N3BECTUA BBLCHIUX VYUYEDDHLIX 3ABEIOESDUNU

2000 MATEMATUKA Ne 5 (456)

YIK 514.76:517.93

B.A. UrolinH

P YJIBBEPU3AIIIOP POE MOIEJIMPOBAP UNE
1 TOYEYP BIE CUMMETPUN P YJIbBEPU3AIIVIN

B pamkax Teopuu IrysibBepU3aMOHHOr0 Mojesmposanus (cm. [1]-[4]) usydatorca rodednsie uH-
(buHETE3sNMAIbHBIE CHMMETPHUH IIyJIbBEPU3ANUN. D aiiIleHbl KPUTEPUU TAKUX CHMMETPHIl U II0JIy IeHbI
HEKOTOPbIE TeOPEMbI KIACCH(DUKAINY ABYMEPHBIX IPOCTPAHCTB abdUHHOME CBA3HOCTH.

1. Addunnbie ToueuHbIE CHMMETPHUH IIyJ/IbBEPU3AIUU
Dycre f = (M, f) — nysabBepusanms, T.e. kBazureogesudeckuii morox (K9) ¢ koopaunarabim
BpipaxenueM d*z’/dt? = f'(a/,dx! [dt), B xkoropom f' = —T% (s, \)NA*, 1 < i, 5,k 1 <n—1 =
dim M, \' = dz'/dt, F;k — OHOPOAHBIE (DYHKIIUK HYJIEBOW CTEIEHU OTHOCUTEJBHO A.

B upocrpancrse cobbituit M = M x R KD f onpenesiena ctangapTHas CBA3HOCTD fgv(x‘s, %) K9
[L1<apB,7,0 <n;z"=t, &=dz/dr (cm. [4], §1)

=1

F]

p =T\, Tyo=0, T =0, T, =T i X=g/i (1)

m

BekTopnoe note X = X0, = X'0; + X"0,, Torma u TOJBKO TOTHA ABIACTCA TOUCIHOH MHMDUHE-
resumanbaoil abdunnoit kBasucummerpueit (AKC) f (cm. [4], §2), korma

05, X% + X70,T 5, + (0sX°)T,., + (0, X7)T, — (0, X*)T, + 37 (0, X")Ty5, =0
unu, noapobuee, yaurbiBas (1)
03 X' + X*0,T + (0, X°)T%, + (9 X*)T7, — (9,X1)T% + (0, X™ + A9, X™T . =0,

. . , . (2)
O X'+ (0, X°)T%, =0, 0pu X' =0, 05, X" — (8, X")T, = 0.

U3 (2) caemyet, aro
X' = A(2))t + B'(2);
X" = ut + v(z’),

rne A = A'9;, B = B'0; — Bextopuble nosia na M, u = const, v — ¢pynkuma wa M.
U3 ycnosuit (2) u (3) ciemyer

Teopema 1. Bexmopnoe nose X = X'0; + X"9,, 6 npocmpancmse cobwmuti M x R nyaveepusa-
yuu (M, f) moeda u moavko moeda asasemcs ee moueunoti unpunumesumarvroti AKC, xoeda

X = At + B + (ut + v)0,,

2de u = const, a A = A (29)0;, B = B(27)0; — eexmopnvie noas u v = v(x?) — dymxyus na M
YJOBAETNEGOPAIOM, YPAGHEHUAM

LT}, =0, L% =0,

i —
A7j = 0, Uk = O,
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8 KOMOPVIT 3aNAMAA 03Ha%aem xKosapuahmuoe dupdepenvyuposanue 6 ceaznocmu I wa M.

Caencrsue. A°T%;, = 0; v, =0.

3ameuanmue. Teopema 1 cmpasenjyimBa, B 9YaCTHOCTH, Hjisd addUHHOR myabpBepu3anuu f; F;k B
9TOM CJIydae He 3aBUCHUT OT HampasjeHus A = dx/dt.

2. Knaccudukanus IByMEPHBIX MpOCTpaucTB adpPUHHON CBA3HOCTH MO
OOIIyCKAaeMbIM MMH ajaredépamM TO4edHbIX COOCTBEHHBIX ad(PUHHBIX CHUMMETPHUii

Kak wmssecrno (cm. [4], npemnoxenue 5), AKC X = X'0; + X"0, K9 f B ToM u TOJIbKO TOM
cayqae ABisAeTcsa (COOCTBEHHOM) cumMeTpueil 3Toro moroka, ecim X" He s3apucut ot z/, r.e. X" =
X"(t) = ut + v, toe u = const, v = const.

