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� ­ áâ®ïé¥¥ ¢à¥¬ï ¯¥àá¯¥ªâ¨¢­ë¬ ­ ¯à ¢«¥­¨¥¬ â¥®à¨¨ ¢ëç¨á«¨â¥«ì­ëå ¬¥â®¤®¢ ®¯â¨-
¬ «ì­®£® ã¯à ¢«¥­¨ï ï¢«ï¥âáï à §à ¡®âª  ¨â¥à æ¨®­­ëå ¯à®æ¥¤ãà á® á¢®©áâ¢®¬ ­¥«®ª «ì­®£®
ã«ãçè¥­¨ï ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¯® æ¥«¥¢®¬ã äã­ªæ¨®­ «ã. �â® §­ ç¨â, çâ® á®®â¢¥âáâ¢ãî-
é¨¥ ¬¥â®¤ë ­¥ á¢ï§ ­ë á ®¯¥à æ¨¥© ¢ àì¨à®¢ ­¨ï ã¯à ¢«¥­¨©, â. ¥. à¥ «¨§ãîâáï ¡¥§ ¯ à ¬¥-
âà¨ç¥áª®£® ¯®¨áª , çâ® ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬ ä ªâ®à®¬ ¯®¢ëè¥­¨ï íää¥ªâ¨¢­®áâ¨ à áç¥â®¢.
�«ï ®¡ëª­®¢¥­­ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ â ª¨¥ ¬¥â®¤ë ¯®áâà®¥­ë ¨  ¯à®¡¨à®¢ ­ë ¢ ª« áá¥
ª¢ ¤à â¨ç­ëå § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï [1], [2]. �å â¥®à¥â¨ç¥áª®© ®á­®¢®© á«ã¦ â ­¥«®-
ª «ì­ë¥  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®£® äã­ªæ¨®­ «  ¢¬¥áâ¥ á â¥å­¨ª®© ¥£® ä §®¢®© à¥£ã«ïà¨§ æ¨¨.

� ¤ ­­®© à ¡®â¥ ¨áá«¥¤ãîâáï ¢®§¬®¦­®áâ¨ â ª®£® ¯®¤å®¤  ­  ãà®¢­¥ ã¯à ¢«ï¥¬ëå á¨áâ¥¬
á ¯®áâ®ï­­ë¬ § ¯ §¤ë¢ ­¨¥¬ ¯® á®áâ®ï­¨î. �à¥¤¢ à¨â¥«ì­ë©  ­ «¨§ ¯®ª § «, çâ® ¯®áâà®¥­¨¥
¨ ª®­áâàãªâ¨¢­®¥ ¨á¯®«ì§®¢ ­¨¥ ­¥«®ª «ì­ëå ä®à¬ã« ¯à¨à é¥­¨ï ¢ ª¢ ¤à â¨ç­ëå § ¤ ç å
á § ¯ §¤ë¢ ­¨¥¬ ¢áâà¥ç ¥â ¯à¨­æ¨¯¨ «ì­ë¥ âàã¤­®áâ¨. � ®¯à¥¤¥«¥­­®© áâ¥¯¥­¨ íâ® ï¢«ï¥âáï
®âà ¦¥­¨¥¬ â¥å ¯à®¡«¥¬, ª®â®àë¥ ¢®§­¨ª «¨ ¢ â¥®à¨¨ ­¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨
¢â®à®£® ¯®àï¤ª  ¤«ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¢ ç áâ¨ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¨á ­¨ï á®¯àï¦¥­-
­®© ¬ âà¨ç­®© äã­ªæ¨¨ [3]. �®íâ®¬ã ­¥«®ª «ì­ë©  ­ «¨§ § ¤ ç á § ¯ §¤ë¢ ­¨¥¬ ¯à®¢®¤¨âáï
¯®ª  ¤«ï «¨­¥©­ëå ¬®¤¥«¥©: «¨­¥©­ë© â¥à¬¨­ «ì­ë© äã­ªæ¨®­ «, «¨­¥©­ ï ¯® á®áâ®ï­¨î á¨-
áâ¥¬  á ã¯à ¢«¥­¨¥¬ ¢ ª®íää¨æ¨¥­â å. � íâ®¬ ª« áá¥ ¯®áâà®¥­ë â®ç­ë¥ ä®à¬ã«ë ¯à¨à é¥­¨ï
äã­ªæ¨®­ « , ­  ®á­®¢¥ ª®â®àëå ª®­áâàã¨àãîâáï ¤¢¥ ­¥«®ª «ì­ë¥ ¯à®æ¥¤ãàë ã«ãçè¥­¨ï ¨
®¡ê¥¤¨­ïîé¨© ¨å ¬¥â®¤ ¯à¨à é¥­¨©. �¥â®¤ ­¥ ¢ëà®¦¤ ¥âáï, ¢®®¡é¥ £®¢®àï, ­  ®á®¡ëå ã¯à -
¢«¥­¨ïå, ­¥ ¨á¯®«ì§ã¥â ¯ à ¬¥âà¨ç¥áª®e ¢ àì¨à®¢ ­¨e ¨ ¯à¥¤áâ ¢«ï¥âáï ­ ¨¡®«¥¥ íää¥ªâ¨¢-
­ë¬ áà¥¤áâ¢®¬ ç¨á«¥­­®£® à¥è¥­¨ï «¨­¥©­ëå § ¤ ç á § ¯ §¤ë¢ ­¨¥¬ (íª®­®¬¨ç­®áâì, ¯à®áâ®â 
à¥ «¨§ æ¨¨, ¯®â¥­æ¨ « ã«ãçè¥­¨ï). �«ï ¯®áâà®¥­¨ï  «ìâ¥à­ â¨¢­®£® ¬¥â®¤  ¢ ¡¨«¨­¥©­®© § -
¤ ç¥ á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¯à®¢®¤¨âáï à¥£ã«ïà¨§ æ¨ï äã­ªæ¨®­ « 
¯® ã¯à ¢«¥­¨î. � à¥§ã«ìâ â¥ ¯®«ãç ¥âáï ¬¥â®¤ ¯à®¥ªæ¨© á® á¢®©áâ¢ ¬¨ ­¥«®ª «ì­®£® ã«ãçè¥-
­¨ï ¨ áå®¤¨¬®áâ¨ ¯® ­¥¢ï§ª¥ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ .

