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1. �¢¥¤¥­¨¥ ¨ ¯®áâ ­®¢ª  § ¤ ç¨

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï á¨«ì­®£® ¨ £«®¡ «ì­®£® ¬¨­¨¬ã¬  ¤«ï ª« á-
á¨ç¥áª®© £« ¤ª®© § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï

J = l0(b)! min; b := (t0; x0; t1; x1); (1)

l(b) � 0; k(b) = 0; (2)

_x = f(t; x; u); u(t) 2 U: (3)

�¤¥áì x0 = x(t0), x1 = x(t1), äã­ªæ¨¨ l0, l, k, f ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë, ¬­®¦¥áâ¢®
U � Rd(u) ¯à®¨§¢®«ì­® (d(u) ®§­ ç ¥â à §¬¥à­®áâì ¢¥ªâ®à  u). � ¤ çã (1){(3) ®¡®§­ ç¨¬ ç¥à¥§ P .

�à¥¤« £ ¥¬ë¥ ãá«®¢¨ï ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ®¡à é¥­¨¥ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ 
�.�.�®­âàï£¨­  [1] ¢ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨. �­¨ ä®à¬ã«¨àãîâáï ¢ â¥à¬¨­ å
áãé¥áâ¢®¢ ­¨ï á¥¬¥©áâ¢  à¥è¥­¨© á®¯àï¦¥­­®© á¨áâ¥¬ë, ª ¦¤®¥ ¨§ ª®â®àëå ®¡¥á¯¥ç¨¢ ¥â ¢ë-
¯®«­¥­¨¥ ­¥ª®â®à®£® à áè¨à¥­­®£® ãá«®¢¨ï ¬ ªá¨¬ã¬  ¯®­âàï£¨ ­  ¨«¨ £ ¬¨«ìâ®­¨ ­  á¨áâ¥-
¬ë (3), ¨ ¢ª«îç îâ ¢ á¥¡ï á®®â¢¥âáâ¢ãîéãî ª®­¥ç­®¬¥à­ãî ª®­æ¥¢ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨,
à¥è¥­¨¥¬ ª®â®à®© ¤®«¦¥­ ¡ëâì ª®­æ¥¢®© ­ ¡®à b, ®â¢¥ç îé¨© ¨áá«¥¤ã¥¬®© íªáâà¥¬ «¨ �®­-
âàï£¨­ .

� ¯¥à¨®¤ áâ ­®¢«¥­¨ï â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¯à®¡«¥¬¥ ®¡à é¥­¨ï ¯à¨­æ¨¯  ¬ ª-
á¨¬ã¬  (��) ¡ë«® ¯®á¢ïé¥­® ¤®¢®«ì­® ¬­®£® ¯ã¡«¨ª æ¨©. � ¨¡®«¥¥ ®¡é¨¥ à¥§ã«ìâ âë ¢ íâ®¬
­ ¯à ¢«¥­¨¨ [2]{[6] ¨á¯®«ì§®¢ «¨, ¢ áãé­®áâ¨, ®¡é¥¨§¢¥áâ­ë© ä ªâ: ¥á«¨ ­®à¬ «ì­ ï áâ æ¨®-
­ à­ ï â®çª  ¢ § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ á ®£à ­¨ç¥­¨ï¬¨ ï¢«ï¥âáï â®çª®© ¡¥§ãá«®¢­®£® ¬¨­¨¬ã¬ 
« £à ­¦¨ ­  ¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ ®¤­®£® ­ ¡®à  ¬­®¦¨â¥«¥© � £à ­¦ , â® ®­  ï¢«ï¥âáï
à¥è¥­¨¥¬ § ¤ ç¨. �¥â «¨§ æ¨ï íâ®£® ä ªâ  ¤«ï § ¤ ç¨ P ¯à¨¢®¤¨â ª ¤®áâ â®ç­ë¬ ãá«®¢¨ï¬
®¯â¨¬ «ì­®áâ¨ ¯®­âàï£¨­áª®© íªáâà¥¬ «¨, ¢ª«îç îé¨¬ âà¥¡®¢ ­¨¥ ¢®£­ãâ®áâ¨ ¯®­âàï£¨ ­ 
(¯® ¯ à¥ (x; u)) ¨«¨ £ ¬¨«ìâ®­¨ ­  (¯® x) ¯à¨ ä¨ªá¨à®¢ ­­®© á®¯àï¦¥­­®© âà ¥ªâ®à¨¨ ¨§ ��,
  â ª¦¥ ãá«®¢¨¥ ¢ë¯ãª«®áâ¨ ¤®¯ãáâ¨¬®£® â¥à¬¨­ «ì­®£® ¬­®¦¥áâ¢  (2) ¨ æ¥«¥¢®£® äã­ªæ¨®­ -
«  (1).

� íâ®¬ã ªàã£ã à¥§ã«ìâ â®¢ á«¥¤ã¥â ®â­¥áâ¨ ¨ ­¥áª®«ìª® ¡®«¥¥ â®­ª¨¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï
®¯â¨¬ «ì­®áâ¨ íªáâà¥¬ «¨, ª®â®àë¥ ¬®¦­® ¯®«ãç¨âì ¨§ â¥®à¥¬ë �.�.�à®â®¢  [7], [8] á «¨­¥©­®©
¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¥© (íâ¨ ãá«®¢¨ï ¨á¯®«ì§ãîâ ¬®¤¨ä¨æ¨à®¢ ­­ë¥ ª®­æ¥¢®© « £à ­¦¨ ­
¨ ª®­æ¥¢ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨, ¯®§¢®«ïîé¨¥ ®å¢ â¨âì ¡®«¥¥ è¨à®ª¨© ª« áá § ¤ ç, ­¥¦¥«¨ ¢
[2]{[6]).

�ë ­¥ ª á ¥¬áï §¤¥áì à¥§ã«ìâ â®¢, á¢ï§ ­­ëå á â¥®à¨¥© ¯®«ï íªáâà¥¬ «¥© (á¬., ­ ¯à., [9]),
¯®áª®«ìªã ®­¨ ®â­®áïâáï ª â¥®à¨¨ ¯®§¨æ¨®­­®£®,   ­¥ ¯à®£à ¬¬­®£® ã¯à ¢«¥­¨ï ¨ íª¢¨¢ «¥­â­ë
à¥è¥­¨î ãà ¢­¥­¨ï � ¬¨«ìâ®­ {�ª®¡¨{�¥««¬ ­ .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 01-01-00869.
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�á¥ ãª § ­­ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï á ®¡à é¥­¨¥¬ �� ®¡« ¤ îâ ®¡é¨¬¨ ­¥¤®áâ âª ¬¨: ¢®-
¯¥à¢ëå, ®­¨ ¯à¨¬¥­¨¬ë â®«ìª® ª ­®à¬ «ì­ë¬ íªáâà¥¬ «ï¬ �®­âàï£¨­ ; ¢®-¢â®àëå, ®¯¥à¨àãîâ
«¨èì á ¥¤¨­áâ¢¥­­ë¬ ­®à¬¨à®¢ ­­ë¬ ­ ¡®à®¬ ¬­®¦¨â¥«¥© � £à ­¦  (å®âï â ª¨å ­ ¡®à®¢ ¬®-
¦¥â ¡ëâì ¡¥áç¨á«¥­­®e ¬­®¦¥áâ¢®); ­ ª®­¥æ, ª ª ¯à ¢¨«®, ®­¨ ­¥ à ¡®â îâ, ¥á«¨ ¤¨­ ¬¨ç¥áª ï
á¨áâ¥¬  (3) ®¡« ¤ ¥â ¯«®å¨¬¨ á¢®©áâ¢ ¬¨ ã¯à ¢«ï¥¬®áâ¨ (­ ¯à., ¨¬¥¥â ¨­¢ à¨ ­â­ë¥ ¬­®£®-
®¡à §¨ï).

