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1. � à ¡®â¥ ¯®«ãç¥­ë ãá«®¢¨ï ­¥ª®«¥¡«¥¬®áâ¨ ¤«ï á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¢¨¤ 

Lu+ P (x)u = 0 (1)

¢ ¯à®áâà ­áâ¢ å ¯®áâ®ï­­®© ªà¨¢¨§­ë X, £¤¥ P (x) | ­¥¯à¥àë¢­ ï á ¬®á®¯àï¦¥­­ ï ¬ âà¨-
æ  ¯®àï¤ª  n � n ¢ ®¡« áâ¨ D � X, L | ®¯¥à â®à � ¯« á {�¥«ìâà ¬¨, ¢ëà ¦¥­­ë¥ ç¥à¥§
á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë P (x) ¨ £¥®¬¥âà¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ®¡« áâ¨.

� ç áâ­®¬ á«ãç ¥, ª®£¤  X = En (n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®), L| ®¯¥à â®à � ¯« á 
�, á¨áâ¥¬  ãà ¢­¥­¨© (1) ¡ã¤¥â á¨áâ¥¬®© ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® â¨¯  �u+ P (x)u = 0. �«ï
¯à®áâ®âë á­ ç «  ®áâ ­®¢¨¬áï ­  ¯à¨¬¥à¥ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

My = y00 + P (t)y = 0: (2)

�¯à¥¤¥«¥­¨¥ 1. �¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ y(t) á¨áâ¥¬ë ãà ¢­¥­¨© (2) ¡ã¤¥¬ ­ §ë¢ âì ª®«¥-
¡«îé¨¬áï ­  ¨­â¥à¢ «¥ j = [a; !), ! � 1, ¥á«¨ ­ ©¤ãâáï ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ â®çª¨ t1 ¨ t2
â ª¨¥, çâ® y(t1) = 0 = y(t2), ¨ ­¥ª®«¥¡«îé¨¬áï ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�¯à¥¤¥«¥­¨¥ 2. �¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ u(x) á¨áâ¥¬ë ãà ¢­¥­¨© (1) ¡ã¤¥¬ ­ §ë¢ âì ª®-
«¥¡«îé¨¬áï ¢ ®¡« áâ¨ D � X, ¥á«¨ å®âï ¡ë ¤«ï ®¤­®© â®çª¨ P0 2 D ­¥âà¨¢¨ «ì­ ï ¢¥ªâ®à-
äã­ªæ¨ï

Mr[u(x); P0] =
1

A(r)

Z
� � �

Z
Sr

u(x)ds (3)

ª®«¥¡«îé ïáï, £¤¥ A(r) | ­®à¬¨àãîé¨© ¬­®¦¨â¥«ì (Mr[1; p0] = 1), Sr 2 D | áä¥à  à ¤¨ãá 
r á æ¥­âà®¬ ¢ â®çª¥ P0 2 X, ¨ ­¥ª®«¥¡«îé¨¬áï ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�¯à¥¤¥«¥­¨¥ 3. �¨áâ¥¬ã ãà ¢­¥­¨© (1) ¨«¨ (2), ã ª®â®à®© ¢á¥ à¥è¥­¨ï ­¥ª®«¥¡«îé¨¥áï,
¡ã¤¥¬ ­ §ë¢ âì ­¥ª®«¥¡«îé¥©áï.

� ¬¥ç ­¨¥ 1. �¥ªâ®à-äã­ªæ¨ï Mr[u(x); P0], ª®â®àãî ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì á®-
ªà é¥­­® M(r), ¥á«¨ íâ® ­¥ ¢ë§®¢¥â ­¥¤®à §ã¬¥­¨©, § ¢¨á¨â ®â à¥è¥­¨ï u(x) ¨ ¤¢ãå ¯¥à¥¬¥­-
­ëå r ¨ P0, á«¥¤®¢ â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î à¥è¥­¨¥ u(x) ¡ã¤¥â ­¥ª®«¥¡«îé¨¬áï ¢ ®¡« áâ¨ D,
¥á«¨ ¤«ï «î¡®© â®çª¨ P0 2 D � X ¨ «î¡®£® r äã­ªæ¨ï (3) ­¥ª®«¥¡«îé ïáï.