U3 reopemst 1 u kinaccudukanun k. Jluaiina nBymepubsix npocrpancts adduuHOi cBA3HOCTH
[0 JIOIYCKAEMbIM VMU [IOJIHBIM JIOKAJIbHBIM I'PYIIIIaM TPAeKTOPHbIX abdUHHBIX KoJMHeauui (1Bu-
xennit) (cm. [5], ¢.471) crenyer xiraccupuKAINOHHAL

Teopema 2. Cywecmseyem pocro 15 NOAHBL anzedp MOYEUHBT UHHUHUMESUMAALHOLL apPun-
HOLL cummemputl dsymepnox npocmpancms (M, F;k) apPunnoti ceaznocmu be3 kpyueHUs, NEPewu-
CACHHDIT HUNCE C NOMOWDBI CEoUT 2enepamopos 6 cnucke Ne1 nod womepamu 1-15. IIpu amom npo-
cmpancmso (M, F;k) moada u moavko moezda donycxaem anzebpy G, ¢ eenepamopamu X,, 1 <a <7,
ykasannowmu 6 cnucke N1 nod nexomopuum nomepom, Koeda I'y, umerom sud, npusedennoii 6 cnucke
Ne 2 nod mem orce nomepom.

Cuucok Ne1
1. X, = (1,0,0), X, = (0,0,1), X5 = (0,0,1);
2. X, = (1,0,0), X, = (0,0,1), X5 = (¢,0,0), X4 = (0,0,1);
3. X, = (1,0,0), X, = (0,1,0), X3 = (0,0,1), X, = (0,0,¢);
4. X; = (1,0,0), X, = (0,1,0), X5 = (0,0,1), X4, = (¢£,0,0), X5 = (0,0,);
5. X, =(1,0,0), X, = (2,9,0), X5 = (0,0,1), X, = (0,0,1%);
6. X, = (1,0,0), X5 = (2,9,0), X5 =(0,0,1), X, = (0,0,%), X5 = (¢,0,0);
7. X, = (1,0,0), X, = (22,9,0), X5 = (2 ,xy,O), X, =1(0,0,1), X5 =(0,0,1%);
8. X, = (1,0,0), X5 = (2,9,0), X5 = (2, 2zy +9%,0), X5 = (0,0,1), X5 = (0,0,1);
9. X, = (0,1,0), X, = (0,2,0), X5 = (0,9,0), X4 = (0,0,1), X5 = (0,0,¢);

10. {1:(14_5]775]7%0)7 X2:(5%71+5y270)7
11. X3:(y7_$70)7 X4:(O7071)7 X5:(O707t) ’
rme € = +1 gga anrebpsr 10, e = —1 mora 11;

12. 71 = (17070)7 72 = (07 170) 73 = (0 z 0)7 74 = (07y70)7 75 = (07071)7 76 = (0 0 t)'
13. 71 = (17070)7 72 = (07 170) XB (0 yao)a 74 = (anzao)a 75 = (07071)7 X6 = (0 0 t)

14. X, = (1,0,0), X, = (0,5,0), X5 = (0,e* cosx,0), X4 = (0,esinz,0), X5 = (0,0,1),
Y6 = (0707t)7

(0 0, 1) X4 = ((II,0,0), X5 = (0,:5,0), Xg = (y,0,0),

Crucok Ne 2
1. F;k = F;k( ) — npom3BoJibHBbIE (DYHKIINY;
2.1}, =T, =% =13, =0ul%, =T%(y), '3, = '3,(y) — npomssBosibabIE DYHKIHY;

i _ . .
3. I = ajk [IPOU3BOJIbHBIE ITIOCTOAHHDIE;
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4.1, =T, =T3% =T%, =0, I'},, '3, — 1pOM3BOJIbHBIE TIOCTOAHHBIE;
5. 1% = (1/y)al, toe a%, — HPOM3BOJIBHBIE TIOCTOAMHBIE;

6. T% = (1/y)aly, roe afy, =0, a a},, a3, — TPOM3BOJIBHBIE HOCTOAHHbIE;

7.0 = 2b/y*, Ty = —1/y, I'y, =0, I%, = a/y’, I3, = b/y*, I3, = —2/y, tne a m b —
[IPOM3BOJIbHBIE TOCTOAHHbIE;