�à¥¤« £ ¥¬ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï á¢®¡®¤­ë ®â ®â¬¥ç¥­­ëå ­¥¤®áâ âª®¢ (¯® ªà ©­¥© ¬¥à¥,
¬¥­¥¥ çã¢áâ¢¨â¥«ì­ë ª á®®â¢¥âáâ¢ãîé¨¬ ®á®¡¥­­®áâï¬), çâ® ¨««îáâà¨àãîâ ¯à¨¬¥àë, à áá¬®-
âà¥­­ë¥ ¢ ¯. 4. � â® ¦¥ ¢à¥¬ï ¨å ¤®ª § â¥«ìáâ¢® í«¥¬¥­â à­® ¨ ®¯¨à ¥âáï ­  ¯à®áâ¥©èãî ¢¥àá¨î
¬®¤¨ä¨æ¨à®¢ ­­ëå ¤®áâ â®ç­ëå ãá«®¢¨© �à®â®¢  ¨§ ([10], «¥¬¬  1.2, c. 31; á¬. â ª¦¥ [11]). �
íâ®© ¢¥àá¨¨ ¨á¯®«ì§ã¥âáï á¥¬¥©áâ¢® «¨­¥©­ëå (¯® x) ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨©

f'a(t; x) = h a(t); x� x(t)i j a 2 Ag; (4)

­¥¢®§à áâ îé¨å ¢¤®«ì âà ¥ªâ®à¨© á¨áâ¥¬ë (3) (§¤¥áì §­ ª hp; qi ®§­ ç ¥â áª «ïà­®¥ ¯à®¨§¢¥-
¤¥­¨¥ ¢¥ªâ®à®¢ p, q, ¨­®£¤  ®¡®§­ ç ¥¬®¥ ¤ «¥¥ ¯à®áâ® ç¥à¥§ pq,  a(t) | ­¥ª®â®àë¥ à¥è¥­¨ï á®-
¯àï¦¥­­®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¨¥ ä §®¢®© ª®®à¤¨­ â¥ x). �®®¡é¥, «î¡ãî äã­ªæ¨î '(t; x),
®¡« ¤ îéãî ãª § ­­ë¬ á¢®©áâ¢®¬, ¬ë ­ §ë¢ ¥¬ äã­ªæ¨¥© �ï¯ã­®¢ {�à®â®¢  ¤«ï á¨áâ¥¬ë
(3). � á«ãç ¥ £« ¤ª®áâ¨ ®­  ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ­¥à ¢¥­áâ¢ã �ï¯ã­®¢ {�à®â®¢ 

't(t; x) + 'x(t; x)f(t; x; u) � 0: (5)

� ®¡áã¦¤ ¥¬ëå ¤®áâ â®ç­ëå ãá«®¢¨ïå äã­ªæ¨¨ á¥¬¥©áâ¢  (4) ¯®¤¡¨à îâáï â ª, çâ®¡ë ã¤®¢«¥-
â¢®à¨âì ­¥à ¢¥­áâ¢ã (5) ­  ¯®¤å®¤ïé¥¬ ¬­®¦¥áâ¢¥ §­ ç¥­¨© (t; x). �®â ä ªâ, çâ® ¢ íâ®¬ á«ãç ¥
á¥¬¥©áâ¢® (4) ¯®à®¦¤ ¥â á®®â¢¥âáâ¢ãîéãî ¢­¥è­îî ®æ¥­ªã ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë
(3), «¥¦¨â ¢ ®á­®¢¥ ¤®áâ â®ç­ëå ãá«®¢¨©.

�â®ç­¨¬ â¥¯¥àì ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ®¡®§­ ç¥­¨ï.
�à®æ¥áá®¬ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (3) ¡ã¤¥¬ ­ §ë¢ âì ­ ¡®à � = (x(t); u(t) j t 2 �), ¢ª«î-

ç îé¨© ­¥ª®â®àë© ®âà¥§®ª ¢à¥¬¥­¨ �,  ¡á®«îâ­® ­¥¯à¥àë¢­ãî âà ¥ªâ®à¨î x(t) ¨ ¨§¬¥à¨¬®¥
®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ u(t), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ­  � á¨áâ¥¬¥ (3). �à®æ¥áá � ­ §®¢¥¬ ¤®-

¯ãáâ¨¬ë¬ ¢ § ¤ ç¥ P , ¥á«¨ � = [t0; t1] ¨ ¢ë¯®«­¥­ë ª®­æ¥¢ë¥ ®£à ­¨ç¥­¨ï (2). �® ®¯à¥¤¥«¥­¨î
¯®« £ ¥¬ J(�) = l0(b) ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ¯à®æ¥áá . �®¯ãáâ¨¬ë© ¯à®æ¥áá, ¨áá«¥¤ã¥¬ë© ­ 
®¯â¨¬ «ì­®áâì, ®¡®§­ ç¨¬ ç¥à¥§

� = (x(t); u(t) j t 2 � = [t0; t1]):

2. �à¨­æ¨¯ ¬ ªá¨¬ã¬  ¨ ¡¨íªáâà¥¬ «¨

�¡®§­ ç¨¬ ç¥à¥§ Q ­¥ª®â®à®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® ¢ ¯à®áâà ­áâ¢¥ ¯¥à¥¬¥­­ëå (t; x),   ç¥à¥§
P (Q) | áã¦¥­¨¥ § ¤ ç¨ P ­  ¬­®¦¥áâ¢® Q. � ª¨¬ ®¡à §®¬, § ¤ ç  P (Q) ¯®«ãç ¥âáï ¨§ P
¤®¡ ¢«¥­¨¥¬ ®£à ­¨ç¥­¨©

(t; x(t)) 2 Q; (t0; x0; t1; x1) 2 Q�Q:

� ¤¨¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥ 1. �®¯ãáâ¨¬ë© ¯à®æ¥áá � ¤®áâ ¢«ï¥â á¨«ì­ë© ¬¨­¨¬ã¬ ¢ § ¤ ç¥ P , ¥á«¨
áãé¥áâ¢ã¥â â ª®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® Q � R1�Rd(x), á®¤¥à¦ é¥¥ £à ä¨ª âà ¥ªâ®à¨¨ x(t), çâ®
� ï¢«ï¥âáï £«®¡ «ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ P (Q).

�â® ®¯à¥¤¥«¥­¨¥ à ¢­®á¨«ì­® ãá«®¢¨î: ­¥ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

�n = (xn(t); un(t) j t 2 �n = [t0n; t1n])

â ª®©, çâ®
J(�n) < J(�) 8n;
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¯à¨ç¥¬

t0n ! t0; t1n ! t1; max
t2�n\�

jxn(t)� x(t)j ! 0:

�à¨ Q, á®¢¯ ¤ îé¥¬ á® ¢á¥¬ ¯à®áâà ­áâ¢®¬, ®¯à¥¤¥«¥­¨¥ á¨«ì­®£® ¬¨­¨¬ã¬  ¯¥à¥å®¤¨â ¢ ®¯à¥-
¤¥«¥­¨¥ £«®¡ «ì­®£® ¬¨­¨¬ã¬ .

�à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ªã ­¥®¡å®¤¨¬®£® ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ | ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï
§ ¤ ç¨ P .

�¢¥¤¥¬ äã­ªæ¨î �®­âàï£¨­ 

H(t; x;  x; u) = h x; f(t; x; u)i;

ª®­æ¥¢ãî äã­ªæ¨î � £à ­¦ 

L(b) = �0l0(b) + h�; l(b)i + h�; k(b)i

¨ ®¡®§­ ç¨¬ ç¥à¥§ M ¬­®¦¥áâ¢® ­ ¡®à®¢ ¬­®¦¨â¥«¥©

� = (�0; �; �;  (t));  (t) = ( x(t);  t(t));

â ª¨å, çâ®

�0 � 0; � 2 Rd(l)
+ ; � 2 Rd(k);

h�; l(b)i = 0; �0 + j�j+ j�j > 0;

� _ q(t) = Hq(t; x(t);  x(t); u(t)); q = x; t; (6)

 x(t0) = Lx0(b);  x(t1) = �Lx1(b);

 t(t0) = Lt0(b);  t(t1) = �Lt1(b);

H(t; x(t);  x(t); u(t)) +  t(t) = 0 ­  �;

H(t; x(t);  x(t); u) +  t(t) � 0 ­  �� U;
(7)

£¤¥  (t) | «¨¯è¨æ¥¢ ï äã­ªæ¨ï. � ¢¨á¨¬®áâì äã­ªæ¨©H ¨ L ®â � 2M ¤«ï ªà âª®áâ¨ ®¯ãé¥­ ,
­® ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¡ã¤¥â ®â¬¥ç âìáï ç¥à¥§ H�, L�.

�à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï § ¤ ç¨ P á®áâ®¨â ¢ ãâ¢¥à¦¤¥­¨¨ ([1]; [12], c. 8{11; [13], c. 24): ¥á«¨
¯à®æ¥áá � ¤®áâ ¢«ï¥â á¨«ì­ë© (¨ ¤ ¦¥ ¯®­âàï£¨­áª¨© [13], c. 23; [14]) ¬¨­¨¬ã¬ ¢ § ¤ ç¥ P , â®
M 6= ;.

�¡ëç­® ¯à®æ¥áá �, ã¤®¢«¥â¢®àïîé¨© ��, ­ §ë¢ îâ íªáâà¥¬ «ìî �®­âàï£¨­  ¨«¨ ¯®­âàï-
£¨­áª®© íªáâà¥¬ «ìî § ¤ ç¨ P . �ªáâà¥¬ «ì �®­âàï£¨­  � ­ §ë¢ îâ ­®à¬ «ì­®©, ¥á«¨ ¤«ï ­¥¥
�0 > 0 8� 2M ; ¢ ¯à®â¨¢­®¬ á«ãç ¥ � |  ­®à¬ «ì­ ï íªáâà¥¬ «ì �®­âàï£¨­ .

�¯à¥¤¥«¥­¨¥ 2. �á«¨ � | íªáâà¥¬ «ì �®­âàï£¨­  ¨ � 2 M , â® âà®©ªã äã­ªæ¨© 
 =
( (t); x(t); u(t) j t 2 �) ¡ã¤¥¬ ­ §ë¢ âì ¡¨íªáâà¥¬ «ìî �®­âàï£¨­ ,    (t) | ¥¥ á®¯àï¦¥­-
­®© ª®¬¯®­¥­â®© ¨«¨ ª®íªáâà¥¬ «ìî.