1. �®áâ ­®¢ª  § ¤ ç¨. �®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ « 

� áá¬®âà¨¬ § ¤ çã ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ « 

�(u) = hc; x(t1)i ! min; (1)

®¯à¥¤¥«¥­­®£® ­  âà ¥ªâ®à¨ïå «¨­¥©­®© ¯® á®áâ®ï­¨î á¨áâ¥¬ë á ¯®áâ®ï­­ë¬ § ¯ §¤ë¢ ­¨¥¬
h > 0

_x(t) = A1(u(t); t)x(t) +A2(u(t); t)x(t � h) + b(u(t); t);

x(t) = x0(t); t 2 [t0 � h; t0];
(2)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 99-01-400).
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¢ ª« áá¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© V , á®áâ®ïé¥¬ ¨§ ªãá®ç­®-­¥¯à¥àë¢­ëå ­  T = [t0; t1] ¢¥ªâ®à-
äã­ªæ¨© u(t) á® §­ ç¥­¨ï¬¨ ¢ § ¤ ­­®¬ ¬­®¦¥áâ¢¥ U � Rr:

u(t) 2 U; t 2 T = [t0; t1]: (3)

�ãáâì ¬ âà¨ç­ë¥ äã­ªæ¨¨A1(u; t) ¨ A2(u; t) ¨ ¢¥ªâ®à-äã­ªæ¨ï b(u; t) ¢ á¨áâ¥¬¥ (2) ­¥¯à¥àë¢-
­ë ¯® á®¢®ªã¯­®áâ¨ á¢®¨å  à£ã¬¥­â®¢ ­  ¯àï¬®¬ ¯à®¨§¢¥¤¥­¨¨ U � T , ¬­®¦¥áâ¢® U ª®¬¯ ªâ­®
¢ Rr. �à¥¤¯®«®¦¨¬, çâ® ­ ç «ì­ ï äã­ªæ¨ï x0(t) ­¥¯à¥àë¢­  ­  [t0 � h; t0).

�®«ãç¨¬ ä®à¬ã«ã ¯à¨à é¥­¨ï äã­ªæ¨®­ «  ¢ § ¤ ç¥ (1){(3). �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ ¤«ï ¯à -
¢®© ç áâ¨ á¨áâ¥¬ë (2)

f(x; y; u; t) = A1(u; t)x +A2(u; t)y + b(u; t)

¨ ®¡à §ã¥¬ äã­ªæ¨î �®­âàï£¨­  á á®¯àï¦¥­­®© ¯¥à¥¬¥­­®©  2 Rn

H( ; x; y; u; t) = h ; f(x; y; u; t)i :

�ãáâì u(t), v(t) | ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï ¢ § ¤ ç¥ (1){(3), x(t; u), x(t; v) | á®®â¢¥âáâ¢ãîé¨¥
¨¬ ä §®¢ë¥ âà ¥ªâ®à¨¨. �«ï ¯à¨à é¥­¨ï �x(t) = x(t; v)� x(t; u) á¯à ¢¥¤«¨¢® ãà ¢­¥­¨¥

� _x(t) = f(x(t; v); x(t � h; v); v(t); t) � f(x(t; u); x(t � h; u); u(t); t);

�x(t) = 0; t 2 [t0 � h; t0]:

�âáî¤ 

� _x(t) = �v(t)f(x(t; v); x(t� h; v); u(t); t) +

+ (f(x(t; v); x(t � h; v); u(t); t) � f(x(t; u); x(t� h; u); u(t); t)); (4)

£¤¥ á¨¬¢®« �v(t) ®§­ ç ¥â ç áâ­®¥ ¯à¨à é¥­¨¥ ¯® ã¯à ¢«ïîé¥© ¯¥à¥¬¥­­®© ­  ¯ à¥ u(t), v(t).
�®«®¦¨¬ x(t; v) = x(t; u) + �x(t) ¨, ãç¨âë¢ ï «¨­¥©­®áâì ¢¥ªâ®à-äã­ªæ¨¨ f ¯® x ¨ y, ¯à¥¤-

áâ ¢¨¬ ãà ¢­¥­¨¥ (4) ¢ ¢¨¤¥

� _x(t) = fx(x(t; u); x(t � h; u); u(t); t)�x(t) +

+ fy(x(t; u); x(t � h; u); u(t); t)�x(t � h) + �v(t)f(x(t; v); x(t� h; v); u(t); t):

�®áª®«ìªã fx = A1(u; t), fy = A2(u; t), â® ¯®«ãç ¥¬ á¨áâ¥¬ã ¢ ¯à¨à é¥­¨ïå

� _x(t) = A1(u(t); t)�x(t) +A2(u(t); t)�x(t� h) + �v(t)f(x(t; v); x(t � h; v); u(t); t);

�x(t) = 0; t 2 T0 = [t0 � h; t0]:
(5)

� «¥¥, à áá¬®âà¨¬ ¯à¨à é¥­¨¥ äã­ªæ¨®­ «  (1) ­  ¯ à¥ ã¯à ¢«¥­¨© u ¨ v

�v�(u) = hc ;�x(t1)i:

�ãáâì  (t), t 2 T , | ¯à®¨§¢®«ì­ ï ªãá®ç­®-¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï á ãá«®¢¨¥¬
 (t1) = �c. � á¨«ã ãà ¢­¥­¨ï (5) ­ ©¤¥¬ ¯à®¨§¢®¤­ãî

d

dt
h (t);�x(t)i = h _ (t);�x(t)i + hA1(u(t); t)T (t);�x(t)i +

+ hA2(u(t); t)T (t);�x(t� h)i +�v(t)H( (t); x(t; v); x(t � h; v); u(t); t) :

�®£¤  ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® t 2 T

�v�(u) = �

Z t1

t0

h _ (t);�x(t)idt �
Z t1

t0

hA1(u(t); t)
T (t);�x(t)idt �

�

Z t1

t0

hA2(u(t); t)T (t);�x(t� h)idt �
Z t1

t0

�v(t)H( (t); x(t; v); x(t � h; v); u(t); t)dt:
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�à¥®¡à §ã¥¬ ¨­â¥£à «, á®¤¥à¦ é¨© �x(t� h) (� = t� h),

Z t1

t0

hA2(u(t); t)T (t);�x(t � h)idt =

t1�hZ
t0�h

hA2(u(� + h); � + h)T (� + h);�x(�)id�:

�®¯®«­¨â¥«ì­® ¯à¥¤¯®«®¦¨¬, çâ®  (t) = 0, t 2 (t1; t1 + h]. �®£¤ 

Z t1

t0

hA2(u(t); t)T (t);�x(t � h)idt =

t1Z
t0

hA2(u(t+ h); t+ h)T (t+ h);�x(t)idt:

� ª¨¬ ®¡à §®¬, ¯à¨à é¥­¨¥ äã­ªæ¨®­ «  ¨¬¥¥â ¢¨¤

�v�(u) = �

Z t1

t0

h _ (t) +A1(u(t); t)T (t);�x(t)idt �

�

Z t1

t0

hA2(u(t+ h); t+ h)T (t+ h);�x(t)idt �
Z t1

t0

�v(t)H( (t); x(t; v); x(t � h; v); u(t); t)dt:

�¯à¥¤¥«¨¬ ¢¥ªâ®à-äã­ªæ¨î  (t) =  (t; u), t 2 T , á ¯®¬®éìî ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

_ (t) = �A1(u(t); t)
T (t) �A2(u(t+ h); t+ h)T (t+ h); t 2 T; (6)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬

 (t) =

(
�c; t = t1;

0; t 2 (t1; t1 + h]:
(7)

� à¥§ã«ìâ â¥ ä®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ «  (1) ¯à¨­¨¬ ¥â ®ª®­ç â¥«ì­ë© ¢¨¤

�v�(u) = �

Z t1

t0

�v(t)H( (t; u); x(t; v); x(t � h; v); u(t); t)dt: (8)

\�¨¬¬¥âà¨ç­ë©" ¢ à¨ ­â ä®à¬ã«ë (8) ¯®«ãç ¥âáï á ¯®¬®éìî § ¬¥­ë u, v

�v�(u) = �

Z t1

t0

�v(t)H( (t; v); x(t; u); x(t � h; u); u(t); t)dt: (9)

�®«ãç¥­­ë¥ ä®à¬ã«ë ï¢«ïîâáï â®ç­ë¬¨ ¢ â®¬ á¬ëá«¥, çâ® ­¥ á®¤¥à¦ â ®áâ â®ç­ëå ç«¥­®¢
â¥å ¨«¨ ¨­ëå à §«®¦¥­¨©.