8. T, =2/y, I'l, =13, =0, % = —4/y, I's, = b/y*, T3, = —2/y, tne b — npomsBosbHas
KOHCTAHTA;

9. T}, = 2u(z), I}, =13, =% =T% =0, ' = u(x), tme u(r) — npoussosbHAA DYHKIHA

TaKasd, 9To U 7 ﬁbﬁre nuu —u?#0 (a, b, ¢, d — xakue-mubO KOHCTAHTHI);
0.\ I}, = ~2e%, T}y = ¥ [} =%, =0
11. rz, =— F§2:—527-”, mev—l—i—s(:p +y)
12. F%ZZFZ—FM—FZ:O [}, =2a, 3 =a, a#0;
13. T}, =13, =TI? =T3%, =0, I‘h-——i—?a Fﬂ—— +a,a# — 3, 3,
14.7}, =14, =13, =0, Fh——a—i—% 2 =1+ d?)y, Fél——ga—i—b,
15. Ty, = 0.

3. P poektuBHbIE TOYEeUHbIEe HH(PUHUTE3UMAJIbHBIE CHMMETPUH IIyJ/IbBEPU3AIUN
YcnoBus
05, X + X 0,05, + (05X )T, + (0,X )Tgy — (0, X )T 5, +57(0, X ™), = 050, + 6205 + 59 5,

SABJIAIOTCA HEOOXOIUMBIMU M HOCTATOYHBIMU JIJIA TOT0, ITOO0BI BEKTOPHOE TOJIE X = X9, + X", B
upocrpancrse cobbrruit M = M x R nynssepusanuu (M, f) = (M, Fj-k) OBLIIO TOYEUHOW POEKTUBHOM
kBasucummerpueir (9KC) noroka f (cm. [3] u [4]).

OTH yCJIOBU PACHATAIOTCA HA CJISIYOIIHE:

8iji + Xs8sf;k + (8]Xs)rik + (8];X5)f;s - (8SX1)F;;L +

+5U58sXmFinjk + :bnanmejnjk = 5;'@1; + 511;@]‘ + :‘Eiajka (4)
O X' + 0,X°T,, = 61, + &', (5)

O X' = &1 (6)

O X" — 9, X"T%, = &, (7)

Fjn X" =1y + ", (8)

O X" = 20, + 2", (9)

Us (4)-(9) nonyuaem ¢, = ¢,; = 0, X' = Al(a?)t + B'(z?), A, = 614, rne sanaras osHagaeT
maddepernnuposanne B ceasnocrn I, . Cnenosarensno, ¥, = a(z?) = A%, /(n—1), 1 X" = at’ +ut+v,
re a, u u v — dysknum vHa M.

Ypasuenue (7) renepb UPUHUMAET BUL

a7jktz + U, 'kt + ’Ujk = '(/)j]“

rae 3anATas UMeeT npexuuii cMpicst. 13 (8) umeem 1/) = (2a )t + u ;. Orcrona 1/)Jk = %k(x/t)% =0,

Vi = Yin =0, P; = ¢j($l>t)-

Takum obpasom, moKas3aHa

Teopema 3. Bexmopnoe nose X = X'(27,t)0; + X" (z7,t)0, mozda u moavxo moada asisemcs
IKC nyaveepusavuu (M,T%,), xozda
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1. X' =tAY(a?)+Bi(z7), X" = at’ +ut+v, ade A* u B' — eexmopnvie noas, a, u, v — Gynkyuu
na M;
2. LT, = i(2a1) + 04(2a ), LTS, = dju + dhu j;

i s — — —
3. A, =dja, aj, =uj, =, =0.

CaencrBue 1. 1) a ) = %HK[SMAS, e K, — cokpatieHHbiit Ter3op kpuBusabl K9 f, a kBa-
JIpaTHbIe CKOOKU 03HAYANT aJIbTePHUPOBAHUE O3 eJIeHUs;
2) A* ;’ks =0, a7srfjk =0, “,srfjk =0, U7srfjk =0.

CaencrBue 2. Oynkiusa ¢ = a(z) Ha M TOCTOAHHA TOTHA W TOJBKO TOLHA, KOT/IA BEKTOPHOE
noste A = A°0, na M npunamyexur aapy Kig: KyA® = 0.