�ã­ªæ¨ï v(t) =
p
y21(t) + � � � + y2n(t) ¨¬¥¥â ¯à®¨§¢®¤­ë¥ v

0(t) = (y; y0)=v ¨

v00(t) = [(y00; y)y2 + y02y2 � (y0; y)2]=v3: (4)

�ã­ªæ¨ï v(t) ®¡à é ¥âáï ¢ ­ã«ì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  y1(t) = � � � = yn(t) = 0, á«¥¤®¢ â¥«ì-
­®, äã­ªæ¨¨ y(t) ¨ v(t) ª®«¥¡«îâáï ¨«¨ ­¥ ª®«¥¡«îâáï ®¤­®¢à¥¬¥­­®. �¬¥¥¬ v02 = (y0; y)2=y2 �
y02 ¯® ­¥à ¢¥­áâ¢ã �®è¨{�¢ àæ . �á«¨ y2(t0) = y02(t0) = 0, â® ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï
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§ ¤ ç¨ �®è¨ y(t) � 0 ¨ v(t) � 0 ¢ á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ v. �à®¬¥ â®£®, äã­ªæ¨ï v(t) á®åà -
­ï¥â ªà â­®áâì ­ã«¥© à¥è¥­¨ï y(t), ¢ ç áâ­®áâ¨, ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (2) lim

t!t0
v0(t)2 = y02(t0),

¥á«¨ y(t0) = 0. �¬­®¦¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© (2) áª «ïà­® ­  y(t), â®£¤  (y; y00) = �(P (t)y; y). �§
(4) § ¯¨è¥¬

v00 + (P (t)y; y)=v = f(t); (5)

£¤¥ f(t) = [y02y2 � (y0; y)2]=v3. �® ­¥à ¢¥­áâ¢ã �®è¨{�¢ àæ  f(t) � 0. �¥¯à¥àë¢­®áâì ¯à ¢®©
ç áâ¨ ãà ¢­¥­¨ï (5) ­  à¥è¥­¨ïå á¨áâ¥¬ë ãà ¢­¥­¨© (2) ¯à®¢¥àï¥âáï ¯® ¯à ¢¨«ã �®¯¨â «ï.
�à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (5) á«¥¤ãîé¨¬ ®¡à §®¬:

v00 + �max(t)v = ((�max(t)E � P (t))y; y)=v + f(t); (6)

£¤¥ �min(t) ¨ �max(t) | ­ ¨¬¥­ìè¥¥ ¨ ­ ¨¡®«ìè¥¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë P (t), E | ¥¤¨­¨ç-
­ ï ¬ âà¨æ . �à ¢ ï ç áâì (6) ­  à¥è¥­¨ïå á¨áâ¥¬ë ãà ¢­¥­¨© (2) ­¥¯à¥àë¢­ ï ¨ ­¥®âà¨æ -
â¥«ì­ ï. �®¡áâ¢¥­­ë¥ ç¨á«  �i(t) á ¬®á®¯àï¦¥­­®© ¬ âà¨æë P (t) á®£« á­® á®®â­®è¥­¨ï¬ �¥«¥ï
([1], á. 135) ¬®¦­® ã¯®àï¤®ç¨âì

�min(t) = �1(t) � � � � � �n(t) = �max(t): (7)

�¥®à¥¬  1. �ãáâì ­¥¯à¥àë¢­ ï ­  ¨­â¥à¢ «¥ j = [a; !), ! � 1, ¬ âà¨æ  P (t) á ¬®á®-

¯àï¦¥­­ ï. �«ï â®£® çâ®¡ë á¨áâ¥¬  ãà ¢­¥­¨© (2) ¡ë«  ­¥ª®«¥¡«îé¥©áï ­  j, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë ­¥ª®«¥¡«îé¨¬¨áï â ¬ ¦¥ ¡ë«¨ áª «ïà­ë¥ ãà ¢­¥­¨ï

z00i + �i(t)zi = 0 (i = 1; : : : ; n): (8)