�®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¢ (8), (9) áãâì ç áâ­ë¥ ¯à¨à é¥­¨ï ¯® ã¯à ¢«¥­¨î äã­ªæ¨¨
�®­âàï£¨­  ¤«ï ®¯à¥¤¥«¥­­®© á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢. � ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤ ¥â ¢®§¬®¦-
­®áâì ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u(t) ç¥à¥§ ®¯¥à æ¨î ­  ¬ ªá¨¬ã¬ äã­ªæ¨¨ H, çâ®
ï¢«ï¥âáï ®á­®¢®© ¤«ï ¯®á«¥¤ãîé¨å ¯à®æ¥¤ãà ¨ ¬¥â®¤®¢ ã«ãçè¥­¨ï.

�¯à¥¤¥«¨¬ ¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥ ¤«ï äã­ªæ¨¨ H

u�( ; x; y; t) = argmax
u2U

H( ; x; y; u; t);  ; x; y 2 Rn; t 2 T: (10)

�à¥¤¯®«®¦¨¬, çâ® á®®â­®è¥­¨¥ (10) ®¯à¥¤¥«ï¥â ¢¥ªâ®à-äã­ªæ¨î u�( ; x; y; t), ª®â®à ï ï¢«ï-
¥âáï ªãá®ç­®-­¥¯à¥àë¢­®© ¯® á¢®¨¬  à£ã¬¥­â ¬, â. ¥. ¬®¦¥â ¨¬¥âì ª®­¥ç­®¥ ç¨á«® ¯®¢¥àå­®-
áâ¥© à §àë¢ . � ¦¤ ï â ª ï ¯®¢¥àå­®áâì § ¤ ¥âáï ãà ¢­¥­¨¥¬ ¢¨¤  g( ; x; y; t) = 0, ¨ ¢¥ªâ®à-
äã­ªæ¨ï u�( ; x; y; t) ®¯à¥¤¥«ï¥âáï ­¥®¤­®§­ ç­® â®«ìª® ­  ¯®¢¥àå­®áâ¨ à §àë¢ .

�à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥­¨ï u(t), t 2 T , ¢ § ¤ ç¥ (1){(3) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

u(t) = u�( (t; u); x(t; u); x(t � h; u); t); t 2 T:

�  ®á­®¢¥ ä®à¬ã« ¯à¨à é¥­¨ï (8), (9) ­¥âàã¤­® ¯®«ãç¨âì ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¯â¨¬ «ì-
­®áâ¨ ¤«ï ã¯à ¢«¥­¨ï u(t) ¢ § ¤ ç¥ (1){(3).
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�®£« á­® ¯¥à¢®© ¨§ ä®à¬ã« (8) ­¥à ¢¥­áâ¢®

�v(t)H( (t; u); x(t; v); x(t � h; v); u(t); t) � 0 ; t 2 T ; v(t) 2 U; (11)

ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u(t), t 2 T .
�¢¥¤¥¬ ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (2) ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 T ¢ § ¤ ­­®¬ ª« áá¥

¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© D(t) = fx(t; u); u 2 V g, t 2 T . �®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¢ë¯®«­¥­¨ï
­¥à ¢¥­áâ¢  (11) ï¢«ï¥âáï á®®â­®è¥­¨¥

�vH( (t; u); x; y; u(t); t) � 0; v 2 U; t 2 T; x 2 D(t); y 2 D(t� h):

�à¥¤áâ ¢¨¬ ¥£® ¢ íªáâà¥¬ «ì­®© ä®à¬¥

u(t) = argmax
v2U

H( (t; u); x; y; v; t); t 2 T; x 2 D(t); y 2 D(t� h): (12)

�â® ¤®áâ â®ç­®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u(t) ¢ § ¤ ç¥ (1){(3). � ç áâ­®áâ¨, ¨§ (12)
¯à¨ x = x(t; u), y = x(t� h; u) ¯®«ãç ¥¬ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥­¨ï u(t).

�â¬¥â¨¬, çâ® ¢ ãá«®¢¨¨ (12) ¬®¦¥â ä¨£ãà¨à®¢ âì «î¡ ï ®æ¥­ª  ¯® ¢ª«îç¥­¨î ¤«ï D(t),
â. ¥. ¬­®¦¥áâ¢® D : D(t) � D, t 2 T .

�®£« á­® ä®à¬ã«¥ ¯à¨à é¥­¨ï (9) ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ �v�(u) � 0 ®¡¥á¯¥ç¨¢ ¥âáï ­¥à -
¢¥­áâ¢®¬

�v(t)H( (t; v); x(t; u); x(t � h; u); u(t); t) � 0; t 2 T; v(t) 2 U: (13)

�ãáâì Q(t) = f (t; u); u 2 V g | ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ á®¯àï¦¥­­®© á¨áâ¥¬ë (6){(7) ¢
¬®¬¥­â t 2 T . �®£¤  ­¥à ¢¥­áâ¢® (13) ®¡¥á¯¥ç¨¢ ¥âáï ãá«®¢¨¥¬

�vH( ; x(t; u); x(t � h; u); u(t); t) � 0; v 2 U; t 2 T;  2 Q(t):

� ª¨¬ ®¡à §®¬, íªáâà¥¬ «ì­®¥ á®®â­®è¥­¨¥

u(t) = argmax
v2U

H( ; x(t; u); x(t � h; u); v; t); t 2 T;  2 Q(t); (14)

ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u(t) ¢ § ¤ ç¥ (1){(3). �à¨
 =  (t; u) ¯®«ãç ¥¬ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥­¨ï u(t).

�ë¤¥«¨¬ ç áâ­ë© á«ãç © § ¤ ç¨ (1){(3), ª®£¤  ¬ âà¨ç­ë¥ äã­ªæ¨¨ Ai(u; t), i = 1; 2, ­¥
§ ¢¨áïâ ®â ã¯à ¢«¥­¨ï u: Ai(u; t) � Ai(t). �®£¤  ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¨ ãá«®¢¨ï (12), (14) íª¢¨-
¢ «¥­â­ë. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ á®¯àï¦¥­­ ï á¨áâ¥¬  (6){(7) ­¥ § ¢¨á¨â ®â ã¯à ¢«¥­¨ï
¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥  (t), â. ¥. Q(t) = f (t)g, t 2 T . �â® §­ ç¨â, çâ® ãá«®¢¨¥ (14) íª¢¨-
¢ «¥­â­® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . �®áª®«ìªã

H = h ;A1(t)x+A2(t)y + b(u; t)i ;

â® ãá«o¢¨¥ (12) â ª¦¥ íª¢¨¢ «¥­â­® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .
� à ¬ª å ®¡é¥© «¨­¥©­®© § ¤ ç¨ (1){(3) á®®â­®è¥­¨ï (12), (14) ¬®£ãâ á«ã¦¨âì ®á­®¢®© ¤«ï

¯®áâà®¥­¨ï ¯à®æ¥¤ãà ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u(t).