B wactHOCTH, 5TO MMeEeT MeCTO IJisd PUMAHOBOHW CBI3HOCTH F;k; ten3op K, B aTOM Ciiydae cum-
MerpudeH (U He 3aBUCUT OT HaupasjeHus A = dz/dt).

Otmernm, 4To coracHo ompesesenmio Tersopa (cm. [3]) Ky, = Kj, ;, cnemosarensno, K =
O35 + TRl sl

mjs
Ecim F;k — addunnasn cBA3BHOCTH (HE 3aBUCAHIAA OT HANPaB/IeHHs:), a X — COBCTBEHHAA TPO-
exruias cummerpus (IC), rorma I, = 0, @ = const, u = const, v = const, u u3 npenbTyUIEH

TEOpPEMbI BBITEKAET

Teopema 4. Bexmopnoe nose X = X'0; + X"0, 6 npocmpancmee M = M x R cobumud ag-
Punnoti ceaznocmu (nyaveepusayuu) f = (M, f) = (M, % (z')) mozda u moavko moeda sacrsemcs
mowewnot 11C amot ceasznocmu, xozda

1) Xt =tAY(2?) 4+ BY(2?), X" = at® + ut + v, 2de A* u B* — sexmopuwvie noas na M, a, u, v —
NPOUSBONLHBLE TOCTNOAHHDLE;

2) LT, =0, LT, =0,

3) AY; = dta.

Caencreue. K, A° = 0.

DomaepKHeM, UTO TOKA3aTEIbCTBO TeOpeMbl 3 (KaK M [IPYTrUX TeOpeM CTaTbu) Gasupyercsa Ha
yJIbBEPU3AIMOHHOM MojesimpoBanun K9; cama xe teopema 3 0600maeT He TOJIHKO AHAJIOTUIHBIN
pesyJsibTar, MoJIydeHHbIH B [6] [J1s pUMAHOBBIX IIPOCTPAHCTB, HO U €r0 MMIIOTEeTHYECKUH aHAJIOr JJ1s
adduHHOCBA3ZHOIO Citydast, 0 KOTOPOM B [6] jiuuib cKa3aHO, 9TO HA HEr0 MOIYT OBITH PACIPOCTPAHEHBI
nostydennsie B [6] pesysbrarst (cm. [6], c.12).

Da 3 dPeKTUBHOCTD MYJIbBEPU3AIMOHHOIO MOIEIMPOBAHUSA YKA3bIBAET TAKXKe TOT (DAKT, IYTO TEO-
pembl 1, 2 u 3 u3 [6] ABIAAIOTCA OUEBUIHBIME CIICICTBUAME CBOMCTB MOIETUPOBAHIA.

4. Knaccudukauusi 1By MEPHBIX IIPOCTPAHCTB ad(PHUHHONH CBSI3HOCTH IIO
OOIMYyCKAaeMbIM MMH ajIredpaM TOYE€YHBIX MPOEKTUBHBLIX CUMMETPHUA

U3 ynomsnyreix B 1. 2 pesysbraros [Ix. Jlusaitna [5] u Teopemst 4 BbiTekaer

Teopema 5. Cywecmseyem poero 15 NOAHVEL anzebp MOYEUHBIT UHPUHUMESUMGAOHOT NPOEK-
MueHoiL cummempuii deymepruoir npocmpancme (M, F;k) apPunnoti ceasnocmu b6e3 Kpywenus, ne-
PEYUCACHHBIL HUHCE NOCPEICBOM c8oUL 2enepamopos 6 cnucke Nel nod nomepamu 1-15. Ilpu
amom npocmpancmso (M, F;-k) moada u moavko moeda donyckaem aneebpy G, c 2enepamopamu X,
1 <a <r, ykaszannvimu 6 cnucke Ne1 nod nexomopuvim nomepom, xozda ', umerom eud, npusedennvii

’ ) Jk )
6 cnucke Ne2 nod mem orce momepom

Cuucok Ne1
]-- Y1 = (17070)7 Y2 = (0707 1)7 Y3 = (07O7t)7
2. X, = (1,0,0), X, = (£,0,at?), X5 = (0,0,1), X, = (0,0,);
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3. X, = (1,0,0), X, = (0,1,0), X3 = (0,0,1), X, = (0,0,1);