�®­ïâ¨ï ¯®­âàï£¨­áª®© íªáâà¥¬ «¨ ¨ ¡¨íªáâà¥¬ «¨ ­¥à §àë¢­® á¢ï§ ­ë á § ¤ ç¥© ®¯â¨-
¬¨§ æ¨¨ P . �® ªà®¬¥ ­¨å ­ ¬ ¡ã¤¥â ¯®«¥§­® ¨á¯®«ì§®¢ âì ¯®­ïâ¨¥ íªáâà¥¬ «¨ ã¯à ¢«ï¥¬®©

á¨áâ¥¬ë ¢ á¬ëá«¥ �.�.�¨«îâ¨­  ([12], c. 20; [13], c. 43). �­® â®¦¥ ¢ª«îç ¥â ¢ á¥¡ï á®¯àï¦¥­-
­ãî ª®¬¯®­¥­âã, ¨ ¬ë à¨áª­¥¬ ¯¥à¥¨¬¥­®¢ âì ¥£® ¢ ¡¨íªáâà¥¬ «ì, çâ®¡ë â¥à¬¨­ íªáâà¥¬ «ì,
ª ª ®¡ëç­®, § ªà¥¯¨âì §  ¯à®æ¥áá®¬, ã¤®¢«¥â¢®àïîé¨¬ ­¥®¡å®¤¨¬®¬ã ãá«®¢¨î ¯¥à¢®£® ¯®àï¤-
ª . �à¨ íâ®¬ á®£« è¥­¨¨ ®¯à¥¤¥«¥­¨¥ �.�.�¨«îâ¨­  á¢®¤¨âáï ª á«¥¤ãîé¥¬ã.
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�¯à¥¤¥«¥­¨¥ 3. � §®¢¥¬ ¡¨íªáâà¥¬ «ìî «î¡ãî âà®©ªã äã­ªæ¨© 
 = ( (t); x(t); u(t)),
®¯à¥¤¥«¥­­ãî ­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ I ¨ â ªãî, çâ® ­  I ¯ à  (x(t); u(t)) ã¤®¢«¥â¢®àï¥â á¨áâ¥-
¬¥ (3),  (t) = ( x(t);  t(t)) | á®¯àï¦¥­­®© á¨áâ¥¬¥ (6) ¨ ­  I�U ¢ë¯®«­¥­ë ãá«®¢¨ï ¬ ªá¨¬ã¬ 
(7). �®¬¯®­¥­âã  (t), t 2 I, ¡¨íªáâà¥¬ «¨ 
 ­ §®¢¥¬ á®¯àï¦¥­­®© ¨«¨ ª®íªáâà¥¬ «ìî,   ª®¬¯®-
­¥­âã (x(t); u(t) j t 2 I) | íªáâà¥¬ «ìî. �¨íªáâà¥¬ «ì ­ §ë¢ ¥âáï âà¨¢¨ «ì­®©, ¥á«¨  (t) � 0
­  I, ¨ ­¥âà¨¢¨ «ì­®© | ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�¡à â¨¬ ¢­¨¬ ­¨¥, çâ® ¢ § ¤ ç å á ­¥ä¨ªá¨à®¢ ­­ë¬ ¢à¥¬¥­¥¬ ¡¨íªáâà¥¬ «¨ à áá¬ âà¨¢ -
îâáï ­  ¨­â¥à¢ «¥ I � � [11]; ¯à¨ ä¨ªá¨à®¢ ­­ëå t0, t1 ¬®¦­® ¯®«®¦¨âì I = � = [t0; t1].

�à®¬¥ â®£®, § ¬¥â¨¬, çâ® ª®¬¯®­¥­â   t ®¯à¥¤¥«ï¥âáï ç¥à¥§  x, x, u ¨ äã­ªæ¨îH ®¤­®§­ ç­®
( t = �H ¢ á¨«ã ãá«®¢¨ï ¬ ªá¨¬ã¬  (7)). �®íâ®¬ã ¨­®£¤  ¥¥ ­¥ ¢ª«îç îâ ¢ ¡¨íªáâà¥¬ «ì­ë©
­ ¡®à. �® ¢ £« ¤ª¨å § ¤ ç å á® á¢®¡®¤­ë¬ ¢à¥¬¥­¥¬ ¥¥ à áá¬®âà¥­¨¥ ¯à¥¤áâ ¢«ï¥âáï ¯®«¥§­ë¬
(á¬.  à£ã¬¥­â æ¨î ¢ [12], c. 11).

� ª¨¬ ®¡à §®¬, ¯®­ïâ¨ï ¡¨íªáâà¥¬ «¨ ¨ íªáâà¥¬ «¨ á¢ï§ ­ë â®«ìª® á ã¯à ¢«ï¥¬®© á¨áâ¥-
¬®© ¨ ­¥ § ¢¨áïâ ®â äã­ªæ¨®­ «  ¨ ª®­æ¥¢ëå ®£à ­¨ç¥­¨© § ¤ ç¨ ®¯â¨¬¨§ æ¨¨. �¥¦¤ã â¥¬,
à¥è¥­¨¥ ¯®á«¥¤­¥© á«¥¤ã¥â ¨áª âì áà¥¤¨ ¡¨íªáâà¥¬ «¥©, ã¤®¢«¥â¢®àïîé¨å ª®­æ¥¢ë¬ ®£à ­¨ç¥-
­¨ï¬ ¨ ãá«®¢¨ï¬ âà ­á¢¥àá «ì­®áâ¨ ¯à¨ ¢ë¡®à¥ ®âà¥§ª  � � I. �á­® â ª¦¥, çâ® âà¨¢¨ «ì­ë¥
¡¨íªáâà¥¬ «¨ (ª®â®àëå ­¨ª ª ­¥ ¬¥­ìè¥, ç¥¬ ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ á¨áâ¥¬ë (3)) ¯à¥¤áâ ¢«ïîâ
¬ «® ¨­â¥à¥á ; ¢ á«ãç ¥ âà¨¢¨ «ì­®© ¡¨íªáâà¥¬ «¨ § ¤ ç¨ ª®­æë ¨å âà ¥ªâ®à­ëå ª®¬¯®­¥­â
­ å®¤ïâáï ­¥ ¢ ®¡é¥¬ ¯®«®¦¥­¨¨ ®â­®á¨â¥«ì­® äã­ªæ¨®­ «  ¨ â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© (á¬.
[12], c. 23).

� «¥¥ ¡ã¤¥¬ ¨¬¥âì ¤¥«® â®«ìª® á ¬­®¦¥áâ¢®¬ ¡¨íªáâà¥¬ «¥©, á®®â¢¥âáâ¢ãîé¨¬ ä¨ªá¨à®-
¢ ­­®¬ã ¯à®æ¥ááã �.

3. �®áâ â®ç­ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨

�ãáâì Q | ®âªàëâ®¥ ¬­®¦¥áâ¢® ¢ ¯à®áâà ­áâ¢¥ (t; x), á®¤¥à¦ é¥¥ £à ä¨ª âà ¥ªâ®à¨¨ x(t),
¨ 
 = ( (t); �) | ­¥ª®â®à ï ¡¨íªáâà¥¬ «ì á¨áâ¥¬ë, ®¯à¥¤¥«¥­­ ï ­  ¨­â¥à¢ «¥ I = prtQ � �.

� àï¤ã á äã­ªæ¨¥© �®­âàï£¨­  H ¢¢¥¤¥¬ £ ¬¨«ìâ®­¨ ­

H(t; x;  x) = supfH(t; x;  x; u) j u 2 Ug

á ®¡« áâìî ®¯à¥¤¥«¥­¨ï
domH = f(t; x;  x) j H(t; x;  x) <1g:

�â¬¥â¨¬, çâ® 8� 2M

H(t; x(t);  x(t)) = H(t; x(t);  x(t); u(t)) ­  I

¨ (t; x(t);  x(t)) 2 domH. �â¨ ãá«®¢¨ï á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï «î¡®© ¡¨íªáâà¥¬ «¨.
�¯à¥¤¥«¨¬ ¤«ï 
 ¨ Q á«¥¤ãîé¨¥ à áè¨à¥­­ë¥ ãá«®¢¨ï ¬ ªá¨¬ã¬  ¯®­âàï£¨ ­  ¨ £ ¬¨«ì-

â®­¨ ­ , á¢ï§ ­­ë¥ á á®¯àï¦¥­­®© ª®¬¯®­¥­â®© ¡¨íªáâà¥¬ «¨.

