥© [5], ¥á«¨ (a; b) 2 � ! (ac; bc) 2 �, (ca; cb) 2 � 8c 2 S.
�ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ . �â®è¥¨¥ �   S  §ë¢ ¥âáï ¯á¥¢¤®¯®àï¤ª®¬,

¥á«¨

1) �� �;
2) (a; b) 2 � ¨ (b; c) 2 � ! (a; c) 2 �;
3) (a; b) 2 � ! (ac; bc) 2 � ¨ (ca; cb) 2 � 8c 2 S.

�ãáâì (S; �;�), (T; �;�) | ã¯®àï¤®ç¥ë¥ ¯®«ã£àã¯¯ë, f : S ! T | ®â®¡à ¦¥¨¥ ¨§ S ¢
T . �â®¡à ¦¥¨¥ f  §ë¢ ¥âáï ¨§®â®ë¬, ¥á«¨ x �S y ¢«¥ç¥â f(x) �T f(y). �â®¡à ¦¥¨¥ f
 §ë¢ ¥âáï £®¬®¬®àä¨§¬®¬, ¥á«¨ ®® ¨§®â®® ¨ ¤«ï ¢á¥å x; y 2 S ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã
ãá«®¢¨î (á¬. [5]): f(xy) = f(x) � f(y).

�ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ ,   � | ª®£àãíæ¨ï   S. �¡®§ ç¨¬ ç¥à¥§ �
¬ã«ìâ¨¯«¨ª æ¨î   S=� = f(a)� j a 2 Sg ((a)� = fx 2 S j (x; a) 2 �g), ®¯à¥¤¥«¥ãî à ¢¥áâ¢®¬
(x)� � (y)� = (x; y)�. �®£¤  (S=�; �) ï¢«ï¥âáï ¯®«ã£àã¯¯®© ( ¯à., [6], ®¯à¥¤¥«¥¨¥ I.5.9).

�®£àãíæ¨ï �   S  §ë¢ ¥âáï à¥£ã«ïà®© [4], ¥á«¨ áãé¥áâ¢ã¥â ®â®è¥¨¥ �   S=� â ª®¥,
çâ®

1) (S=�; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ ;
2) ®â®¡à ¦¥¨¥ � : S ! S=� j x! (x)� ¨§®â®® (á«¥¤®¢ â¥«ì®, ®® ï¢«ï¥âáï £®¬®¬®àä¨§-

¬®¬, â. ª. �(xy) = (xy)� = (x)� � (y)� = �(x) � �(y)).

�ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ ,   � | ª®£àãíæ¨ï   S. �®á«¥¤®¢ â¥«ì®áâì
¢¨¤  (x; a1; b1; a2; b2; : : : ; an�1; bn�1; an; y) í«¥¬¥â®¢ S  §ë¢ ¥âáï ª¢ §¨æ¥¯ìî ¯® ¬®¤ã«î � [2],
¥á«¨

1) (a1; b1) 2 �; (a2; b2) 2 �; : : : ; (an�1; bn�1) 2 �; (an; y) 2 �;
2) x � a1; b1 � a2; b2 � a3; : : : ; bn�2 � an�1; bn�1 � an.

�®à®âª® § ¯¨è¥¬

x � a1�b1 � a2�b2 � � � � � an�1�bn�1 � an�y:
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�¨á«® n  §ë¢ ¥âáï ¤«¨®©, x, y| ç «ìë¬ ¨ ª®¥çë¬ í«¥¬¥â ¬¨ ª¢ §¨æ¥¯¨ ¯® ¬®¤ã«î
�. �®¦¥áâ¢® ¢á¥å ª¢ §¨æ¥¯¥© ¯® ¬®¤ã«î � á x ª ª  ç «ìë¬ ¨ y ª ª ª®¥çë¬ í«¥¬¥â ¬¨
®¡®§ ç ¥âáï ç¥à¥§ �Cx;y [2].

�¥¬¬  1 (áà. á [5], «¥¬¬  4). �ãáâì (S; �;�S), (T; �;�T ) | ã¯®àï¤®ç¥ë¥ ¯®«ã£àã¯¯ë, f :
S ! T | £®¬®¬®àä¨§¬. �â®è¥¨¥ �   S, ®¯à¥¤¥«¥®¥ ª ª � = f(x; y) j f(x) �T f(y)g,
ï¢«ï¥âáï ¯á¥¢¤®¯®àï¤ª®¬   S.

�à¥¤«®¦¥¨¥ 1. �ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ . �«¥¤ãîé¨¥ ®â®è¥¨ï íª-

¢¨¢ «¥âë:

1) � | à¥£ã«ïà ï ª®£àãíæ¨ï   S;
2) áãé¥áâ¢ã¥â ¯á¥¢¤®¯®àï¤®ª �   S â ª®©, çâ® � = f(x; y) 2 S�S j (x; y) 2 � ¨ (y; x) 2 �g

(= � \ ��1).

�®ª § â¥«ìáâ¢®. 1) ! 2). �ãáâì � | â ª®¥ ®â®è¥¨¥   S=�, çâ® (S=�; �;�) ï¢«ï¥âáï
ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯®© ¨ ®â®¡à ¦¥¨¥ � : S ! S=� j x! (x)� ¨§®â®®. � ª ª ª � ï¢«ï¥âáï
£®¬®¬®àä¨§¬®¬, â® ¯® «¥¬¬¥ 1 á«¥¤ãîé¥¥ ®â®è¥¨¥ �   S ï¢«ï¥âáï ¯á¥¢¤®¯®àï¤ª®¬   S:
� = f(x; y) j (x)� � (y)�g. �¬¥¥¬ � = f(x; y) 2 S � S j (x; y) 2 � ¨ (y; x) 2 �g. �¥©áâ¢¨â¥«ì®,
(x; y) 2 �$ (x)� = (y)� $ (x)� � (y�) ¨ (y)� � (x)� $ (x; y) 2 � ¨ (y; x) 2 �.