� ¬¥ç ­¨¥ 1. �à¨­æ¨¯ ¬ ªá¨¬ã¬  ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥ ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬
ãá«®¢¨¥¬ ®¯â¨¬ «ì­®áâ¨.

� ¬¥ç ­¨¥ 2. �à ¤¨æ¨®­­ ï ä®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ «  ¢ § ¤ ç¥ (1){(3) «¥£ª® ¯®-
«ãç ¥âáï ¨§ (8) ¨ ¨¬¥¥â ¢¨¤ [4]

�v�(u) = �

Z t1

t0

�v(t)H( (t; u); x(t; u); x(t � h; u); u(t); t)dt + �;

� = �

Z t1

t0

(h�vHx;�x(t)i + h�vHy;�x(t� h)i)dt:
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�â  ä®à¬ã«  «¥¦¨â ¢ ®á­®¢¥ ¤®ª § â¥«ìáâ¢  ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¨ ­®á¨â «®ª «ì­ë© å à ªâ¥à
(­¥ ¯®§¢®«ï¥â ®à£ ­¨§®¢ âì ­¥«®ª «ì­®¥ ã«ãçè¥­¨¥).

2. �à®æ¥¤ãàë ã«ãçè¥­¨ï ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©

�¥è¨¬ § ¤ çã ã«ãçè¥­¨ï ¤«ï ã¯à ¢«¥­¨ï u(t) (­ ©â¨ ã¯à ¢«¥­¨¥ v(t) á ãá«®¢¨¥¬
�(v) � �(u)) ­  ®á­®¢¥ ä®à¬ã«ë ¯à¨à é¥­¨ï (8).

�¥à¢ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï:
¯® ¤ ­­®¬ã u 2 V ­ ©¤¥¬ á®¯àï¦¥­­ãî âà ¥ªâ®à¨î  (t; u), t 2 T ;
®¡à §ã¥¬ ¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥

v�(x; y; t) = u�( (t; u); x; y; t); x; y 2 Rn; t 2 T ;

­ ©¤¥¬ à¥è¥­¨¥ x(t), t 2 T , ä §®¢®© á¨áâ¥¬ë

_x(t) = f(x(t); x(t� h); v�(x(t); x(t � h); t); t);

x(t) = x0(t); t 2 [t0 � h; t0];

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ v(t) = v�(x(t); x(t� h); t), t 2 T .
�®ª ¦¥¬, çâ® ­®¢®¥ ã¯à ¢«¥­¨¥ v(t) ®¡¥á¯¥ç¨¢ ¥â á¢®©áâ¢® ã«ãçè¥­¨ï �(v) � �(u). �â¬¥-

â¨¬, çâ® âà ¥ªâ®à¨ï x(t) ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®©

_x(t) = A1(v(t); t)x(t) +A2(v(t); t)x(t � h) + b(v(t); t);

x(t) = x0(t); t 2 [t0 � h; t0];

â. ¥. á®®â¢¥âáâ¢ã¥â ã¯à ¢«¥­¨î v(t). �à¨ íâ®¬ v(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¬ ªá¨¬ã¬ 

v(t) = argmax
w2U

H( (t; u); x(t; v); x(t � h; v); w; t) :

�«¥¤®¢ â¥«ì­®,
�v(t)H( (t; u); x(t; v); x(t � h; v); u(t); t) � 0; t 2 T:

�âáî¤  ¢ á¨«ã ä®à¬ã«ë (8) § ª«îç ¥¬, çâ® �v�(u) � 0, â. ¥. ¯¥à¢ ï ¯à®æ¥¤ãà  ¤«ï «î¡®£®
u 2 V ¢ëà ¡ âë¢ ¥â ­®¢®¥ ã¯à ¢«¥­¨¥ v 2 V á® á¢®©áâ¢®¬ ­¥áâà®£®£® ã«ãçè¥­¨ï. � ¢¥­áâ¢®
v(t) = u(t), t 2 T , ®§­ ç ¥â, çâ® ¨áå®¤­®¥ ã¯à ¢«¥­¨¥ u(t) ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .

�àã¤®¥¬ª®áâì à¥ «¨§ æ¨¨ ¯¥à¢®© ¯à®æ¥¤ãàë ã«ãçè¥­¨ï| ¤¢¥ § ¤ ç¨ �®è¨ (¤«ï á®¯àï¦¥­-
­®© ¨ ä §®¢®© á¨áâ¥¬). �à¨ íâ®¬ áç¨â ¥âáï, çâ® ãá«®¢¨¥ ¬ ªá¨¬ã¬  äã­ªæ¨¨ H à¥ «¨§ã¥âáï
 ­ «¨â¨ç¥áª¨.

�â¬¥â¨¬, çâ® ¤ ­­ ï ¯à®æ¥¤ãà  ¯®§¢®«ï¥â, ¢®®¡é¥ £®¢®àï, ã«ãçè âì ã¯à ¢«¥­¨ï, ã¤®¢«¥-
â¢®àïîé¨¥ ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .

�à¨¬¥à 1.

�(u) = x2(1)! min;

_x1(t) = u(t) + x1(t� h); _x2(t) = �u(t)x1(t);

x(t) = 0; t 2 T0 = [�h; 0]; h =
1
2
;

ju(t)j � 1; t 2 [0; 1]:

� ¤ ­­®¬ á«ãç ¥ H( ; x; y; u; t) =  1(u+ y1)�  2ux1, á®¯àï¦¥­­ ï á¨áâ¥¬ 

_ 1(t) =  2(t)u(t) �  1(t+ h); _ 2(t) = 0;

 1(t) = 0; t 2 [1; 1 + h];

 2(t) =

(
�1; t = 1;

0; t 2 (1; 1 + h]:
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� ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥ u�( ; x; y; t) = sign( 1� 2x1). �®­ïâ­®, çâ®  2(t) = �1, t 2 [0; 1].
� áá¬®âà¨¬ ã¯à ¢«¥­¨¥ u(t) = 0. �¬ã á®®â¢¥âáâ¢ãîâ âà ¥ªâ®à¨¨ x(t; u) = 0,  1(t; u) = 0,

t 2 T . � ­­®¥ ã¯à ¢«¥­¨¥ ï«ï¥âáï ®á®¡ë¬: Hu( (t; u); x(t; u); x(t�h; u); t) = 0, â. ¥. ã¤®¢«¥â¢®àï¥â
¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  á ¢ëà®¦¤¥­¨¥¬.