4. X; = (1,0,0), X, = (0,1,0), X3 = (¢,0 atz) X, =1(0,0,1), X5 = (0,0,1);

5. X, = (1,0,0), X5 = (2,9,0), X3 =(0,0,1), X (0 0,1);

6. X, = (1,0,0), Xy = (7,9,0), X5 = (¢,0,0), X4 = (0,0,1), X5 = (0,0,1);

7. X, = (1,0,0), X, = (22,9,0), X5 = (2 ,xy,O), 4= (0,0,1), 5 = (0,0,1);

8. X, = (1,0,0), Xy = (7,9,0), X5 = (%, 22y +9%0), X5 = (0,0,1), X5 = (0,0,);
9. X, = (0,1,0), X, = (0,2,0), X5 = (0,9,0), X4 = (0,0,1), X5 = (0,0,¢);

10. | X, = (1 +e2”,exy,0), X, = (ezy,1 +¢y?,0),
11. X5 = (y,—x,0), X4 =(0,0,1), X5 =(0,0,¢) ~
rae € = 1 muia asrebpst 10 u € = —1 nyia asrebpor 11;

12. Y1 (17070)7 Y2 = (07 170)7 Y3 = (0,$,0), Y4 = (07y70)7 = (07071)7 Y6 = (0707t);
13. Y1 = (17070)7 Y2 = (07 170)7 Y3 = (07y70)7 Y4 = (0763070)7 = (07071)7 Y6 = (0707t);

14. X; = (1,0,0), X, = (0,4,0), X5 = (0,e** cosx,0), X4 = (0,e*sinz,0), X5 = (0,0,1),
Y6 = (0707t)7

15. X; = (1 00)7 ( 1,0
= 0 = (

X
X

) :_(0 0 1) X4 - ((II,0,0), 75 = (0,:5,0), 76 = (y,0,0),
0, ,0 ) X (0,0,t), X11 = (.’Et,yt,tz)

77 = (07 Y, 0) Xs
Crucok Ne 2
1. T, =T, (y) — npousposbubie byHKIuY;
2.T, =T}, =a, ', =17 =0, T3, =T5,(y), 3, = I'3,(y), tae a = const;
3. %, = a}, — IPOU3BOJILHBIC HOCTOAHHBIC;

4.1, =I%,=4a, 1}, =13, =0, '}, = aj, u ', = al, — OpoU3BOJLHbBIE OCTOIHHBIE;

5. % = (1/y)al, te al), — HpOM3BOJILHBIE OCTOAHHBIE (HE BCE PABHBIC HYJIIO);
1L _pl o2 72 _ 12 2 1 2
6. '}, =T, =13, =13, =0, '}, = (1/y)as,, I's, = (1/y)a3,, toe a3, u a3, — IPOU3BOJILHBIE
LIOCTOAHHBIE, U3 KOTOPBIX XOT: Obl O1HA HE paBHa HYJIIO;
7.7} = ;—5, i, = F%Q =0,T% = 3, I'y = 5, I3, = —2/y, tne b u ¢ — npoussosnbibre
KOHCTAHTBI;

1l — 1 2 12 _ _4 12 _ 2 _ .

8.1, =I,,=0,I'}; = it Iy, = - Iy, = I'2, = —2/y, rue b — npousBosIbHAA IOCTOAHHAL;

1 1 _ Pl 12 72 —

9. Iy = 2u(z), I'y, =Ty, =T, =173, =
—ex+d / 2 .
U — U ?é 07

b
v
0, I'%, = u(x), rne u(z) — mobas byuknusa u(z) #

ea?+batc
10. } Iy = 26 , M, =—c¥ T, =T% =0,
11. I3, = —€&, F§2 = —5—3, rnev = 1+ e(z? + ¢ )
12. T, =Tk, =T2, =T2,=0,T}, =2b, T2, = b (b#£0);
13T =1 4925, T}, =T}, =T% =T%,=0,T% = —L4breb# -2 L

14. T}, = 2b+2¢, '}, =T}, =013,=0,I7, =(1 +62)y, I'?, = —2b+c, te b u ¢ — IPOM3BOJIBHbIE
II0CTOAHHBIE;

15. T, = 0.

Bameuanume. Desynbrarst k. JIusaitna [5], uciosib3oBaHHbIe IPKU J0OKA3aTEIbCTBE TEOPEM 2 U
5, basupyrorcs Ha kiaccudukanuu C. Jlu [7] anrebp BeKTOPHBIX 10J1e# HA IIJIOCKOCTH.
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