�â¬¥â¨¬, çâ® ¯®«ãç¥­­ë¥ ãá«®¢¨ï ®â«¨ç îâáï ®â ¨§¢¥áâ­ëå [2], [3] ¤ ¦¥ ¢ á«ãç ¥ á¨áâ¥¬ë
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (2), ­ ¯à¨¬¥à, ®âáãâáâ¢¨¥¬ ¯à®¡­®© ¬ âà¨æë Y >
0, ¤«ï ª®â®à®© MY < 0. � âà¨ç­®¥ ­¥à ¢¥­áâ¢® A > 0 á«¥¤ã¥â ¯®­¨¬ âì ª ª (Ae; e) > 0 ¤«ï
¯à®¨§¢®«ì­®£® n-¬¥à­®£® ¥¤¨­¨ç­®£® ¢¥ªâ®à  e.

� ¬¥ç ­¨¥ 2. �«ï á¨áâ¥¬ ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ â¥®à¥¬  1 ¯®çâ¨ ®ç¥-
¢¨¤­ . �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ­¥®á®¡¥­­ ï ¬ âà¨æ  T â ª ï, çâ® eP = T�1PT
¨¬¥¥â ¤¨ £®­ «ì­ë© ¢¨¤,   ª®«¥¡«¥¬®áâì á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ¯®áâ®ï­­®© ¤¨ £®­ «ì­®© ¬ -
âà¨æë eP

wi + T�1PTwi = 0 (i = 1; : : : ; n) (9)

§ ¢¨á¨â ®â §­ ª  á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë �i. � ª ª ª w = Ty, â® á¨áâ¥¬ë ãà ¢­¥­¨© (2)
¨ (9) ¨¬¥îâ ®¤¨­ ª®¢ãî ª®«¥¡«¥¬®áâì.

�®ª § â¥«ìáâ¢®. �¥®à¥¬ã ¤®áâ â®ç­® ¤®ª § âì ¤«ï i = n, â. ª. á®£« á­® (7) ¯® â¥®à¥¬¥
áà ¢­¥­¨ï �âãà¬  ­¥ª®«¥¡«¥¬®áâì ãà ¢­¥­¨© (8) á«¥¤ã¥â ¨§ ­¥ª®«¥¡«¥¬®áâ¨ ãà ¢­¥­¨ï

z00n + �max(t)zn = 0: (10)

�® íâ®© ¦¥ ¯à¨ç¨­¥ ¤®áâ â®ç­®áâì â¥®à¥¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë áà ¢­¥­¨ï �âãà¬  ¤«ï
á¨áâ¥¬ ãà ¢­¥­¨© â¨¯  (2) ¢¢¨¤ã ­¥à ¢¥­áâ¢  P (t) � �max(t)E.

�¥®¡å®¤¨¬®áâì ¤®ª ¦¥¬ ®â ¯à®â¨¢­®£®. �®¯ãáâ¨¬, çâ® á¨áâ¥¬  ãà ¢­¥­¨© (2) ­¥ª®«¥¡«îé -
ïáï,   ãà ¢­¥­¨¥ (10) ª®«¥¡«îé¥¥áï. �¡®§­ ç¨¬ ¯à ¢ãî ç áâì (6) ç¥à¥§ �(t), �(t) � 0. �á¯®«ì§ãï
äã­ªæ¨î �®è¨ ¤«ï ãà ¢­¥­¨ï (10), à¥è¥­¨¥ ãà ¢­¥­¨ï (6), ®¡à é îé¥¥áï ¢ ­ã«ì ¢ â®çª¥ t0,
§ ¯¨è¥¬ ¢ ä®à¬¥

v(t) = zn(t) +
Z t

t0

Kn(t; s)�(s)ds; (11)
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£¤¥ zn(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (10) á ãá«®¢¨¥¬ zn(t0) = 0, Kn(t; s) | ¥£® äã­ªæ¨ï �®è¨, t0 |
¯à®¨§¢®«ì­ ï â®çª  ¨§ ¨­â¥à¢ «  j. �à¥¤¯®«®¦¨¬, çâ® t0 ¨ t1 | á®á¥¤­¨¥ ­ã«¨ à¥è¥­¨ï ezn(t),
¨ à áá¬®âà¨¬ à¥è¥­¨¥ (11)

ev(t) = ezn(t)c+
Z t

t0

Kn(t; s)�(s)ds:

� ª ª ª Kn(t; s) > 0, s < t, ­  ¨­â¥à¢ «¥ (t0; t1), â® ¢ § ¢¨á¨¬®áâ¨ ®â §­ ª  à¥è¥­¨ï ezn(t) ­ 
(t0; t1) ¬®¦­® ¢ë¡à âì ¯à®¨§¢®«ì­® ¬ «®¥ " ¨ ¯®áâ®ï­­ãî c (c > 0 ¨«¨ c < 0) â ª¨¬¨, çâ®

ev(t1 + ") = ezn(t1+ ")c+
t1+"R
t0

Kn(t1 + "; s)�(s)ds = 0. �®á«¥¤­¥¥ ­¥¢®§¬®¦­® ¨§-§  ®âáãâáâ¢¨ï ¤¢ãå

­ã«¥© ¢ à¥è¥­¨ïå v(t).

� ¬¥ç ­¨¥ 3. �­â¥à¯à¥â¨àãï â¥®à¥¬ã 1 ª ª  ­ «®£ â¥®à¥¬ë áà ¢­¥­¨ï (¢¢¨¤ã ­¥à ¢¥­áâ¢ 
P (t) � �max(t)E) ¨ ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢  � ¯«ë£¨­  [4], ¤ ¤¨¬ ¥© £¥®¬¥âà¨ç¥áª®¥ ®¡®á­®¢ ­¨¥.
� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ­¥à ¢¥­áâ¢ 

v001 + �1(t)v1 � f(t); v00n + �n(t)vn � f(t):

�¥è¥­¨ï ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢ ¨ äã­ªæ¨ï v(t), ¯®áâà®¥­­ë¥ ¯® ®¤¨­ ª®¢ë¬ ­ ç «ì­ë¬ ãá«®-
¢¨ï¬ ¢ â®çª¥ t0, ­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ (t0; t0 + l) ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

vn(t) � v(t) � v1(t): (12)

�§ (12) á«¥¤ã¥â, çâ® ¨§ ®¡à é¥­¨ï ¢ ­ã«ì à¥è¥­¨ï v1(t) ¢ â®çª¥ t1 > t0 á«¥¤ã¥â, çâ® v(t) ¨ vn(t)
â ª¦¥ ®¡à é îâáï ¢ ­ã«ì ¢ ­¥ª®â®à®© â®çª¥ et < t1, â. ¥. á¨áâ¥¬  ãà ¢­¥­¨© (2) ª®«¥¡«îé ïáï,
¨ ­ ®¡®à®â, ¥á«¨ vn(t) > 0 ¤«ï t > t0, â® á¨áâ¥¬  ãà ¢­¥­¨© (2) ­¥ª®«¥¡«îé ïáï.

2. �­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ®áâ îâáï ¢¥à­ë¬¨ ¨ ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®-
¨§¢®¤­ë¬¨ (1). �¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ äã­ªæ¨î

v(x) =
q
u21(x) + � � � + u2n(x):

�ëç¨á«¨¢ ¯¥à¢ë¥ ¨ ¢â®àë¥ ¯à®¨§¢®¤­ë¥ ¯® ®â¤¥«ì­ë¬  à£ã¬¥­â ¬ ¨ ¯à®áã¬¬¨à®¢ ¢, ¯®«ãç¨¬
­¥«¨­¥©­®¥ áª «ïà­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

Lv + (P (x)u; u)=v = f(x);

£¤¥ (P (x)u; u) =
nP

i;j=1
pijuiuj . �®áâà®¨¬ ãà ¢­¥­¨¥,  ­ «®£¨ç­®¥ ãà ¢­¥­¨î (6),

Lv + �max(x)v =  (x);  (x) � 0:

�á«¨ ¯à®¨­â¥£à¨àã¥¬ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯® áä¥à¥ Sr ¯à®áâà ­áâ¢  X ¨ ¨á¯®«ì§ã¥¬ ä®à¬ã«ã
¨§ à ¡®â [5], [6]