�à¨¬¥­¨¬ ¯¥à¢ãî ¯à®æ¥¤ãàã ã«ãçè¥­¨ï. �á¯®¬®£ â¥«ì­®¥ ã¯à ¢«¥­¨¥ v�(x; t) = signx1. � á-
á¬®âà¨¬ ¯¥à¢®¥ ä §®¢®¥ ãà ¢­¥­¨¥ ¯à¨ u = v�

_x1(t) = signx1(t) + x1(t� h); x1(t) = 0; t 2 T0:

�­® ¨¬¥¥â ®á®¡®¥ à¥è¥­¨¥ x1(t) = 0 (á á®®â¢¥âáâ¢ãîé¨¬ ã¯à ¢«¥­¨¥¬ u(t) = 0). �à®¬¥ â®£®,
ãà ¢­¥­¨¥ ¨¬¥¥â ¥é¥ ¤¢  à¥è¥­¨ï:

x1(t) =

(
�t; t 2 [0; h];

� 1
8
(2t+ 1)2; t 2 [h; 1];

á ¯®à®¦¤ îé¨¬¨ ã¯à ¢«¥­¨ï¬¨ v(t) = �1. �à¨ íâ®¬ ¢ë¯®«­ï¥âáï á¢®©áâ¢® áâà®£®£® ã«ãçè¥­¨ï,

¯®áª®«ìªã �(v) = �
1R
0

jx1(t)jdt, �(u) = 0.

�¯¨è¥¬ \á¨¬¬¥âà¨ç­ãî" ¯à®æ¥¤ãàã ã«ãçè¥­¨ï, ®â¯à ¢«ïïáì ®â ä®à¬ã«ë ¯à¨à é¥­¨ï (9).
�â®à ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï:
¯® ¤ ­­®¬ã u 2 V ­ ©¤¥¬ ä §®¢ãî âà ¥ªâ®à¨î x(t; u), t 2 T ;
áä®à¬¨àã¥¬ íªáâà¥¬ «ì­®¥ ã¯à ¢«¥­¨¥

v�( ; t) = u�( ; x(t; u); x(t � h; u); t);  2 Rn; t 2 T ;

­ ©¤¥¬ à¥è¥­¨¥  (t), t 2 T , á®¯àï¦¥­­®© á¨áâ¥¬ë

_ (t) = �A1(v�( (t); t); t)T (t)�A2(v�( (t + h); t+ h); t+ h)T (t+ h);

 (t) =

(
�c; t = t1;

0; t 2 (t1; t1 + h];

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ v(t) = v�( (t); t), t 2 T .
� ¤ ­­®¬ á«ãç ¥  (t) =  (t; v), t 2 T ,

�v(t)H( (t; v); x(t; u); x(t � h; u); u(t); t) � 0; t 2 T;

¨ ã«ãçè¥­¨¥ ®¡¥á¯¥ç¨¢ ¥âáï ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (9).
�àã¤®¥¬ª®áâì à¥ «¨§ æ¨¨ ¢â®à®© ¯à®æ¥¤ãàë ã«ãçè¥­¨ï | ¤¢¥ § ¤ ç¨ �®è¨ ( ­ «®£¨ç­®

¯¥à¢®© ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï).

�à¨¬¥à 2.

�(u) = x3(2)! min;

_x1(t) = u(t); _x2(t) = x1(t� 1);

_x3(t) = (x2(t) + x2(t� 1) + x3(t� 1))u(t);

xi(t) = 0; t 2 [�1; 0]; i = 1; 3;

ju(t)j � 1; t 2 T = [0; 2]:

�¤¥áì H( ; x; y; u; t) =  1u+  2y1 +  3(x2 + y2 + y3)u, á®¯àï¦¥­­ ï á¨áâ¥¬ 

_ 1(t) = � 2(t+ 1);

_ 2(t) = � 3(t)u(t) �  3(t+ 1)u(t + 1);

_ 3(t) = � 3(t+ 1)u(t+ 1);

 1;2(2) = 0;  3(2) = �1;  i(t) = 0; t 2 (2; 3]; i = 1; 3:
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� ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥ u�( ; x; y; t) = sign( 1 +  3(x2 + y2 + y3)).
� áá¬®âà¨¬ ã¯à ¢«¥­¨¥ u(t) = 0 á âà ¥ªâ®à¨ï¬¨ xi(t; u)=0, i=1; 3,  1;2(t; u)=0,  3(t; u) = �1,

t 2 T . � ­­®¥ ã¯à ¢«¥­¨¥ ï¢«ï¥âáï ®á®¡ë¬, â. ª.

Hu( (t; u); x(t; u); x(t � 1; u); t) = 0:

�à¨¬¥­¨¬ ¢â®àãî ¯à®æ¥¤ãàã ã«ãçè¥­¨ï. �á¯®¬®£ â¥«ì­®¥ ã¯à ¢«¥­¨¥ v�( ; t) = sign 1. � 
®âà¥§ª¥ [1; 2]  1(t) = 0 ­¥§ ¢¨á¨¬® ®â ã¯à ¢«¥­¨ï. �«¥¤®¢ â¥«ì­®, ã¯à ¢«¥­¨¥ v(t) ¤«ï t 2 [1; 2]
¬®¦­® ¢ë¡à âì ¯à®¨§¢®«ì­ë¬ ®¡à §®¬ á â®ç­®áâìî ¤® ®£à ­¨ç¥­¨ï jv(t)j�1. �®«®¦¨¬ v(t)=C,
C 6= 0, jCj � 1. �®®â¢¥âáâ¢ãîé¨¥ á®¯àï¦¥­­ë¥ âà ¥ªâ®à¨¨  1(t; v) = 0,  2(t; v) = C(t � 2),
 3(t; v) = �1, t 2 [1; 2]. �®£¤  ­  ®âà¥§ª¥ [0; 1] ¯®ï¢«ï¥âáï ¢®§¬®¦­®áâì ®¯à¥¤¥«¨âì ã¯à ¢«¥­¨¥
v(t) = � signC ¨ á®¯àï¦¥­­ë¥ âà ¥ªâ®à¨¨

 1(t) = �
C

2
(t� 1)2;

 2(t) =
jCj

2
� Ct� 2C + (t+ 1) signC;

 3(t) = C(t� 1)� 1; t 2 [0; 1]:

� ª¨¬ ®¡à §®¬, ¢ëå®¤­®¥ ã¯à ¢«¥­¨¥ ¢â®à®© ¯à®æ¥¤ãàë ¨¬¥¥â ¢¨¤

v(t; C) =

(
� signC; t 2 [0; 1];

C; t 2 [1; 2]:

�¥âàã¤­® ¯®¤áç¨â âì §­ ç¥­¨¥ äã­ªæ¨®­ «  �(v) = �jCj=6. � ¨«ãçè¨© ¢ë¡®à C = �1, çâ®
¯à¨¢®¤¨â ª ¤¢ã¬ ã¯à ¢«¥­¨ï¬ v(t) = v(t; �1) á® á¢®©áâ¢®¬ áâà®£®£® ã«ãçè¥­¨ï. � ¬¥â¨¬, çâ®
¯®«ãç¥­­ë¥ ã¯à ¢«¥­¨ï ã¤®¢«¥â¢®àïîâ ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¡¥§ ¢ëà®¦¤¥­¨ï.

3. �¥â®¤ ¯à¨à é¥­¨©

� áá¬®âà¨¬ «¨­¥©­ãî § ¤ çã (1){(3). �®áâà®¨¬ ¨â¥à æ¨®­­ë© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­®£®
ã«ãçè¥­¨ï ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ­  ®á­®¢¥ ®¯¨á ­­ëå ¯à®æ¥¤ãà. � ¯®¬­¨¬, çâ® ¬ ªá¨¬¨§¨-
àãîé¥¥ ã¯à ¢«¥­¨¥ u� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (10).