�á«®¢¨¥ (MH j 
;Q). �®çâ¨ ¢áî¤ã ­  I

H(t; x(t);  x(t); u(t)) + _ x(t)x(t) = maxfH(t; x;  x(t); u) + _ x(t)x j x 2 Q(t); u 2 Ug:

�á«®¢¨¥ (MH j 
;Q). �®çâ¨ ¢áî¤ã ­  I

H(t; x(t);  x(t)) + _ x(t)x(t) = maxfH(t; x;  x(t)) + _ x(t)x j x 2 Q(t)g

¨ á¯à ¢¥¤«¨¢® áã¯¥à¤¨ää¥à¥­æ¨ «ì­®¥ á®¯àï¦¥­­®¥ ¢ª«îç¥­¨¥

� _ x(t) 2 @xH(t; x(t);  x(t)); t 2 I: (8)

�ãáâì f
a j a 2 Ag|¯à®¨§¢®«ì­®¥ á¥¬¥©áâ¢® ¡¨íªáâà¥¬ «¥©, ª ¦¤ ï ¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â
®¤­®¬ã ¨§ íª¢¨¢ «¥­â­ëå ãá«®¢¨© ¬ ªá¨¬ã¬  (MH j 
a; Q) ¨«¨ (MH j 
a; Q). �®£¤  á¥¬¥©áâ¢®
ª®íªáâà¥¬ «¥© f a(t) j a 2 Ag ­ §®¢¥¬ ¯®à®¦¤ îé¨¬ ­  ¬­®¦¥áâ¢¥ Q.

14



� ¦¤®© ª®íªáâà¥¬ «¨  a(t) ¯®à®¦¤ îé¥£® á¥¬¥©áâ¢  á®¯®áâ ¢¨¬ «¨­¥©­ãî äã­ªæ¨î x !
'(t; x), ¯®«®¦¨¢

'a(t; x) = h ax(t); x� x(t)i; a 2 A: (9)

�¥£ª® ¯à®¢¥àï¥âáï, çâ® äã­ªæ¨¨ 'a(t; x) ®¡« ¤ îâ á¢®©áâ¢®¬ �ï¯ã­®¢ {�à®â®¢ , â. ¥. ­¥ ¢®§-
à áâ îâ ¢¤®«ì âà ¥ªâ®à¨© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë, £à ä¨ª¨ ª®â®àëå ¯à®å®¤ïâ ¯® ¬­®¦¥áâ¢ã Q.
�®íâ®¬ã ¤«ï â ª¨å âà ¥ªâ®à¨© ¢ë¯®«­ï¥âáï ª®­æ¥¢®¥ ­¥à ¢¥­áâ¢®

�'a(b) := 'a(t1; x(t1))� 'a(t0; x(t0)) � 0; a 2 A: (10)

�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì ¤«ï ¯à®æ¥áá  � áãé¥áâ¢ã¥â â ª®¥ ¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢® ª®íªáâà¥-

¬ «¥© f a(t) j a 2 Ag ­  ¬­®¦¥áâ¢¥ Q, çâ® â®çª  b = (t0; x(t0); t1; x(t1)) ï¢«ï¥âáï £«®¡ «ì­ë¬
à¥è¥­¨¥¬ á«¥¤ãîé¥© ª®­æ¥¢®© § ¤ ç¨ EP (Q;A):

l0(b)! min; l(b) � 0; k(b) = 0;

�'a(b) � 0 8 a 2 A; b 2 Q�Q:

�®£¤  � | £«®¡ «ì­® ®¯â¨¬ «ì­ë© ¯à®æ¥áá ¢ § ¤ ç¥ P (Q), à¥ «¨§ãîé¨© á¨«ì­ë© ¬¨­¨¬ã¬ ¢

§ ¤ ç¥ P .

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¢ Q, ®¯à¥-
¤¥«¨¢ ¥£® à ¢¥­áâ¢®¬

D(Q) = fb = (t0; x0; t1; x1)
��9 âà ¥ªâ®à¨ï x(t) j [t0; t1] : (t; x(t)) 2 Q; x(t0) = x0; x(t1) = x1g

(â. ¥. ¢ D(Q) ¢å®¤ïâ ¯ àë â®ç¥ª ¬­®¦¥áâ¢  Q, á®¥¤¨­¨¬ëå âà ¥ªâ®à¨ï¬¨ á¨áâ¥¬ë á £à ä¨ª ¬¨
¨§ Q).

�§ ­¥à ¢¥­áâ¢ (10) á«¥¤ã¥â, çâ® äã­ªæ¨¨ á¥¬¥©áâ¢  (9) ¯®à®¦¤ îâ ¢­¥è­îî ®æ¥­ªã ¬­®¦¥-
áâ¢  D(Q), â. ¥. á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

D(Q) � 
(A) := fb j �'a(b) � 0 8 a 2 Ag:

�âáî¤  á ®ç¥¢¨¤­®áâìî ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ¤ ­­®£® ãâ¢¥à¦¤¥­¨ï.

� áè¨à¥­­ë¥ ãá«®¢¨ï ¬ ªá¨¬ã¬  ¢ ®¯à¥¤¥«¥­¨¨ ¯®à®¦¤ îé¥£® á¥¬¥©áâ¢  (¨ ¢ â¥®à¥¬¥ 1)
¬®£ãâ ¡ëâì § ¬¥­¥­ë ­  ¡®«¥¥ ¦¥áâª¨¥ ãá«®¢¨ï ¢®£­ãâ®áâ¨ ¯®­âàï£¨ ­  ¨ £ ¬¨«ìâ®­¨ ­ ,
ª®â®àë¥ ä®à¬ã«¨àãîâáï á«¥¤ãîé¨¬ ®¡à §®¬ (¢ ¯à¥¤¯®«®¦¥­¨¨ ® ¢ë¯ãª«®áâ¨ ¢á¥å á¥ç¥­¨©
Q(t) ­  ¨­â¥à¢ «¥ I).

�á«®¢¨¥ (CH j 
;Q) ¤«ï § ¤ ç á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U . �à¨ ¢á¥å t 2 I äã­ªæ¨ï (x; u)!
H(t; x;  x(t); u) ¢®£­ãâ  ­  Q(t)� U .

�á«®¢¨¥ (CH j 
;Q). �à¨ t 2 I äã­ªæ¨ï x ! H(t; x;  x(t)) ¢®£­ãâ  ­  Q(t) ¨ á¯à ¢¥¤«¨¢®
á®¯àï¦¥­­®¥ ¢ª«îç¥­¨¥ (8).

�¬¥¥â ¬¥áâ® ®ç¥¢¨¤­®¥

�«¥¤áâ¢¨¥ 1. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ ¢ ®¯à¥¤¥«¥­¨¨ ¯®à®-
¦¤ îé¥£® á¥¬¥©áâ¢  ãá«®¢¨ï ¬ ªá¨¬ã¬  (MH j 
a; Q) ¨«¨ (MH j 
a; Q) § ¬¥­¨âì ­  ãá«®¢¨ï
¢®£­ãâ®áâ¨ (CH j 
a; Q) ¨«¨ (CH j 
a; Q) á®®â¢¥âáâ¢¥­­®.

� § ª«îç¥­¨¥ íâ®£® ¯ à £à ä  ãª ¦¥¬ ­  á¢ï§ì â¥®à¥¬ë 1 á ­¥£« ¤ª¨¬¨ äã­ªæ¨ï¬¨
�ï¯ã­®¢ {�à®â®¢ .

�à¥¤¯®«®¦¨¬, çâ® ¬­®¦¥áâ¢® A | ­¥ª®â®àë© ª®¬¯ ªâ, ¨ ¢¢¥¤¥¬ äã­ªæ¨î ¬ ªá¨¬ã¬ 

'(t; x) = maxf'a(t; x) j a 2 Ag; (11)
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£¤¥ 'a | ¢¢¥¤¥­­ë¥ ¢ëè¥ «¨­¥©­ë¥ äã­ªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ ¯®à®¦¤ îé¥¬ã á¥¬¥©áâ¢ã.
�ã­ªæ¨ï '(t; x) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) '(t; x) | ª®­¥ç­ ï ¢ë¯ãª« ï äã­ªæ¨ï ¯® x (ª ª ¢¥àå­ïï ®£¨¡ îé ï á¥¬¥©áâ¢  «¨­¥©­ëå
äã­ªæ¨©) ¨, á«¥¤®¢ â¥«ì­®, «®ª «ì­® «¨¯è¨æ¥¢ ï ¯® (t; x);

2) '(t; x) ã¤®¢«¥â¢®àï¥â ®¡®¡é¥­­®¬ã ­¥à ¢¥­áâ¢ã �ï¯ã­®¢ {�à®â®¢  D+'(t; x) � 0, £¤¥
á«¥¢  áâ®¨â ¢¥àå­ïï ¯à ¢ ï ¯à®¨§¢®¤­ ï �¨­¨ ¢¤®«ì à¥è¥­¨© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë
([15], c. 269); á«¥¤®¢ â¥«ì­®, ' ®¡« ¤ ¥â á¢®©áâ¢®¬ �ï¯ã­®¢ {�à®â®¢ , ¯à¨ç¥¬
D+'(t; x(t)) = 0 ­  �;

3) ç áâ­ë© áã¡¤¨ää¥à¥­æ¨ « ¯® x äã­ªæ¨¨ ' ¢¤®«ì ¯à®æ¥áá  � ®¯¨áë¢ ¥âáï à ¢¥­áâ¢®¬
@x'(t; x(t)) = cof ax(t) j a 2 Ag, A := fa 2 A j 9 lim

n!1
�'a(bn) = 0g;

4) ®£à ­¨ç¥­¨¥ b 2 
(A) ¢ ª®­æ¥¢®© § ¤ ç¥ EP (A) à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã �'(b) � 0, çâ®
®ç¥¢¨¤­®.