R
� � �

R
Sr

Luds = d
dr

�
A(r)dM

dr

�
, â® ¯®«ãç¨¬ ãà ¢­¥­¨¥

d

dr

�
A(r)

dM

dr

�
+
Z
� � �

Z
Sr

�max(x)v(x)ds =
Z
� � �

Z
Sr

	(x)ds: (13)

�á¯®«ì§ãï â¥®à¥¬ã ® áà¥¤­¥¬ §­ ç¥­¨¨ ¤«ï v > 0Z
� � �

Z
Sr

�max(x)v ds = �n[x
�(r)]

Z
� � �

Z
Sr

v(x)ds; x�(r) 2 Sr;

ãà ¢­¥­¨¥ (13) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

d

dr

�
A(r)

dM

dr

�
+A(r)�n(x

�(r))M =
Z
� � �

Z
Sr

	(x)ds:

�âáî¤   ­ «®£¨ç­® â¥®à¥¬¥ 1 ¤®ª §ë¢ ¥âáï
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�¥®à¥¬  2. �ãáâì ­¥¯à¥àë¢­ ï ¢ ®¡« áâ¨ D � X ¬ âà¨æ  P (x) á ¬®á®¯àï¦¥­­ ï. �®£¤ 

¤«ï â®£® çâ®¡ë á¨áâ¥¬  ãà ¢­¥­¨© (1) ¡ë«  ­¥ª®«¥¡«îé¥©áï ¢ ®¡« áâ¨ D � X, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­® ­¥ª®«¥¡«¥¬®áâ¨ â ¬ ¦¥ áª «ïà­ëå ãà ¢­¥­¨©

Lui + �i(x)ui = 0:

�á¯®«ì§ãï â¥®à¥¬ë 2 ¨ áà ¢­¥­¨ï �âãà¬ , ¨§ ­¥ª®«¥¡«¥¬®áâ¨ ãà ¢­¥­¨ï

d

dr

�
A(r)

dMn

dr

�
+A(r)�max(r)Mn = 0 (14)

¯®«ãç¨¬ ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ ­¥ª®«¥¡«¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (1). � ç áâ­®áâ¨, ¯à¥®¡à -
§®¢ ­¨¥ M(r) = A�1=2(r)'(r) ¯à¨¢®¤¨â ãà ¢­¥­¨¥ (14) ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ¯à®áâà ­áâ¢  Hn

ªà¨¢¨§­ë ��2 ª ãà ¢­¥­¨î

'00 +
�
�n(r)�

�2

4

�
(n� 1)2 +

(n� 1)(n� 3)
sh2�r

��
' = 0: (15)

�á¯®«ì§ãï ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ ­¥ª®«¥¡«¥¬®áâ¨ [2], â¥®à¥¬ã áà ¢­¥­¨ï �âãà¬  ¨ ãà ¢-
­¥­¨¥ y00 = 0, ¯®«ãç¨¬ ¯à®áâ®¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ­¥ª®«¥¡«¥¬®áâ¨ (1) ¢ £¨¯¥à¡®«¨ç¥áª®¬
¯à®áâà ­áâ¢¥ Hn.

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ¯à®áâà ­áâ¢¥ Hn ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�n(r) �
�2

4
(n� 1)2; (16)

£¤¥ n | à §¬¥à­®áâì ¯à®áâà ­áâ¢ , â® á¨áâ¥¬  ãà ¢­¥­¨© (2) ­¥ª®«¥¡«îé ïáï.

�á«®¢¨¥ (16) ãª §ë¢ ¥â ­  â®, çâ® ¤«ï ãà ¢­¥­¨© ¨§Hn ¯à¨ ¨§ãç¥­¨¨ ­¥ª®«¥¡«¥¬®áâ¨ ¯à¨å®-
¤¨âáï ãç¨âë¢ âì ¨ à §¬¥à­®áâì ¯à®áâà ­áâ¢ . �à®¬¥ â®£®, á ¨á¯®«ì§®¢ ­¨¥¬ á¢®©áâ¢ äã­ªæ¨©
�¥¦ ­¤à  ¢ [5] ¯®ª § ­®, çâ® ãá«®¢¨¥ (16) ï¢«ï¥âáï ¨ ­¥®¡å®¤¨¬ë¬.