�ãáâì u0 2 V | ­ ç «ì­®¥ ã¯à ¢«¥­¨¥. � ©¤¥¬ á®®â¢¥âáâ¢ãîéãî âà ¥ªâ®à¨î x0(t) ¨ ¯®¤-
áç¨â ¥¬ §­ ç¥­¨¥ äã­ªæ¨®­ «  �(u0) = hc; x0(t1)i.

�ãáâì ­  k-© ¨â¥à æ¨¨ ¨¬¥¥âáï ¤®¯ãáâ¨¬ ï ¯ à  (uk(t); xk(t)) ¢¬¥áâ¥ á® §­ ç¥­¨¥¬ äã­ªæ¨®-
­ «  �(uk), k = 0; 1; : : : � ©¤¥¬ ¯à¨ v�(t) = u�( (t); xk(t); xk(t�h); t) à¥è¥­¨¥  k(t) á®¯àï¦¥­­®©
á¨áâ¥¬ë

_ (t) = �A1(v�(t); t)T (t)�A2(v�(t+ h); t + h)T (t+ h);

 (t) =

(
�c; t = t1;

0; t 2 (t1; t1 + h];

¨ áä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥

vk(t) = u�( k(t); xk(t); xk(t� h); t); t 2 T:

� ©¤¥¬ à¥è¥­¨¥ xk+1(t), t 2 T , ä §®¢®© á¨áâ¥¬ë ¯à¨ w�(t) = u�( k(t); x(t); x(t � h); t)

_x(t) = f(x(t); x(t� h); w�(t); t);

x(t) = x0(t); t 2 [t0 � h; t0];

¨ ®¡à §ã¥¬ á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥­¨¥

uk+1(t) = u�( k(t); xk+1(t); xk+1(t� h); t); t 2 T:

�®¤áç¨â ¥¬ §­ ç¥­¨¥ äã­ªæ¨®­ «  �(uk+1) = hc; xk+1(t1)i. �â¥à æ¨ï § ª®­ç¥­ .
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�à®ª®¬¬¥­â¨àã¥¬ ¬¥â®¤. �¯à ¢«¥­¨¥ vk(t) ¯®«ãç¥­® ­  ®á­®¢¥ uk(t) á ¯®¬®éìî ¢â®à®© ¯à®-
æ¥¤ãàë ã«ãçè¥­¨ï, â. ¥. �(vk) � �(uk). �â¬¥â¨¬, çâ®  k(t) =  (t; vk). �¥à¥å®¤ vk ) uk+1 |
à¥ «¨§ æ¨ï ¯¥à¢®© ¯à®æ¥¤ãàë ã«ãçè¥­¨ï ¤«ï ã¯à ¢«¥­¨ï vk, â. ¥. �(uk+1) � �(vk). � ¬¥â¨¬,
çâ® §­ ç¥­¨¥ �(vk) ä ªâ¨ç¥áª¨ ¢ ¬¥â®¤¥ ­¥ ¢ëç¨á«ï¥âáï.

� à¥§ã«ìâ â¥ ¨â¥à æ¨¨ ¯®«ãç ¥¬ ¤¢®©­®¥ ã«ãçè¥­¨¥ ¯® äã­ªæ¨®­ «ã

�(uk+1) � �(vk) � �(uk);

¯à¨ç¥¬ ª ¦¤®¥ ã«ãçè¥­¨¥ ¤ ¥âáï \æ¥­®©" à¥è¥­¨ï ®¤­®© § ¤ ç¨ �®è¨.
� íâ®© á¢ï§¨ ®â¬¥â¨¬, çâ® ª ¦¤ ï ¯à®æ¥¤ãà  ¢ ®â¤¥«ì­®áâ¨ ®¡¥á¯¥ç¨¢ ¥â ®¤­® ã«ãçè¥­¨¥

§  áç¥â ¤¢ãå § ¤ ç �®è¨.
�®áª®«ìªã äã­ªæ¨®­ « �(u) ¢ § ¤ ç¥ (1){(3) ®£à ­¨ç¥­ á­¨§ã (¢ á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®-

¦¥áâ¢  U á¥¬¥©áâ¢® ä §®¢ëå âà ¥ªâ®à¨© «¨­¥©­®© á¨áâ¥¬ë (2) ®£à ­¨ç¥­®), ¨ ¯®á«¥¤®¢ -
â¥«ì­®áâì f�(uk)g ï¢«ï¥âáï ­¥¢®§à áâ îé¥©, â® áå®¤¨¬®áâì ¬¥â®¤  ¯à¨à é¥­¨© ®¯¨áë¢ ¥âáï
\áªà®¬­ë¬" á®®â­®è¥­¨¥¬ �(uk) � �(uk+1) ! 0, k ! 1. �à¨ íâ®¬ ¢¥«¨ç¨­  ¯à¨à é¥­¨ï
�(uk) = �(uk)��(uk+1) ­¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, ­¥¢ï§ª®© ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥-
­¨ï uk, â. ¥. ¢®§¬®¦­  á¨âã æ¨ï, ª®£¤  �(uk) = 0, ­® ã¯à ¢«¥­¨¥ uk ­¥ ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã
¬ ªá¨¬ã¬ . �«ï ãáâà ­¥­¨ï íâ¨å ­¥¤®áâ âª®¢ ¬¥â®¤  ¯à¨à é¥­¨© ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à®æ¥-
¤ãàã à¥£ã«ïà¨§ æ¨¨ ®â­®á¨â¥«ì­® ¯à¨à é¥­¨ï �uk.

4. �¨«¨­¥©­ ï § ¤ ç . �¥â®¤ ¯à®¥ªæ¨©

� áá¬®âà¨¬ ¡¨«¨­¥©­ãî § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ á«¥¤ãîé¥© ¯®áâ ­®¢ª¥:
¬¨­¨¬¨§¨à®¢ âì «¨­¥©­ë© (â¥à¬¨­ «ì­ë©) äã­ªæ¨®­ «

�(u) = hc; x(t1)i ! min (15)

­  âà ¥ªâ®à¨ïå ¡¨«¨­¥©­®© á¨áâ¥¬ë

_x(t) = A1(u(t); t)x(t) +A2(u(t); t)x(t � h) + b(u(t); t);

x(t) = x0(t); t 2 T0 = [t0 � h; t0];
(16)

Ai(u; t) = Ai0(t) +
rX

j=1

ujAij(t); i = 1; 2;

b(u; t) = B(t)u+ á(t)

¯à¨ ®£à ­¨ç¥­¨ïå ­  ã¯à ¢«¥­¨¥

u(t) 2 U; t 2 T = [t0; t1]: (17)

�à¥¤¯®«®¦¨¬, çâ® U | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®.
�ãáâì (u0(t); x(t; u0)), t 2 T , | ¤®¯ãáâ¨¬ ï ¯ à  ¢ § ¤ ç¥ (15){(17). �¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë©

äã­ªæ¨®­ «

��(u; u0) = �(u) + �J(u; u0); � > 0;

J(u; u0) =
1
2

Z
T

ku(t)� u0(t)k2dt:
(18)

�ã­ªæ¨®­ « �� ®¯à¥¤¥«ï¥â ¯à®æ¥¤ãàã à¥£ã«ïà¨§ æ¨¨, á¢ï§ ­­ãî á ¡ §®¢ë¬ ã¯à ¢«¥­¨¥¬ u0, ¨
¨á¯®«ì§ã¥â â®«ìª® ¯à¨à é¥­¨¥ �u0(t).