�§ íâ¨å á¢®©áâ¢ ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �ãáâì ¯à®æ¥áá � ¨ á¥¬¥©áâ¢® f ax(t) j a 2 Ag ã¤®¢«¥â¢®àïîâ ¤®áâ â®ç­ë¬
ãá«®¢¨ï¬ â¥®à¥¬ë 1, ¯à¨ç¥¬ A | ª®¬¯ ªâ. �®£¤  äã­ªæ¨ï '(t; x), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬
(11), ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ 1){4),   â®çª  b ï¢«ï¥âáï à¥è¥­¨¥¬ ª®­¥ç­®¬¥à­®© § ¤ ç¨

l0(b)! min;

l(b) � 0; k(b) = 0; �'(b) � 0:

� ª¨¬ ®¡à §®¬, ®¡é­®áâì â¥®à¥¬ë 1 ¯à®ï¢«ï¥âáï, ¢ ç áâ­®áâ¨, ¢ â®¬, çâ® ®­  £ à ­â¨àã¥â
áãé¥áâ¢®¢ ­¨¥ à §à¥è îé¥© äã­ªæ¨¨ â¨¯  �à®â®¢ , ª®â®à ï ­¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ £« ¤ª®áâ¨.

4. �««îáâà¨àãîé¨¥ ¯à¨¬¥àë

�«ï ¨««îáâà æ¨¨ ¤®áâ â®ç­ëå ãá«®¢¨© â¥®à¥¬ë 1 à áá¬®âà¨¬ àï¤ ¯à¨¬¥à®¢, ®¡« ¤ îé¨å
â®© ¨«¨ ¨­®©  ­®¬ «¨¥©, ¢ë§ë¢ îé¥© ­¥¯à¨¬¥­¨¬®áâì ¬¥â®¤®¢ �¥««¬ ­  ¨ �à®â®¢ ,   â ª¦¥
­¥£ â¨¢­ë© ¯à¨¬¥à 5, ¯®ª §ë¢ îé¨© ®£à ­¨ç¥­­®áâì ¢®§¬®¦­®áâ¥© ¯®à®¦¤ îé¥£® á¥¬¥©áâ¢ 
¨§ «¨­¥©­ëå äã­ªæ¨©.

�à¨¬¥à 1 ([16], á. 147). _x1 = u1, _x2 = u2, u21 + u22 � 1, x1(0) = x2(0) = 0, x1(1) = 1, J =
x2(1)! min.

� íâ®© «¨­¥©­®© § ¤ ç¥ ¨¬¥¥âáï ¥¤¨­áâ¢¥­­ë© ¤®¯ãáâ¨¬ë© (  §­ ç¨â, ¨ ®¯â¨¬ «ì­ë©) ¯à®-
æ¥áá � = (x(t) = (t; 0), u(t) = (1; 0)), ª®â®àë© ï¢«ï¥âáï  ­®à¬ «ì­®© íªáâà¥¬ «ìî § ¤ ç¨.
�á«¥¤áâ¢¨¥ íâ®£® ¤ ¦¥ «¨¯è¨æ¥¢®© «®ª «ì­®© äã­ªæ¨¨ �¥««¬ ­  ­¥ áãé¥áâ¢ã¥â ([16], c. 147).

� ¦¤ë© ­®à¬¨à®¢ ­­ë© ­ ¡®à � 2M ¤«ï � å à ªâ¥à¨§ã¥âáï ãá«®¢¨ï¬¨

 x1 � �� � 0;  x2 � ��0 � 0; �0 � � = 1

(¯à¨ � = �1 �0 = 0, çâ® ¨ ãª §ë¢ ¥â ­   ­®à¬ «ì­®áâì �). C«¥¤ãï ¨­â¥à¯à¥â æ¨¨ ¬­®¦¥-
áâ¢  A, ¢®§ì¬¥¬ ¯®à®¦¤ îé¨¥ äã­ªæ¨¨ ¢¨¤   ax = (��;��0), £¤¥ a = (�0; �) ¨ �0 � 0, � � 0,
�0 � � > 0 (¤ ¦¥ ¡¥§ ­®à¬¨à®¢ª¨). �¬ á®®â¢¥âáâ¢ã¥â á¥¬¥©áâ¢® ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨©
'a(t; x) = ��x1 � �0x2 + �t. � áè¨à¥­­®¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬  (MH) §¤¥áì ¢ë¯®«­ï¥âáï:

maxf��u1 � �0u2 j u 2 Ug = ��u1 � �0u2 = ��:

�§ § ¤ ç¨ EP

x2(1)! min; ��0x2(1) � 0 8�0 � 0

¯®«ãç ¥¬ x2(1) = 0, ¨ ¯à®æ¥áá � £«®¡ «ì­® ®¯â¨¬ «¥­.
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�à¨¬¥à 2 ([10], c. 21). �ãáâì qj(�1; �2), j = 1; 2; 3, | ª¢ ¤à â¨ç­ë¥ ä®à¬ë, ª ¦¤ ï ¨§ ª®-
â®àëå ­¥ ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®©, ­® max

1�j�3
qj(�1; �2) > 0 8 � = (�1; �2) 6= 0 (­ ¯à.,

q1 = �21 � �22, q2;3 = �(�2 � �1)�1). � áá¬®âà¨¬ § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï

J = x1(1)! min; �x1(1) + qj(x2(1); x3(1)) + cjx4(1) � 0; j = 1; 2; 3;

_xi = ui; juij � N; i = 1; 2; 3; _x4 =
3X
i=1

x2i ;

xk(0) = 0; k = 1; 4;

£¤¥ cj = const > 0.
� íâ®¬ ¯à¨¬¥à¥ ¯à®æ¥áá � = 0 ã¤®¢«¥â¢®àï¥â ��, ¯à¨ç¥¬ ¬­®¦¥áâ¢® M ­®à¬¨à®¢ ­­ëå

­ ¡®à®¢ ¬­®¦¨â¥«¥© � á®áâ®¨â ¡®«¥¥ ç¥¬ ¨§ ®¤­®© â®çª¨ ¨ ®¯¨áë¢a¥âáï ãá«®¢¨ï¬¨

�0 = 1;
3X
j=1

�j = 1; �j � 0;  xi � 0; i = 1; 2; 3;  x4 � �
3X
j=1

cj�j :

�¥®à¥¬  1 ¯®¬®£ ¥â ­ ©â¨ ¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢® ª®íªáâà¥¬ «¥©

�
 ax = (0; 0; 0;�a)

���a =
3X
j=1

cj�j > 0
�
;

ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â á¥¬¥©áâ¢® ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨© f'a(x) = �ax4 j a > 0g. �¥£ª® ¯à®-
¢¥à¨âì, çâ® ª ¦¤ ï ¨§ ¯®à®¦¤ îé¨å äã­ªæ¨© ®¡¥á¯¥ç¨¢ ¥â à áè¨à¥­­®¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬ 
(MH) ¢ £«®¡ «ì­®© ä®à¬¥

max
� 3X
i=1

 xiui +  x4

3X
i=1

x2i

��� (x; u) 2 Rd(x) � U

�
= 0:

�«®¡ «ì­ ï § ¤ ç  EP â ª®¢ :

x1(1)! min; �x1(1) + qj(x2(1); x3(1)) + cjx4(1) � 0;

j = 1; 2; 3; �ax4(1) � 0 8 a > 0:

�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â, çâ® x4(1) � 0,   ®áâ «ì­ë¥ ®£à ­¨ç¥­¨ï ¤ îâ ®æ¥­ªã á­¨§ã
äã­ªæ¨®­ « 

x1(1) � max
1�j�3

qj(x2(1); x3(1)) � 0

¯® á¢®©áâ¢ã ä®à¬ qj, ¯à¨ç¥¬ à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï â®«ìª® ¯à¨ xk(1) = 0, k = 1; 4. �âáî¤ 
§ ª«îç ¥¬, çâ® ¯à®æ¥áá � = (x = 0; u = 0 j t 2 [0; 1]) ¤®áâ ¢«ï¥â £«®¡ «ì­ë© ¬¨­¨¬ã¬ äã­ªæ¨-
®­ «ã ¯à¨ «î¡®¬ N > 0 ¨ ¤ ¦¥ ¯à¨ ®âáãâáâ¢¨¨ ®£à ­¨ç¥­¨© ­  ã¯à ¢«¥­¨ï (U = R3). � ¬¥â¨¬,
çâ® ¢ ¯®á«¥¤­¥¬ á«ãç ¥ ãà ¢­¥­¨¥ � ¬¨«ìâ®­ {�ª®¡¨ ­¥ ¨¬¥¥â à¥è¥­¨©.