� áä¥à¨ç¥áª¨å ¯à®áâà ­áâ¢ å ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ­¥ª®«¥¡«¥¬®áâ¨ ¡ã¤¥â �max(x) � 0; ¤«ï
ç¥£® ä®à¬ «ì­® ¢ (15) ¢¬¥áâ® � á«¥¤ã¥â ¯®«®¦¨âì i� ¨ ãç¥áâì, çâ® ãà ¢­¥­¨¥ d

dr

�
A(r)dM

dr

�
= 0

­¥ª®«¥¡«îé¥¥áï ¤«ï ¢á¥å ¯à®áâà ­áâ¢ ¯®áâ®ï­­®© ªà¨¢¨§­ë.
� ¤àã£®© áâ®à®­ë, ¬®¦­® ¯®«ãç¨âì ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­¥ª®«¥¡«¥¬®áâ¨ à¥è¥­¨© á¨áâ¥¬ë

ãà ¢­¥­¨© (1) ¢ ª®¬¯ ªâ­ëå ¯à®áâà ­áâ¢ å ¯®áâ®ï­­®© ªà¨¢¨§­ë ç¥à¥§ £¥®¬¥âà¨ç¥áª¨¥ å à ª-
â¥à¨áâ¨ª¨ ®¡« áâ¨, ª ª íâ® á¤¥« ­® ¤«ï ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ¢ [7]. �¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �ãáâì á ¬®á®¯àï¦¥­­ ï ¬ âà¨æ  P (x) ­¥¯à¥àë¢­  ¢ ¢ë¯ãª«®© ®¡« áâ¨ D ¨

¢ë¯®«­ï¥âáï ãá«®¢¨¥

max
x2D

�max(x) �
�

�

2A(r)

�2
: (17)

�®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (1) ­¥ª®«¥¡«îé ïáï ¢ ®¡« áâ¨ D.

�®ª § â¥«ìáâ¢®. �¤¥« ¢ ¢ ãà ¢­¥­¨¨ (14) § ¬¥­ã

w =
A(r)M 0

M
; w0 =

(A(r)M 0)0

M
�

w2

A(r)
;

¯à¥®¡à §ã¥¬ ¥£® ¢ ãà ¢­¥­¨¥ �¨ªª â¨

Rw = w0 +
w2

A(r)
+A(r)�n(x�) = 0:
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�®«®¦¨¬ w(r) = �
2
ctg

h
�
2

rR
0

A�1(s)ds
i
, â®£¤  w0 + w2

A(r)
= �

�
�
2

�2 1
A(r)

. �§ ®áæ¨««ïæ¨®­­®© â¥®à¨¨

[2] ¨§¢¥áâ­®, çâ® à §à¥è¨¬®áâì ãà ¢­¥­¨ï (17) à ¢­®á¨«ì­  à §à¥è¨¬®áâ¨ ­¥à ¢¥­áâ¢  Rw � 0,
¯®íâ®¬ã

�max(x
�)�

�
�

2A(r)

�2
� 0:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¯à¨ ãá«®¢¨¨ (17). �«ï ¯à®áâà ­áâ¢  En ¨¬¥¥¬ A(r) = rn�1,
¨ ®æ¥­ª  (17) ¯à¨­¨¬ ¥â ¢¨¤

max
x2D

�max(x) �
�

�

2rn�1

�2
:

� ª ª ª â®çª  x� ¯à®¨§¢®«ì­ ï ¨§ ®¡« áâ¨ D,   ­ ¨¡®«ìè ï áä¥à  ¨¬¥¥â æ¥­âà, ç¥à¥§ ª®â®àë©
¯à®å®¤¨â ¤¨ ¬¥âà ®¡« áâ¨ [7], â® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

max
x2D

�max(x) �
�
�

d

�2(n�1)� 2
�

�2(n�2)

: (18)

�â¬¥â¨¬, çâ® ¤«ï ¯«®áª®© ®¡« áâ¨ ®æ¥­ª  (18) ¯à¨­¨¬ ¥â ¯à®áâ®© ¢¨¤

max
x2D

�max(x) �
�
�

d

�2

;