2) ! 1). �ãáâì � | ª®£àãíæ¨ï   S â ª ï, çâ® � = f(x; y) 2 S � S j (x; y) 2 �&(y; x) 2 �g.
�®£¤  � ï¢«ï¥âáï ª®£àãíæ¨¥©   S (áà. á [5], ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1). �®«¥¥ â®£®, ¬®¦¥áâ¢®
S=� á® á«¥¤ãîé¨¬¨ ®¯¥à æ¨¥© ã¬®¦¥¨ï (x)��(y)� = (x; y)� ¨ ®â®è¥¨¥¬ (x)� � (y)� $ (x; y) 2
� ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯®© (áà. á [5], ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1). �â®¡à ¦¥¨¥ � :
S ! S=� j x ! (x)� ¨§®â®®. �¥©áâ¢¨â¥«ì®, ¯ãáâì a � b. � ª ª ª � ï¢«ï¥âáï ¯á¥¢¤®¯®àï¤ª®¬
  S, â® ¨¬¥¥¬ �� �. �®£¤  (a; b) 2 � ¨ (a)� � (b)�.

�¥¬¬  2. �ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ , � | ª®£àãíæ¨ï   S. �®£¤  á¯à -

¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

1) ¥á«¨ (x; y) 2�, â® �Cx;y 6= ?;
2) ¥á«¨ (x; y) 2 �, â® �Cx;y 6= ?.

�®ª § â¥«ìáâ¢®. 1) �ãáâì (x; y) 2�. �®£¤  (y; y) 2 � ¨ x � y. �®íâ®¬ã (x; y; y) 2 �Cx;y.
2) �ãáâì (x; y) 2 �. � ª ª ª (x; y) 2 � ¨ x � x, â® ¨¬¥¥¬ (x; x; y) 2 �Cx;y.

�à¥¤«®¦¥¨¥ 2. �ãáâì (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯ , � | ª®£àãíæ¨ï   S. �®-
£¤  áãé¥áâ¢ã¥â â ª®© ¯á¥¢¤®¯®àï¤®ª �   S, çâ® � � � \ ��1.

�®ª § â¥«ìáâ¢®. �ãáâì � | â ª®¥ ®â®è¥¨¥   S, çâ® � = f(x; y)�Cx;y 6= ?g.
1) � ï¢«ï¥âáï ¯á¥¢¤®¯®àï¤ª®¬   S ¨,   á ¬®¬ ¤¥«¥, �� �. �¥©áâ¢¨â¥«ì®, ¯ãáâì (x; y) 2�.

�® ãâ¢¥à¦¤¥¨î 1) «¥¬¬ë 2 ¨¬¥¥¬ �Cx;y 6= ?, ¯®íâ®¬ã (x; y) 2 �. �ãáâì (x; y) 2 �, (y; z) 2 �.
�®£¤  �Cx;y 6= ?, �Cy;z 6= ?. �à¥¤¯®«®¦¨¬, çâ®

(x; a1; b1; a2; b2; : : : ; an�1; bn�1; an; y) 2 �Cx;y; (y; s1; t1; s2; t2; : : : ; sm�1; tm�1; sm; z) 2 �Cy;z:

�¥£ª® ã¡¥¤¨âìáï, çâ® (x; a1; b1; a2; b2; : : : ; an�1; bn�1; an; y; s; t1; s2; t2; : : : ; sm�1; tm�1; sm; z) 2 �Cx;z.
�®áª®«ìªã �Cx;z 6= ?, â® ¨¬¥¥¬ (x; z) 2 �. �ãáâì (x; y) 2 �, z 2 S. �¬¥¥¬ �Cx;y 6= ?. �¥¯¥àì ¯ãáâì
(x; a1; b1; a2; b2; : : : ; an�1; bn�1; an; y) 2 �Cx;y. �®£¤ , â. ª. (S; �;�) | ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯  ¨
� | ª®£àãíæ¨ï   S, ¯®«ãç¨¬ (zx; za1; zb1; za2; zb2; : : : ; zan�1; zbn�1zan; zy) 2 �Czx;zy. � ª ª ª
�Czx;zy 6= ?, â® ¨¬¥¥¬ (zx; zy) 2 �. � «®£¨ç®, (x; y) 2 S, z 2 S ¢«¥ç¥â (xz; yz) 2 �.

2) � � � \ ��1. �ãáâì (x; y) 2 �. �® ãâ¢¥à¦¤¥¨î 2) «¥¬¬ë 2 ¨¬¥¥¬ �Cx;y 6= ?. �®íâ®¬ã
(x; y) 2 �. � ª ª ª � ï¢«ï¥âáï ª®£àãíæ¨¥©   S, â® (y; x) 2 �. �®£« á® ãâ¢¥à¦¤¥¨î 2)
«¥¬¬ë 2 �Cx;y 6= ?. �®£¤  (y; x) 2 � ¨ (x; y) 2 ��1. �«¥¤®¢ â¥«ì®, (x; y) 2 � \ ��1.

�§ ¯à¥¤«®¦¥¨© 1 ¨ 2 â¥¯¥àì ¢ëâ¥ª ¥â

38



�¥®à¥¬ . �î¡ ï ª®£àãíæ¨ï   ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯¥ S á®¤¥à¦¨âáï ¢ à¥£ã«ïà®©

ª®£àãíæ¨¨   S.
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