� ¤ ­­®¬ ¯à¨¬¥à¥ ¯à¨ ­¥ä®à¬ «ì­®¬  ­ «¨§¥ § ¤ ç¨ EP \å¢ â¨«®" ¡ë ¨ ®¤­®© äã­ªæ¨¨
 x = (0; 0; 0;�1). �® ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© ¬¨­¨¬ã¬  ¢ § -
¤ ç¥ EP , á®®â¢¥âáâ¢ãîé¥© â®«ìª® íâ®© äã­ªæ¨¨, íâ® ­¥ ¯à¨¢¥«® ¡ë ª æ¥«¨: ¢ â®çª¥ x(1) = 0
®ª § «¨áì ¡ë ­¥ ¢ë¯®«­¥­­ë¬¨ ¤ ¦¥ ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï «®ª «ì­®£® ¬¨­¨¬ã¬  ¢â®à®£® ¯®-
àï¤ª  ([14]; [17], c. 289). �à¨ç¨­  á®áâ®¨â ¢ ­¥¥¤¨­áâ¢¥­­®áâ¨ ¬­®¦¨â¥«¥© � £à ­¦ , ª®â®à ï
­ á«¥¤ã¥âáï ¨ ª®­æ¥¢®© § ¤ ç¥©. �® â®© ¦¥ ¯à¨ç¨­¥ §¤¥áì ­¥ áãé¥áâ¢ã¥â £« ¤ª®© äã­ªæ¨¨
�à®â®¢ .

�à¨¬¥à 3. _x = 0 � u, juj � 1, J = x(0)x(1) ! min.
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� íâ®¬ ¯à¨¬¥à¥ ­¥ áãé¥áâ¢ã¥â £« ¤ª®© äã­ªæ¨¨ �à®â®¢  ([10], c. 22). �ªáâà¥¬ «¨ �®­âàï-
£¨­  � = 0 á®®â¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ª®¬¯®­¥­â   x(t) = 0 ¢ â® ¢à¥¬ï, ª ª  x-ª®¬¯®­¥­â
¡¨íªáâà¥¬ «¥© ¡¥áç¨á«¥­­®¥ ¬­®¦¥áâ¢® ¢ ¢¨¤¥ «î¡®© ª®­áâ ­âë. �®à®¦¤ îé¥¥ á¥¬¥©áâ¢® ¤®-
áâ â®ç­® ¢§ïâì ¨§ ¤¢ãå ª®¬¯®­¥­â  1;2x = �1 ¨ ®â¢¥ç îé¨å ¨¬ äã­ªæ¨© '1;2 = �x (®ç¥¢¨¤­®,
ã¤®¢«¥â¢®àïîé¨å ãà ¢­¥­¨î � ¬¨«ìâ®­ {�ª®¡¨). �¥®à¥¬  1 áà ¡ âë¢ ¥â ¨ ãáâ ­ ¢«¨¢ ¥â £«®-
¡ «ì­ãî ®¯â¨¬ «ì­®áâì �.

�â®â ¯à¨¬¥à ¯®ª §ë¢ ¥â ¢ ¦­®áâì ¯®­ïâ¨ï ¡¨íªáâà¥¬ «¨ á¨áâ¥¬ë, ¬­®¦¥áâ¢¥­­®áâì
 x-ª®¬¯®­¥­â ª®â®à®© ¬®¦­® ¨á¯®«ì§®¢ âì ¢ ¤®áâ â®ç­ëå ãá«®¢¨ïå ®¯â¨¬ «ì­®áâ¨ ¤ ¦¥ ¢ § -
¤ ç å ¡¥§ â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨©, ª®£¤  á®¯àï¦¥­­ ï âà ¥ªâ®à¨ï ¢ �� § ¢¥¤®¬® ¥¤¨­-
áâ¢¥­­ ï.

�à¨¬¥à 4 ([13], c. 56). _x = u, _y = x2, x(0) = p, x(1) = q, y(0) = 0, juj � 1, J = y(1) ! min,
£¤¥ ª®­æ¥¢ë¥ â®çª¨ p; q ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ p; q > 0, p+ q < 1.

�à¨­æ¨¯ã ¬ ªá¨¬ã¬  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨© ¯à®æ¥áá:

x(t) =

8>><
>>:
p� t; t 2 �1;

0; t 2 �2;

q + t� 1; t 2 �3;

u(t) =

8>><
>>:
�1; t 2 �1;

0; t 2 �2;

1; t 2 �3;

£¤¥ �1 = [0; p], �2 = [p; 1� q], �3 = (1� q; 1], ¯à¨ç¥¬ J(�) = y(1) = (p3 + q3)=3,

 x(t) =

8>><
>>:
�(p� t)2; t 2 �1;

0; t 2 �2;

(q + t+ 1)2; t 2 �3;

 y � �1

| ¥¤¨­áâ¢¥­­ ï á®¯àï¦¥­­ ï âà ¥ªâ®à¨ï. �«ï á®®â¢¥âáâ¢ãîé¥© ¥© «¨­¥©­®© äã­ªæ¨¨ ' ¢ë-
¯®«­¥­ë ®¡  ãá«®¢¨ï (CH) ¨ (CH) ¢ £«®¡ «ì­®© ä®à¬¥,   § ¤ ç  EP í«¥¬¥­â à­ , â. ¥.

y(1)! min; y(1) � (p3 + q3)=3 = J(�):

�®íâ®¬ã � | £«®¡ «ì­® ®¯â¨¬ «ì­ë© ¯à®æ¥áá.

�â®â ¯à¨¬¥à ¯®ª § â¥«¥­ â¥¬, çâ® ¨áá«¥¤ã¥¬ ï íªáâà¥¬ «ì ®â­®á¨âáï ª \á¬¥è ­­®¬ã" â¨-
¯ã, â. ¥. ¨¬¥¥â ¨­â¥à¢ «ë ­¥®á®¡®£® (�1;�3) ¨ ®á®¡®£® ã¯à ¢«¥­¨ï (�2), ¨ ¥¥ ®¯â¨¬ «ì­®áâì
ãáâ ­ ¢«¨¢ ¥âáï ¡¥§ ¯à¨¢«¥ç¥­¨ï ¨­ä®à¬ æ¨¨ ® áãé¥áâ¢®¢ ­¨¨ ®¯â¨¬ «ì­®£® à¥è¥­¨ï ¨ ¥¤¨­-
áâ¢¥­­®áâ¨ íªáâà¥¬ «¨ �®­âàï£¨­ .

�à¨¬¥à 5 (­¥£ â¨¢­ë©). _x1 = 0, _x2 = x1u, x1(0) = 0, juj � 1, J = x2(0)x2(1)! min.
� íâ®¬ ¯à¨¬¥à¥ «¨¯è¨æ¥¢®© äã­ªæ¨¨ �à®â®¢  â ª¦¥ ­¥ áãé¥áâ¢ã¥â ¨§-§  ­ «¨ç¨ï ¨­¢ à¨-

 ­â­®£® ¬­®£®®¡à §¨ï fxj x1 = 0g ¨ á¯¥æ¨ä¨ª¨ äã­ªæ¨®­ « . �¤¥áì � = 0 | ®ç¥¢¨¤­®¥ £«®¡ «ì-
­®¥ à¥è¥­¨¥. �«ï ­¥£® ãá«®¢¨ï íªáâà¥¬ «ì­®áâ¨ á¢®¤ïâáï ª â®¬ã, çâ®  x1,  x2 | ¯à®¨§¢®«ì­ë¥
ª®­áâ ­âë (â. ¥. ¡¨íªáâà¥¬ «¥© ¡¥áç¨á«¥­­®¥ ¬­®¦¥áâ¢®), ­® £ ¬¨«ìâ®­¨ ­

H = jx1 x1j = j x1j � jx1j

ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¤«ï ¢á¥å  x = ( x1;  x2). �«¥¤®¢ â¥«ì­®, §¤¥áì ­¥¢®§¬®¦­® ¯®áâà®¨âì ¯®-
à®¦¤ îé¥¥ á¥¬¥©áâ¢® «¨­¥©­ëå äã­ªæ¨© ¨ â¥®à¥¬  1 ­¥ à ¡®â ¥â.