¨ ¢ á«ãç ¥ áª «ïà­®£® ãà ¢­¥­¨ï á®¢¯ ¤ ¥â á ®æ¥­ª®©, ¯®«ãç¥­­®© ¢ [7]. �«ï ¯à®áâà ­áâ¢ 
P n �A(r) = (sin�r=�)n�1. �§ ­¥à ¢¥­áâ¢  (17) ¯®«ãç¨¬

max
x2D

�max(x) �
�

��

2 sin�r

�2(n�1)� 2
�

�2n�4

:

�á«¨ ç¥à¥§ dP ®¡®§­ ç¨âì ¤¨ ¬¥âà ®¡« áâ¨ D ¢ áä¥à¨ç¥áª®¬ ¯à®áâà ­áâ¢¥, â® ¯®«ãç¨¬, ª ª
¨ ¢ á«ãç ¥ ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ¤«ï ¢ë¯ãª«®© ®¡« áâ¨, ®æ¥­ªã ­¥ª®«¥¡«¥¬®áâ¨ (18), £¤¥
dP = 2 sin�r=�, ª®â®à ï ¯à¨ n = 2 ¯à¨­¨¬ ¥â ¢¨¤ max

x2D
�n(x) �

�
�
dP

�
.

�«ï £¨¯¥à¡®«¨ç¥áª¨å ¯à®áâà ­áâ¢ ®æ¥­ª¨ ¢¨¤  (17) ¬ «®íää¥ªâ¨¢­ë, ¯®áª®«ìªã \áä¥àë"
Sr ¢ íâ®¬ á«ãç ¥ ­¥®£à ­¨ç¥­ë.

�¡®§­ ç¨¬ ç¥à¥§ A0(r) ¯«®é ¤ì ¢ë¯ãª«®© ®¡« áâ¨ Q,   ç¥à¥§ K0(r) | ¥¥ ®¡ê¥¬, â®£¤   ­ -
«®£¨ç­® ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ ¤®ª §ë¢ ¥âáï

�«¥¤áâ¢¨¥ 2. �ãáâì P (x) | ­¥¯à¥àë¢­ ï á ¬®á®¯àï¦¥­­ ï ¬ âà¨æ  ¢ ¢ë¯ãª«®© ®¡« áâ¨
Q � E2 ¨ ¢ë¯®«­ï¥âáï ®æ¥­ª 

max
x2Q

�n(x) �
�
�

4
A0(r)
K0(r)

�2

: (19)

�®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (1) ­¥ª®«¥¡«îé ïáï ¢ ®¡« áâ¨ Q � E2.

� áª «ïà­®¬ á«ãç ¥ ®æ¥­ª  (19) á®¢¯ ¤ ¥â á ®æ¥­ª®© ¨§ [7].
�«ï ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢  (19) ¯®«®¦¨¬

w(r) =
�

4
A0(r)
K0(r)

ctg
�
�

2

Z 0

r

A0(s)
K0(s)

ds

�

¨ ¨á¯®«ì§ã¥¬ á¢®©áâ¢® ¬®­®â®­­®áâ¨ äã­ªæ¨¨ A0(r)=K0(r).

3. �®á«¥¤­¨¥ ãâ¢¥à¦¤¥­¨ï ®¡®¡é îâáï ¨ ­  ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï â¨¯ 

�u+ c(x)f(u) = 0; (20)
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£¤¥ ­  äã­ªæ¨î f(u) ­ ª« ¤ë¢ îâáï å à ªâ¥à­ë¥ ¤«ï ®áæ¨««ïæ¨®­­ëå á¢®©áâ¢ ­¥«¨­¥©­ëå
ãà ¢­¥­¨© ®£à ­¨ç¥­¨ï, ­ ¯à¨¬¥à, [5]

uf(u) > 0; f 0u(u) � 0 ¤«ï u 6= 0: (21)

� áâ­ë© á«ãç © íâ®£® ãà ¢­¥­¨ï

�u+ c(x)juj�sgnu = 0 (200)

¨¬¥¥â ä¨§¨ç¥áª®¥ ¯à¨«®¦¥­¨¥ ¨ ã¤®¢«¥â¢®àï¥â áä®à¬ã«¨à®¢ ­­ë¬ ­¨¦¥ ãá«®¢¨ï¬. �¬¥áâ®
ãà ¢­¥­¨ï (20) à áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