�®áâ ¢¨¬ § ¤ çã ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u0 ¯® äã­ªæ¨®­ «ã ��: ­ ©â¨ ã¯à ¢«¥­¨¥ v� 2 V
á ãá«®¢¨¥¬ ��(v�; u0) � ��(u0; u0). �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ®æ¥­ª  ã¬¥­ìè¥­¨ï ¨áå®¤­®£® äã­ª-
æ¨®­ «  �

�(v�)� �(u0) � ��J(v�; u0): (19)
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�«ï à¥è¥­¨ï § ¤ ç¨ ã«ãçè¥­¨ï ¢¢¥¤¥¬ äã­ªæ¨î �®­âàï£¨­  ¤«ï äã­ªæ¨®­ «  ��

H�( ; x; y; u; t) = h ;A1(u; t)x+A2(u; t)y + b(u; t)i �
�

2
ku� u0k2

¢¬¥áâ¥ á á®¯àï¦¥­­®© á¨áâ¥¬®©, ª®â®à ï ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  � ¨ ã¯à ¢«¥­¨ï u0,

_ (t) = �A1(u(t); t)T (t) �A2(u(t+ h); t+ h)T (t+ h);

 (t) =

(
�c; t = t1;

0; t 2 (t1; t1 + h]:

(20)

�â¬¥â¨¬, çâ® H�( ; x; y; u; t) = H( ; x; y; u; t) � �

2
ku� u0k2, £¤¥ H = H0 | äã­ªæ¨ï �®­âàï£¨­ 

¤«ï § ¤ ç¨ (15){(17). � ¤ ­­®¬ á«ãç ¥ äã­ªæ¨ï H «¨­¥©­  ¯® u.
�¥à¢ ï ä®à¬ã«  ¯à¨à é¥­¨ï äã­ªæ¨®­ «  �� ­  ã¯à ¢«¥­¨ïå u, u0 ¨¬¥¥â ¢¨¤

���(u; u
0) = �

Z
T

�u(t)H�( (t; u
0); x(t; u); x(t � h; u); u0(t); t)dt: (21)

�à¥¤áâ ¢«¥­¨¥ (21) ¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®¨âì ¯à®æ¥¤ãàã ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ¤«ï
äã­ªæ¨®­ «  ��. �¥ «¨§ã¥¬ íâã ¢®§¬®¦­®áâì ç¥à¥§ ®¯¥à æ¨î ­  ¬ ªá¨¬ã¬ £ ¬¨«ìâ®­¨ ­  H�.
�¢¥¤¥¬ ¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥

u��( ; x; y; t) = argmax
u2U

H�( ; x; y; u; t) = argmax
u2U

�
hHu( ; x; y; t); ui �

�

2
ku� u0k2

�
:

�¥âàã¤­® ¢¨¤¥âì, çâ® ã¯à ¢«¥­¨¥ u��, � > 0, ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ â¥à¬¨­ å ®¯¥à æ¨¨ ¯à®¥ªâ¨-
à®¢ ­¨ï

u��( ; x; y; t) = PU

�
u0(t) +

1
�
Hu( ; x; y; t)

�
:

�¤¥áì PU | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï ­  ¬­®¦¥áâ¢® U ¢ ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥.
�â¬¥â¨¬, çâ® ã¯à ¢«¥­¨¥ u��( ; x; y; t) ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­®: ¯à®¥ªæ¨ï ­  ¢ë¯ãª«®¥ ¨

§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢® U áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­ . �à®¬¥ â®£®, ¢¥ªâ®à-äã­ªæ¨ï u��( ; x; y; t)
­¥¯à¥àë¢­® § ¢¨á¨â ®â  , x, y (®¯¥à â®à PU ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¯à®¨§¢®¤­ ï
Hu( ; x; y; t) ­¥¯à¥àë¢­  ¯® á®¢®ªã¯­®áâ¨ ( ; x; y)).

�ä®à¬ã«¨àã¥¬ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ¨á¯®«ì§ãï ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï: ¤«ï ®¯â¨¬ «ì­®-
áâ¨ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u0(t), t 2 T , ­¥®¡å®¤¨¬®, çâ®¡ë ¤«ï «î¡®£® � > 0 ¢ë¯®«­ï«®áì

á®®â­®è¥­¨¥

u0(t) = PU

�
u0(t) +

1
�
Hu( (t; u

0); x(t; u0); x(t� h; u0); t)
�
; t 2 T:

�®§ì¬¥¬ §  ®á­®¢ã ä®à¬ã«ã ¯à¨à é¥­¨ï (21) ¨ ®¯¨è¥¬ ¯¥à¢ãî ¯à®æ¥¤ãàã ã«ãçè¥­¨ï ¤«ï
ã¯à ¢«¥­¨ï u0(t):

­ ©¤¥¬ à¥è¥­¨¥  (t; u0), t 2 T , á®¯àï¦¥­­®© á¨áâ¥¬ë (20) ¯à¨ u = u0 ¨ áä®à¬¨àã¥¬
ã¯à ¢«¥­¨¥ v��(x; y; t) = u��( (t; u

0); x; y; t);
­ ©¤¥¬ à¥è¥­¨¥ x�(t) ä §®¢®© á¨áâ¥¬ë (16) ¯à¨ u(t) = v��(x(t); x(t� h); t) ¢¬¥áâ¥ á ã¯à -
¢«¥­¨¥¬ v�(t) = v��(x�(t); x�(t� h); t).

�®­ïâ­®, çâ® x�(t) = x(t; v�), t 2 T , ¯à¨ç¥¬ ã¯à ¢«¥­¨¥ v� ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

v�(t) = argmax
u2U

H�( (t; u
0); x�(t); x�(t� h); u; t) = PU

�
u0(t) +

1
�
Hu( (t; u

0); x�(t); x�(t� h); t)
�
:

�«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ ä®à¬ã«ë (21) ¯à¨ u=v� ¨¬¥¥â ¬¥áâ® ã«ãçè¥­¨¥ ���(v�; u0)�0,
â. ¥. ã¯à ¢«¥­¨¥ v� ¤«ï «î¡®£® � > 0 ®¡¥á¯¥ç¨¢ ¥â ­¥¢®§à áâ ­¨¥ äã­ªæ¨®­ «  �(u) á ®æ¥­ª®©
(19). �§ íâ®© ®æ¥­ª¨ á«¥¤ã¥â, çâ® ¢ á«ãç ¥ v� 6= u0 á¢®©áâ¢® áâà®£®£® ã«ãçè¥­¨ï £ à ­â¨àã¥âáï

86



¤«ï «î¡®£® � > 0: �(v�) < �(u0). � ¢¥­áâ¢® v� = u0, t 2 T , ®§­ ç ¥â, çâ® ã¯à ¢«¥­¨¥ u0(t)
ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .

� ª¨¬ ®¡à §®¬, ¯¥à¢ ï ¯à®æ¥¤ãà  (¯à¨ «î¡®¬ � > 0) ã«ãçè ¥â «î¡®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥-
­¨¥ u0(t), ­¥ ã¤®¢«¥â¢®àïîé¥¥ ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ (15){(17).