� â® ¦¥ ¢à¥¬ï ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ãà ¢­¥­¨¥ � ¬¨«ìâ®­ {�ª®¡¨

jx1'x2 j+ 't = 0

¨¬¥¥â, ¢ ç áâ­®áâ¨, ¤¢  £« ¤ª¨å à¥è¥­¨ï '1;2 = �x1 ¨ ¯ àã ®¡®¡é¥­­ëå, «¨¯è¨æ¥¢ëå à¥è¥­¨©
'3;4 = �x2�tjx1j, ¯®­¨¬ ¥¬ëå ¢ á¬ëá«¥ ([18]; [19], c. 454). �­¨ ®¡à §ãîâ à §à¥è îé¥¥ á¥¬¥©áâ¢®
¢ ª ­®­¨ç¥áª®© â¥®à¨¨, ¯à¨ç¥¬ à §à¥è îé¥© ¡ã¤¥â â ª¦¥ ¥¤¨­áâ¢¥­­ ï «¨¯è¨æ¥¢ ï äã­ªæ¨ï
'(t; x) = max

1�j�4
'j(t; x). �ç¥¢¨¤­®, çâ® ¥¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¨ ª ª ¬ ªá¨¬ã¬ á¥¬¥©áâ¢  ¨§ è¥áâ¨

«¨­¥©­ëå (¯® x) äã­ªæ¨©. �â® ¯®ª §ë¢ ¥â, çâ® ®¡à é¥­¨¥ á«¥¤áâ¢¨ï 2 ­¥ ¨¬¥¥â ¬¥áâ .
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5. �à¨«®¦¥­¨¥: ª¢ ¤à â¨ç­ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨
¢ § ¤ ç¥ ¡ëáâà®¤¥©áâ¢¨ï

�¥â «¨§¨àã¥¬ â¥®à¥¬ã 1 ¤«ï ¤¢ãåâ®ç¥ç­®© § ¤ ç¨ ¡ëáâà®¤¥©áâ¢¨ï:

J = t1 � t0 ! min; x(t0) = x0; x(t1) = x1;

_x = f(t; x; u); u(t) 2 U:

�¡®§­ ç¨¬ ¥¥ ç¥à¥§ PT (¬®¦­® áç¨â âì T = t1 � t0).
�«ï ­¥¥ � = (�0; �0; �1;  (t)),

L� = �0(t1 � t0) + �0(x(t0)� x0) + �1(x(t1)� x1)

¨ ãá«®¢¨ï âà ­á¢¥àá «ì­®áâ¨ ¨§ �� ¤ îâ à ¢¥­áâ¢ 

 x(t0) = �0;  x(t1) = ��1;  t(t0) =  t(t1) = ��0; (12)

â ª çâ® ¯¥à¢®¥ ¨§ ãá«®¢¨© ¬ ªá¨¬ã¬  (7) ¯à¨ t = t0; t1 ¯à¨¬¥â ¢¨¤

H� [ t0] = H� [ t1] = �0 � 0: (13)

�¤¥áì § ¯¨áì H� [t] ®§­ ç ¥â ¯®¤áç¥â äã­ªæ¨¨ H� ¢¤®«ì ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá  � ¨ á®®â¢¥âáâ¢ã-
îé¥© ª®íªáâà¥¬ «¨.

�§ (12) á«¥¤ã¥â, çâ® ¬­®¦¨â¥«¨ �0, �1 ¬®£ãâ ¡ëâì ¨áª«îç¥­ë, â ª çâ® ­ ¡®à � ¬®¦­® ®â®-
¦¤¥áâ¢¨âì á (�0;  (t)). � ª¨¬ ®¡à §®¬, �� ¤«ï § ¤ ç¨ PT á¢®¤¨âáï ª ãá«®¢¨î áãé¥áâ¢®¢ ­¨ï
­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï  (t) á¨áâ¥¬ë (6), ¤«ï ª®â®à®£® ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï ãá«®¢¨ï
¬ ªá¨¬ã¬  (7) ¨ ãá«®¢¨ï âà ­á¢¥àá «ì­®áâ¨ (13). �®®â¢¥âáâ¢¥­­®, ¬­®¦¥áâ¢® M ¢ § ¤ ç¥ PT
á®áâ®¨â ¨§ ­ ¡®à®¢ � = (�0;  (t)) á ãª § ­­ë¬¨ á¢®©áâ¢ ¬¨.

�ãáâì f a(t) j a 2 Ag | ­¥ª®â®à®¥ ¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢® ª®íªáâà¥¬ «¥© ­  ¬­®¦¥áâ¢¥ Q,
¯à¨ç¥¬ ¬­®¦¥áâ¢® \¨­¤¥ªá®¢" A ï¢«ï¥âáï ª®¬¯ ªâ®¬. � áá¬®âà¨¬ «®ª «ì­ë¥ ãá«®¢¨ï ®¯â¨-
¬ «ì­®áâ¨ â®çª¨ b = (t0; t1) ¢ ª®­æ¥¢®© § ¤ ç¥ EP

t1 � t0 ! min; t0; t1 2 I = prt Q;

 ax(t1)(x1 � x(t1))�  ax(t0)(x0 � x(t0)) � 0 8 a 2 A:
(14)

�à¥¤¯®«®¦¨¬, çâ® ã¯à ¢«¥­¨¥ u(t) ï¢«ï¥âáï £« ¤ª¨¬ ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª t0, t1. �®£¤  (14)
| ª®­¥ç­®¬¥à­ ï § ¤ ç  ®¯â¨¬¨§ æ¨¨ á äã­ªæ¨ï¬¨ ¨§ C2, á ª®­â¨­¨ã¬®¬ ®£à ­¨ç¥­¨© ¨ äã­ª-
æ¨¥© � £à ­¦ 

�(t0; t1) = �0(t1 � t0) +
Z
A

�'a(t0; t1)da;

£¤¥ da | ¢¥à®ïâ­®áâ­ ï ¬¥à  ­  A.
�¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¯¥à¢®£® ¯®àï¤ª  ¤«ï § ¤ ç¨ (14) á®áâ®ïâ ¢ á«¥¤ãîé¥¬ ([14]; [20]; [21],

ác. 7, 9): áãé¥áâ¢ãeâ ­ ¡®à ¬­®¦¨â¥«¥© � = (�0; c; 
1; : : : ; 
k), k � 3, ¨ â®çª¨ a1; : : : ; ak ¨§ A â ª¨¥,
çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï

�0 � 0; c � 0; �0 + c > 0; 
i � 0;
kX
i=1


i = 1; (15)

��0 + c
kX
i=1


iH
ai [ t0] = ��0 � c

kX
i=1


i 
ai
t [ t0] = 0; (16)

�0 � c
kX
i=1


iH
ai [ t1] = �0 + c

kX
i=1


i 
ai
t [ t1] = 0; (17)

£¤¥ Ha [t] = H(t; x(t);  ax(t); u(t)). � ¢¥­áâ¢  (16), (17) | íâ® ãá«®¢¨ï ®¡à é¥­¨ï ¢ ­ã«ì ª¢ §¨-
£à ¤¨¥­â  äã­ªæ¨¨ � ¢ â®çª¥ b.
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�®«®¦¨¬  (t) = ( x(t);  t(t)), £¤¥

 q(t) = c
kX
i=1


i 
ai
q (t); q = x; t: (18)

�®£¤   (t) | ª®íªáâà¥¬ «ì ­  ¨­â¥à¢ «¥ I ¢ á¨«ã «¨­¥©­®áâ¨ á®¯àï¦¥­­®© á¨áâ¥¬ë ¤«ï äã­ª-
æ¨¨  ! H ¨ ­¥®âà¨æ â¥«ì­®áâ¨ c, 
i. �®«¥¥ â®£®, ¨§ (16), (17) á«¥¤ã¥â, çâ®  (t) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ âà ­á¢¥àá «ì­®áâ¨ (13) ¨, á«¥¤®¢ â¥«ì­®, (�0;  (t)) 2 M , ¥á«¨ â®«ìª®  (t) 6� 0 (¥á«¨
¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢® ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥ ¤®áâ â®ç­ëå ãá«®¢¨©, â® â ª¨¥  (t) ¨§ (18) á
­¥®¡å®¤¨¬®áâìî ­ ©¤ãâáï). �§ (18) § ª«îç ¥¬, çâ® ª®­¨ç¥áª ï ®¡®«®çª  ¯®à®¦¤ îé¥£® á¥¬¥©-

áâ¢  ®¡ï§ â¥«ì­® á®¤¥à¦¨â ª®íªáâà¥¬ «¨ �®­âàï£¨­  (íâ®â ä ªâ ¨¬¥¥â ¬¥áâ® ¨ ¢ § ¤ ç¥ P
[11]).

�á«¨ ¬­®¦¥áâ¢® ª®íªáâà¥¬ «¥© �®­âàï£¨­  ®¡®§­ ç¨âì ç¥à¥§ 	 (®­® á®¢¯ ¤ ¥â á ®¡à §®¬
®¯¥à â®à  ¯à®¥ªâ¨à®¢ ­¨ï � 2M !  (t)),   ¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢® | ç¥à¥§ 	(A), â® áª § ­-
­®¥ ®§­ ç ¥â, çâ®

	 := con	(A) \	 6= ; (19)

(conC|ª®­¨ç¥áª ï ®¡®«®çª  ¬­®¦¥áâ¢  C). � ª®¢  á¢ï§ì ¤®áâ â®ç­ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨
á �� (¢ ¯¥à¢®¬ ¯®àï¤ª¥).

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®áâ â®ç­ë¬ ãá«®¢¨ï¬ «®ª «ì­®£® ¬¨­¨¬ã¬  ¢ ª®­æ¥¢®© § ¤ ç¥ (14),
¯à¥¤¯®«®¦¨¢ ¤®¯®«­¨â¥«ì­®, çâ® ¬­®¦¥áâ¢® A ª®­¥ç­®: A = f1; : : : ;mg.