Lu+ P (x)f(u) = 0; (22)

£¤¥ f(u) | ¢¥ªâ®à, ¨ äã­ªæ¨ï '(v) = (f(u); u) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (21). �®  ­ «®£¨¨ á
¯à¥¤ë¤ãé¨¬¨ à ááã¦¤¥­¨ï¬¨ à áá¬®âà¨¬ ãà ¢­¥­¨¥

Lv + �max(x)'(v) = ((�n(x)E � P (x))f(u); u)=v + ef(u): (23)

�à®¨­â¥£à¨àã¥¬ (23) ¯® áä¥à¥ Sr, â®£¤ 

d

dr

�
A(r)

dM

dr

�
+
Z
� � �

Z
Sr

�n(x)'(v)ds = 	(r): (24)

�® ãá«®¢¨î (21) äã­ªæ¨ï '(v) > 0 ¤«ï v > 0 ¨, ªà®¬¥ â®£®, ¯à¥¤¯®«®¦¨¬, çâ® ®­  ¢ë¯ãª« ï, çâ®
­¥ ¯à®â¨¢®à¥ç¨â ãá«®¢¨ï¬ (21). �®£¤  ¯® ­¥à ¢¥­áâ¢ã �¥­á¥­  M [f(v)] � f [M(v)] ¨ ¯® â¥®à¥¬¥
® áà¥¤­¥¬ §­ ç¥­¨¨ ¢¬¥áâ® (24) ¬®¦¥¬ § ¯¨á âì ­¥à ¢¥­áâ¢® (A(r)M 0)0 + A(r)�n(x�)'(M) �
	(r), x�(r) 2 Sr. �à¥®¡à §ã¥¬ ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ ­¥à ¢¥­áâ¢® �¨ªª â¨. �«ï íâ®£® á¤¥« ¥¬
§ ¬¥­ã

w =
A(r)M 0

'(M)
; w0 +

w2'0v(v)
A(r)

+A(r)�n(x�) � 	(r): (25)

�«ï äã­ªæ¨¨ w = �
2
ctg

h
�
2
'
� rR
0

A�1(s)ds
�i

¨¬¥¥¬

w0 +
w2'0v(v)
A(r)

= �

�
�

2

�2 1
sin2 t

'0v(v)
A(r)

+
�
�

2

�2 ctg2 t
A(r)

'0v(v) = �

�
�

2

�2
'0v(v)
A(r)

:

�®£¤  ­¥à ¢¥­áâ¢® (25) ¯¥à¥¯¨è¥âáï â ª:

�

�
�

2

�2
'0v(v)
A(r)

+A(r)�n(x�) � 	(r) ¨«¨
�max(x�)
'0v(v)

�

�
�

2A(r)

�2

:

�®áª®«ìªã x� | ¯à®¨§¢®«ì­ ï â®çª , â® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �á«¨ '(v) ï¢«ï¥âáï ¢ë¯ãª«®© äã­ªæ¨¥©, ¢ë¯®«­ïîâáï ãá«®¢¨ï (21) ¨ ­¥à ¢¥­-

áâ¢ 

((�n(x)E � P (x))f(u); u) > 0; max
x2D

�max(x)
'0(v)

�

�
�

2A(r)

�2

; (26)

â® á¨áâ¥¬  ãà ¢­¥­¨© (22) ­¥ª®«¥¡«îé ïáï.
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� ª ª ª ¢ ®æ¥­ª¥ (26) ¯à¨áãâáâ¢ã¥â äã­ªæ¨ï '(v), â® á«¥¤ã¥â ¢ë¤¥«ïâì ª« ááë à¥è¥­¨©,
¤«ï ª®â®àëå ¢ë¯®«­ïîâáï ãá«®¢¨ï (21) ¨ (26). �«ï ãà ¢­¥­¨ï (200)

�n(x)
'0v(v)

= ��1�n(x)jvj1��sgn v; 0 < � < 1:

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¡ã¤¥â ®£à ­¨ç¥­­ë¬ ¢ ª« áá¥ äã­ªæ¨©, ­¥¯à¥àë¢­ëå ¢ § ¬ª­ãâ®© ®¡« -
áâ¨ D.
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