�¥«¨ç¨­  ��(u0) = �(u0) � �(v�) ¬®¦¥â á«ã¦¨âì ­¥¢ï§ª®© ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ã¯à -
¢«¥­¨ï u0: ��(u0) = 0 , �(u0) = �(v�) , u0 = v�.

�à¥¤áâ ¢¨¬ ä®à¬ã«ã (21) ¢  «ìâ¥à­ â¨¢­®¬ ¢¨¤¥

���(u; u0) = �

Z
T

�u(t)H�( (t; u); x(t; u0); x(t� h; u0); u0(t); t)dt

¨ ®¯¨è¥¬ ¢â®àãî ¯à®æ¥¤ãàã ã«ãçè¥­¨ï:

®¡à §ã¥¬ íªáâà¥¬ «ì­®¥ ã¯à ¢«¥­¨¥ v��( ; t) = u��( ; x(t; u
0); x(t� h; u0); t);

­ ©¤¥¬ à¥è¥­¨¥  �(t) á®¯àï¦¥­­®© á¨áâ¥¬ë (20) ¯à¨ u(t) = v��( (t); t) ¢¬¥áâ¥ á ã¯à ¢«¥-
­¨¥¬ v�(t) = v��( 

�(t); t), t 2 T .

� à¥§ã«ìâ â¥ ¨¬¥¥â ¬¥áâ® ã«ãçè¥­¨¥ ���(v�; u0) � 0 á ®æ¥­ª®© ã¬¥­ìè¥­¨ï (19) ¤«ï äã­ª-
æ¨®­ «  �(u).

�¢®©áâ¢  ¤ ­­®© ¯à®æ¥¤ãàë  ­ «®£¨ç­ë ¯à¥¤ë¤ãé¥¬ã á«ãç î.
� ª¨¬ ®¡à §®¬, à¥£ã«ïà¨§ æ¨ï (18) ¯®à®¦¤ ¥â ¤¢¥ ­¥§ ¢¨á¨¬ë¥ ¯à®æ¥¤ãàë áâà®£®£® ã«ãç-

è¥­¨ï ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï, ­¥ ã¤®¢«¥â¢®àïîé¥£® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . �à¨
íâ®¬, ®¤­ ª®, â¥àï¥âáï á¢®©áâ¢® ã«ãçè¥­¨ï ¤«ï ã¯à ¢«¥­¨©, ã¤®¢«¥â¢®àïîé¨å ¯à¨­æ¨¯ã ¬ ª-
á¨¬ã¬  (¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ¢ëå®¤­®£® ã¯à ¢«¥­¨ï v�).

�«ï ¨««îáâà æ¨¨ ¯®á«¥¤­¥£® ä ªâ  à áá¬®âà¨¬ ¯à¨¬¥à 1. �à¨¬¥­¨¬ ¯¥à¢ãî ¯à®æ¥¤ãàã ª
®á®¡®¬ã ã¯à ¢«¥­¨î u0(t) = 0. � ¤ ­­®¬ á«ãç ¥

u��( ; x; t) = PU

�
u0(t) +

1
�
( 1 + x1)

�
= sat

�
u0(t) +

1
�
( 1 + x1)

�
;

£¤¥

sat z =

(
sign z; jzj > 1;

z; jzj � 1:

�®£« á­® áå¥¬¥ ¯¥à¢®© ¯à®æ¥¤ãàë v��(x1) = sat x1
�
. � «¥¥ à¥è ¥âáï ãà ¢­¥­¨¥

_x1(t) = sat
x1(t)
�

+ x1(t� h); x1(t) = 0; t 2 [�h; 0]:

�®­ïâ­®, çâ® ¤«ï «î¡®£® � > 0 ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ï¢«ï¥âáï x�1 (t) = 0 á ¯®à®¦¤ îé¨¬
ã¯à ¢«¥­¨¥¬ v�(t) = 0. �áå®¤­®¥ ã¯à ¢«¥­¨¥ ¯¥à¥å®¤¨â ­  ¢ëå®¤ ¯à®æ¥¤ãàë ¡¥§ ã«ãçè¥­¨ï
(¤àã£¨å ¢ëå®¤­ëå ã¯à ¢«¥­¨© ­¥â).

�¡ê¥¤¨­¨¬ ®¯¨á ­­ë¥ ¢ëè¥ ¯à®æ¥¤ãàë ¢ ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© (¬¥â®¤ ¯à®-
¥ªæ¨©).

� ä¨ªá¨àã¥¬ ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨ � > 0. �ãáâì k = 0; 1; : : : , (uk(t); xk(t)) | ¤®¯ãáâ¨¬ ï
¯ à  ¢ § ¤ ç¥ (15){(17). �ë¤¥«¨¬ ã¯à ¢«¥­¨¥

vk( ; t) = u��( ; x
k(t); xk(t� h); t)

¨ ­ ©¤¥¬ à¥è¥­¨¥  k(t) á®¯àï¦¥­­®© á¨áâ¥¬ë (20) ¯à¨ u(t) = vk( (t); t). �ãáâì vk(t) =
vk( k(t); t) | ¯à®¬¥¦ãâ®ç­®¥ ã¯à ¢«¥­¨¥. �¡à §ã¥¬ ã¯à ¢«¥­¨¥

wk(x; y; t) = u��( 
k(t); x; y; t)

¨ ­ ©¤¥¬ à¥è¥­¨¥ xk+1(t) ä §®¢®© á¨áâ¥¬ë (16) ¯à¨ u(t) = wk(x(t); x(t� h); t).
�ãáâì uk+1(t) = wk(xk+1(t); xk+1(t� h); t) | á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥­¨¥.
� à  (uk+1(t); xk+1(t)) § ¢¥àè ¥â ¨â¥à æ¨î ¬¥â®¤ .
�â¬¥â¨¬, çâ® �(uk+1) � �(vk) � �(uk), ¯à¨ç¥¬ §­ ª à ¢¥­áâ¢  ®§­ ç ¥â ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ 

¤«ï á®®â¢¥âáâ¢ãîé¥£® ã¯à ¢«¥­¨ï ¨ ¬®¦¥â á«ã¦¨âì ªà¨â¥à¨¥¬ ®áâ ­®¢ª¨.
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�¡áã¤¨¬ ¢®¯à®á ® áå®¤¨¬®áâ¨ ¬¥â®¤ . �¢¥¤¥¬ ­¥®âà¨æ â¥«ì­ãî ¢¥«¨ç¨­ã �(uk) = �(uk) �
�(uk+1). �â® ­¥¢ï§ª  ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥­¨ï uk.

�ä®à¬ã«¨àã¥¬ ãâ¢¥à¦¤¥­¨¥ ® áå®¤¨¬®áâ¨: ¥á«¨ äã­ªæ¨®­ « �(u) ®£à ­¨ç¥­ á­¨§ã ­  ¬­®-

¦¥áâ¢¥ V , â® ¬¥â®¤ ¯à®¥ªæ¨© ®¡« ¤ ¥â á¢®©áâ¢®¬ áå®¤¨¬®áâ¨ ¯® ­¥¢ï§ª¥ ¯à¨­æ¨¯  ¬ ªá¨-

¬ã¬  (�(uk)! 0, k !1).
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