� ¨¡®«¥¥ ¯à®áâ®¥ ¨§ â ª¨å ãá«®¢¨© (ä ªâ¨ç¥áª¨ ¯¥à¢®£® ¯®àï¤ª ) á®áâ®¨â ¢ ®âáãâáâ¢¨¨
­¥­ã«¥¢ëå ªà¨â¨ç¥áª¨å ¢ à¨ æ¨© (�t0; �t1) ¢ â®çª¥ b [14]. �à¨â¨ç¥áª¨© ª®­ãá KT ¤«ï § ¤ ç¨
(14) ¯®«ãç ¥âáï ¥¥ «¨­¥ à¨§ æ¨¥© ¨ ®¯¨áë¢ ¥âáï ãá«®¢¨ï¬¨

�t1 � �t0 � 0; Ha(t0)�t0 �Ha(t1)�t1 � 0; a = 1;m: (20)

�á«®¢¨¥ KT n f0g = ; £ à ­â¨àã¥â «®ª «ì­ë© ¬¨­¨¬ã¬ ¢ â®çª¥ b.
� áá¬®âà¨¬ ç áâ­ë© á«ãç ©, ª®£¤  	(A) = f (t) 2 	g | ®¤­®í«¥¬¥­â­®¥ ¬­®¦¥áâ¢® ¨§

ª®íªáâà¥¬ «¨ �� (á ®¤­¨¬ ¨§ à áè¨à¥­­ëå ãá«®¢¨© ¬ ªá¨¬ã¬ ). �®£¤  ¨§ (13) ¨ (20) ¯®«ãç¨¬

KT : �t1 � �t0 � 0; �0(�t0 � �t1) � 0:

�à¨ �0 > 0 íâ®â ª®­ãá ¯¥à¥å®¤¨â ¢ ¯àï¬ãî �t1 = �t0, ­® ¥á«¨ ®¤¨­ ¨§ ¬®¬¥­â®¢ ¢à¥¬¥­¨ t0 ¨«¨
t1 ä¨ªá¨à®¢ ­, â® ®­ á¢®¤¨âáï ª ­ã«¥¢®© ¢ à¨ æ¨¨. �«¥¤®¢ â¥«ì­®, ¤«ï â ª¨å § ¤ ç ­®à¬ «ì-
­®áâì íªáâà¥¬ «¨ �� ¯«îá à áè¨à¥­­®¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬  £ à ­â¨àãîâ ­ «¨ç¨¥ á¨«ì­®£®
¬¨­¨¬ã¬ .

� áá¬®âà¨¬ â¥¯¥àì ª¢ ¤à â¨ç­ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  ¢ § ¤ ç¥ (14) ¯à¨ ª®­¥ç-
­®¬ ¬­®¦¥áâ¢¥ A ¨ ­¥âà¨¢¨ «ì­®¬ ª®­ãá¥ KT . �®«®¦¨¢ ¢ íâ®¬ á«ãç ¥

�i = c
i � 0; ! = (�0; �) 2 R1
+ �Rm

+ ; (21)

¯¥à¥¯¨è¥¬ « £à ­¦¨ ­ � ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�!(t0; t1) = �0(t1 � t0) +
mX
i=1

�i�'
i(t0; t1):

�á­®, çâ® ¥£® áâ æ¨®­ à­®áâì ¢ â®çª¥ b à ¢­®á¨«ì­  ãá«®¢¨ï¬ (15){(18) (á ãç¥â®¬ ®¡®§­ ç¥­¨©
(21)) ¨ á¢®¤¨âáï ª ãá«®¢¨î M 6= ;, ¯à¨ç¥¬ ¬­®¦¥áâ¢® 
 ­ ¡®à®¢ ¬­®¦¨â¥«¥© � £à ­¦  ¤«ï
â®çª¨ b ¬®¦­® ®â®¦¤¥áâ¢¨âì á 	. �â®à®© ¤¨ää¥à¥­æ¨ « « £à ­¦¨ ­ , ª ª ­¥âàã¤­® ¯à®¢¥à¨âì,
¨¬¥¥â ¢¨¤

d2�!(b) [�t0; �t1] = C0( )�t20 � C1( )�t21;

£¤¥ ¯®áâ®ï­­ë¥ C0( ), C1( ) ®¯à¥¤¥«¥­ë à ¢¥­áâ¢®¬

Cs( ) = _H� [ ts] + h _ x(ts); _x(ts)i; s = 0; 1:
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� ª ¨§¢¥áâ­® [14], ­¥à ¢¥­áâ¢®

max
 2	

d2�!(b) [�t0; �t1] > 0
��KT n f0g

£ à ­â¨àã¥â áâà®£¨© «®ª «ì­ë© ¬¨­¨¬ã¬ ¢ â®çª¥ b ¢ § ¤ ç¥ EP .
�®¤¢¥¤¥¬ ¨â®£¨ ¯à®¢¥¤¥­­®¬ã  ­ «¨§ã.

�¥®à¥¬  2. �ãáâì ¤«ï ¯à®æ¥áá  � ¢ § ¤ ç¥ PT áãé¥áâ¢ã¥â â ª®¥ ª®­¥ç­®¥ ¯®à®¦¤ îé¥¥

á¥¬¥©áâ¢® ª®íªáâà¥¬ «¥© 	(A) ­  ®âªàëâ®¬ ¬­®¦¥áâ¢¥ Q, çâ® ¢ë¯®«­ïîâáï à ¢¥­áâ¢® (19)
¨ ­¥à ¢¥­áâ¢®

max
 2	

[C0( )�t
2
0 � C1( )�t

2
1] > 0

��KT n f0g:
�®£¤  � à¥ «¨§ã¥â á¨«ì­ë© ¬¨­¨¬ã¬ ¢ § ¤ ç¥ PT .

�«¥¤áâ¢¨¥ 3. �î¡®¥ ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨© ¤®áâ â®ç­® ¤«ï á¨«ì­®£® ¬¨­¨¬ã¬  ­ 
¯à®æ¥áá¥ � ¢ § ¤ ç¥ PT :

(a) KT n f0g = ;;
(¡) ®¤¨­ ¨§ ¬®¬¥­â®¢ ¢à¥¬¥­¨ t0, t1 ä¨ªá¨à®¢ ­, 	(A) = f (t) 2 	g | ®¤­®í«¥¬¥­â­®¥

¯®à®¦¤ îé¥¥ ¬­®¦¥áâ¢®, ¯à¨ç¥¬ ­ ¡®à � = (1;  (t)) 2 M (â. ¥. � | ­®à¬ «ì­ ï íªáâà¥¬ «ì
��).

�â¬¥â¨¬, çâ® ¨§ (¡)) ( ), ­® ­¥ ­ ®¡®à®â.

6. � ª«îç¥­¨¥

�­ «¨§ ¯®«ãç¥­­ëå ¢ ¤ ­­®© áâ âì¥ ¤®áâ â®ç­ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨ ¨ ¯à¨¢¥¤¥­­ëå
¯à¨¬¥à®¢ ¯®ª §ë¢ eâ, ­ áª®«ìª® íää¥ªâ¨¢­ë¬ ¬®¦¥â ¡ëâì ¯à¨¬¥­¥­¨¥ á¥¬¥©áâ¢  äã­ªæ¨©
�ï¯ã­®¢ {�à®â®¢  ¤ ¦¥ á ¬®© ¯à®áâ®© «¨­¥©­®© áâàãªâãàë. �à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¨áá«¥¤®¢ -
­¨¥ ¢®§¬®¦­®áâ¥© ª ­®­¨ç¥áª®© â¥®à¨¨ ¨§ ([10], c. 31; [11]) á ¡®«¥¥ ¡®£ âë¬ á¥¬¥©áâ¢®¬ «¨­¥©­®-
ª¢ ¤à â¨ç­ëå à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®£® ­¥à ¢¥­áâ¢  �ï¯ã­®¢ {�à®â®¢ . �á­®, çâ® á®®â¢¥â-
áâ¢ãîé¨¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¡ã¤ãâ ¨¬¥âì ¡®«¥¥ è¨à®ª¨© á¯¥ªâà ¯à¨«®¦¥­¨©, ¯®áª®«ìªã ®­¨
¡®«¥¥ â®­ª¨¬ ®¡à §®¬, ­¥¦¥«¨ â¥®à¥¬  1, ¡ã¤ãâ £ à ­â¨à®¢ âì ¢ë¯®«­¥­¨¥ ãá¨«¥­­®£® ãá«®¢¨ï
�ª®¡¨ (®âáãâáâ¢¨ï á®¯àï¦¥­­ëå â®ç¥ª) ¢¤®«ì ¨áá«¥¤ã¥¬®© íªáâà¥¬ «¨ �®­âàï£¨­ , â.¥. áâ ­ãâ
¡«¨¦¥ ¯à¨¬ëª âì ª ª¢ ¤à â¨ç­ë¬ ­¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ ®¯â¨¬ «ì­®áâ¨ [13], [14].
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